Phuong trinh ham trong l6p ham
lién tuc mot bién tu do

Kiéu Dinh Minh
Truong THPT Chuyén Hung Vuong, Pha Tho

Tu'dng ng vdi cdc b6 mén toan thi phuong trinh ham (PTH) dugc chia thanh cdc

loas sau
* PTH dai s (VMO 2013, 2005, 2002, 2000, 1992, 1991, TST 2004, 1994; IMO

2010, 2011, 2002, 1999, 1992, ...)
* PTH s6 hoc (VMO 1999, 1997, 1996, 1993; TST 2005; IMO 1988, 2000, 1998,

1990, 1987, ...)
* PTH gidi tich (VMO 2012, 2006, 2003, 2001, 1999, 2007; TST 2007, 1990; IMO

1994, 1983 ...)
* PTH lugng gidc (It gdp).

1 Mot s6 kién thic chuan bj
1. Him s6 f : R — R lién tyc tai 2o & lim f(z) = f(zg) & V(zn) : T — 10 =

T—TQ

f(zn) — f (Zo)

2. Néu f: R — R don anh va lién tyc thi f 1 don diéu.

3. Néu f: R — R don diéu ting vA lién tuc thi f 14 song anh lién tyc.

4. Néu f : R — R toan anh vi ting thi f lién tuc.

5. Néu f lién tuc trén [a;b] va f (a) # f(b) thi véi moi m nam giia f (a) va f (b)
ton tai ¢ € (a;b) sao cho f (c) =m.

6. Néu f lién tuc trén [a;b] (tdp compact) thi f dat GTLN va GTNN trén |a; b]

7. Néu f : R — R lién tuc va don diéu thi f (f (z)) l1a don diéu téng.

2 Phan loai cac dang toan thuong gap
Loai I. Phuong trinh dang af (az) + bf (8z) =
Vi du 1. Tim tét ca cic ham s6 lién fuc f : R — R thod man

0f (8z) — 9f (4z) + 2f (2z) = 100z véi moi z € R (1) (1)
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Giai Ta sé dua phuong trinh da cho veé dang thuin nhit bing cach viét lai phuong trinh

dudi dang
((1)) < 9[f (8z) — A8z} — 9[f (4z) — Maz] +2[f (2z) — A2z] =0,
suy ra A =l'g' Dat g(z) = f (z) — g:c , phuf':lng trinh da cho trd thanh

9g (8z) — 9g (4x) +29(2z) =0 Vz € R, g(0) =0

thay = bdi ~ ta c6

8
o 099 (£)20(3) =0 9 s ) -ma (2)] - s (5) - ()] =02 m o=
it h(z) =g (z) — -:-31-9 (%) thi h(0) =0 va

9h(z) = 6h (7 ) = h(z) = %h (5) = (%)21‘» () == (-g-)nh (55) ¥z eR |

Do f lién tuc trén R nén g va h ciing lién tyc trén R . Chuyén qua gidi han trén khi
n — +o0o ta duge h(z) =0 véi moi z € R , suy ra

g(z)= %g (32:-) vz eR

Tuong tu nhu trén thi g(z) = 0Vz € R . Do do f(x)=-;-x‘v’mER.Thﬁlaitath§.y

ham nay thod man phuong trinh ban dau. Két luan f (z) = éz VzeR.

2
Bai tap tuong tu: -
Bai 1. Tim tit cd cic ham lién tyc f : R — R thoa méan

L i@+ (5) =F

2. f(3z) = %f(a:)+:c
3. f(30z) + f (4z) = 2012z
4. f (4z) + f (9z) = 2f (6z)

5. 35f (27z) — 261 (9z) + 3f (3z) — 1440z =0
Bai 2."I'imt§tcé.céchﬁmsé f:R — R lién tyc tai £ = 0 sao cho
2012 (2012z) — 2011 f (20117) = (2012)°z Vz € R
Bai 3. Tim tht c& cic ham s f: R — R c6 dao ham tai £ = 0 v thoa mén

f(2z)=2f(z) Vz€R
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Vi du 2. (Bai kiém tra d6i tuyén) Tim tit ca céc ham s6 f : R — R thod man ddng thoi

cac diéu kién sau
~ (a) f lién tuc tai diém O ;

(b) f (0)
(¢) z (-1 )25 *Ckf (2kx) = 2009z Vz € R .
k=0
Giai. Gia st f () 12 hdm s6 thod mén bai todn. V6i mbin =1,2,...,25 , xét ham sb
b (2) = ) (-1)"FCEf (2%z)
k=0
Ta cb
n-t1
hn+1 (-’D) — z (__l)ﬂ.-!-l kck+1f (2k ) 2n+1 + Z( 1 n+1l- kOk+1f (2k ) + (__1)n+lf (117)
k=0 , ,

= f (2"*'z) + Z (—=1)™+* (C‘ff + C’ﬁ_l_) f(2%z) + (1) f (2)

o

= (-1)"FCkf (2*+'1) Z(—l)‘”’“'c”‘f (2°z) = hn (22) = hu (2)

k=0 k=0

Do d6 ta c6 hny1(z) = hn(2z) — hy(z), Yn = 1,2,...,24 . Theo cic gia thibt
(a), (b) suy ra cac ham h, (z) lientuctaiz =0va h,(z) =0v6imbin=1,2,..., 24, 25.
Theo (c) thi ta cé hgs (x) = 2009z , vi vay

hoa (22) — hos (z) = 2009z, Vz € R
Do vy v6i mbi ¢ € R,Vn € N* | ta luén c6

)=o) = (2)] + [ 3) (2] -
B )

T 1 T

Suy ra

S 1 X
h24 (17) = n-]:l-rI-il-Elm [200912 (1 — '2-;) -+ h24 (5;)] = 2009z
Lap luan tuong ty, suy ra

| h24 (l‘) = h22 (33) == hl (33) = 2009z

Ma

hi (z)= f (2z) — f (z)
nén tudng ty ta ¢ f (z) = 2009z . Thit lai phuong trinh da cho c6 mdt ham thod man
bai toan d6 1a f () = 2009z z € R .
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3 Phuong trinh dang af (z) +bf (%) = c

Vi du 3. Tim tit cd cAc ham s6 f: R — R lién tuc va thoa man
f(z)+ f(z%) =2012 VzeR
Giai. Choz =0,z =1 duge f (0) = f(1) = 1006 . T phuong trinh suy ra
f (:::4) + f (:1:16) =2012= f(x)=f (9315) = f(z)=f(-z) Vz €R
dodéchican xét véi £ > 0. |

+) V6i0<z<1,taco f(z)=f(z'°)=--- = f(2'%"),Vn € N* . Do d6

f(z)= lim f (:1:16") = f ( lim :1:16") = f (0) = 1006

n—-+00 n-—-+400

1 - 1 |
+)Véiz>1,tacd f(z)=f (mﬁ) :---=f(:zﬁ),‘v’n€N*.Dod6

1 1

Tom lai f(z) = 1006,Vz > 0, suy ra f (z) = 1006,Vz € R . Thit lai ta thiy ham
nay thoa man. '
Bai tap tuong tu. _ _
Bai 1. Tim tit cd cdc ham s6 f : R — R lién tuc va thod man

1. f(@z9)+ f(z)=2*+=x

2. f(#*) - f(z) =z (z-1)

3.
f(V2z) = 2f ()
flz+1)=f(z)+2z+1

Bai 2. Tim tit cid cAc hAm s6 f : R* — R lién tuc va tho man

f (1) = 1006

f (z*) + f (='°) = 2007 (z** + z'°)

4 Phuong trinh dang f (z) = f (¢ (z))
T = @ (x) cb nghiém.

Vi du 4. Tim tat cd cdc ham s6 f : Rt — R* lién tuc va thod méan

f($)=f(x+1)

T+ 2
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Tn + 1
T, 4+ 1"

Giai. Liy a > 0 tuy y. Ta xa8y dung day (z,) : Zo = a, Tpy1 = n > 0. Khi dé

[ (@np1) =T (i: 1 ;) (@) =f(Tn1)=-=f(z0)=f (a)

) ~1++5 a-+1 ~1++/5
e e et >_.........__
2 a -+ 2 2

—1 O - e n 1 —1 .
---——-l:——\/-: . Mﬁt khé,Cta.Céfrn—-i-l“zn': 33:1: j_:2+"' <0 do In>_’“‘jz—\/_ Vﬁ}’ dé'y

, suy ra day (z,) bi chin dudi bdi

(zn) hoi tu.

--1+\/_ o+l -1+vh

+)Néu 0 < g < ———2= VA Tpy1— Tn > 0. Vay day (z,)

.92 a+2 2
ho1 tu.
Gia st 111_']]_1 T, = a , thé thi
1 — 5 _
o=t (1Y G as 0,
a4+ 2 2

n—-4o0o n—++00

Tom lai f(a) = lm f(z,) = ( lim :1:.,,,) = f(a) = ¢ . Thi lai thod mén.
Bai tap tudng tu.

Tim tit cA cAc ham s§ f : R — R lién tuc va thod mén 1. f (z) = f (1:2 + ;11-)
.

2.f(:c)=f(a:2+§+§)

o rw=1(Z 1)

4 f(z)=f(2+K) . (0<k<1)

4
5. f(z) = f(1 — cosz)
-z = p(x) vd nghiém.

Vi du 5. Tim tit cd cdc ham s6 f : R — R lién tuc va thod méan

f(z)=f(z"+1)

Giai. Ty gidi Ta xay dyng f nhu sau: Lay f 13 ham lién tuc trén doan [0; 1] thod mén
f(0) = f (1) va théc trién f len R biing cach dit f (gx (z)) = £ (), f(~2z) = —F (z) , &
day thi g (z) =1+ 2% g (z) = g (gx-1 (2)) ,VE > 1 '

5 Phuong trinh ham dang f(f (z)) =g(z)
Vi dy 6. Cho ham s6 f : R — R hen tuc va thod man f (f (z)) = —z%,Vz € R . Ching
minh ring

f(z) <0,VzeR
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. Giai. Ta xét cac TH sau
+) Xét £ < 0. Khi d6 ton tai y € R sao cho z = —y* . Ta cé

=f(-PA)=FfGFFW)=-[f@)<

+) Xét £ > 0 . D& chi ra rdng f 12 don 4nh va do f lién tuc nén f don diéu. Gia st
ton tai zg > 0 sao cho f(xo) > 0. Khi d6 dit a > 0 12 gi4 tri sao cho f (z) don diéu ting
trén khodng (a — €;a) . Thé thi f (f (z)) don diéu ting trén (a — £;a) . Diéu nay khong
xay ra vi g () = —z? don digu gidm trén (a — €;a) . Mau thudn nay ching t6 ring khéng
téntai$0>0déf($o)>0. |

Viy f(z) <0,Vz €R.

Vi du 7. Tim tat ca cac ham s6 f : R — R lién tuc va thod mén f (f (z)) = f (z) +2x
Giai. Dé thay f don anh. Do gia thiét f lién tuc nén f don diéu. Choz =0 = f(0) =

+) f don diéu tang: Do f(0) =0 nén f(z) > O,V:c >0; f(z) <0,V <0.Do f
don diéu ting va lién tuc nén suy ra f 1a song anh lién tuc v& cé ham nguge 14 g . D8
thiy g thod min z = g(z) + 29 (g9(z)),Vz € R . V6iz > 0 thi g(z) > 0 vd z < 0 thi
g(z) <0.V6iméi z >0 dit up = z;u, = gs (z),¥n > 0 (trudng hop = < 0 lam tuong
tu), khi dé ta c6 2unyo + Uny1 — un = 0,Vn > 0. Gidi phuong trinh nay ta dugc

Up = 2z + 29 (z) (%) -9 29(z) (-1)",Vn >0

3 3 —
Néu g (z) > z & — 29 (x) < 0 thi v6i n chan cb6 nhlfmu“ = —00 , mau thuin vi
- Un = gn(x) > 0,VZ >0
Néu g (z) < 32: & 1 — 2g(z) > 0 thi véi n 1é cb nETmu“ = —0o0 , mau thuan vi
Up =9gn(z)>0,VZ>0 -
Suy ra v6i méi z > 0 thi g (z) = —g- = f(z) =2z,YVz >0 .

+ f don digu giam: Tu f(0) =0 suy ra f(z) <0,Vz > 0; f(z) > 0,Vz < 0. V6i
moi z , dit ug = z;u, = f(z),Vn > 0. Khi d6 unyq — Upy1 — 2u, = 0,V > 0 . Giéi
phu:dng trinh nay ta dudc

U, = gf_:_f__@(_l)“ + wQ“,Vn >0

3

2z — f (z) 4 w)?“ vn > 0
3 3 o

Néuz >0thi f(z)<0,f(f(x)) >0,suyra0< f(f(z)) < 22:-=> 1f (f (z))] <
12z} .

, SUY ra Us, =

- Neuz<Othi f{z)>0,f(f(z) <0,suyra0< —f(f(z)) < -2z =|f(f(z))| <
12z| .
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Do dé |ug| < 2|z| . Bing quy nap ta dude |uzn| < 27 |z| ,¥Vn > 0 . Suy ra

_ |uzn |, 22— f(2) L2212 L 2al | |22-f(@)|
|$ +f($)| 22,; + 3.2211 3. 22n S B 22-;; T 3‘2211,

Uon

2211

<l

- Cho n — +oo ta duge f(z) = —z,VZ ER.
 Kétluan f(z) =2z; f(z)=—z,Vz ER.
Bai tap tuong tu |
Bai 1. Ton tai hay khéng ham s6 f : R — R lién tuc va thoa man

1. cho f(f(z)) = —=
2.

f(f(z))=19957"
Bai 2. Tan tai hay khong ham sb lien tuc f : RY — R™ thoa méan

{ f (2002) < f (2003)
_ ]
‘ f(f (=)=~

Bai 3. Tim k sao cho ton tai ham lién tuc f:R — R thoa méan

f(f(z) =

{ f(1995) < f (1996)

6 Ham so lién tuc trén mot doan
Vi du 8. Tim ham f : [0;1] — R lién tyc va thoa mén

f(zf (z)) = f(z),Vz € [0;1]

Gidi. Gidsta € [0 1] va b = f (a) . Khi d6 f (z) x4c dinh tai a v& do 46 xac dinh tal
z=ab z=ab? ... z=ab".Bing quy nap tacé f (ab®) = f (ab"'f (a)) = f (ab"") =

f(a),Vn e N*
" Do d6 f(ab") = f(a) =b.Rortang b € [0;1] , inéu b < 0 thi ab < 0, néu

h> 1thi vdin € N* 40 lén ta c6 ab™ > 1. DofhentucnenvcnO < b < lthi
f(a) = lim f(ab®) = f(0) =b Nhuvaytacébd € {0;1; f(0)}, ticla ham f nhén khdng

n—-+4+00-

qué ba gia tri. Vi f lién tuc nén f (z) = .c Thi lai thod man. Vay f (z) = ¢,Vz € [0; 1]
va ¢ € [0;1].

Vi du 9. Tim ham f: [0; 1] — R lién tyc sao cho

f($)=% [f(§)+f(1;$)] ,Vz € [0; 1]

Giai. Do f lién tuc trén [0; 1] nén né dat GTLN
M
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va GTNN m . Gid st f (a) = M, a € [0; 1]
‘Khi dé

wmr@=3[r(9) 4 ()] 3oe e 1)) = (157 -

L]
7

. Tu dé f(-;—l-) = M,Vn . Tuong ty néu_f(b) = m thi f(
lién tuc nén ta cb

)=m,‘v’n.V‘1fléhém

M= “mf(i)%_f(ﬁmi

n-—=+00 PAL n—+oo 27

) =10
. |
= tm f(=)=f( lm =) =50

m“n—’+m om o n—too 20 |
Suy ra M = m hay f 1A ham héng trén [0;1] . Thi lai f(z) =cla nghjém-cﬁa phuong
trinh da cho.
Bai tap tuong tu - ‘
Bai 1. Cho f:[0;1] — R lién tuc thod man f (0) = f(1) . Ching minh ring phuong
trinh sau ¢6 nghiém z € [0; 1]

f(m)?f($+§6%5)

Bai 2. Chon € N* va f:[0;1] — R lién tyc thod man f(0) =0,f(1) =1, f™ (z) =
r Vz € [0;1] . Chitng minh réng f (z) =z Vz € [0;1].

Bai tap tong hop

Bai 1. ﬁmf:]R—-—»R]iéntucta.ia:r'-:Ové;thoﬁmﬁnf(4:c)—2f(2:1:)+f(:r:)=2012$.
Bai 2. Tim f : R — Rlién tuc va thod man f (v3z)+f ((6 +4v3) z) =2f ((3+v3) z); f(0) =
2012 .
Bai 3. Cho t € (0;1) . Xac dinh tit ci cAc ham sé f : R — R lién tyc tai z = 0 v& thod
man cic didu kien f(0) = 0; f(z) — 2f (tz) + f (H*z) =%, Vz €R.
Bai 4.Chom # +1. Tim f : R — R lién tyc tai z = 0 va thod mén f (mz) = f (z), Vr €
R. |
Bai 5. Cho @ # £1 . Tim f : Rt — R+ lién tuc v thod man f (z*) = f(z),Vz > 0.
z? + 1

Bai 6. Tim f : R — R lién tyc va thoa mén f(sc)=f(—-—-2—), Vz.€e R.

Bai 7. Tim f: R - Rlign tyc va thod mén f(z)=f(z* -z +1), Vz €R.

Bai 8. 'I'imf:IR-—r]R]iéntucvé.thoé.ménf(:r:-—f(:r))=—;—:, vz €R.

Bai 9. Tim f: R — R lién tyc va thod man f (z°) f(z) =1,YVz € R.

- Bai 10. Tim f : R — Rlién tuc v thod man f (1) = 5; f (z%)—z*f (z) =-f-2-—4:::, vV >
0. - _
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‘Bai 11. Cho hai ham s6 lién tuc f, g : [0;1] — [0;1] thod man f (g (z)) = g (f (z)),Vz €
0;1] . Biét f 14 ham ting. Ching minh ring ton tai a € [0;1] sao cho f(a) =g(a) =a .
Bai 12. Ching minh ring khong ton tai ham f lién tuc trén R thod mén

f (2 + 2002) [ f(z) + \/2003] — —2004,Vz € R

Bai 13. Cho ham s6 f lién tuc trén R thod méan f(2010) = 2009 va f(z) f™ (z) =
1,Vz € R . Hay tim f (2008) .
Bai 14. Tim f : R — R lién tyc sao cho -

F(f(f(x)-3f(f(z))+6f(z)=4r+3,VzeR
Bai 15. Tim f: (—1;1) — R lién tuc va thod méan

(-7 5 iz) = (1+2%)f (@

Bai 16. Cho f : R — R lién tuc va thod mén f (z+v2) < f(z) < f(z+1),Vz €R..
Ching minh ring f 14 ham hing. '

Bai 17. Tim f : [0;1] — R lién tyc va thod man f (z) > 2zf (z°),Vz € [0;1] .

Bai 18. Tim f: R — R lién tuc va thoA méan f (f(z)) = f(z) +z,Vz €R .

Bai 19. Choa #0. Tim f : R — R lién tuc sao cho

84

f (23:- ——-@) =azx,Vr € R

Bai 20. Tim tat ¢ cdc ham lién tuc f : R — R thod man dong thdi cac didu kién sau:

(i) : f don anh;

(1) : f2x— f(z)) =z,Vz €R;

(i2) Ton tai zo sao cho f (zp) = zo.

Kinh nghiém ban than cho thay: Loai toan I 1a don gian nhat v thudng dugc th1 O
cac ky thi khu wvite. Loai toan II & mic d6 trung binh, do6i khi cling ¢6 bai phai rat tinh
té mdi lam dugc , ching han nhu bai 1 phan 3. Loai toan III khé hon va hay gip & céc
ky thi Qudc gia hodc TST trudc day. Ngay nay loai todn nay da trd nén quen thudc véi
nhiéu ban. Loai todn IV ciing 13 loai toan hay va d6i khi géip & cic k¥ thi néi chung. Cubi
cing loai toAn V mang nhiéu tinh chit clia Giai tich va chinh vi thé né ciing thudng ding
cho Olympic sinh vién. Tém lai, sy phan loai ciing chi 1 tuong d6i

Tai liéu

1] PL. Kannappan (2008), Functional Equations and Inequalities with Applications,
Springer.

2] Nguyén Van Mau,, Phuong trinh ham, NXB GD (1997).



