CAC BAI TOAN PHUGNG TRINH HAM TRONG TOAN HOC TUOI TRE GAN PAY
File nay da dugc Update tir ddu nim 2009 dén hét nam 2011

I. NHUNG BAI TOAN CUA NAM 2009
Bai T11/375: - THTT thang 1/2009 tr25
Cho ham s6 f:R——R thda min hai diéu kién:

£(0)=0va L2 f ( ) 1o ham dong bién trén R\{0}. CMR véi cdc s6 duong x, y, z ta ludn c6:
x.f(y* —z0)+ y'f(z2 —xy)+z.f(x* =y2) 20 (1)
Theo gia thi€t thi hAm s6 *——= SO la ham dong bién trén R\{O} , nén ton tai cc gidi han:
t
hm@ va lim —— AU . Chon d € R sao cho: lim~—— F® <d<lim f( ) ta thu dugc ham
t—0" =0t f t—0" =0t
f® néut+0
g(x)=1 1t
d néut=0

Pdt:y —zx=a; 72 —xy=b; x> —yz=c thi xa+yb+zc=0.
Khong mat tinh tdng quat c6 thé gid si: a = max {a,b,c}
Do:a+b+c=x"+y +7"—xy—yz—zx >0 nén a>0.

Do xa+yb+zc=0 nén yb=—-xa—zc va zc =—xa—yb

Ta bién doi vé trdi ciia (1):
T=x.f(a)+y.f(b)+z.f(c)=xag(a)+ ybg(b)+ zcg(c) dudi dang
T = xag((a)—g(b)) +zc(g(c)—g(D)) (2)

T =xa(g(a)—g(c))+yb(g(b)—g(c)) (3)

Néu T <0 thi tir (2), suy ra:c(g(c)—g(b)) <0 (4)

Tie (3) suy ra:b(g(b)—g(c)) <0 (5)

Tir (4) va (5) thu duoc: (b——c)(g(b)—g(c)) <0 mdu thudn vi g(x) dong bién trén R
Vay:T>0

Pdng thitc xdy ra khix =y =z.

Bai T10/376: - THTT thang 2/2009 tr24
Cho ham s6 f lién tuc trén R, thda min hai diéu kién:
£(2010)=2009 va £(x).f,(x) =1, Vx € R, ki higu f,(x)= fF(F(F(FC0))). Tinh £(2008)

Goi D¢ la tap gia tri ctia ham s6 f(x). Theo gia thi€t thi: 2009 e D,.

T f(x).f,(x)=1,VxeR suy ra: f,(2010) = 20109 €D, va xf3(x)=1,VxeDf

1 1
Do f lién tuc trén D =| ——;2009 |c D, nén f.(x)=—,VxeD
/ ' {2009 } / fi) X

Tu d6 suy ra f 1a don 4nh trén D va do f 1a ham lién tuc trén R nén suy ra f 12 ham nghich bi€n
trén D.
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1

Gid sit 3x, € D sao cho f(x,)>—.
X
0

Do f nghich bién nén f,(x,) < f(L) Q) vdizjg(xo) >f2(i).
X X X

0 0 0

Tu day suy ra: f(xi) <fi(x,))=x, (2)

0

Tu (1) va (2) suy ra: x, > f,(x,) hay f(x,)) < f,(x,) =i, mau thuin vdi diéu da gia thiét.
xO

Vay khong ton tai x, € D dé’ f(x,) >1
X

0

A > 1

Lap luén tuong ty, ta cling CM dudc khong ton tai x, € D dé f(x,) <—
X

0

Viay nén: f(x) =1,Vx € D. Mdt khdc, do 2008 € D nén suy ra: f(2008) =ﬁ
x
Bai T10/377: - THTT thang 3/2009 tr24
Tim tit cd cdc hsd f:R——>R thda min: f(x’ —y)+2yGf2(x)+y*) = f(y+ f(x)),Vx,ye R (1)
Thay y = x> vao (1), ta dudc: f(0)+2x°Bf2(x)+x%) = f(x* + f(x)),VxeR ()

Ti€p tuc thay y = - f(x) vao (1), ta thu dugc: f(x’ + f(x)+2f(xX)Gf>(x)+ f>(x) = f(0),VxeR

Hay f(x*+ f(x)) =8/ (x)+ f(0),VxeR 3)
Tu céc (2) va (3), ta suy ra: f(0)+2x°Bf>(x)+x°) =8 (x)+ f(0),VxeR
Hay : (f(x)=x)AF () + f(x)x’ +x5)=0,VxeR (4)

15x°

3
Nhdn xét rdang :4f>(x)+ f(x)x’ +x° =2 f(x)+%)2 Evats 0,Vx#0

Do dé:(4) <= f(x)=x",VxeR

Thit ham nay vao diéu kién bai todn, ta thﬁ’y thda man.

Vay ham s6 can tim ¢6 dang: f(x)=x",VxeR

Bai T10/378: - THTT thang 4/2009 tr23

Tim tAt c cdc ham s6 f, g, h xdc dinh va lién tuc trén R va théa min diéu kién:
fx+y)=gx)+h(y),Vx,yeR (D)

Trong (1) 1dn lugt cho y = 0 va x = 0 ta thu dudc:
gx)=f(x)—a,Vx eR, vdi a=h(0) (2)

h(y)=f(y)-b,VyeR,vdib=g0) (3)

Thay cédc gié tri tu (2) va (3) vao (1), tadudc: f(x+y)=f(x)+ f(y)—(a+b),Vx,ye R

Hay: p(x+y)=px)+0(y),Vx,y e R, véi () = f(1) -(a+D) (D

Pay l1a PT ham Cauchy déi véi ham lién tuc trén R nén (4) c6 nghiém ¢ (x) = cx.
f(x)=cx+a+b

Suy ra nghiém cia (1) c¢6 dang: < g(x)=cx+b (5), trong d6 a, b, ctuy y.
h(x)=cx+a

Thit lai, ta thA'y cdc ham trong (5) thda min bai ra.
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Bai T12/379: - THTT thang 5/2009 tr24
Tim ti't ci cdc hsd f(x) xdc dinh va lién tuc trén [0;1], c6 dao ham trong (0; 1) va thda 2 diéu kién:
a/ 20.f'(x)+11f(x)+2009<0,Vx e (0;1)
-2009
b/ f(0)=f(1) ST

Gia st ton tai ham s6 f(x) thda man cic diéu kién bai ra. Xét ham so:
11

g(x)=e2 ( f(x)+ %} trén [0;1]

Vi f(x) lién tuc trén [0; 1] va ¢6 dao ham trong (0; 1), suy ra g(x) 12 ham s& ham s6 lién tuc trén
[0;1] va ¢6 dao ham trong (0;1), suy ra g(x) 1a ham s6 lién tuc trén [0;1] ¢6 dao ham trong (0;1).

. 2009} l R

Ta c6: g'(x)zi—lezox(f(x)+T +e™ f ()= e (20£'(x)+11f(x)+2009)

0 20
T a/suyra g'(x)<0,Vx €(0;1). Vay g(x) 1a ham don diéu giam trong khoang (0;1). Mit khac, ta

c6: f(0)=1(1) = —2(1)(1)9

nén g(0) =g(1)=0

2009
11
Thi lai, ta thA'y him s nay thda man cic diéu kién bai ra.

Suy ra: g(x) =0 trén [0;1] va f(x) = —

Bai T11/380: - THTT thang 6/2009 tr23

Tim tit cd cdc ham s§ f:R——R thda min: f(n*)= f(m+n).f(n—m)+m*,YmneR (1)
Thay m =0;n=0 vao (1), ta dugc f(0) =1 hodc f(0)=0

Thay n=2 va m =2 vao (1), ta dugc f(4) = £(4).f(0) + 4 nén f(0)#1. Do dé: f(0)=0

Thay m =t; n = t vao (1), ta dudc: f(t?) = f(2t).f(0) + t* = £, titc 1a f(x) = x, Vx>0 )
Xétn=0vam=t>0.

Thé vao diéu kién (1), ta dugc: £(0) = f(t).f(-t) + %, hay 0=r.f(-t)+*,VteR"

Suy ra: f(-t)=-t,VteR" 3)

Tu (2) va (3) suy ra: f(x) = x. Thif lai diéu kién (1), ta thAy haim nay théa min

Két luan: f(x) = x.

Bai T4/THPT (Thi 45 nam THTT): - THTT thang 8/2009 tr26
Hay xdc dinh tdt cd cdc ham s§ f:R, — >R thda man diéu kién:
FCy).f(y2).f(zx).f(x+y).f(y+2).f(z+x)=2009 (DVx,y,zeR,

Chox=y=z=t tit (1) ta thudugc: f(2).f(*)=32009 )
Tié€p theo, cho x =y =t,z= 1, ta dugc: f(£*).fQO(f(t).f(t+1))* =2009

K&t hop véi (2), ta suy ra: (f(1).f(t+1))* =32009° hay f£(5).f(t+1)=32009 3)
Ti€p theo thay t = t +1 trong (3) rdi lai k&t hop v6i (3) ta suy ra: f(t+2)=f(1),VteR (4)
Trong (1) chon z = 1 va k&t hap véi (3), ta thu duge: f(xy).f(x+y)=2009 (5)

Lan lugt thay y =2 va y = 4 trong (5), ta nhan dudc:
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F(2x).f(x+2)=32009 (6)

f(4x).f(x+4)=2009

K&t hdp véi (4), suy ra f(2x) = f(4x) hay f(2t)= f(1),VteR (7)

Tir (4), (6), va (7) cho ta (f(x))* =3/2009 hay f(x)=42009, do f(x)>0,vxe R,
Th lai, ta thd'y ham f(x) = thda man diéu kién dé bai.

Lap luan tuong ty, ta ciing chitng minh dugc nghiém cida bai todn tdng quat:
"Cho a > 0, xdc dinh tdt cd cdc ham 56" f : R ——>R  théa man diéu kién:
1

H f(xx).f(x, +x,)=a, Vx, eR cd nghi¢m duy nhdt la ham hing f(x)=a""""

i>jiinj=1

Bai T7 THPT (Thi 45 nam THTT): - THTT thang 10/2009 tr26
Cho haim s& f:N——N thda min cic tinh chat:

{(f(2n)+f(2n+l)+l).(f(2n+l)—f(2n)—1) =3(1+2f(n))

f2n) = f(n)
véimoi s6 ty nhién n. Hiy tim cdc s6 ty nhién n sao cho f(n) < 2009

Do 3(1+2f(n)) 12 s6 nguyén duong 1€, suy ra f(2n+1) - f(2n) - 1 1a s& nguyén duong 1é, do d6:
fQn+1)> f(2n)+2> f(2n) > f(n) ding v6i moi s6 tu nhién n

Bdivay: fQn+1D)+ fn)+122f(2n)+3>1+2f(n),VneN

fQn+)-f2n)-1=1 n

fQrn+D)+ f2n)+1=3(1+2f(n))

Suyra VneN thi f(2n+1) = f(2n) + 2; f(2n) = 3f(n)

Tié€p theo ta s& CM bing quy nap theo Vn e N ring: f(n) < f(n + 1) )

Tir (1) ta c6: £(1) = £(0) + 2 > f(0)  (f(0) = 3£(0)=> f(0) = 0)

Gi4 str da c6 f(0) < f(1) < ... < f(k), ke N’

N&uk chin, k=2m (meN") thi: f(k+1)=fQCm+1)= fQ2m)+2> f2m) = f(k)

Néuk1é,k=2m+ 1 (meN) thi:
flk+D)=fCm+2)=3f(m+1)23(f(m)+1)>3f(m)+2=fQ2m)+2 = fQ2m+1) = f(k)

(Chd y:k=2m+ 1 =>m+ 1< k => f(m) < f(m+1) =>f(m) + 1 <f(m+1) do tit ci cdc s6 & day déu

12 c4c s6 nguyén)

Nhu vay trong moi Trudng hgp, ta c6: f(k+1) > f(k), tiic 12 khing dinh (2) ding

Tix (1) ta da c6: £(0) = 0; f(1) =2

Do dé:

F()=3fD)=6; f3) = f(2)+2=8; f(13)=f(12)+2=f(2°3)+2=3F(3)+2=T4
FQ7)=f(2.13+1)=3.f(13)+2 =224

f(53)= f(2%.13+1)=3".f(13)+ 2 = 668

£108)= £(2°.27)=3.1(27)=2016

F(107) = £(2.53+1) =3.£(53)+2 = 2006

Bdi vay: f(107) < 2009 < f(108). K&t hgp véi (2) ta c6 két luan f(n) < 2009 <> n€{0,1,2,...,107}

Tifdo’taco’:{ eN
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II. NHUNG BAI TOAN CUA NAM 2010
Bai T10/387: - THTT thang 1/2010 tr23
C6 ton tai hay khong ham s§ f: R—— R thdéa man dong thdi 2 tinh chit:

a/ f lién tuc trén R b/ £(x+2008).(f(x)+~+2009) =—2010,Vx € R ?

Gia st ton tai ham s6 f lién tuc trén R va thda min diéu kién:

F(x +2008).(f(x)+~/2009) = —2010,Vx e R (1)

Khi d6: f(x)#0 va f(x) #2009 trén R. Viflién tuc trén R nén chi c6 thé xdy ra mot trong 3 thop
ddi véi mién gid tri clia f (ki hiéu 12 Imf) nhu sau:

Im f < (~0;-+/2009); Im f < (—/2009;0); Im f < (0; +<0).

* Néw Im f  (—o0;—~/2009) thi f(x +2008).(f(x)+~+2009)> 0> —2010,Vx € R

* Néw Im f < (—2009:0) hi —+/2009 < £(x +2008) <0

nen 2009 > | f(x+2008)| va |f(x)] <2009, Vx e R

kéo theo - ‘ F(x+2008).(f(x)+ \/2009)‘ <2009<2010.VxeR (2)

Tir (2) suy ra: f(x+2008).(f(x)++/2009) >-2010,VxeR

*Néu Im f < (0;+00) thi f(x+2008).(f(x)++2009)>0>-2010,Vx e R
K&t luan: Khong ton tai ham s& thda min diéu kién bai ra.

Bai T11/388: - THTT thang 2/2010 tr24
Choham s6 f:R——R thda min céc tinh chat:
a/f(0)=1; b/ f(x)<1vdi VxeR,;

o/ f(x+%}+ f(x) = f[x+éj+ f[x+%j. Pat F(x) =2OZO‘:) f(x+n). Hay tinh F(2009)

n=0

T tinh chat ¢/ suy ra: f(x)—f(x +%J=f(x+%}—f[x+;—ij (*)
N . 1 2\ 1) 15
Tu (*) suy ra: f(x+3) f(x+3j—f(x+24j f[x+24j

f(x+§)—f(x+l):f(x+%J—f[x+§j
Do d6: f(x)—f(x+1)=f(x+%j—f(x+%j@f(x)—f[x+%j:f(x+1)—f[x+%j (%)

T (**) suy ra:f(x+%)—f(x+§j=f[x+§J—f[x+£J

f(x+%)—f(x+l):f[x+1§5j—f(x+2)
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Do do: f(x)—f(x+D)=f(x+D)—f(x+2) (k*%)
Trong (***) cho x = -1, va do f(0) =1 ta thu dugc:
f(-1) + f(1) = 2, nén tir gid thi€t b/ suy ra f(-1) = f(1)=1.
Do d6:£(0) = (1) = f(2) = £(3) = ... = £(2.2009) = 1 va vi vay f(2009) = 2010.

Bé dé: Cho cip so thuc duong a, b sao cho ab 1a s& hitu ti va ham s6 f(x) bi chian théa man diéu
kién: f(a+b+x)+ f(x)= f(x+a)+ f(x+b),Vx €R thi ham s6 f(x) 12 haim sd tudn hoan.

(CM theo pp quy nap)

Bai T10/390: - THTT thang 4/2010 tr23
Vi s6 nguyén duong cho tride, hiy xdc dinh tit cd cdc hAm s6 f : N—— N sao cho v6i moi
X,y €N tacé:
1/ Néu f(x) = f(y) thi x = y; 2/ fFUFFC(f (FO+HFO)- D)) =x+y (D
\_Q/——/
gommldn f
Kihi€u: f(f(fC..Cf S+ FD))..0) =F, (x) va f(x)=f(x); f(x)=x
-

gémm ldn f
Tur di€u kién gid thi€t 1/ suy ra: Néu: f (x)=f,(y) vdin21thix=y

Trong 2/ thay x bdi x+ y; y bdi 0, ta thu dudc:

[+ +f0)=x+y=f (f(x)+f(¥),Vx,yeN

Suy ra, theo 1/ ¢c6: f(x+y)+f(0)=f(x)+ f(y),Vx,yeN (1)

bat f(0) =a, thi (1) c6 dang: f(x+y)+a=f(x)+f(y),Vx,yeN (2)

Thé x = 0; y = 0 vao 2/ ta thu dugc f,(2a) =0

Ti€p tuc th€ x = f.1(2a); y = 0 vao 2/, ta thu duge: f, (f, 2a)+ f(0) = f, ,(2a)

Suyra: f (a)=f, (2a) hay f(a)=2a 3)

Tu (2) va (3), bang quy nap, ta thu dudc: [, 2a)y=(m+2)a. Suy ra a=0

Vay (2) c6 dang: f(x+y)=f(x)+f(y),Vx,yeN (4)

Tir day suy ra £(0) = 0 va f(x+1) = F()+ F(D) = Fx =) +2f1) =...= £(O)+(x+ D f(1) = (x +1).£(1)
bat f(1) = b thi f(x) =bx, VxeNva f (f(x)+ f(y))=b"(bx+by) nén b"(bx+by)=x+y,Vx,yeN
Suyra:b™'=1nénb=1(do m>1beN)

Viay: f(x) =x, VxeN

Thit lai, ta thAy ham s6 nay théa min.

Bai T10/392: - THTT thang 6/2010 tr23

Hiy x4c dinh tit cd cdc ham s6 lién tuc f : R—— R thda mén diéu kién:
f(2010x - f(y)) = f(2009x) - f(y)+x,Vx,ye R (1)

Thay (x;y) = (0;0) vao (1), ta dugc:f(-f(0)) =0

Ti€p tuc thay (x;y) = (t; -f(0)) vao (1) va sit dung ding thic f(-f(0)) = 0, ta dudc:
f£(2010¢) = £(20097) +t,Vte R (1')

hay : g(2010¢) = g(2009¢) +¢,Vt e R (2), vdi g(t) = f(t)—t
2009
2010
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. 2009 )
Suy ra, v6imoi ne N , ta c6: g(x)= g{(%} xJ,Vx eR 3)

Theo gthiét, hsd f(x) lién tuc trén R nén g(x) cling 12 ham s6 lién tuc trén R. Tl (3) ta thu dugc:

2009 )
x)=g| lim|——| x [=f(0),VxeR
8(x) g{nw(zoloj } f(0)
Hay g(x)=c,VxeR, titc 12 f(x) = x + ¢, vdi hiing sd c tly ¥.

Thit lai, ta thd'y him s6 f(x)= x + ¢, vdi hiing s6 ¢ tuy ¥, thda man diéu kién bai todn.

Bai T12/393: - THTT thang 7/2010 tr24

Hiy xdc dinh ti't cd cdc ham s& lién tuc f : R—— R thda mén diéu kién:
fx+f)=2y+f(x),Vx,yeR (1)

Nhan xét rang f 1a mot don dnh. That viy, n€u f(y,) = f(y,) thi tng véi mdi x ta c6:
fx+f))=fx+f(y,)) hay 2y, + f(x) =2y, + f(x), tic y, =y,

Tié€p theo, tir dk (1) cda bai ra, ta c6 tap gia tri cda ham f (n€u tdn tai) 12 R, nén ton tai a thudc R
déf(a)=0

Tu (1), tng v6iy = a, ta thu dugc:

f(x+ f(a))=2a+ f(x) hay f(x)=2a+ f(x), ttca=0va f(0)=0

Tu (1), tng v6i x = 0, ta thu dudc:

S =2y+f(0)=2y hay f(f(y)=2y,VyeR (2)

Ti€p tuc thay x = f(t) trong (1) va st dung (2), ta thu dudc:
JFU@O+FON=2y+f(f@®)=2y+2t=2(y+1)= f(f(y+1))

Hay: f(x+y)=f(x)+f(y),Vx,yeR (3) (do tinh don dnh cia f)

Tir d6 (3) 1a PT ham Cauchy cdng tinh va lién tuc, nén c6 nghiém f(x) = bx. Th& vao (1), ta thu
duge: bix=2x,Vx e R, nén b=+2 . Thit lai, ta thiy hai ham s6 f(x) = +y/2x thda min bai ra.

Bai T11/394: - THTT thang 8/2010 tr25

Hiy xac dinh tit cd cic ham f : R——> R thda man: f(f(x)+y)= f(x +y)+xf(y)—xy—x+1 (1)
Tw (1) choy =0 ta dugc: f(f(x))=f(x)+xf(0)—x+1,VxeR (2)

Trong (2) cho x =0 ta dugc: f(f(0)) = f(0)+1 3)

Tiép tuc, tir (1) thay y béi f(y) va sit dung (2) ta thu dugc:

U@+ =fx+fON+x(f()—xf(y)—x+1

=(fx+y)+yf () —xy—y+D+x(f )+ (0)—y+D—xf(y)—x+1

Hay: f(f(x)+f(¥)=fx+y)+yf () +x3f(0)-2xy—y+2,Vx,yeR  (4)
Hodén vi vai tro clia x va y trong (4), ta thu dugc:

U@+ =f(x+y)+xf () +xyf(0)—2xy—x+2,Vx,yeR (5)

Tu (4) va (5) suy ra: yf(x)—y=xf(y)—x, Vx,yeR (6)
Trong (6) cho x =0, y =1 thi f(0) = 1. Thay vao (3) ta dugc f(f(0)) =2

T (6) thay y = 1 va sit dung hé thic f(f(0)) = 2, ta thu dugc ham s f(x) = x + 1
Thit lai, thAy ham s& nay théa dk (1)

K&t luan: Ham s6 can tim 12 f(x) = x + 1
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Bai T11/397: - THTT thang 11/2010 tr24

Cho ham s6 f lién tuc trén R va théa min 2 diéu kién:
£(2012)=2011

{f(x).];(x) =1, VxeR

Goi D¢ la tAp gia tri clia ham s6 f(x). Theo gid thi€t thi: 2011e Df.

Ki hi¢u: f (x)= f(f(...f(x))...). Tinh f(2010)

nlan f

T f(x).f,(x)=1,VxeR suy ra: f,(2012) = €D, va xfB(x)zl,VxeDf

2011

1
Do f lién tuc trén D .=| ——;2011 |c D, nén ]g(x)zl,VxeD
2011 ! X

Tu d6 suy ra f 1a don 4nh trén D va do f 1a ham lién tuc trén R nén suy ra f 1a ham nghich bi€n
trén D

1

Gid sit 3x, € D sao cho f(x,)>—.
X
0

Do f nghich bién nén f,(x,) < f(L) Q) vdizjg(xo) >f2(i).
X X X

0 0 0

1
Tu day suy ra: f(x_) <fi(x,))=x, (2)

0

Tu (1) va (2) suy ra: x, > f,(x,) hay f(x,))<f,(x,) =i, mau thuin vdi diéu da gia thiét.
xO

Vay khong ton tai x, € D dé’ f(x,) >1
X

0

A > 1

Lap luén tudng ty, ta cling CM dudc khong ton tai x, € D dé f(x,) <—
X

0

1
Vay nén: f(x)=—,VxeD. Mdt khdc, do 2010 € D nén suy ra:f(2010)=ﬁ
X

Bai T10/398: - THTT thang 12/2010 tr22

Tim tit cd cic ham s6 f:N'——N" thda min cic diéu kién:

F(fAm)+2.f2(n)=m* +2n*, Vm;ne N’

(12 bai todn loai khé, nhung hay, loai nay tirng c6 trong dé cac tap chi, ky thi cic nudc)
Nhdn xét: Néu m;; m, eN'; f(m) = f(m,), ldy ne N niy ¥ ta cé:

m?+20° = f(f2(m)+ 2.2 () = £(f* (my)+ 2.£2 () = m,” + 20°

= m, =m,. Tic f(n) la ham don dnh

* Vi m=n=1, ki hiéu a= f(1), ta nhdn dwoc f(3a*)=73

Ta lai ¢6:(5a° ) +2(a*)’ =27a* =(3a’)* +2(3a’)’

< f(fP(5a®)+2f*(a*)=27a" = f(f*(3a*)+2f*(3a*)) = f(27)

= f*(5a*)+2f*(a*)=27

Vi chi ¢6 2 cdp cdc s6” nguyén duong (x;y) théa man: x> +2y* =27 la: (x;y) = (3;3) va
(x;v)=(5;1) vado f(5a*)# f(a*) ta suy ra: f(5a*)=5; f(a*)=1

Bién tdp GV: HQH - TN http://sites.google.com/site/toantintrangchu/ Trang: 8



Tuong tu:

(5a°) +22a’) =33a* =(a’)* +2(4a>)

= f(5a’)+2f°(2d%) = f*(a*)+2f*(4a’)

= 2(f*(4a’) - f*(2a*)) = f*(5a*) - f*(a®) =5 -1=24
= f*(4a’) - f*(2a’) =12

Ciing nhu vay, vi pt x* —y2 =12
S@E-yx+y)=12<(x-y)=2 va(x+y)=6
Sx=4y=2.Suyra:f(4a>)=4; f(2a*)=2

* Vdi s6 nguyén duong m tiy ¥, vi:

(m+4)° +2(m+1)> =m’* +2(m+3)°

nén: fA(m+3a*)+ 21 (m+Da*) = f*(ma*)+2f*((m+3)a*)

Do dé, néu ta di k&t luan dude f(ka*)=k véik =1;2;....m+3 (6 trén di cm vdi k = 1;2;3;4;5) thi ta
suy ra khang dinh d6 ciing ding v6ik =m + 4

Bdi vay, bing PP quy nap ta c6: f(ka’)=k,Vk e N". Khi dé:

f@)=faa)=a=f)=d’ =1=a=1

Nhu vay f(k)=k,Vk e N" va 16 rang him s6 nay théa man diéu kién clia bai todn.
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III. NHUNG BAI TOAN CUA NAM 2011
Bai T11/399: - THTT théng 1/2011 tr24

Tim tit cd cicham s6 f:R"——R" thdamin: f(x+y)+ f(xy)=x+y+xy, Vx;ye R (1)

Thay x =2;y =2 vao (1), ta dugc f(4) =4

Lin lugtthay (x = 1;y=1); (x=2;y=1); (x =3; y = 1) vdo (1), ta thu dugc:
@+ fM=3
fB)+f(2)=5
JF@®+f3)=7

Do f(4)=4,nén f(3)=3;f(2)=2va f(1)=1

Thé x=t;y =1/t vao (1) va sit dung ding itc f(1)=1,ta thu dugc:

1 1 1 1
f+)+ f(D)=t+-+1,VreR". Hay: f(t+-)=t+-; VteR" (2)
t t t t

1
Do t+- voi t >0 nhdn moi gid tri trong [2;+0) nén tiw (2) suy ra f(x)=x,Vx=>2 (3)
t

Tiép tuc the y=2 vao (1), ta thu dugc : f(x+2)+ f(2x)=3x+2, VxeR" (4)
St dung hé thitc 3) c¢6: f(x+2)=2+x,VxeR"

Tix (4) ta thu dugc: f(2x)=2x,Vx e R" hay f(x)=x,VxeR"

Thit lai, ta thA'y haim nay thda min diéu kién (1)

K&t luan: ham duy nhat thda bai todn 1a: f(x) =x Vx e R*

Bai T11/400: - THTT thang 2/2011 tr23
Tim tit cd cdc ham s6 f:R"——R" théa min: f(x).f(y) = B.f(x +yf(x)), (1)
(vdi B eR,p >1 cho trudc)

(La bai kho, khong cé dung tinh lién tuc)

Néu f(x)=c théa (1) thi c =
Ta chitng minh f(x)>1, Vx e R*
That vay, gid sit ton tai x, e R" ma f(x,) € (0;1)

1- f( ))
Suy ra f(x,)=p>1,v0 Iy
Tiép theo ta cm f(x)> B vdi moi x e R"

thi khi thay x = x;y = ——2>— vao (1), ta dugc: f(x)]{1 ;( )J ,3]{1 fx )j

Thdt vy, gid sit ton tai ¥, €R" ma f(y,) € (1; B) thi xét day s6 :
x,>0x  =x +y,.f(x), VneN"

Két hop diéu kién (1) ta thu duoc: fx, )= f(x +y,.-f(x)) =%f(xn) =.. =[%j J(x)

Do lim [%j =0, suy ra:lim f(x )=0, mdu thudn f(x)>1,VxeR"

Két hop (), suy ra: f(x)< f(x+yf(x)),Vx,y e R" (2) titc f(x) la ham ting (khéng gidm) trén R*
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Gid sit f(x)> B, Vx e R" thi f(x) la ham dong bién (ting ngdt) trén R*

Trong (1) doi vai tro x;y,ta nhdn duoc: f(x+yf(x))= f(y+xf(y)),Vx,y e R*

@ _f)
X y

hay f(x)=ax+1.Véi moi hing s6 a, ham nay khong éa man (1)

Vay ton tai:x, e R* dé f(x)=p

Do f(x) khong gidm nén f(x)= B vdi x € (0;x,]

Trong (Dthay x = x;y = x, ta thu dugc: = f((B+Dx))
Lap ludn tuong tu,ta thu dugc: f(x)= B,Vx e[x;(f+Dx,]

hay x+yf(x))=y+xf(y),Vx,ye R" & x,yeR"

Tié€p tuc qud trinh nay, theo nguyén ly quy nap, ta thu dude f(x)= 3
Thit lai ta thAy ham nay thda (1)
K&t luan: ham duy nhat thda bai todnla f(x)=p,xeR"

Bai T11/401: - THTT thang 3/2011 tr23
Tim tit cd cdc ham s6 f:R——>R thda min:
fx+f) =) +4X° f()+6x° f2(y)+4xf°(v) + f(—x),Vx;y e R
(La bai khd, coi chitng thiéu f(x) = 0)
Vi€t lai diéu kién bai todn dang: f(x + f())— f(=x)=(x+ f(y)*' —x* ,Vx;yeR (1)
* N&u f(x) = a thi tir (1) ta thu dugc a =0 va f(x) = 0 thda dé bai.
* Xétf(x) =0, tie ton tai xo d€ f(x,)#0
Thé y= x, vao (1), ta thu dugc f(x+ f(x,))—f(-x)= (x+f(x0))4 —x*VxeR (2)

VE& phai la da thifc bac 3 theo x nén nd 1a ham s6 ¢6 tap gi4 tri 12 R. VAy nén, v€ trdi cling 12 ham
6 ¢6 tap gid tri 12 R va véimoi x e R déu ton tai u;v eR dé f(u)— f(v)=x
Thay x =0 vao (1), ta dugc: f(f(y)=(f(y)* +a¥VyeR (3)
Tiép tuc thay x bdi — f(x) vao (1), ta dugc :

SO =)= ff))=(fD) =)' =(f(x)",Vx;y eR (4)
Tir 3);(4) suy ra: f(f(y)- f(x)=(f() - f(x)" +4, Vx;yeR
Suy ra: f(x)= f(f@)—fM)=(fw)-f())' +a=x"+a,VxeR
Thit lai, ta thA'y him s6 nay thda diéu kién dé
K&t luan: cic ham sd can tim 1a: f(x) = 0; f(x) =x* +a,VaeR

Bai T12/402: - THTT thang 4/2011 tr25
Tim tit ci cdc s6 thyc duong a sao cho ton tai s6 thuc duong k va ham s6 f:R——R thda min:
X)+ X+
J)+/) > £( y)+k‘x_y
2 2
(La bai tuwong tu T10/328)
Gi4 st a 12 s6 thuc duong thda min dé ra va k, f thda min diéu kién:

wzf(¥J+k‘x—y

a
b

Vx;yeR

“Vx,yeR (1)
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Ki hiéu o, =k.2"**,neN.Ta CM bd' ding thiic:

SO+/G) Zf(—x;yjmn x=y[ . Vx.y e R.neN (2) bing PP quy nap

2
That vay, BPT (2) diing véin = 0 theo (1). Gid sit BPT (2) diing v6i n = m. Ap dung lién ti€p BDT
(2) véi cip (x;y) 1an lugt dugc thay bdi cip:

(x;ry ;yj; (x; x;y}[%: J ; x4;3yJ roi cong cic v€ tuong tng cdc BPT dlo, thu dudc:

F@+ 1) | (145, 4 B0 (200,
2 = 2 m 2,1 2 m+1

Vay BDT (2) diing Vne N
Nhan xétring khi 0 < a <2 thi lim a =+ nén BDT (2) khong théa man

X—>+0

a

,Vx,yeR

A=Yy

Xét a>?2, chon f(x)= ‘x

“k =2—1a. Khi @6 BPT (1) ¢6 dang :

a

bl ] ey

2 T2 |2
D€ cm BDT (3), ta chi cAin CM cho TH a >2 va x >y > 0 (khi a = 2 ho#c x = y thi (3) chinh 12 hiing
dang thitc). C6 dinh y > 0, xét ham s8: f(x) =2 (x* + y) = ((x +y)* +(x = y)*), vdi x >y >0

A3)

Ta cé: f'(x)=ax"" (2“1 - g(l)j,trong dé g()=1+t)"" +(1-=0)"" la ham ddng bién
x

trong [0;1] nén g(t) < g(1) =2“",Vt €[0;1]
Do do f'(x)=20,Vx>yva f(x)= f(y) =0 (dfcm)
Két lugn:a>?2

Bai T11/403: - THTT thang 5/2011 tr24

Tim tit cd cdc ham s6 f:R——>R thda min:
fUUx=y)=fx)f+fx)—f()—xy,Vx;yeR (D)

(La bai dya trén bai 4 Qudc gia 2005 Bdng A: Tim tdt cd cdc ham s6 f :R——>R thda man:

JUfx=)=f)f)=fO)+f(y)-xy,VxiyeR)

bt f(0) = a. Tir (1) cho x = 0; y = 0 thu dugc £(f(0)) = a’

Ti€p theo, cho x = t; y = t vao (1), ta dudc: (f(1)) =t*+a’ (2)

Tir ddy suy ra ddng thie: f(x) = f(x) kéo theo x7 = x] Tl (2) ta thu dugc:
(f(=0) =(f@®)* hay (f(x)= f()(f(x)+ f(=x)) =0,Vx e R (3)

Tie (1) thay y =0, ta duoc: f(f(x))=af (x)+ f(x)—a,VxeR (4)

Tiép theo thay x=0, ta c6: f(f(=y))=af(=y)+ f(=y)—a

hay f(f(x))=af (=x)+ f(-x)—a,VxeR (5)

Tiw(4) va (5) cho ta:a(f(x)— f(—x)+ f(x)+ f(=x)=2a,Vx e R (6)

GS ton tai x, #0 sao cho f(-x,)= f(x,)

Thé vao (6), taduoc f(x,)=a=f(0) nén xg =0, titc x, =0 (vo 1y)

Vay f(-x)=-f(x),VxeR
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Tir (6) suy ra:a(l— f(x))=0,Vx e R nén a=0 vi néu f(x) =1 thi mdu thudn véi diéu kién

f(=x)=—f(x),VxeR.
Thé a=0 vao (2), ta duoc:(f(x)—x)(f(x)+x)=0,VxeR

Gid sit ton tai x, #0 sao cho f(x,)=-x, thi —x, = f(x,)= f(f(x,)=—f(x,)=x,

Suy ra x, =0 trdi gid thiét
Vay nén f(x)=x
Th lai, ta thd'y ham f(x) = x, Vx € R thda dé bai.

Bai T11/404: - THTT thang 6/2011 tr24

Tim tit cd cdc ham s6 f: R——>(0;2011] thda min: f(x)<2011(2—%jﬂx>y
y

(c6 thé cm Xlilg}f(x) =2011 tir do suy ra fix) = 2011)
f(x) 2011
2011 f(y)
S 2011, | f)
2011 f(y) \Nro
T (1) va (2) cho ta: f(x) < f(y) ,Vx >y, tiic f(t) la ham don diéu gidam trén R

BDT da cho tuong dudng vdi:

<2 x>y (1)

Vi f(x)>0va f(y) >0 nén theo Cauchy: ,Vx>y (2)

~ . 2011
Vay ving vdi moi x € R cho trudc ta deu co : f(x)<2011(2—%j 2011(
y

Hay (f(x)-2011)* <0< f(x)=2011
Vay f(x) = 2011. Thi lai, ta thAy ham f(x) = 2011 thda man bai todn.

Bai T10/405: - THTT thang 7/2011 tr23
Tim tit cd cicham s6 f:N ——>N" thda man:
i/ f tdng that sy
ii/ f(f(n))=4n+9,VneN’
iii/ f(f(n)—n)=2n+9,VvneN
Tu diéu kién iii/, ta suy ra: f(f(2n)—2n)=4n+9,VneN" (1)
St dung ii/, tir (1) ta thu dugc: f(f(2n)—2n) = f(f(n)),Vne N (2)
Do f ting thyc su trén N" nén tir (2) suy ra:
fQn)—-2n= f(n),vneN
hay f(2n) = f(n)+2n,VneN" (3)
* T@1 day, ta dodn f(n) 1a CSC v4i cong sai 1; hodc 2, hodc ...
Trudc hét bac bd TH cdng sai 1
Gid sit 3n, € N" sao cho fn,+D) = f(n,)+1thi suy ra:
fng)—n, =fng+D)—(ny+1)  hay: f(f(n)—ny)=f(f(n,+1)—(n;+1)

ma theo iii/ thi: 2n +9 = f(f(n,)—n,)= f(f(n, +1)—(n,+1)) =2n, +11 (mdu thudn)

Vay nén:f(n+1)# f(n)+1,Vne N’
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Do f tang thic su trén N nén f(n+1)> f(n)+2, Vne N’
Do ds: f(n)+2n=f(2n)> f2n—-1)+22> f2n-2)+4>..> f(n+1)+(2n—-2)> f(n)+2n
suy ra: f(n+1)= f(n)+2, Vne N’
Vay day { f(n)} la CSC véi cong sai la 2 nén f(n)=2(n=1)+f(1) (*)
Thé vao iil f(f(n))=4n+9, ta cé:
4n+9=fQ2n-D+f1)=22n-D+ fD)-D+f(1) (do (*))
suy ra f(1)=5.Vay nén f(n)=2n+3
Thit lai thdy f(n)=2n+3 théa dé bai.

Bai T11/407: - THTT thang 9/2011 tr24

Tim tdt cd cic ham s6 f:R——>R thdamian: f(x+y+ f(y) = F(f(x)+2y, Vx;yeR (1)
(La dang quen thudc)

- Truéc hét, CM f 1a don 4nh

Tu dk bai, hodn vi vai tro x; y cho nhau, ta thu dudc:
Jx+y+f)=f(f)N+2x, Vx;yeR  (2)

Gid sit: f(x)= f(y),khi do tw (1) va (2) suy ra ngay x =y

Vay f don dnh.

Thay y = 0 vao (1), ta thu dugc: f(x + £(0)) = f(f(x)) v6i moi s6 thuc x
Hay f(x) = x + f(0) (do tinh don dnh cua f), tic f(x) =x +a,a e R
Thi lai tryc ti€p, ta thAy ham s6 ndy théa man diéu kién (1).

Bai T11/409: - THTT thang 11/2011 tr24
Tim tit cA cdc ham s6 f:R——>R1ién tuc trén R va thda min:
fO+fx+y)=flxy+x)+f(y), Vx;yeR (1)

Vi€t lai pt (1) dudi dang: fy+x)—flxy)=fx+y)—f(y), Vx;yeR  (2)

- Trong (2) thay y bdi xy, ta thu dugc: FxPy+x)— f(x*y)= f(x+xy)— f(xy), Vx;yeR (3)

- Tir (2) va (3) suy ra: FOOY+0) = f(x*y) = f(x+y)—=f(y), ViyeR (4
- Trong (4) ti€p tuc thay y bdi xy, ta thu dudgc: f(xX’y +x)— f(x’y) = f(x + xy)— f(xy), Vx;y e R (5)
- Tir (2) va (5) suy ra: [Py +x)=f(Fy)= f(x+y)—-f(y), Vx;yeR

Béng pp quy nap ta chitng minh dugc v6i moi neZ, c6:
f&x'y+x)—f(x"y)=f(x+y)=f(y), Vx;y eR (6)

* Xét x e (-L;1\{0}. Tir gid thiét f 1a ham lién tyc trén R, nén tif (6), ta thu dugc:

FO+») = @)= lim (fGe+3)= f(0) = lim (f(x"y+2) - f(&"Y)) =

= f(lim (x"y +x)) = f(lim (x"y)) = f (x) = £(0)

nén: f(x+y)= f(x)+f() = f(0),Vy e R,x e (~ED\{0} (7)

* Khi x € R\[-1;1]. Tl gid thi€t f 12 him lién tuc trén R, nén tir (6), ta thu dudc:

fO+y)= f() = lim (f(x+ )= £(0) = lim (f(&"y+2)= F("Y)) = f(x) = f(0)

nén: f(x+y)=f(x)+ f(y)-f(0),Vye R,x e R\[-I;1]  (8)
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- T (7) va (8), ta thu dugc: f(x+y)= f(x)+ f(y)— f(0),Vye R, x e R\ {—1; 0;1} )
* Nhan xét riing, véi mdi y cd dinh déu ton tai giGi han lim f(x+y) nén tir (9) suy ra:

f+y)=fM+f(y)-f(0),VyeR (10)
va f(=1+y)=f(=D+f(y)-f(0),vyeR (1)
T (9);(10) va (11) suy ra:
Jx+y)=f)+f(»)—-f(0),Vx;yeR (12)
bit f(x) - f(0) = g(x) thi g cling 1a ham lién tuc trén R va (12) ¢6 dang:
gx+y)=gx)+g(y),Vx;yeR (13)
(13) la phuong trinh ham Cauchy trong 16p ham lién tuc nén c6 nghiém g(x) = ax, suy ra
f(x)=ax+b
Thit lai, ta thd'y ham f(x) = ax + b théa man diéu kién (1) v6i moia; b e R

s, 2

Chua y:

- Tranh nhidm I4n vdi bai todn trong 16p ham c6 dao ham (bai nay chi lién tuc)

- Khi dit xy = z vd xem z 13 bi€n ddc 1ap thi khong ding vi khi xét z = 0 thi nhat thi€t phdi cé x =0
hodcy =0.
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