CAC BAI TOAN PHUGNG TRINH HAM TRONG TOAN HOC TUOI TRE GAN DAY
Bai T11/375: - THTT thang 1/2009 tr25
Cho haim s§ f:R——R thda min hai diéu kién:
f(0)=0va—-= f( ) la ham dong bién trén R\{O}.CMR véi cdc s duong x, y, z ta ludn c6:

xf(y’—zx)+ y~f (2 —xy)+z.f(x* —yz)20 (1)

Theo gid thi€t thi hAm s6 “—= la ham dong bién trén R\{O} ,nén tn tai cdc gidi han:

lm&vc‘llimf() Chon d € R sao cho: hmf()<d<1mf()

=0~ =0t f =0~ =0t ¢t

f(@)

=2 néut#0
t

. f()
t
ta thu dugc ham

gx)=
d néut=0

Pdt:y —zx=a; 7" —xy=b, x*—yz=c thi xa+yb+zc=0.

Khong mat tinh tdng quat c6 thé gid si: a = max {a,b,c}

Do:a+b+c=x"+y +7°—xy—yz—zx >0 nén a>0.

Do xa+yb+zc =0 nén yb=—-xa—zc va zc =—-xa—yb

Ta bién doi vé trdi ciia (1):

T=x.f(a)+y.f(b)+z.f(c)=xag(a)+ ybg(b)+ zcg(c) dudi dang

T = xag((a)—g(b))+zc(g(c)—g(b)) (2)

T = xa(g(a)—g(c))+ yb(g(b)—g(c)) (3)

Néu T <0 thi tix (2), suy ra:c(g(c)—g(b)) <0 (4)

T (3) suy ra:b(g(b)—g(c))<0 (5)

Tir (4) va (5) thu dugc : (b—c)(g(b)—g(c)) <0 mdu thudn vi g(x) dong bién trén R

Vay:T>0

Pdng thitc xdy ra khix =y =z.

Bai T10/376: - THTT thang 2/2009 tr24
Cho ham s6 f lién tuc trén R, thda man hai diéu kién:
£(2010)=2009 va f(x).f,(x) =1, Vx e R, ki hieu f,(x)= f(f(f(f(x)))). Tinh f(2008)

Goi D¢ la tap gid tri clia ham s6 f(x). Theo gia thi€t thi: 2009 € D -

T f(x).f,(x)=1,VxeR suy ra: f,(x)= eDf va xf,(x) =1,Vx eDf

2009

1 1
Do f lién tuc trén D =| ——;2009 |c D, nén f.(x)=—,VxeD
/ ‘ {2009 } ! f3() pt

Tir d6 suy ra f1a don dnh trén D va do f 12 ham lién tuc trén R nén suy ra f 12 ham nghich bi€n

1

trén D. Gid sit 3x, € D sao cho f(x,)>—.
X
0
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Do f nghich bién nén f,(x,) < f(i) (1) va L. fi(x,) > fz(i)-
X X x

0 0 0

Tu day suy ra: f(L) <fi(x))=x, (2
X

0

1 ~ N .
Tu (1) va (2) suy ra: x; > f,(x,) hay f(x,) < f,(x,) =—, méu thuin véi di€u da gia thiét.

X

A ? 1
Viy khong ton tai x, € D dé f(x,)>—
X

0

AL 0 1

Lép luén tuong ty, ta cling CM dugc khong ton tai x, € D dé f(x,)<—
X

0

Vaynén: f(x)= %,‘v’x € D. Mdt khdc, do 2008 € D nén suy ra: f(2008) = ﬁ
Bai T10/377: - THTT thang 3/2009 tr24

Tim tt cd cdc hAm s6 f:R——R théa min:

FO7 =) +2yBf () +y*) = f(y+ f(x),Vx,yeR (1)

Thay y = x> vao (1), ta duge: £(0)+2x°Bf2(x)+x%) = F(x* + f(x)),Vx e R (2)

Tiép tuc thay y = - f(x) vao (1), ta thu dugc: f(x’ + f(x)+2f(xX)Bf>(x)+ f2(x)) = f(0),Vx eR

Hay f(x*+ f(x) =8’ (x)+ f(0),Vx R 3)
Tir cdc (2) va (3), tasuy ra: f(0)+2x"Bf>(x)+x*) =8 (x)+ f(0),Vx eR
Hay: (f(x)=x)@Af>(x)+ f(x)x’ +x°)=0,Vx eR 4)

3 6
Nhdn xét rang : 4> (x)+ f(x)x’ + x° :(2f(x)+x?)2 + lfz

>0,Vx=0

Do dé:(4) < f(x)=x",VxeR
Thit hAm nay vao diéu kién bai todn, ta thd'y thda mian. Vay ham s6 cAn tim c6 dang:
fx)=x’,VxeR

Bai T10/378: - THTT thang 4/2009 tr23
Tim tAt cd cdc hAm s6 f, g, h xdc dinh va lién tuc trén R va théa man diéu kién:
f(x+y)=g(x)+h(y),Vx,yeR (1)

Trong (1) 1an lugt cho y = 0 va x = 0 ta thu dudc:
gx)=f(x)—a,VxeR, vdi a= h(0) (2)

h(y)=f(y)-b,VyeR,véi b=g(0)  (3)

Thay cdc gid tri tir (2) va (3) vao (1), ta dudc: f(x+y)=f(x)+ f(y)—(a+b),Vx,yeR

Hay: o(x+y)=0(x)+@(y),Vx,y e R, vdi p(t) = f(t)—(a+b) (4)

Pay la PT ham Cauchy ddi véi ham lién tuc trén R nén (4) c6 nghiém ¢ (x) = cx.
f(x)=cx+a+b

Suy ra nghiém cua (1) ¢6 dang: < g(x)=cx+b (5), trong d6 a, b, c tuy y.
h(x)=cx+a

Thi¥ lai, ta thdy cdc ham trong (5) théa man bai ra.
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Bai T12/379: - THTT thang 5/2009 tr24

Tim t4t cd cdc ham so f(x) x4c dinh va lién tuc trén [0;1], c6 dao ham trong (0; 1) va thda min 2
diéu kién:

al 20.f'(x)+11f(x)+2009 < 0,Vx  (0:1)

-2
b £(0) = £(I) = 1—0109

Gia st ton tai ham s6 f(x) thda min cdc diéu kién baira. Xét ham so:
11
—x 2009
g(x)=e* [f(x) +—1 " j trén [0;1]
Vi f(x) lién tuc trén [0; 1] va ¢6 dao ham trong (0; 1), suy ra g(x) 1a ham s& ham s6 lién tuc trén

[0;1] va c¢6 dao ham trong (0;1), suy ra g(x) 1a ham s& lién tuc trén [0;1] c6 dao ham trong (0;1).

Ta c6: g'(x)= Lo [ F(x) +$j re fia) =L en' (20'(x) +11£(x)+2009)

20 20
Tira/suy ra g'(x)<0,Vx €(0;1). Vay g(x) 1a ham don diéu gidm trong khodng (0;1). Mit khdc, ta
co: f(0)=1(1)= — 2(1)(1)9 nén g(0)=g(1)=0
Suy ra: g(x) =0 trén [0;1] va f(x) = —%

Thit 1ai, ta thA'y him s6 nay théa man cdc diéu kién bai ra.

Bai T11/380: - THTT thang 6/2009 tr23

Tim tdt cd cdc hAm s6 f:R——R thdéa man: f(n’) = f(m+n).f(n—m)+m’>,Ym,ne R (1)

Thay m =0; n=0 vao (1), ta dugc f(0) =1 hodc f(0)=0

Thay n=2 va m =2 vao (1), ta dugc f(4) = £(4).f(0) + 4 nén f(0)=1. Do dé: f(0)=0
Thay m = t; n = t vao (1), ta dudc: f(t*) = £(2¢).£(0) + t* = t*, tdc 1 f(x) = x, Vx>0 2)
Xétn=0vam=t>0.

Thé vao diéu kién (1), ta dudc: £(0) = f(t).f(-t) + t, hay O=t.f(-t)+1*,VteR"

Suy ra: f(-t)=-t,VteR" 3)

Tir (2) va (3) suy ra: f(x) = x. Thit lai diéu kién (1), ta thAy hAm nay théa min

K&t luan: f(x) = x.

Bai T4/THPT (Thi 45 ndm THTT): - THTT thang 8/2009 tr26
Hay xdc dinh tit cd cdc ham s6 f: R, ——> R thda man di€u kién:
FO).f2).f(zx).f(x+y).f(y+2).f(z+x)=2009 (DVx,y,zeR,

Z

Chox=y=z=ttir(l)ta thu dugc: f(21).f(*)=3/2009 )
Tiép theo, chox =y =t, z = 1, ta dugc: f(£*).fQO(f(1).f(t+1))> =2009

K&t hop v6i (2), ta suy ra: (£(1).f(t+1) =2009° hay f(t).f(t+1)=32009 3)
Ti€p theo thay t = t +1 trong (3) roi lai k&t hgp vé6i (3) ta suy ra: f(t+2)= f(1),VteR (4)
Trong (1) chon z = 1 va k&€t hop véi (3), ta thu dugc: f(xy).f(x+y)= m &)
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Lan lugt thay y =2 va y = 4 trong (5), ta nhan dudc:

F(2x).f(x+2)=1/2009 (6)
F(4x).f(x+4)=1/2009
K&t hdp véi (4), suy ra f(2x) = f(4x) hay f(2t) = f(¢),VteR (7)

Tit (4), (6), va (7) cho ta (f(x))* =/2009 hay f(x)=42009, do f(x)>0,VxeR,
Thi lai, ta tha'y ham f(x) = thda man diéu kién dé bai.

Lap ludn tuong ty, ta ciing chiing minh dugc nghiém clia bai todn tdng quat:
"Cho a > 0, xdc dinh tdt cd cdc ham sé" f : R, ——> R théa man diéu kién:
1

H f(xx).f(x, +x)=a, Vx, e R, cé nghi¢m duy nhdt la ham hang f(x)=a""""

i>jiij=1

Bai T7 THPT (Thi 45 nam THTT): - THTT thang 10/2009 tr26
Cho ham s§ f:N——N thda min cdc tinh chat:

{(f(Zn)Jrf(2n+1)+1).(f(2n+1)—f(2n)—1)=3(1+2f(n))
f@2n)z f(n)

véi moi s6 ty nhién n. Hay tim c4c s tuw nhién n sao cho f(n) < 2009

Do 3(142f(n)) 12 s6 nguyén duong 1&, suy ra f(2n+1) - f(2n) - 1 13 s6 nguyén dudng 1é, do dé:
FQn+1)> f2n)+2> f(2n)> f(n) ding véi moi s6 tu nhién n

Bé&ivay: fQn+1)+ f(2n)+1>2f(2n)+3>1+2f(n),Vne N

fQn+1)— fQn)—1=1 v
FQn+1)+ FQn)+1=301+2F(n))

Suy ra VneN thi f{(2n+1) = f(2n) + 2; f(2n) = 3f(n)
Ti€p theo ta s& CM bing quy nap theo Vn e N ring: f(n) < f(n + 1) (2)
Tu (1) ta cod: £f(1) =£(0) + 2 > £f(0) (f(0) = 3f(0)=> f(0) = 0)

Gia st di c6 f(0) < f(1) < ... < f(k), ke N’

N&uk chin, k=2m (meN") thi: f(k+1)= fQm+1)= fFQm)+2> f(2m)= f(k)

Néuk1é,k=2m+ 1 (meN) thi:
flk+D) = fQm+2)=3f(m+D)=3(f(m)+1)>3f(m)+2=fQ2m)+2= fQm+1)= f(k)
(Chi y:k=2m+ 1 =>m+ 1< k=>f(m) < f(m+1) =>f(m) + 1 <f(m+1) do tit cd cdc s6 & diy déu
12 cdc s6 nguyén)
Nhu vay trong moi Trudng hdp, ta cé: f(k+1) > f(k), tic 12 khing dinh (2) ding
Tur (1) ta da c6: f(0) = 0; f(1) =2
Do d6:
F)=3f1)=6; f3)=f(2)+2=8; f(13)=f12)+2=f(2%3)+2=3%f(3)+2="74
Q27 = f(2.13+1)=3.f(13)+2 =224
f(53)=f(2°.13+1)=3f(13)+ 2 = 668
£108) = £(2°.27)=3%1(27)=2016
F(107) = £(2.53+1) =3.£(53)+2 = 2006
B&i vay: f(107) < 2009 < f(108). K&t hgp vdi (2) ta c6 ket ludn f(n) < 2009 <> n{0,1,2,...,107}

Tw do taco’:{ eN
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Bai T10/387: - THTT thang 1/2010 tr23

C6 ton tai hay khong ham s6 f: R——>R thda min dong thdi 2 tinh chat:
a/flién tuc trén R

b/ £(x+2008).(f(x)+2009) = -2010,Vx € R ?

Gid st tdn tai ham s6 f lién tuc trén R va thda min diéu kién:
F(x+2008).(f(x)++2009)=-2010,Vx e R (1)

Khi dé: f(x)#0 va f(x)#2009 trén R. Viflién tuc trén R nén chi ¢6 thé xdy ra mot trong 3 thop
ddi véi mién gi4 tri clia f (ki hiéu 12 Imf) nhu sau:
Imfc (-w;-@); Imfc (—W;O); Im f < (0;+x).
% Néw Im f < (—o0;—/2009) thi £(x +2008).(f(x)+2009) > 0 > -2010,Vx € R
% Néw Im f < (—~2009:0) thi —2009 < £(x +2008) < 0
nén 2009 > |f(x+2008)| va | £(x)] <2009, vx e R
kéo theo - ‘ F(x+2008).(f(x)+ \/ﬁ)‘ <2009<2010,VxeR (2)

Tie (2) suy ra: f(x+2008).(f(x)+~+2009)>-2010,Vx e R
*Néu Im f < (0;+00) thi f(x+2008).(f(x)++2009)>0>-2010,Vx e R

K&t luan: Khong ton tai hAm s6 thda man diéu kién bai ra.

Bai T11/388: - THTT thang 2/2010 tr24
Cho ham s§ f:R——R thdéa min cdc tinh chat:
a/f(0)=1; b/ f(x)<1vdi VxeR;

c/ f[x+%}+f(x):f(x+%j+f(x+%j. Dadt F(x):zfi)f(ern). Hay tinh F(2009)

 tinh chd P R A I R A I ] .
Tu tinh chat ¢/ suy ra: f(x) f(x+3} f(x+8j f(x+24j )
vy suy e foee o (e 2o (s ) 612
Tu (*) suy ra: f(x+3) f{x+3j f(x+24j f[x+24j

f(x+§)—f(x+l):f(x+%J—f[x+§J
Do d6: f(x)—f(x+1)=f[x+%]—f(x+§j@f(x)—f(ﬁ%j=f(x+1)—f(x+§j (%)

Tw (**) suy ra:f(x+é)—f(x+§j=f(x+§j—f(x+%j

f(x+§)—f(x+%j:f(x+1§0)—f(x+%j

f(x+%)—f(x+1):f(er%Sj—f(erZ)
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Do do: f(x)—f(x+D)=f(x+D)—f(x+2) (F**)
Trong (***) cho x =-1, va do f(0) = 1 ta thu dugc:
f(-1) + f(1) = 2, nén tir gid thi€t b/ suy ra f(-1) = f(1)=1.
Do d6:£(0) = f(1) = f(2) =f(3) = ... = (2.2009) = 1 va vi vay f(2009) = 2010.

Bd dé: Cho cip so thuc duong a, b sao cho ab 13 s& hitu ti va ham s6 f(x) bi chiin thda min diéu
kién: f(a+b+x)+ f(x)= f(x+a)+ f(x+b),Vx R thi him s6 f(x) 12 him s6 tudn hoan.
(CM theo pp quy nap)

Bai T10/390: - THTT thang 4/2010 tr23
V6i s6 nguyén dudng cho trude, hiy xdc dinh tat cd cdc ham s6 f : N—— N sao cho vdi moi

x,y €N tacé:

1/ Néu f(x) = f(y) thix = y; 2 fFSCL U@+ NN =x+y (1)

gom m lan f

Kihigu: f(f(fClf (F+ LGN = £,(0 va f,(0) = F(2); f,(x) = x
UGS

gbm m lén f
Tir diéu kién gid thi€t 1/ suy ra: N&u: f (x)=f,(y) vdi n=1thi x=y
Trong 2/ thay x bdi x+ y; y bdi 0, ta thu dugc:
LS+ +f0)=x+y=f, (f(x)+f(),Vx,yeN
Suy ra, theo 1/¢c6: f(x+y)+f(0)=f(x)+ f(y),Vx,ye N (1)
bit f(0) = a, thi (1) c6 dang: f(x+y)+a=f(x)+ f(y),Vx,yeN (2)
Thé x = 0; y = 0 vao 2/ ta thu dugc f,(2a) =0
Tié€p tuc thé x = f,.1(2a); y = 0 vao 2/, ta thu dudc: f.(f,Ca)+ f(0)=f (2a)
Suyra: f (a)=f (2a) hay f(a)=2a 3)
Tir (2) va (3), bing quy nap, ta thu dudc: f,Ra)y=(m+2)a. Suy ra a=0
Viy (2) co dang: f(x+y)=f(x)+f(y),Vx,yeN (4)
Tu didy suyra f(0)=0va f(x+D)=f(x)+fD=f(x-D+2fD)=...= fFO)+(x+ D) f1)=(x+1).f(1)
batf(1) =b thif(x) =bx, VxeNva f (f(x)+ f(y))=Db"(bx+by) nén b" (bx+by)=x+y,Vx,yeN
Suyra:b™'=1nénb=1(do m>1,beN)
Vay: f(x) =x, VxeN
Thit lai, ta thA'y ham s6 ndy thda min.

Bai T10/392: - THTT thang 6/2010 tr23

Hiy xdc dinh ti't cd cdc ham s6 lién tuc f : R—— R thda min diéu kién:
f(2010x - f(y)) = f(2009x) - f(y)+ x,Vx,ye R (1)

Thay (x;y) = (0;0) vao (1), ta dugc:f(-f(0)) =0

Tié€p tuc thay (x;y) = (t; -f(0)) vao (1) va sit dung dfmg thae £f(-£f(0)) = 0, ta dudc:
f(20101) = £(2009t)+¢t,Vte R (1"

hay : g(2010¢) = g(2009¢) +£,Vt € R (2), vdi g(t) = f()—t
2009
2010
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Suy ra, véimoi neN", ta c6: g(x)= g{[%) x],‘v’x eR 3)

Theo gthi€t, hs6 f(x) lién tuc trén R nén g(x) ciing 1a ham sd lién tuc trén R. Tt (3) ta thu dudc:

2009’
x)=g| lim| ——| x|=f(0),VxeR
g(x) g[wm(mlo) J f(0)
Hay g(x)=c,VxeR, tic 12 f(x) =x + ¢, vdi hiing s6 c tly ¥.

Thit 1ai, ta tha'y him s6 f(x)= X + ¢, vdi hiing sd ¢ tiy ¥, thda min diéu kién bai todn.

Bai T12/393: - THTT thang 7/2010 tr24

Hay xdc dinh tit cd cdc ham s6 lién tuc £ : R —— R thda man diéu kién:
FOx+f))=2y+f(x),Vx,yeR (1)

Nhan xét rang f 1a mot don dnh. That viy, n€u f(y,) = f(y,) thi Gdng véi mbi x ta c6:

Fx+ ) =fx+f(y,) hay 2y, + f(x) =2y, + f(x), tiic y, =y,

Tiép theo, tir dk (1) clia baira, ta c6 tap gid tri cia ham f (n€u tdn tai) 12 R, nén tdn tai a thudc R
d€ f(a)=0

Tu (1), tng v6iy = a, ta thu dudc:

f(x+ f(a))=2a+ f(x) hay f(x)=2a+ f(x), ttkca=0 va f(0)=0

Tu (1), tng v6i x =0, ta thu dudc:

FUF)=2y+ f(0)=2y hay f(f(y)=2y,VyeR (2)

Tiép tuc thay x = f(t) trong (1) va st dung (2), ta thu dudc:
FUO+FO)=2y+f(f®)=2y+2t=2(y+1)= f(f(y+1))

Hay: f(x+y)=f(x)+ f(y),Vx,yeR (3) (do tinh don 4nh cia f)

Tir d6 (3) 1a PT ham Cauchy cdng tinh va lién tuc, nén c6 nghiém f(x) = bx. Thé vao (1), ta thu
duge: bix=2x,Vx e R, nén b=+2 . Thit lai, ta thiy hai ham s6 f(x)=++/2x thda min bai ra.

Bai T11/394: - THTT thang 8/2010 tr25

Hiy xdc dinh tdt cd cdc ham f : R——> R théa man: f(f(x)+y)= f(x+y)+xf(y)—xy—x+1 (1)
Tu (1) choy =0ta dugc: f(f(x))=f(x)+xf(0)—x+1,VxeR (2)

Trong (2) cho x = 0 ta dugc: f(f(0))=f(0)+1 3)

Tiép tuc, tir (1) thay y bdi f(y) va sit dung (2) ta thu dudc:
SU@+fO)=fx+fON+x(f()—xf(y)—x+1
=(f(x+»+yf(x)—xy—y+D+x(f(M+yf(0)—y+D—xf(y)—x+1

Hay: f(f(x)+f())=f(x+y)+yf (x)+x3f(0)-2xy-y+2,Vx,ye R (4
Hodn vi vai tro cla x va y trong (4), ta thu dugc:
SU@+FO)=f(x+y)+xf(y)+xyf(0)-2xy —x+2,Vx,y e R (5)

Tu (4) va (5) suy ra: yf (x)—y=xf(y)—x, Vx,yelR (6)
Trong (6) cho x =0, y =1 thi f(0) = 1. Thay vao (3) ta dugc f(f(0)) =2

Tur (6) thay y = 1 va sit dung hé thic f(f(0)) = 2, ta thu dugc ham s6 f(x) = x + 1
Thit lai, thAy ham s& nay thda dk (1)

K&t luan: Ham sd can tim 12 f(x) =x + 1
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Bai T11/397: - THTT thang 11/2010 tr24

Cho ham s6 f lién tuc trén R va thda man 2 diéu kién:
f(2012)=2011

{f(x).]g(x) =1, VxeR

Goi Dy la tAp gi4 tri ciia ham sd f(x). Theo gia thiét thi: 2011e Df.

Ki hiéu: f (x)= f(f(...f(x))...). Tinh f(2010)

nlan f

Tir f(x).f,(x)=1,VxeR suy ra: f,(x) =

eD.vaxf,(x)=1,VxeD
2011/ 50 /

Do f lién tuc trén D = L;2Oll c D, nén f3(x)=l,VxeD
2011 / x

Tir d6 suy ra f 1a don 4nh trén D va do f 12 ham lién tuc trén R nén suy ra f 12 hAm nghich bién

trén D

Gid sit 3x, € D sao cho f(x0)>i.
X
0

Do f nghich bién nén fx,) < f(i) (1) va i = f,(x,) > fz(i).
X X X

0 0 0

Tu day suy ra: f(L) <fi(x)=x, (2)
X

0

Tu (1) va (2) suy ra: x, > f,(x,) hay f(x,) < f,(x,) :i , mau thuin véi didu da gia thiét.

X

Vay khong tdn tai x, € D dé f(x,)> L
X

0

s L. 0 1

Lép ludn tuong ty, ta cling CM dugc khong ton tai x, € D dé f(x,) <—
X

0

Vay nén: f(x)zl,VxeD. Mdt khdc, do 2010 € D nén suy ra:f(ZOIO)ZL
X

2010
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