PHUONG TRINH HAM TREN N

“Toan hpc khéng phi 1a mot quyén sach chg6i gon giita cac & bia ma ngoi ta chi cin
kién nkin doc hét ndi dung, toan b ding khéng phi 1a mbt ving md quy ma ngi ta ch
can co thyi giandé khai thac; toan ¢t ding khdng phi 1a mot canhdong € bi bac mau
vi nhitng w thu hach; toan bc ding khéng phi 1a luc dia haydai duong ma ta cé th
v€ chung &i dugc. Toan loc khdng co niing givi han nhr khéng gian ma trongo no
cam thiy qué clit choi cho nhirng khéat wng aia no; kh ning aia toan kc la vé han nhr
bau troi day cac vi sao; ta khong &hgisi han toan hc trong nliing quy fic haydinh
ngHa vi né @ing gidng nhr cwc $Hng ludn ludn #n hoa”.

Sylvester



I. Li thuyét

1. Anh Xa

A) Dinh nghia

Cho hai tap hop khdc rong X va Y. Néu v6i mot phan tir x bat ki thude X quy tac f
cho ta xdc dinh duy nhit mot phan tr y thuoc Y thi ta goi f 1a mot anh xa di tr X
vaio Y.Kihieuf: X — Y . XIatap x4c dinh ; Y 1a tap gi4 tri.

B) Don anh, toan anh, song dnh

a) Pon anh

Anhxaf: X - Y duoc goila don 4nh néu nhu véi moi x,, x, O X va X, # X, thi
f(x,) # f(x,).

Chit y : muén CM f la don dnh thi ta gid su f(a) = f(b) tit do ta suy ra a = b.

Viéc CM la fla don dnh la mot cong cu rdt tot trong viéc gidi phuong trinh ham.
b) Toan anh

Anhxaf: X - Y duoc goi la toan 4nh néu nhu véi moi phan tiry O Y déu tén
tai phan tir x U X thoa man f(x) =y.

¢) Song dnh

Anh xaf: X - Y duogc goi 1a song 4nh néu nhu né vira 1a don 4nh vira 1a toan
anh.

2. Ham so

A) Dinh nghia

ChoX,YUR.Motanhxaf: X — Y duoc goila mot ham so tir tap X dén tap
Ykihieulaf: X — Y hayy=1f(x).

3. Cap s06 cong, cip sO nhan

Trong mot so trudng hop ham s6 ¢6 thé coi 12 mot day so khi giai phuong trinh ham
trén N thi viéc ap dung truc ti€p cip cong va cdp s6 nhan khién 10i giai trd 1én ngéin
gon.

A) Cap so6 cong

Cho day a, : a8, =a,,+d (d 12 hing s6) n > 2 goi 1a mot cap s6 cong cong sai d.
Tinh chét: a, :w v6i moi k 0 [2: n— 1].

Cong thiic tinh s6 hang tong quét ctia cp s6 cong a, =a, +(n-1)d .

B)Cap s6 nhan

Choday a,: a, =a,.,q9 (q#0,n>2) goila cip so6 cong cong boi la q.

Cong thiic tinh s6 hang téng quit a, = a,q" .



I1. Cdac phuong phdp giai

Mot s luu y khi gidi phuong trinh ham

¢  Surdung cdc phép thé co thé dé don gidn phuong trinh ham.

¢  Nén su dung tich chdt don dnh néu coé cua ham sé.

¢ Thay c6 gid tri ddc biét cdc diém cuc bién ( nguyén ly cuc han ) tim ra cdc
diém bdt dong.

¢ Nguyén ly quy nap la mot cong cu hiéu qud trong qud trinh gidi phuong
trinh ham tuy nhién chiing ta phdi lua chon diing “diém roi”.

Trudc khi trinh bay phuong phdp gidi phuong trinh ham ta xét mot bai todn cé sau
Vespasien la Hoang dé La Md thé ki thit nhdt tie nam 69 dén nam 79 theo duong
lich. Thoidy c6 Josephus la nha viét sic bi Vespasien truy nd vi can toi chong lai
triéu dinh. Tuc truyén rang Vespasein tim duoc ham dn ndu ciia 100 nguoi chong
doi va ké goi ho ra hang, néu khong sé tan sdt tdt cd. Pa s6 muodn tu sdt, quyét
khong dau hang, chi cé6 mot nguoi néi nho voi Josephus la vi hoan cdng riéng muon
ddu hang dé song. Josephus rdt thong cdm véi nguoi nay va ddt ra quy tdc sau,
duoc tdt cd moi nguoi nhdt chi thi hanh : 100 nguoi ditng thanh vong tron ddanh sé
tir 1 dén 100 theo chiéu kim dong ho. Nguoi thir nhdt cam dao dém 1 roi dua cho
nguoi thir 2, nguoi thit 2 dém 2 roi tu sdt. Nguoi thit 3 cdm dao va lai dém 1, roi
dva dao cho nguoi thit 4, ngudi thir 4 dém 2 roi tu sdt ... Cir nhu thé’ ma tiép tuc
vong nay qua vong khdc. Cudi cung con mot nguoi song. Hoi Josephus phdi sdp
Xép nguoi mudn séng d vi tri nao ?

Bai toan Josephus

Gid su Josephus c6 n — 1 ban ; n nguoi nay diing thanh vong tron ddnh sé tir 1 dén
n theo chiéu kim dong ho va tu sdt theo quy tac nhu trén. Goi f(n) la vi tri cua
nguoi song sot duy nhdt. Tim f(n).

Albert Einstein da néi “Phuong trinh quan trong hon chinh tri, vi chinh tri cho
hién dai con phuong trinh cho vinh cutu” Trén con duong phdt trién cua phuong
trinh thi phuong trinh ham ra doi va tir khi phdt trién dén gio phuong trinh ham
luon la mot linh vuoc khé va thuong xuyén xudt hién trong cdc cudc thi hoc sinh
gidi tinh, quoc gia va quoc té trong cdc bai todn phuong trinh ham thi dn khong
phdi la mot dai luong xdc dinh ma la mét ham soé. Giong nhu bai todn cuia Josephus
né la mot bai phuong trinh ham theo toi la ¢6 nhdt né la mot bai todn rdt hay ban
hay thi gidi né xem nhu bai md dau "Van su khoi dau nan”.

1. Bdt ddng thirc va thir tu trén N trong phuong trinh ham

A) Li thuyét

Thit tu sap xé€p trén N ¢ tinh chat rit don gian nhung mang dic trung cla so tu
nhién ciing nhu s6 nguyén la k < f(x) <k + 2 taluén c¢6 f(x) =k + 1 (k 1a mot so
nguyén). Vi viec két hop tinh chat trén v6i stt dung céc phép bién déi bat dang
thitc chiing ta c6 thé kep ham f trong mot khoang gi4 tri roi xét loai di nhitng
truong hop mau thuan véi gia thiét cudi cung dua ta dén ham can tim.

B) Vi du



Vidu 1) Tim tat ca cac ham f: N* - N* thoa man

i) f(n + 19) < f(n) + 19

ii)  f(n+94) > f(n) + 94

Giai

Ta thay hai BDT trén 1a hai bat dang thiic khong chat ching lai nguoc nhau 1én ta
s€ tim cdch CM chiing quy vé 2 BDT ¢6 2 v€ giong nhau nhung ddu cua BDT thic
khac nhau.

Tacéd : f(n + 19k) <f(n) + 19k (k O N*)

f(n + 19k) = f((n + 19k — 94) + 94) > f(n + 19k — 94) + 94

Ta chon k sao cho 19k — 94 dat min trén N* dé thay k = 5 thi 19k — 94 =1
Taclaf(n) +95> f(n+ 1) + 94

Ap dung lién tiép c6 f(n + 94) < 1 + f(n + 93) <...< 93 + f(n +1) <94 + f(n)
Suyraf(n) +94 =93 +f(n+ 1) hay f{(n+ 1) =f(n) + 1

Vay f(n)=a+n—-1v6if(1) = a.

Nhan xét : Vi bai todn trén tir cc giai ta hoan toan c6 thé téng quat dugc viéc ny
toi danh cho cdc ban luu y cing tong quét cang tot nhung cling phai giai dugc.

Vidu2) Tim tat ca cac ham s6 f: N* — N* thoa man v6i moi a,b 0 N* thi a,
f(b), f(b + f(a) — 1) 1a ba canh cia mot tam giac.
IMO_2009
Thay a=1¢6 1, f(b), f(b + f(1) — 1) 1a 3 canh ctia mdt tam gidc cé
f(b) + 1 >f(b + f(1) — 1) > f(b) — 1 suy ra f(b) = f(b + f(1) — 1).
Tas€ CM f(1) =1
Thay a = a + k(f(1) — 1) ta dugc a + k(f(1) — 1), f(b), f(b + f(a + k(f(1) — 1) — 1) 1a
ba canh cua mot tam gidc. Ma ta c6 f(b) = f(b + f(1) -1) nén
fb+fla+k(f(1)-1)-1)=fb+fa+k-1D{HE1)-1)-1)=....=f(b+f(a) - 1).
= a+k(f(1) — 1), f(b), f(b + f(a) — 1) = f(b) + f(b + f(a) — 1) >a + k(f(1) — 1)
Néu a,b cho 12 mot hing s6 thi khi k — +eo thi bat dang thifc trén ding khi f(1) = 1.
Thay b =1 tacé a, f(1), f(f(a)) 1a 3 canh cia mot tam giac = f(f(a)) = a.
= fla don anh .
bat £(2) = x. Co6 f(x) = 2.
Thay a=2; b=xtaco 2,2, f(x + f(2) — 1) 1a 3 canh cua mot tam gic.
= 4>f(x+1f2)-1)>0.
Néuf(x +f2)—-1)=1=1(1) = x +f(2) — 1 = 1 = x <2 (mau thuan)
Néuf(x +f2)-1)=2=1(x) = x +f(2) — 1 =x = f(2) = 1 (mau thuan)
Vay f(x + f(2) — 1) = 3.
TaCM f(x + f(n) — 1) =n + 1. (*)
Ta thay (*) ding véin = 1,2.
Gia str (*) ding v6i n <k. Ta di CM (*) ding v6i n = k.
That vay: thay a=k; b=xtacé k, 2, f(x + f(k) — 1) 1a 3 canh ciia mot tam giac.
= k+2>f(x+f(k)-1) >k - 2.
Néu f(x + f(k) — 1) =k — 1 = f(x + f(k — 2) — 1) (mau thuan)
Néu f(x + f(k) — 1) =k = f(x + f(k — 1) — 1) (mau thuan) = dpcm.
Taco f(x + f(n) — 1) = f(f(n + 1))
= x+f(n)—1=f(n+1)



= f(n+ 1)=n(x—1) + 1 thay vaon + 1 ={(f(n + 1)).
= f(n) =n.
Vay f(n) =n.

Vi du 3) Tim tat ca cic ham s6 f: N* — N* thoa man

f(f(n)) < f(n + 1) v6i moi n LI N*

IMO 1997

Chii y: Moi tdp hop khdc rong la tdp con cua N thi luon ton tai phdn tir nhd nhdt.
Moi tdp hop hitu han la tdp con cia N thi ludn ton tai phdn tiw Ion nhdt va nho
nhdt.
Giai
Goi m = min{f(n), n O N*}
Vay luon ton tai xJ N* sao cho f(x) = m.
Néu x > 1 thi m = f(x) > f(f(x — 1)) > m mau thuan.
= x=1= f(2) > f(1).
Tuong tu chon m; = min{f(n), n U N* van >1}
= m, =2 = f(3) >1f(2)
Vaytaco f(1) <f(2) < ........<f(n)<...
Vif(l) > 1 nén f(n) >n.
Gia str ton tai mot sO k thoa man f(k) >k + 1.
Co f(f(k)) > f(k + 1) > f(f(n)) mau thuan.
Vay f(n) =n.
Nhan xét: Bai toan trén ta da xét phan tr nho nhat cta tap gia tri theo toan roi rac
thi day dugc goi la nguyén 1y cuc han. Trong nhiéu bai toan ta 4p dung nguyén ly
cuc han s& rat ¢6 1oi va nhiéu khi né ¢6 thé gidp ta giai hoan toan bai toan d6 giong
nhu vi du 3.

Vidu4) Timtatcaham f: N* - N* thoa man v6i moi n O N* ¢6
fn) + f(n + 1) =f(n + 2).f(n + 3) — 1996. (1)
VMO_1996A
Giai
Thay n bang n + 1 ¢6
fn+ 1) +f(n+2)=f(n +3).f(n + 4) — 1996. (2)
Tru ting vé cta (1) cho (2) ta dugc
f(n)-f(n+2)=fn+3)[f (+2)-f (+4)] (%
Ta CM f(n) < f(n + 2) nhung truéc hét ta CM f(1) < £(3). That vay néu f(1) > f(3).
T (*) quy nap c¢6 f{2m + 1) > f(2m + 3) v6i moi m U N.
= f@)>f(3)>f (5)> ....day la day vo tan cac so tu nhién giam dan tu f(1) vo Ii.
Tuong tu c6 f(2) < f(4). Vay quy nap ta c6 f(n) < f(n + 2).
D= 1996+ f o)+ f +1)-f O+ 2F O+ 3F C
= 1996+ f + 20+ f o+ 3 o+ 2 O+ 3p (
= 1997- (f h+ 2)- 1)(f o+ 3y 1 ((*%)
Ta thay néu f(n) < f(n+2) thi khi n - +e thi (f(n+2)-1)(f (h+ 3)-1)- +w mau
thuan vai (%),



Vay chi ¢6 3 TH sau xay ra

f(2n)=a

f(2n+1)=b

Khi d6 (a—1)(b—1) =1997 ma 1997 la s6 nguyén to c6
a=2

{b =1998
a=1998

=

Thu lai ta thay thoa man.

TH 2 Néu f(2n) 1a hang s6 f(2n + 1) khong phai 1a hang so.

Néu f(2n) —1>0thicé N - +oo = (f(2n)-1)(f (2n+ 1)— 1) - +co mau thuln véi

(*%) = f(2n) = 1.

Trmottacd f(2n)+ f(2n+1)=f (2 + 2)f (D + 3 199¢
= f(2n+3)=f (2n+ 1)+ 199

Vay ¢6 f(2n) = 1; f(2n + 1) = 1997n + f(1) véi f(1) tity §.

TH3 f(2n) khong phai 1a hang s6 f(2n + 1) 1a hang s6. Tuong tu TH2.

Nhan xét: Bai toan trén ta da sir dung tinh chat da néu & trong phan chu y trén. Tinh

chat nay duoc 4p dung rat nhiéu tronh giai phuong trinh ham.

TH1 Néu {

= f(2n) =2, f(2n + 1) = 1998 hodc nguoc lai.

Vidu5)Chohamf: N — N thoa man v6i moi m,n U N thi
f(2) =0, f(3) > 0 va f(9999) = 3333; f(m + n) — f(m) — f(n) = 0 hoac 1.(*)
Tinh £(1982).

IMO_1982

(*) « f(m+n) =f(m)+ f(n) +{(1)

Ta dé CM duoc f(1) = 0, f(3) = 1. Biang quy nap ta CM f(3n) > n.
Ta thay néu f(3n) > n thi v6i moi m > n thi f(3m) > m. That vay c6
f(B(n+1)=f (3)+ f (3)+ EL) >n+ 1. Mata ¢6 £(9999) = 3333 = v6i moi n <3333

thi f(3n) =n.
Ta c6 f(3n+1):{n+1; N+1=Ff N+ 3)=f (h+ 3T (B+ 1 3 (B+ 1.
n

= f(3n + 1) =n. Tuong tu f{(3n +2) =n.
Vay 6 f(n) = H v6i moi n < 3333 = £(1982) = 660

Nhan xét: M&u chot clia bai todn nam 6 f{3n) > n tuy nhiéu néu thiéu di diéu kién
f(2) = 0 va f(3) > 0 thi bai toan trén giai ra sao day? Ta xét bai todn tong quat sau
day.

Vidu6) ChoD=1{1,2,...,2010}. Hims6f: D - N théa man véi moi m,n UD
ma m + n <2010 thi
f(m) + f(n) <f(m + n) <f(m) + f(n) + 1.



Chiing minh ring ton tai s6 thuc x sao cho v6i moi n U D, thi f(n) = [nx].
(Véi [a] 1a sO nguyén 16n nhat khong vuot qua a)

Giai
f(n f(n)+1
Tathdy f(n)=[nx] - %sm%.

bat a:max{m N D}; b:min{ f(n)+l;nD D},

n n

Ta cm a < b thi ton tai vo s6 thuc x thda man.
Goi h.k 1an luot 1a cac s6 nhd nhét thudc D thoa man
CZ%;b:%ﬁ_l:Ch: f (h);bk = f (k) +1.
= OmO[Lh-1;f (m)<mc va OnO[Lk-1];f ()+1>nb.
TH1 k = h thi f(h) = f(k) < f(k) + | = hc<kb = c<b.
TH2k >hdatk=h+p v6i pO[1; k—1].
Cokb=f(k)+1=f(h+p)+1=>fth)+1f(p)+1>hc+pb
= hb>hc = b>c.
TH3 k <h dath =k +p v6i pa[1; h—1].
C6 he =f(h) = f(k + p) < f(k) + f(p) + 1 <kb + pc.
= ke <kb = ¢ <b.= dpcm.
Ta thay trong cach CM trén thi con s6 2010 khong hé ¢6 tinh chat gi trong bai todn
chi 1a n6 1a mot s6 > 1. Quay lai vi du 5 tir (*) ta c6

f(m) + f(n) < f(m + n) < f(m) + f(n) + 1.
Khi dé f(9999)=[ 999%]= 3333 1ox< 3334 1982 1ggpc 1982333

3 9999 3 9999

= f(1982) = [1982x] = 660.
Nhan xét: Hai diéu kién gia thiét cho 1a thira va c6 thé CM dugc gia thiét do tuong
tw nhu trén. Ching ta hoan toan ¢ thé tdng quat thém bang cach thay s6 2010
thanh n thy ¥ > 1 bai to4n vin dugc giai quyét. O ki thi USAMO_1997 thi con s6
2010 duogc thay boi 1997.

C) Bai tap
Bai 1. Tim tat cd cac hams6 f: N° = N thda man
i f()=1.

ii. f(f(n)f(n+2)+1=f (n+Df (f 0+ 1)).
Bai 2. Tim tét ca cac ham s6 f: N* - N* théa man

1. f(x +22) = {(x).

ii. f(x%y) = f(x)*(y).

Bai 3. Chof: N* - N* thoa man

L. f 1a ham tang.

il. f(mn) = f(m).f(n).

iii. V6im # nva m'=n" thi f(m)=n hoac f(n) = m.
Bai 4. Tim tdt ca cacham s6 f: N* - N* thoa man

Austrian_2002



1. f tang thuc su trén N*.
11. f(mn) = f(m)f(n) v6i (m,n) = 1.
. f(2)=2.
Bai 5. Tim tat ca cic ham s6 f: N* - N* thoa man
f1002(N) + 2003f (1)= 2004+ 200!v6i fn(n)= F(f(...(F(n))....)

mlanf

Bai 6. Tim tat ca cicham s6 f: N* - N* thoa man
1. f tang thuc su trén N*.
1l. f(yf(x)) = x*f(xy).
Cono Sur Olympiad_1995
Bai 7. Day s6 nguyén duong (s,) thdaman 0<s,,,—S,—-S,<K;mn=1,2,3...
v6i K 1a mot s6 nguyén duong. VGi N 1a s6 nguyén duong tuy ¥, ton tai hay khong
cac so thuc a,, a,, ... ag sao cho

S, = ZK:[akn],nD[l,N]_
k=1
(Téng quét ctia vi du 6)

Bai 8. Khdng cé gi huy hoai nhithg kha niang toan hoc bang théi quen tiép
nhan nhitng phuong phap giai cé6 san ma khong hé tu héi vi sao can giai
diang nhu thé€ va lam thé nao dé€ cé thé tu nghi ra diéu dé.

w.w. Sawyer

Hay cho biét tai sao cac vi du lai duogc giai nhu thé c6 cach giai nao khac khong?
Pirng qua lo lang vé nhitng khé khan ban gép phai trong Toan hoc. Toi dam
chac t6i con gap nhiéu khé khan hon ban.

ALBERT EINSTEIN



2. Phuong trinh ham sw dung tinh chdt so hoc
Céc tinh chat s6 hoc nhu su chia hét, déng du, s6 nguyén t6, khai trién chinh tic....
c6 thé 4p dung trong viéc giai phuong trinh ham. Phuong phép nay dugc chia thanh
2 phan nho c6 tng dung tuong duong nhau trong viéc giai phuong trinh ham (theo
y kién cua toi).

Phan 1. Cdc tinh chdt sé hoc trong phuong trinh ham
Vé Ii thuyét cua phan nay thi ban chi can nhé céc tinh chat s6 hoc vé dong du, su
chia hét khai trién chinh tac, dinh 1y phan du Trung Hoa, .....
A) Vidu
Vidu 1. Tim tit cad cic ham s6 f: N* — N* thoa mén

f(X)?+y: f(y)+x° v6imoix,y O N* (¥)

Giai
Thay x =y =1 vao (*) ta dugc f(1)*+ 1 : f(1) + 1 = f(1) = 1.
Thay y = 1 vao (*) tacé f(x)* + 1 : f(1) + x* = f(x) > x.
Thay x =1vao (*)taco f(1)+y: f(y)+ 1 = y > 1(y).
Vay f(x) = x.

Vidu2.Gia stham s6 f: N* — N* thoa mén
(m+n)*(f (m)+ f(n)) v6i moi m, n U N*.

CMR f(1), f(2), f(3), ... 1a cap s6 cong véi cong sai duong.
OLP30/4_2009
Giai
Trudce tién ta di CM f 1a don 4anh.
Gia st f khong phai la don anh = Oa, b 0 N* thoa méan a < b va f(a) = f(b).
Cé6 (a +n)* : (f(a) + f(n)) va (b + n)*™ : (f(b) + f(n)) = f(a) + f(n)
= ((@+n)*>,(o+n)*) = f(a)+ f (n)= 2
= (a+n,b+n)#1 = (a+n,b-a)# 1 (thuat toan oclit)
Thay n=p—a vdi p la s6 nguyén t6 > b . c6 (p,b—a)#1 mau thuan.
Vay f 12 don 4nh.
Véi t tity ¥ thuoe N* ta 6 (n+1)2:(f(n)+ (1)) va (n+t+1)2%% (f () + f (¢ +1)).
Ma (n+t,n+t+1) = 1= ((+t ™, +t+ 1% = 1
=S (f(m+f@E), f(n+fE+))=1= (f(nN+f@), fE+)-f¢)=1
Ta CM f(t + 1) — f(t) = = 1 (%)
Gia st f(t + 1) — f(t) # + 1 ma f 1a don 4nh nén f(t + 1) — f(t) # O.
Goi p 1a udc nguyén t6 cua f(t + 1) — (t).
C6 (N+t)*®:(f(n)+ f(t)) thay n=p*—t (k U N* thoa mén p* > t).
= pP M (f(p -+ f (1) = F(P -+ F®)ip.
= (f(p*-t)+f(t), ft+1)-  ()) = p mau thudn.
Vay f(t + 1) — f(t) = = 1.



Néu f(t + 1) = f(t) — 1 thi f 12 ham giam nghiém ngat mau thuan véi tap gid tri cua f
1a tap s6 nguyén duong ludén c¢6 phan tlir nho nhat.

= f(t+1)=1(t)+ 1 = dpcm.

Nhan xét: Néu tinh y thi tir gia thiét ta thiy f(n) = n théa man dé bai tir d6 khién ta
nghia dén viec CM dang thic (*) m4u chét clia bai toan. Trong bai todn trén ta st
dung thuat todn Oclit trong tim udc chung 16n nhat.

Vi du 3. Tén tai hay khong mot song dnh f: N* — N* thoa man
fO+f(2)+f@)+..+f a)n

Giai

Ta thay bai todn trén cho f 1a mot song anh Ia bai toan trd nén khoé khan tuy nhién

dé chi hoi ¢6 ton tai hay khong ta chi can chi ra mot song dnh thda man la dugc.

Ta dung ham f nhu sau f(1) = 1, f(2) = 3, f(3) = 2 gia st ta xac dinh duoc f(1), f(2)

... f(k). Goi n 1a s6 nguyén nho nhat khong thudc cac so trong day. Theo dinh ly

thang du Trung Hoa luon ton tai m thda man.

m=—-(f()+f(2)+f(3)+.+f k))(modk+ 1)

m=—-(fQ)+f(2)+f 3+ ..+ K)+n)(modk+ 2)

Khi d6 f(k + 1) =m, f(k + 2) =n.

Tiép theo ta xét dén khai trién chinh tic.

Chii y :

Dinh li co bdn ciia s6 hoc: Cho n la s6 nguyén duong lom hon 1. Khi dé n luon cé
thé biéu dién duoc mot cdch duy nhdt (hiéu theo nghia khong tinh dén viéc sdp xép
thit tw cdc nhdn tw) dudi dang sau

Vidu 4. Tim tat ca cicham s6 f: N* — N thoa méan
1. f(mn) = f(m) + f(n).

i.  f(30)=0.
iii.  f(n) =0néun=7 (mod 10).
Giai

Cé6 £(30) = (2) + f(5) + f(3) = 0.

= f(2) =1(3) =1(5)=0.

Véi x 1a mot s6 nguyén duong tiy ¥ ¢6 X =275k véi k khong chia hét cho 2 va 5
= f(x)=f(k)vakcétancungla 1, 3,7,9.

Néu k =7 (mod 10) = f(k) = 0.

Néu k = 1 (mod 10). Thay m = 7, n = k vao (i) ¢6 £(7K) = £(7) + £(k) = (k).
Ma 7k =7 (mod 10) = f(k) =0.

Néu k =3 (mod 10). Thay m = 7, n = k vao (i) ¢6 £(7k) = f(7) + f(k) = f(K).
Ma 7k =1 (mod 10) = f(k) =0.

Néu k =9 (mod 10). Thay m = 3, n =k vao (i) c6 f(3k) = f(3) + f(k) = f(k).
Ma 3k =7 (mod 10) = f(k) =0.

Vay f(n) = 0 v61 moi nLIN*,
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Vidu 5. Cho s6 k1é > 1. Vi mdi s6 nguyén duong n ta xac dinh f(n) 1a s6 nguyén
khong am 16n nhit sao cho k" -1: 2" X4c dinh cong thic tinh f(n) theo k va n.
VMO_1991A
Giai
Ta thay f(n) 12 s6 mii ctia 2 trong khai trién chinh tic ctia K" =1,
C6 k*" = (k* +1)(k*™ -1) ma k" 1a s6 chinh phuong 1¢ = k* +1 khong chia hét
cho 4 chi chia hét cho 2. = f(4n)= f (2n)+ 1.
Mit khdc dé y k" -1=(k-DK " +K" >+ ...+ k+ 1,
Néunléthi K" +Kk"2+....... + k + 1khong chia hét cho 2.
=f(n) = f(1) néu n I¢&. (1)
Xét ham g(n) 12 s6 nguyén duong 16n nhét sao cho K" +1: 29,
Tacé k" +1=1- (k)" = 1+ k)L Ck}+ Ck P+ o €k T
Tuong tu c6 néu n 1é thi g(n) = g(1)
Co k™2 -1=(K™ -DK™+1) = f(@n+2)=f (+1+g(h+ 1. (2)
Vay tacé véi n=2"p (p1é) thi ¢
f(n):{f(l),m—o |
(m-D+f@D)+g@)m=1
Trong d6 f(1) 1a s6 mii ctia 2 trong khai trién chinh tic ciak - 1.
g(1) 12 s6 mii chia 2 trong khai trién chinh tic cia k + 1.
Nhan xét: Ta xét ham g(n) vi nhan thay duoc f(n) va g(n) cung cé chung tinh chat
(1) va viéc phat hién ra tinh chat (2) vira cho ta y tudng xét ham g(n) vira 1a mau
chot cha bai toan.

Vidu6. Timtit cAcichamso f: N - N théa man
f(f(n)) = 2n v6i moi nLIN. (*)
Giai
Ta dé dang nhan thay f 1a don anh.
Thay n bang f(n) vao (*) duoc f(f(f(n))) = 2f(n) = f(2n) = 2f(n).
Xét s6 ty nhién m tity y dat M=25p véiplasslé = f(m)=2"f(p).
pat f(M)=2"q véiqlass1écs 2"q=2f (p)=>h=k.
co fFR"P=Ff(p)=2FT@Qq)=2f (f p)=2"'p=k=h-1
k=h= f(p)=q
—
k=h-1= f(p)=2q
Mat khic f(p)=q= f(f(p))="f(aq)= f(a)=2p.
Vay f(p) = q hoac f(p) = 2q.
Néuf(p)=p = f(f(p))=f(p)=2p=p mau thuin.
Vay ta thi€t 1ap ham f nhu sau: Phan hoach tap s6 tu nhién Ié thanh hai tap hop vo
han.
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A={a,a,....a ,..} B={b b, .. .}.
f(0)=0;m=0
f(m=<f(a)=b;m=2"3a
f(h)=2a;m=2h
B) Bai tap
Bai 1. Tim tat ca cac ham s6 f: N* — N* thoa man
(m? +n)%: f(m)*+ f(N) v6i moi m, n O N*.

IMO Shorlists 2004
Bai 2. Cho p 12 s6 nguyén to 1é. Tim tat cA cac hamso f: Z — Z thdéa man
) f(m)=f(n) néum =n (mod p)
ii) f(mn)=f(m)f(n)

USA TST
Bai 3. Tim tat ca cic ham s6 f: N — N théa man c4c diéu kién
i) f (m? +n?) = f *(m) + f *(N) v6i moi m, n thuoc N.
ii) f(1)>0.

Bai 4. Tim tat cd cic ham so f: Z — Z thda man

f(@®+b*+c® = f%a)+ f ¥b)+ f {c).

TST_2005
Bai 5. Tim tat ca cichams6 f: N — N théa man
f(m+ f(n)) = f(f(m)+f(n)
IMO_1996
Bai 6. Tim tat ca cdc ham s6 f: N* — N* thoa man
1) f 1a toan anh.
i) f(n): f(m) = n:m véi moin, m 1a s6 nguyén duong.

Bai 7. Tim tat ca cic ham s6 f: N - N thoa man
f (f(n)) = pn véi p 1a s6 nguyén t6 1é cho trudc.

Bai 8. Khéng c6 gi hdy hoai nhitng kha néng toan hoc bang théi quen tiép
nhan nhirng phuong phap giai cé san ma khong hé tu hoi vi sao can giai

dang nhu thé va lam thé nao dé cé thé tu nghi ra diéu dé.
wW.Ww. Sawyer

Hay cho biét tai sao cac vi du lai duoc giai nhu thé c6 cach giai nao khac khong?

Pirng qua lo lang vé nhitng khé khan ban gidp phai trong Toan hoc. Toi dam

chic t6i con gap nhiéu khé khan hon ban.
ALBERT EINSTEIN
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Phan 2. $ nguyén 6 va ham nhan tinh
Trudc hét ta tim héu v& ham nhan tinh.Hanbd:N* >N* duoc goi la ¢ tinh cht nhan
khi véi moi m,n thuoc N* co:f(mn)=f(m)f(n)
Céac ham & nhan c6 t/c nhadic biét nén thdn loi khi tinh gia ti caa no &i diém tuy
y.Nhu vay dé xacdinh gia ti cia ham 8 chi can xaatinh tai cacdiém nguyén &

VD1(Uc 2002): Tim it ca f:N*>N* t/m:

+H(x+22t)=f(x) (x>1)

+H(x?y)=f()f(y) (x>1)

Giai:

Cho x=y=1,ta c6:f(1)=f(D)=>f(1)=1.V&i 1<x<23,6n tai k dé:22|x(kx-1).Khid6
x+22t=kx.

=>f(x)=f(x+22t)=f(x°k)=F(x) %.f(K)=>F(x)f(k)=1 ma f(x);f(k) thubc N* =>f(x)=f(k)=1
Vay f(x)=1 véi moi x thuoc N*

VD2:Cho ham f:N*>N* thoa man:f(mf(n))=nf(m) (1) ¥ moi m,n thibc N*(f la 1 don
anh).CMR:gu p 1a $ nguyén é thi f(p) ding 1a $ nguy&n 6.Chi ra 1 ham & t/m dé bai
Giai:
bat f(1)=a.Voi m=1 ta co:f(f(n))=nf(1)=an.
Cho n=1 thay vao (1) ta co:f(am)=f(m)hayf(an)=f(n)
Do do f(f(an))=f(f(n)) nén a.an=an nén a=1.Vay f(1)=1
Ta c6 f(f(n))=n Wi moi n
Saudo ta cm f la ham nhén tinh:
f(f(m).f(n))=nf(f(m))=mn=f(f(mn)), ma f Iaddon anh nén f(mn)=f(m).f(n)
P& cmduoc f 1a ham nhan tinh ta nghgaydén viéc xét gia tr ham $ tai cacdiém
nguyén é.
Goi p 1a mbt b nguyén & t/m:f(p)=mn,ta co6:
f(f(p))=f(m).f(n)) hay=Ff(m)f(n)

Suy ra khi f(m)=p va f(n)=1 hay ngc lai,ma f ladon &nh nén m=1 hay n=1, righa m
hay n 1a 6 nguyén &
Suy ra p nguyérbtthi f(p) ding nguyénd
Goi f(p)=q la $ nguyén b,thi f(f(p))=f(q) thi f(q)=p
Tur d6 ta thy véip 1A $ nguyen & thi f(p)=q ding la ndt s nguyén & va f(q)=p.Tr a6
ta c6 cach xaywhg ham 8 nhr sau:
Goi pila  nguyén é thir i,nghia la p=2,p,=3,...

Chia cip 9 nguyén & thanh cac#p (pax.1,Pay V6i k=1;2;3;....

f(1)=1

f(P2k-1)=Paxk (P2 =Pax-1:k=1;2;3;....
Ham f xacdinh nhr trén t/mdau bai
VD3:Cho ham & f:N* >N* t/m:f(mf(n))=n*(m) véi moi m,n thupc N*.CMR:f(2003) la
s6 nguyén & haic 1a binh plrong $ nguyén &(f 1a mot don anh)
Giai:
Tt VD2,hon niradé lai cho 2003 14 & nguyén & nén ta  danhdoanduoc ta phii cm
néu p 1a ndt s nguyén é thi f(p) 1a 1 6 nguyén & hoic la binh plrong 1 $ nguyén 6.
V6i m=n=1 ta c6:f(f(1))=f(1), vi f lalon &nh nén f(1)=Pf(f(n))=n? véi moi n thupc N*
Saudo ta cm f la ham nhén tinh:
Xét f(f(m).f(n))=rff(f(m))=n’m*=f(f(mn))
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Vi f la don &anh nén f(mn)=f(m)f(n)
Roi ta xét g|a tf cia ham 8 tai cacdiém nguyendi
Goi p la mit sb nguyén &.Néu f(p) 1a bop $ thi f(p)=a.b i a>b>1
Ma p’=f(f(p))=f(ab)=f(a).f(b).Dodd chi cé th c6 cac twong hyp sao:
+f(a)=p’ => f(b)=1 =>b=1(v6 ly)
+f(b)=p® => f(a)=1 =>a=1(vd ly)
+f(a)=f(b)=p.Ma f ladon anh nén a=b =>f(p)2a
Ta éin cm a la 8 nguyén &
Gia sr a=mn thi p= =f(a)=f(mn)=f(m).f(n)
Ma p 1a $ nguyén é nén:
Hozc la f(m)=1 => m=1 hay la f(n)=1 => n=13y a la $ nguyén
Vay thi réu pla $ nguyén b thi f(p) 1a $ nguyén é haac 1a binh plrong 1 $ nguyén é.
Ma 2003 [a 8 nguyén & =>dpcm
VD4:Tim mot ham f:N*>N* t/m: f(mf(n))=n*f(m) véi moi m,n thusc N*(f [& mot don
anh)
Giai:Tu VD3 va 2 ta c6 té clur doan Bng réu p 1a not s nguyen b thi f(p)la $ nguyén
t6 hay la &p phrong aia mjt s nguyén $.Néu cmduoc diéu nay thi ta 8 dang gii
quyét duoc bai toan.
Cho m=1 vadat f(1)=a,ta co: f(f(n))=rf(1)=ar?
Cho n=1 c6 f(am)=f(m)=> am=m=> a=1
Tir d6 ta c6 f(1)=1 nén f(f(n))=hvsi moi n thupc N*
Saudo ta cm f la ham nhan tinh
Xét: f(f(m).f(n))=rif(f(m))=m>n> =f(f(mn))
Ma f ladon anh nén f(mn)=f(m).f(n)
Saudo ta xét gia trcua ham f 4i cacdiém nguyén 4.
Goi p 1a 1 $ nguyén é va g sir f(p)=ab i a>b>1.
Khi 6 p’=f(f(p))=f(ab)=f(a).f(b).Dod6 cé cac kh niang:
+f(a)=p’ va f(b)=1 =>b=1, khii6 a la 6 nguyén & va f(p)=a =>f(p) 1a § nguyén &
+(b)= p’vaf(a)=1 =>a=1, khit6 b 1a $ nguyén é va f(p)=b =>f(p) la § nguyén &
+(a)=p, f(b)=p .Tur d6 f(p)=f(f(a))= va (f(p)\=f(p*)=f(f(b))=b’
=>ab=dva &b *=b® =>b=& =>f(p)=d’

Ta éin cm a 1a 8 nguyén & = phan ching nhr ¢ VD2
Gia st a=mn (men>1) thi ta co:

p=f(a)=f(mn)=f(m).f(n) ma p la nguyén hén:

+f(n)=1=> n=1(vo ly)
+f(m)=1=>m=1(v6 ly)

Tada cmdugc réu p 1a ndt s nguyén  thi f(p)la $ nguyén é hay l1a ip phrong aia
mot sd nguyén é.Tir d6 ta c6 ham f:

Ta chia #p hop cac 6 nguyén é thanh cacip (p;q) vadat f(q)=p,f(p)=q".Hién nhién
lic @6 ham t/mdé bai
VD5:Tim tit ca cac ham f:N©N* t/m:

+f(2)=2

+f(mn)=f(m).f(n) Wi moi m,n thuoc N*

+f(m)<f(n) Wi m<n
Tur dé bai ta thy ham fda duoc sip the ty,hon nirada co gia trf(2) va f(1) & dang tinh
dugc.Nho tinh cHit nhan ta c6 thtinhduoc 1 vai gia trdau cia f va nfn thiy f(n)=n.Ti
d06 ta thiy c6 tré dung p/p quy #p.
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Giai:
Ta £ cm f(n)=n kAng quy rp:
f(1)=f(1).f(1)=> 2 khi nang:
+(1)=0=> f(2)=f(2).£(1)=2.0=0(Iai)
=>f(1)=1
f(4)=f(2).f(2)=2.2=4
f(2)=2<f(3)<f(4)=4=> f(3)=3
Gia s f(k)=k véi moi k<n.Ta € cm f(n+1)=n+1.
Néu n chin =>n=2m=>n+2 cin=>f(n+2)=f(2).f(m+1)=2(m+1)=n+2
f(n)=n<f(n+1)<f(n+2)=n+2=>f(n+1)=n+1
Néu n k=>n+1 clin=> n+1=2p vi 1<p<n=> f(n+1)=f(2).f(p)=2p=n+1
=>dpcm=>ham f &n tim :f(n)=n
VD6: Tim tit ca cac ham f:N®N* t/m:
+(2)=2
+f(mn)=f(m).f(n) Wi moi m,n thuoc N*,(m,n)=1
+f(m)<f(n) Wi m<n

Khéc wi VD5 dk 2 cin ¢6 (m,n)=1,dd06 ta § ko coduoc f(4)=4 1 cach @dang nix &
VD5.Diém mau chit [a cm f(3)=3,ta c6:
f(3)f(5)=f(15)<f(18)=f(2)f(9)<f(2).f(10)=f(4).f(5)%(2).f(2).f(5)=4f(5)=>f(3)<4=>f(3)=3
Tir d6 ta ding cm = quy ap nhr VD4 nhrng xét \6i cac tirong hop n+1 [a nguyénit
hay hyp s
VD7: CMR ko c6 ham f:N®>N* t/m:

+f(2)=3

+f(mn)=f(m).f(n) Wi moi m,n thuoc N*,(m,n)=1

+f(m)<f(n) Wi m<n
Giai:Ta € cm = pfan ching:
bit f(3)=a
Ta c6 3<3=>27=f(2)%=f(8)<f(9)=f(3)*=a’=>a>5
Ma 27<32=>&<f(2)°=243<343=>a<7
=>a=6

Ma F<2B =>f(3°%)<f(21)=>d’<3"=>6°<3"(vd ly)
VD8:Cho ham f:N*>N* t/m:
+f(m+n+mn)=f(m)+f(n)+f(m)f(n) 1)
+f(f(n))=n véi moi thugc N* (2

Tim Min f(2003)

Giai:

Trudc hét ta tim cach I8n doi dk (1) dé bién d6i thanh ham nhan tinh.
Tu (1),ta co:

f(m+n+mn)+1=(f(m)+1)(f(n)+1)  (*)

Tur d6 ta nghi dén viéc dat g(n+1)=f(n)+1

=>(*) <g(m+n+mn+1l)=g(m+1)g(n+1)

Tu (2),ta c6 g(g(n+1))=g(f(n)+1)=f(f(n))+1=n+16vmoi n

Ma m+2>1;n+1>1 nén ta c6 ham g:N>N* t/m:
g(mn)=g(m).g(n);g(g(n))=nd moi m;n thubpc N*

Ta co:
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f(2003)=g(2004)-1

Tu VD1 thi p nguyénd=>g(p) la $ nguyén é.
Ma 2004=3.3.167
=>((2004)=9(2)g(3)9(167)
f(2003)min<>g(2004) min

=>Ta c6 i xét g(p) Wi p nguyén é nhr sau:
g(p)=p Wi p£167;pL5 va g(167)=5;9(5)=167
Khi d6 ; g(2004)=4.3.5=60

=>min f(2003)=59.

Tuong tr VD8 ta cO VD sautay:

VD9: Cho ham f:N*>N* t/m:

f(mn)=f(m)f(n)-f(m)-f(n)+2 \&i moi m;n thwpc N* (2)
f(2004)=2004 (2)
Tim Max f(3)
Giai:

Truéc hét ta xét m=n=1.% (1),ta c6:
f(1)=f(1)*-2f(1)+2
=>f(1)%-3f(1)+2=0 =>f(1)=1 hac =2
Néu f(1)=1=>Tr (1)=>f(n)=f(n)-1-f(n)+2 =>f(n)=n %i moi n trai wi diéu kién (2)
Néu f(1)=2
Tuong tr nhu trén ta xét ham g(n)=f(n)-1=>f(n)=g(n)+1 va g(2p€2003
Tu (1),ta c6: g(mn)+1=(g(m)+1)(g(n)+1)-g(m)-1-g(n)2A+
=>g(mn)=g(m).g(n)
=>g la ham nhan tinh.Ta co:
2003=0(2004)=g(®)(3)g(167)
Ma g(2)=f(1)-1=2-2=1,do 2003 % srguyén & nén g(3)=1 hac g(3)=2003.
=>g(2003¥2003
Bay giv ta ch can chi ra 1 ham g t/m g(mn)=g(m).g(n) va g(3)=g(2004)=260tim
duoc max f(3)(trc 1a cH d/k dau =)
Xét ham g(n) nh sau:g(1)=1;9(3)=2003;g(p)=2u p la $ nguyén é khac 3
Véi n thupe N* va n=p"'p,%...p " thi:g(n)=g(R)*‘g(p)**...9(pm)"™"
Thi ham g t/m cadk trén
Vay Max f(3)=2004

Bai fip ap ding
1.Tim f:N*>N* t/m:
+H(xt(y))= yf(x) v6i moi x;y
+f(p)=p VGi p 1a $ nguyén &
(dap $:f(x)=x véi x thuoc N*)
2.Cho ham f:N®N* t/m:f(m?f(n))=nf(m)?
Tim Min f(1998).
(dap $:120
f(1)=1 va réu p nguyénd thi f(p) nguyénd
f(a)=p f(p)=d (p;q nguyénd) o , ,
3.Cho ham f:N®N* t/m: f(mf(n))=n>f(m).CMR:réu p la $ nguyén é thi f(p) nguyéné
hoic la Iuy thira bic 5 dia 1 $ nguyén é(giai tuong tir VD3)
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4.Cho f:N*>N* t/m: f(m?f(n))=mnf(m) wi moi m;n thudc N*.CMR réu f(2003)=4 thi a
la 5 nguyén é.
(Huéng din:CM f ladon anh va f(1)=1;f(f(n))=n & moi n(twong tr VD1)
Thay n i f(n), ta co: f(n?f(f(n))) mf(n)f(m) =>f(mn)=mf(m)f(n)
=>f(m?)=mf(m) va f(nfn®)=f(m? )f(n %)
Gia sir f(2003)=4 véi a 1a yp $ =>a=mn ¥i m>n>1
Khi d6 f(f(2003))=f(&)=f(m"n*) =>2003=f(nf)f(n)
Ma 2003 [a bp s néndiéu nay ko ti xay ra
Vay a la $ nguyén é.)
5.
Cho ham f:N*>N* t/m:
+H(xy)=f()f(y)
+f(X)<x
+f(f(1995))=95.
Tim Minf(133).
(Hudng dan:
Ta ¢0:95=f(f(1995))=f(f(3)f(5)f(7)f(19))=f(f(3)).f(5)).f(f(7)).f(f(19))
f(f(k)) <f(k)(vi f(k)<k) ma f(k)xk va f(f(k))|95 nén ta co6 f(133)19

=> min f(133)=19)
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3. Cdp so cong, cdp s6 nhdn trong phuong trinh ham
A) Li thuyét
O phan Ii thuyét toi da gidi thiéu vé hai day s6 dic biet 1a cdp s6 cong va cip s6
nhan bay gio toi xin gidi thiéu thém mot day dac biét nita duoc ing dung nhiéu
trong phuong trinh ham va nhit 1a trong phan nay 1a day s6 aphin.
Dinh Nghia: Day s6 aphin 1a day s6 c6 dang a, =aa,_, + [ véi a, B 1a cdc hang s6
cho truée. Trong phan nay ta chi xét véi a,  1a cac s6 nguyén.
Néuoa=1thicé a,., =a,+/ lacip so cong.

B
a-1

Néua # 1.bat b, =a, +

B) Vi du
Vidu 1. Tim tat ca cic ham s6 f: N* — N* thoa man
f(f(n) + m) = n + f(m + b) v6i moi m, n 0 N*; b 12 hang s6 nguyén duong

Tir d6 ta CM dugc b, =ab,;, = CT tinh cla a, .

Giai

Cach 1. Ta dé dang CM duogc f 1a don anh.

c6 f(f(N+f@)=n+f(f(Q)+b)=n+1+f o+b)=f (f (n+1)+b)
> fM+f@Q)=f(h+D+b=fM+D=1f )+ (1)-b.
bpata=f(l)-b= f(n+)=f(n)+a= f(n)=Ff D+ h-1a.
Thay f(n)=f(1)+(n-1)a va gia thiét c6
f(f+(M-Da+m)=n+1f Q)+ M+b-1a.

= f@Q+(f(Q)+tna-a+m-1la=n+f ()+ma+ab-a.

= n(a®-1)+ f ()a—a*-ab = 0 Pong nhat hé s6 ta c6

a’=1

=a=#1

{f(l)a—az—abzo
f(n)=f@)+n-1

Sua = i f(nN)=n+b
Néu a 1thl{f(1)=b+1 = f(n)

f(n)=f@Q)-n+1

Néu a =-1 thi {f(l):b—l

= f(n) =-n+b mau thuin néu n > b thi f(n) <

0.

Vay f(n) =n +b.

Cach 2. Véi y tudng nhu cach 1 ta cling di chiing minh f 1a mot cip s6 cong.

Dé dang chiing minh dugc f 1a don dnh.

c6 f(f(m+f(n)=n+f(f(m)+b)=n+m+ f(2b).

= Néucép+q=m+nthi f(n)+f(m)="f(p)+f(q).

= f(n)-f(p)=f(a)-f(m).

= fn)-fh-)=Ff(n-)-f(h-2)=..=F Q@B-f 2 2 f (LFd.
Vay f(n)=f(n-1)+d = f(n)=f 1)+ (n—1)d phan con lai moi ban doc giai
tiép .
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Nhan xét: Tuy ¢6 nhi€u cach 1a nhung & bai toan trén ta dé€ quy ve ching minh f 1a
mot cip s6 cong vbi su hd trg dac luc clia dnh xa. Tuy nhién véi 2 cach 1 trén theo
toi thi cdch 1 hay hon nhung ban hdy xem xét hai bai todn sau cach 1 khong con
hiéu qua ma con rét phic tap néu ta la theo cach 2 thi lai rat don gian khong phai
tinh toan cong kénh.

Vi du 2. Chitng minh rdng khong ton tai ham f : N* » N* thoa man
f (mf (n)) =n+ f(2004m)
Giai
Dé dang ching minh duoc f 1a don dnh.
C6 f(f(m)f(n))=n+ f(2004f ())=n+m+ f (2004 ).
Vay n€un +m =p + q thi c6 f(n)f(m) = f(p)f(q).
_tm_f@_ fm) _th-)_ _tE)_f@_,
f(p) f(m f(n-1) f{nh-2) f(2) @
= f(n)=kf (n-1)= f (n)=k"*f (1) = 1a s6 nguyén duong. Thay
f(n)=k"*f (1) vao gia thiét c6

f (mkn—lf (1)) =n+ k2004m—1:> kmk”‘lf 1y ZL': (1) =n+ k 200h-

Thay n =1 c6 K™ O (1) =1+ k**™ *= k = IThay f(n) = f(1) dan t6i mau
thuan. Vay khong ton tai ham f thdéa man.
Vi du 3. Ching minh ring khong ton tai ham s6 f: Z — Z sao cho
f(m + f(n)) = f(m) - n v6i moi m, n O Z.
10" Nordic Mathemtical Contest

Giai
Dé dang chiing minh dugc f 1a don dnh.
Thayn=0tacd f(m+ f(0)=f(m)=m+f(O0)=m= f(0)=0
Thay m=0c6 f(f(n))=-n
Co f(f(m+f(n)=f(f(m)-n=—-m-n
Vayv6im+n=p+qtaco
f(m)+ f(n)=f(p)+f(q)
= f(n+)-fn)=fn)-f(n-)=..=f@)-Ff 2)=f 2-f O=f @O-f (O f @A¥d
Taco f(n)=nd thay vao gia thiét c6
f(m+nd)=md-n=md +nd*=md -n= nd*=-n mau thuan.

Nhan xét: ba bai toan trén ta da su dung tinh chat don anh sau dé suy ra f 1la mot
cap so6 cong hoac cap so nhan tir d6 tim ra cong thic tim ham f. Ta xét ti€p vi du
sau st dung tGi day so aphin tuy nhién khi sit dung day aphin thi ban hay dua vao
cach CM da néu trén dé tim ra ham khong nén sir dung truc tiép.

Vi du 4. Cho ham f(x,y): N - N théa man

) f(0,y)=y+1
i) f(x+1,0)= f (x,1).
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iii) f(x+Ly+1)="f x,f x+1y).

Tim f(4,x) ?

Giai

co f,x)=f(0+1x-1 =1 (Of (Ix- D f K- B .
= f@,x)=f@Ax-1+ 1= f (Ix = f (LO}x.

Ma f(,0)=f(O0+1,0=f (0,1 = (L X)=x+2,

Lam tuong tu

f2,x)=fQLTF2x-1D=1 2x-1p 2= (X ¥ (2,00 2

Ma F(2,0)=f(1+10=f L1 =1 (X F 2+

f(3,x)=1f(2,f Bx—-1)= & (3x— 1} .
Pat g(x) = f(3,x) + 3 ¢6 9(X) =29(x—-1)= g(x)= 2g (0).

C6 g(0)=£(3,0)+3=12,1)+3=8 = g(X) =2 = f(3x)=2"-2
f(4,x)=f(3,f (4x— 1)= 23— 3pén day thi khong c6 cap s6 nao gitip
ta duoc ta di xét mot vai gia tri dau cua f(4,x).

co F(4,0)=f(310)=2-3 F- 3 (43 3 - .Dudoin

2
5
f(4,X):22 — 3 v6i 56 mii chda n + 3 chit 6 2.

Con phan quy nap danh cho ban doc.
Nhan xét: Bai todn trén da sir dung t6i ca 3 diy s6 dic biét dé tim ra dugc f(4,x)
ban hay tim thtr f(5,x) = ?.
Phan nay trong phuong trinh ham thuong 1a phan hé trg cho viéc tim ham s6 nén
phan nay khong cé bai tap riéng.
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4. Hé dém co so trong phuong trinh ham

A) Li thuyét

Phan nay 1a phan kho nhat trong phuong trinh ham, tuy nhién phan nay thi chi can
dung dén Phuong phap quy nap cong pha la xong nhung viéc du doan ham gap vo
cung khé khan day cling chinh 1a mau chot cua cac bai toan dang nay.

B) Vi du
Vidul. Timham f: N - N 13 ham s6 thoa man

i) f(1) = 1; f(3) = 3.

1) f(2n) = 2f(n)

iii) f(an+1)=2f M+ 1-f ),

iv) f(4n+3)=3f (n+1- 2 )
Giai

Vi s6 k tiy y thuoc N bat ki chi ¢6 thé ¢c6 mot trong bon dang: k = 4n = 2 2n;
k=4n+ 1; k=4n+ 2 =2(2n+1); k = 4n +3 nén tir cong thitc dau bai c6 thé thay
rang ham s6 da cho duoc xdc dinh mot cach duy nhat.
Ta s& sir dung co s6 2 dé tim biéu dién cta f.
Tacoé f(L,)=F@Q)=1=1,.

f(10,)=f(2)=f (D=1~ 01

f1y)=f (3)= 3= 11

f(100,)=f (4)=f (22 f (2F E 001

fAoL)=fG)=f4.* 1 2 3 f Ir 23 2 5

f(110,)=f (6)=f (2.3 f (3F 3 011

fA1L)=f(7)=f 4% 3 3 3r 2 (1 33 2 ¥ 1]

f (1000, )= f (8)= f(4)= f (2)=1= 0001

f(100L )=f(9)=f (4.2 1 2 (55 f (2¥ 25 2 1001

f (1010, )= f (10= f (5F 0101

Qui luat: Biéu dién cua f(n) trong co s6 2 chinh 1a bi€u dién cua n bang viét nguoc
lai, tic 1a T (B8 48y ,.-8,8,,) = a@,...a,.

Ching minh: Gia st tinh chat ding cho moi s6 ¢6 s6 cac chit s6 trong hé co so 2
<k. Ta chiing minh n6 ding véi s6 c6 k chit so trong hé dém co so 2.
LAy mot s6 n ¢6 so cac chit so trong hé co so 2 la k.

THI1.nlas6 chin. Patn=2m = 1a,...a,_, 0, > m=1aa,..3,_,.

cs f(n)=f(@2m)=f(m)=a_ 8 .21, = B_A_s.-aa,}.

TH2. nla s6 1é.

Néun=4m+1=1aa,..a_;10, =>m=1aa,..a_,, = 2n+1= ha,.a ..
C6 f(n)= f(4m+1)= 2f (A+ 1 f )= f (IM+ Lr ¢ @+ 1 f )
f(n):lak_s..a2a112+ (:bk—s'-azalllg_ak—s-a?1|]z F G8_, a-?'llg-

Néun=4m+3 =1aa,..a,_,11, > m=1aa,.a_jJ,= M+ 1= ha,.a_,f.
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Co f(N)=Ff(@Am+3)=3f (2n+ 1) X M= (2n+ L 2¢ (Bh+ B f o)
()21, aa L+ 2B, aA - 4, aal, F B, a8,

Vaynéu N = a,a,a,...8,|, = f (n)=aa,_;..a,a,.

Nhan xét: bai toan trén s€ rat khé néu chiing khong nhan ra dugc Quy luat ctia né
nhung khi nhan ra quy luat roi thi bai todn tré nén don gian. Bay gio ta trd la bai
toan cua Josephus da néu & dau.

Vi du 2. Vespasien 1a Hoang dé La Ma thé ki thi nhat tir nam 69 dén nam 79 theo
duong lich. Thoiady c¢6 Josephus la nha viét sit bi Vespasien truy na vi can toi chong
lai triéu dinh. Tuc truyén ring Vespasein tim dugc ham 4n ndu cta 100 ngudi
chong doi va ké goi ho ra hang, néu khong s€ tan sat tat ca. Pa s6 mudn tu sat,
quyét khong dau hang, chi c6 mot ngudi néi nho véi Josephus 1a vi hoan cang riéng
muon dau hang dé song. Josephus rat thong cam véi ngudi nay va dat ra quy tic
sau, duoc tat ca moi nguoi nhat chi thi hanh : 100 nguoi ding thanh vong tron danh
s6 tir 1 dén 100 theo chiéu kim dong hd. Nguoi thit nhat cAm dao dém 1 réi dua cho
nguoi thit 2, ngudi thi 2 d€m 2 roi tu sat. Nguoi thit 3 cam dao va lai dém 1, r6i dua
dao cho nguoi thit 4, ngudi thit 4 dé€m 2 réi tu sat ... C& nhu th€ ma tiép tuc vong
ndy qua vong khdc. Cudi ciing con mot ngudi song. Hoi Josephus phéi sap xép
nguoi mudn séng & vi tri nao ?

Bai toan Josephus

Gia str Josephus c6 n — 1 ban ; n nguoi nay ding thanh vong tron danh so tir 1 dén n
theo chiéu kim doéng hé va tu sat theo quy tic nhu trén. Goi f(n) 1a vi tri cha nguoi
song s6t duy nhat. Tim f(n).

Giai

Néu n = 2k. Sau vong thit nhat con lai cac s6 1, 3, 5, 7, ...., 2k - 1 song sét va nguoi
nay dugc danh s6 méi la 1, 2, ... k lam lién ti€p c6 f (2k) = 2f (k)- 1.

Néu n = 2k + 1. Sau vong dau tién thi nguoi mang s6 3, 5, ... 2k + 1 va k nguoi nay
thi mang so tir 1 t6i k 1am lién ti€p c6 f(2k +1)= 2f )+ 1.

Ta thdy néu c6 mot nguoi thi toi gi ma tu sat = f(1) = 1. Con cb 2 nguoi thi doi
nguoi kia chét thi chuon luon = f(2) = 1.

Bai toan nay néu ban tinh mot s6 gia tri dau thi s€ tim ra dugc quy luat sau
n=1a_a_,..al,= f 0)=a_a_,.-a,1, Viéc con lai chi la quy nap t6i danh cho
ban doc. Toi giai bai toan nay theo cach khac .

pat g(n)=f(n)—-2n-1¢6

g(2k)=f(2k)-4k-2=2(f K> Xx-1F k.
gk+D)=f (k+1)-&-2=1 T k) k- = g K .

= g(2k) = g(2k +1)= 2g K ). Ta thiy néu N =2 + 27 + ..+ 2
Néu i, >0 thicé g(n) =2 g(m) vei M=1+ 2272+ 2272 4 4 X7k
Néu i, = 0 thico g(n)=g(m) véi m= 27"+ 2571+ 4 27

e — S R - , .
Lam lién tiép c6 9 (n) = =27 . Tt do6 ta cling c6 dugc ham f nhu trén.
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Nhan xét: Cach trén dua vao mot y tuong sir dung mot chiit cap s6 nhan mac du
ham g khong giéng cap s6 nhan 1am. Ta ciing c6 thé CM ham g bing quy nap. Néu

) |
hoc vé log thi ta c6 cong thic tim ham fnhusau f (N) =1+ 2(n— Alogzn] ).
Nguoi song s6t sau vu tham sdt d6 1a ngudi thit 73 6ng nay that may man.

Vi du 3. Tim tat ca cic ham s6 f: N* — N* thoa man cédc diéu kién

i) f(1) = 1.

ii) f(2n) = f(n).

iif) f(2n +1) = f(2n) + 1.
Giai

Bang tinh vai gia tri ddu cia ham f

n 1 2 3 4 5 6 /2 R
f(n) 1 1 2 1 2 2 3 | e,
Ta thay f(n) 12 t6ng clia c4c chit s6 clia n trong hé d€m nhi phan. Viéc con lai chi 1a
quy nap chd y ta xét tinh chan 1é cua n.

Vidu4. Tim tat cdAcichams6 f: N* — N* thoa man

i) f(1) = 1.
ii) f(2n +1)=f(2n) + 1.
iif) f(2n) = 3f(n).

Giai

Ta ciing tinh vai gia tri cia ham f ta thdy néu n = alaz...ak|2 = f(n)=aa,. a,
Gia st dpcm ding véi moi k < 2n.
pat 2n+1=aa, ..}, = h=aa_,.aa, @ n=aa_,.aal,

k

k
f(2n)=3f (n)=3) 3a =) 3"a =aa, .a,a (
i=1

i=1
f(2n+1)= f (2n)+ 1= a.a, ..a,a,

Tir gia thiét ta thay f ton tai 1a duy nhaét.
Nhan xét: Cac bai toan trén qua don gian néu ta da xac dinh duoc chinh xac ham f

C) Bai tap
Bai 1. Him s6 f: N - N duoc x4c dinh nhu sau
i) f(0)=0; f(1) = 1.
ii) V6in > 2 thi f(n) 1a s6 nho nhat trong cac so6 tu nhién khong tao

thanh véi bat ki hai s6 f(i) , f(j) (i <j <n) nao mot cip so cong.
CMR f(n) c6 thé xdc dinh nhu sau: Gia st trong hé co s6 2, thi n= akak_l...aiao\ ,
f(n)=aa...a,aa,,.
Bai 2. Cho ham s6 f: N* - N* théa man
1) f(4n) = f(2n) + f(n)
ii) f(4n +2) =f(4n) + 1
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iii) f2n + 1) =f(2n) + 1.
CMR véi mdi s6 nguyén duong m, s6 cac s6 nguyén duong n sao cho0<n< 2"
va f(4n)=f(3n)=f (2™).
IMO shortlist_2000
Bai 3. Hims6 f: N* — N théa man

i) f(1)=2;f2)=1.
ii) f(3n) = 3f(n)
iii) f3n+1)=f(3n) +2
iv) f3n +2)=1f(3n) + 1
Tim céac s6 n <2006 thoa man f(n) = 2n.
DNH
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