Trinh Dao Chién Truong CDSP Gia Lai

GIAIBAT DANG THUC HAMIBANG:
PHUOGNG;PHAPGHUYENIQUAGIOTIHANIDAY/SO

Phuong phap chuyén qua giéi han day s6 doi khi kha hitu hiéu trong viéc gidi mot s6 dang toan
lien quan dén bat ding thitc ham. Bai viét dé cap dén phuong phap nay thong qua mot s6 bai
toan minh hoa.

1 Mot sé dang toan bat dang thidc ham.

Bai toan 1.1 Tim tat ci cic ham f: R — R* thda cac diéu kién sau
fl@) =21+, VayekR; (1)

flz+y) > f(@)f(y), Vo,yeR. (2)

Léi giai:

Trude hét luu y rang f(z) >0, Vo € R. Trong (1), cho z =0 ta c6 f(0) > 1.

Trong (2), cho z = 0 ta c6 f(0) > f2(0), suy ra f(0) < 1. Do d6 f(0) = 1.

Dieu kien (2) suy ra rang f(zy + 2o+ +x,) > f(x1)f(x2) - f(2n), v6i mdi z; € R, 1 <i < n.
Do d6 f(z) = f(£4---+£) > f"(£), v6i méi € R van € N*.

Két hop diéu kien (2), ta c6 f(z) > ™ (2) > (1+2)".

Tit bat dang thiic nay, cho n — oo, ta c6 f(x) > €.

Hon ntta, tacé 1 = f(0) = f (z+ (—x)) > f(z)f(—x) > e*e * = 1.

Do d6 f(z) = e*. Thit lai ta thay ham nay thoa man diéu kién bai toan. O

Bai toan 1.2 Chiing minh rang khong ton tai ham f : R™ — R* sao cho

fl@+y) > f(x)+y.f(f(z), Vz,yeRF (3)

Loi giai:

Gia st rang ton tai ham f théa man dicu kién bai toan.

Trong (3), cho x = 1 va thay y béi x ta duge f(1+z) > f(1) + z.f(f(1)).
Diéu nay suy ra rang mgrfoo f(z) = 400, va do d6 3731_15{100f(f(:iz:)) = +o00.

Mat khéc trong (3), cho y = 1, ta duge

flz+1) 2 f(@) + f(f(z)), VeeR" (4)
Diéu nay suy ra rang 1_1)111 (f(x+1) = f(z)) = +00. Do d6 ton tai zg € RT sao cho
fleo+k)— flzg+k—1)>2, Vk>1. (5)
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Bay gio, chon mot gia tri xac dinh n € N* sao cho n > xo + 1. Trong (5), cho k lan lugt nhan cac
gia tri 1,2, ...,n va sau d6 cong cac bat dang thiic thu dugc, ta cé

Flo+n) — flzo) > 2n, n>x0+ 1. (6)
Hon nita, vi f(zo) > 0 nén véi cach chon n >z +1, ta cé n > x9+ 1 — f(x). Do d6 béi (6), ta co
f(xo+n) >2n+ f(xo) >x0+n+1 (7)
Thé thi, ta c6
F(f(mo+n)) > flzo+n+1)+ flzo+n) — (o +n+ 1).f(f(zo +n + 1)). (8)
Vi f(f(zo +n+1)) > 0 nen, béi (7), ta c6
Flmo+n+1)+ flzg+n) — (xo+n+ 1) .f(f(mo+n) > f(zo+n+1). (9)
Hon nita, béi eqrefpt4, ta co
f(wo+n+1) > f(zo +n) + F(f(z0 +n)). (10)
Ngoai ra, vi f(xo +n) > 0 nén ta c6
f(@o +n) + f(f(zo +n)) > f(f(zo + 1)) (11)
Cudi cling, tit cac bat dang thitc (8), (9), (10), (11), suy ra f(f(xo +n)) > f(f(xo + n)), mau

thuan.
Ta c6 dieu phai chiing minh. O

Bai toan 1.3 Tim tat cd cac ham f : [0;1] — R théa man diéu kién

f(z) = 2f(a?), Vae[0;1]. (12)

Tt o
Trong (12), thay lan lugt 2 = 0 va x = 1 ta dugc

f(0) =20, f(1)<0. (13)
V6i 0 < z < 3, ap dung (13) n lan, ta dugc
f(z) > 2xf(2?) > 222° f(2*) > --- > (20)"2” "1 f(z*), Vn € N*. (14)
Viz € (0;3) va f lien tuc néen
Tim_((2n)"a® @) = £(0) —0. (15)
Tt eqrefpt14 va (15), ta co
f(x) >0, Vzel0;3) (16)
Mat khac véi z € (0;1), béi (12), ta c6 f(\/x) > 2y/zf(x). Suy ra
1
f(Wz) flz2r)
flz) < NG s---gml_%. (17)

[\]
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1
f(xz2")
1

ongl=on

Ma lim

n—-4o00

=0, nén béi (17), ta c6

f(z) <0 Vxe (0;1). (18)
Tit (16) va (18), ta c6

fl)=0 vz el0;3). (19)

< N o1

V6i méi z € [1;1), ton tai n € N* sao cho %" < 5
Thé thi, khi d6 f(z) > 22" "1 f(2*") = 0. Do d6

@) 20 voe k). (20)
B&i (18) va (20), ta c6

flx)=0 Vae[i1). (21)

Béi (19) va (21), suy ra f(z) =0, Vz €[0;1).
Hon nita, vi ham f lién tuc trén [0; 1] nén f(x) =0, Vz € [0;1].
Thi lai , ta thay f(z) =0, Vx € [0;1]. théa man diéu kién bai todn O

Bai toan 1.4 Xét bat phuong trinh ham

flz+y) > f(@)g(y) + f(y)g(x), Va,y€R, (22)

trong d6 g(x) 1la mot ham gidi noi, khé vi tai 0, g(0) = 1 va ¢/(0) = k. Chitng minh rang f(z) =0
14 ham s6 duy nhat théa man bat phuong trinh da cho véi diéu kien

lim M

x—0 2

— 0. (23)

T3] =it

Gia st rang f(z) 1a nghiem cua (22), v6i diéu kien (23).

Thé thi, v6i A > 0 di nho, ta c6 f(z + h) > f(x)g(h) + f(h)g(x)

hay f(x;h)—f(x)Z}(L() )f(fﬂ) f(h)(iﬁ)-
Mat khac, ta ¢6 f(z) = f(x+h —h) > f(x+ h)g(— )+f(— Yg(z + h)
hay g(=h)(f(z) = f(z + h)) = g(=h)f(z) = f(z) + f(=h)g(x + h).

Vi ham g(x) kha vi tai 0 nén né lien tuc tai diém d6. Do dé v6i h > 0 di nhé ta c6 g(—h) > 0.
Vay v6i h > 0 du nho, ta c6

fleth) - fl@) _ (9(=h) —1)f() + f(=h)g(z + h)
h - —g(=h)
g(=h) = g(0)

~ g 1T

f(=h)

——hg(—h)g(x + h).
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Vay véi h > 0 dt nho, tit cic két qua trén, ta co

g(h) —g(0) flz+h) - f(z)
B f(x) + Tg(x) < Y
_ (=) — g0
— —hg(=h)

Tuong tu, bat ding thitc trén ciing ding ddi véi chiéu ngugc lai, véi h < 0 ¢6 |h| di nho.
. h) — .
Do 6, b diéu kien (23), ta co f'(x) = lim flat 13 1®) o tai
—
va bang ¢'(0)f(x) = kf(x), v6i z € R, vi g(z) 1a mot ham gidi noi.
Tw do, véi x € R, ta co

f(=h)

T Zhgen)

g(z+h).

= =0.

eka: ek:c

(f(ﬂf))' _ f'(@) = kf(x)  kf(x) = kf(x)

ek:c

Cek® (C 1a hing s6). Hon nita tit diéu kien (2) suy ra rang C' = 0

Do d6 f(x) =
= ( 1a ham s6 duy nhat théa man bat phuong trinh da cho, véi diéu kien (23).

Vay f(z)
2 Mot sdé dang toan lién quan dén bat dang thitc ham.

Bai toan 2.1 Gia st f 13 ham théa man diéu kien
f(2z) >z + f(f(z)), VzeR".

Chitng minh rang f(z) >z, Ve RT.

Lt
Bdi (24), ta ¢6
OEEEY (f (f)) > g Ve € R*.
Giai st rang
f(x) > apx, VYreR'.
trong d6 a, 1a hiang s6. Thé thi, bai (24), (25), (26), ta co

7 x T T 1+ a,?
> = = = .
f(m)—2+f<f<2)>>2+a”f<2>> 2 v
P ~ z . 2,0 1 _'_ an2
Xét day (a,)>2, xac dinh bdi ag = 5 Gnt1 = , Vn > 1.
P 1 e P
Thé thi a, 1 — a, = % > 0, nghia la (a,), 1a mot day so tang.

Hon ntta, dé thay rang a, < 1, Vn > 1.
2

Suy ra diy 1a hoi tu va néu ky hiéu a 1a gi6i han cia n6 thi a =

1+a,?
+2a x,tacod f(x) >z, VreR'.

, hghia la a = 1.

Do d6, cho n — oo thi tit bat dang thitc f(z) >

Ta c6 diéu phai ching minh.

O

(24)

(25)

(26)
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Bai toan 2.2 Gid st f : R — R 13 ham théa man cac diéu kien
() > 222f (g) , VreR;, f@)<1, ze(-11).

132

Chitng minh rang f(z) < = Vx € R.

Léfi gidis
Dé thay rang f(0) = 0. Do d6, ta chi can chiing minh bat ding thitc véi  # 0.
Thé thi ¢?(z) < g (—) va do d6 ¢*"(x) < g <2x—n>, voi z # 0 van € N*,

Chu ¥ rang, g(z) > ¢*(2x) > 0. Do d6 ta c6

N R

) n
Bay gio cho n — oo va st dung két qua lim Pl 0, ta thu duge g(z) < 1.

n—00
2

Do d6 f(:v)gx Vz € R. O

37
Bai toan 2.3 Gia st F 1a tap tat cd cac ham s6 f : Rt — R théa man bat déng thic

f(32) > f(f(20)) + 3, Vo €RT. (27)
Tim s6 thic a 16n nhat sao cho v6i moi ham f € F, ta luon co

f(z) > azx. (28)

T e
Dé thay ring f(z) = g théa man (27), nén f(z) = % eF

1
Thay f(z) = g vao (28), ta suy ra a < >
Vi f(z) >0, Vx>0, nén tur (27) ta co

f(x)zf(%)Ef(f(%))+%>§, Vi > 0. (29)

Ta xac dinh mot day (a,) nhu sau

Dé dang kiém tra ring
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Suy ra
2a,% + 1 1
anﬂ—an:%—an:§(an—1)(2an—l)>O, Vn > 1.

. 1
Do d6, (a,) la day so6 duong, tang nghiém ngat va bi chan béi 5 Vay day (a,) hoi tu.
1
5

, | 202 + 1
Gif sit Lim a, — . Thé thi, béi (30) v& (3L), ta 06 @ = ~o "

n— o0 3
Bay gio ta can ching minh rang, v6i moi n > 1, ta luon c6

hay a =

flz) > apx, Yz >0.
That vay, béi (29) nén (32) dang v6i n = 1. Gia st (32) ding véi n = k > 1, nghia la
flz) > arx, Vx>0.

Khi d6, béi (27) va (33), ta ¢6

Vay (32) diang v6i n = k + 1. Do d6 (32) dung véi moi n > 1.

T cac diéu trén suy ra rang, véi moi ham f € F, ta luon c6 f(x) >

Tém lai, gia tri clia a can tim 1a a = 5

Bai toan 2.4 Tim tat cd cac ham s6 f : [1,00) — [1,00) thoa céc diéu kien sau
flx) <2(1+z), Va>1;

cf(z+1) = f3(z) -1, Vz>1

Loi giai:
Béi cac gia thiét (34) va (35), ta co

f@)=vVefle+ 1) +1<V2e@+1)+1<V2+1), Vz>1.
Bang phuong phap quy nap, ta ching minh duge rang
fl@)<27(x+1), Ve>1, n>1
vi 227 — 1 khi n — oo, nén ti (36) ta c6
flz)<xz+1, Vz>1

2
1
Bay gid, béi (35), ta c6 Fa =1 _ f(z+1) > 1. Do dé
X

flx)>Vr+1>x, Vr>1.
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Bang phuong phap quy nap, ta chiing minh duge rang
f(z) > 2T Ve >1, n> 1. (38)

vi 5= — 0 khi n — oo, nén tt (38) ta dugdc

Bay gio, bdi (35) va (39) ta c6

f(a:):\/xf(q:~|—1)+12\/x(x+1)+1>93+%, Vo > 1.

Biang phuong phap quy nap, ta ching minh duge rang

1
f(:v)>:v—i—(1—2—n), Ve>1, n>1 (40)
vi 57 — 0 khi n — oo, nen tir (40) ta duge
fl@)>z+1, Vo>1. (41)

Béi (37) va (41), tasuy ra f(z) =x+1, Vo> 1
Thi lai, ta thdy ham s6 f(z) =z +1, Vz > 1 thoa méan diéu kien bai toan. O

3 Bai tap
Bai 1. Goi f: R — R 13 ham s6 thoa diéu kien
o [f(x+y) = fle) = flyl <1, VoyeR

Chtng minh rang ton tai ham s6 g : R — R thoa méan cac dieu kién sau
i) [f(z) —g(@)] <1, VeeR
i) gz +y)=g(@)+g(y), Yr,yeR

4 x N . f(2nl')
Huéng dan Ham g(x) = lim

n——+00 n

Bai 2. Chitng minh ring khong ton tai ham s6 f : R — R théa man diéu kien
Ja) 21 (“y) tle—yl vryeR

14 ham can tim.

2
Hudng dan Gia sit ton tai ham s6 f théa man diéu kién bai toan. Ta chitng minh duge bat dang

thic
w > f (xTer) + 2"z —y|, Vr,yeR

Vi 2" — 400, khi n — 400, nén dan dén dieu mau thuan.
Bai 3. Cho ham s6 f: R — R* thoa man diéu kién

9 4
V3f(z) — \/Sf(x) - Zf (g) >1, VzeR
Tim s6 thyc k 16n nhat sao cho f(x) > k, v6i moi z € R.
4 8
Ut = — =+ 23w, Vn > 1.
9’ Up+1 9 + 9 U n \
Day s6 nay tang va bi chin trén nén ton tai giéi han, giéi han d6 1a —. Suy ra k = 3

Hudng dan Xét day s (u,) xac dinh nhu sau uy =
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