Chuong 1 Dic trung ham ctia mot sé6 ham sd so cip véi cac
dich chuyén hinh hoc 8

1.1. Mot s6 kién thitc co bdn chta hamsd . . . . . . . . . . .. 8

1.1.1. Dinh nghia ham tuan hoan va phan tuan hoan cong

tinh . . . . .. 8

1.1.2. Dinh nghia ham tuan hoan va phan tuan hoan nhan

tinh . . . ... 9
1.1.3. Mo ta cAc ham phan tuan hoan cong tinh, ham tuan

hoan nhan tinh, phan tuan hoan nhan tinh thong

qua ham tuan hodn cong tinh . . . . ... ... .. 10

1.2. Dang dic trung ham ctia mot s6 ham s6 so cap v6i cac dich

chuyén hinh hoc (tinh tién va dong dang) . . . . . . . . .. 12
1.2.4. Dich chuyén tinh tién . . . . ... ... ... .... 12
1.2.5. Dich chuyén dong dang . . . . . ... ... ..... 13

Chuong 2 Phuong trinh ham dang sai phan véi dich chuyén
tinh tién 15



2.1. Phuong trinh ham dang sai phan bac nhat v6i dich chuyén
tinh tién . . . . . .. 15

2.2. Phuong trinh ham dang sai phan bac hai thuan nhat véi
dich chuyén tinh tién . . . . . . ... ... ... ... ... 19

2.3. Phuong trinh ham dang sai phan bac hai khong thuan nhat

v6i dich chuyén tinh tién . . . . .. . ... ... ... ... 28
2.3.1. Baitoan. . .. ... ... ... ... ... ..., 28
2.3.2. Nhanxét . . .. .. . . . .. . ... ... ... 28

2.3.3. Mot s6 bai toan va phuong phap tim nghiém rieng 29

2.4, Motséviduapdung . . . . ... ... ... ... ..... 32

Chuong 3 Phuong trinh ham dang sai phan véi dich chuyén
dong dang 36

3.1. Phuong trinh ham dang sai phan bac nhat véi dich chuyén

dongdang . . . . . .. ... 36
3.2. Phuong trinh ham dang sai phan bac hai thuan nhat véi

dich chuyén dong dang . . . . . . .. ... ... ... ... 44
3.3. Phuong trinh ham dang sai phan bac hai khong thuan nhat

v6i dich chuyén dong dang . . . . . . ... ... ... ... 61

3.3.1. Baitoan. . . . ... ... ... ... ..., 61

3.3.2. Nhanxét . ... ... ... ... ... ....... 61

3.3.3. Mot s6 bai toan va phuong phap tim nghiém rieng 62

3.4. Motséoviduapdung . . ... ... . ... ... ..... 66
Két luan . . . . . . ... .. ... 72
Tai lieu tham khao . . . . . . . . .. ... .. ... .. .... 73



Lo1 no1 dau

Phuong trinh ham 134 mot chuyén dé quan trong trong chuong trinh
chuyén toan THPT. Céc deé thi hoc sinh gidi cAp Qubc gia, thi Olympic
khu vic, Olympic Qudc té thuong xudt hién bai toan vé phuong trinh
ham, d6 1a nhitng bai toan khé vA mdéi mé déi véi hoc sinh THPT. Nhiing
cudn sach tham khéo vé phuong trinh ham danh cho hoc sinh 1a khong
nhiéu. Vi vay, trong luan vin nay ching t6i xin dé cap dén cac phuong
trinh ham dang sai phan véi cac dich chuyén tinh tién va dich chuyén
dong dang. Hi vong luan nay sé 1a mot tai lieu gép phan nhé bé vao viéc
boi dudng hoc sinh gidi toan & truong THPT.

Luan van dugc chia lam ba chuong:

Chuong 1. Dic trung ham ctia mot sé ham s6 s cap véi dich chuyén
tinh tién va dong dang.

Trong chuong nay tac gid trinh bay khai quat vé ham sb véi cac dich
chuyén tinh tién vi dong dang nhu :

Dinh nghia cac ham tuan hoan cong tinh, ham phan tuan hoan cong
tinh, ham tuan hoan nhan tinh, hdm phan tuan hoan nhan tinh.

M6 ta ham phan tuan hoan cong tinh, ham tuan hoan nhan tinh,
ham phan tuan hoan nhan tinh thong qua ham tuan hoan cong tinh.

Dic trung ham ctia mot sé6 ham sé so cap vé6i cac dich chuyén tinh
tién va dong dang.

Chuong 2. Phuong trinh ham dang sai phan vé6i dich chuyén tinh

tien.



Trong chuong nay tac gia trinh bay phuong trinh ham dang sai phan véi
dich chuyén tinh tién (bao gom phuong trinh ham thuan nhat va khong
thuan nhat; phuong trinh bac nhat va phuong trinh bac hai ). Trong d6
tac gia da trinh bay phuong phap giai va cong thiic nghiém ctia phuong
trinh khong thuan nhat dong thoi dé xuat quy tic dé dua phuong trinh
khong thuan nhit vé phuong trinh thuan nhat.
Phan cudi chuong tac gid dé xuat mot s6 vi du ap dung.

Chuong 3. Phuong trinh ham dang sai phan véi dich chuyén dong
dang.
Chuong nay c6 cau trac tuong tuy nhu chuong 2. Trong chuong nay tac
gia trinh bay phuong trinh ham dang sai phan véi dich chuyén dong dang
(bao gom phuong trinh ham thuan nhat va khong thuan nhat; phuong
trinh bac nhat v phuong trinh bac hai ). Trong dé tac gia da trinh bay
phuong phap gidi va cong thitc nghiém ctia phuong trinh khong thuan
nhat dong thoi dé xuit quy tic dé dua phuong trinh khong thuan nhat
vé phuong trinh thuan nhat vd quy tic tim nghiém riéng. Cac két qua
clia cic bai toan trong chuong nay déu dudc mo ta theo ham tuan hoan
cong tinh.

Phan cudi chuong tac gid dé xuat mot sé vi du ap dung.

Cudi cting 13 phan két luan va tai lieu tham khao.



Lol cam on

Véi tinh cdm chan thanh, toi xin bay t6 long biét on sau sic tdi su
huéng dan khoa hoc nhiét tinh chu déo, day tinh than trach nhiém cua
Thay gido PGS.TS Nguyén Minh Tuén.

Toi xin chan thanh cdm on t6i tap thé cac Gido su, Tién si Khoa
Toan- Co- Tin hoc Truong Dai hoc Khoa hoc Ty nhién, DPHQG Ha Noi.
Cac dong chi lanh dao, cac dong nghiép truong Cao dang Su pham Lao
Cai va GS.TSKH Nguyén Van Mau da gitip dé toi rat nhiéu trong subt
qué trinh t6i lam luan van.

Toi xin gii 161 cam on t6i nhitng ngudi than trong gia dinh va cac
dong nghiép, cac ban dong khoa Cao hoc 2004 - 2006 da c¢6 nhitng y kién
déng gép quy bau cho dé tai, giup dé to6i hoan thanh khéa hoc va luan

van tot nghiép nay.

Ha Noi, thang 12 nam 2006

Hoc vién

Hoang Manh Thing



Chuong 1

Dac trung ham cua mot s6 ham so

s cap vdi cac dich chuyén hinh hoc

Trong chuong nay ta dinh nghia cac ham tuan hoan, phan tuan hoan
cong tinh vd nhan tinh; mo ta cac ham phan tuan hoan cong tinh, ham
tuan hoan nhan tinh, ham phan tuan hoan nhan tinh thong qua ham tuan
hoan cong tinh; dua ra cic dic trung ctia mot s6 ham s6 so cap vdéi dich

chuyén tinh tién va dong dang.

1.1. Mot sé kién thitc co ban ctia ham sb

1.1.1. Dinh nghia ham tuan hoan vA phan tuan hoan cong tinh

Dinh nghia 1. Cho ham s6 f(x) vatap M (M C D(f)). Ham f(x) duge
goi 1a ham tuan hoan trén M néu ton tai s6 duong a sao cho

Vo € M ta déucé v Etac M,
flx+a)= f(x),Vo € M,

a dugc goi 1a chu ky ctia ham tuan hoan f(x).

Chu ky nhé nhat (néu c6) trong céc chu ky cta f(z) duge goi 1a chu

ky co sG clia ham tuan hoan f(z).
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Vi duy. Xét ham f(z) = cosz. Khi d6 f(x) 1a ham tuan hoan chu ky 27
tren R.
That vay, ta c6 Vo € R thi x + 27 € R va

f(x 4+ 2m) = cos(x 4 27) = cosx = f(x).
Dinh nghia 2. Cho ham s6 f(x) va tap M (M C D(f)) Ham f(z) dugc
goi 1a ham tuan hoan trén M néu ton tai s6 duong a sao cho

Vo € Mtadéucéxrtac M,
f(z+a) =—f(z), Yz e M;
a dugc goi 1a chu ky ctia ham tuan hoan f(x).

Chu ky nhé nhat (néu c6) trong céc chu ky cta f(z) duge goi 1a chu
ky co s6 ctia ham tuan hoan f(z).
Vi du. Xét ham f(z) = sinz, khi d6 f(z) 13 ham phan tuan hoan chu
ky 7.
That vay, taco Ve e Rthiz+ 7 € R va

flz+7) =sin(x +7) = —sinz = —f(x).

1.1.2. Dinh nghia ham tuan hoan vA phan tuan hoan nhéan tinh

Dinh nghia 3. f(z) dugc goi 14 ham tuan hoan nhan tinh chu ky a
(a € R\{0,1,—1}) trén M néu M C D(f) va

Ve e M = atlz € M,
flax) = f(z),Vox € M.

Vi du. Xét ham f(z) = sin(27 log, z) khi d6 f(x) 13 ham tuan hoan nhan
tinh chu ky 2 trén R*. That vay, Vo € R* ta ¢6

f(2x) = sin(27logy(2x)) = sin(27(1 + log, x)) = sin(27logy ) = f(x)



Dinh nghia 4. f(z) dugc goi 1a ham phan tuan hoan nhan tinh chu ky
a (a¢{0,1,—1}) trén M néu M C D(f) va

Vo € M = a*lz € M,
flaz) = —f(z),Vx € M.

Vi du. Xét ham f(z) = cos(mlogz z) khi d6 f(x) 14 ham phén tuan hoan
nhan tinh chu ky 3 trén R*. That vay, Vo € R" ta c6

f(3z) = cos(mlogz(3x)) = cos(m(1 + logg x)) = — cos(mlogs x) = — f(x)

1.1.3. M5 ta cac ham phan tuan hoan cong tinh, ham tuan hoan nhan tinh,

phan tuan hoan nhan tinh théng qua ham tuan hoan cong tinh

a) Ham phén tuan hoan cong tinh
Cho f(x) 1a ham phan tuan hoan cong tinh chu k¥ b. Hay mo ta (biéu
dién) f(z) thong qua ham tuan hoan cong tinh.
That vay ta co
flx+b)=—f(x),Vzr e R
1

& f(2) = 5lf(2) = [z +b)] & flz) = %[9(93) — gz +0)],

trong d6 ¢g(z) 1a ham tuan hoan cong tinh chu ky 2b.

b) Ham tuan hoan nhan tinh

Cho f(z) 1a ham tuan hoan nhan tinh chu k¥ c¢. Hay mo ta (biéu dién)
f(z) thong qua ham tuan hoan cong tinh.

That vay, ta co
flcx) = f(x), Vo € R,c € R\{0,1,—1} (1.1.1)

Xét cac truong hop sau:

bl) Véic > 0

Véi z < 0, dat —z = ¢ va f(—c) = hy(¢t). Khi d6 t = log, |z| va (1.1.1)
tré thanh hy(t + 1) = hy(t),Vt € R.
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V6i x > 0, dat x = ¢ va f(c') = ho(t). Khi d6 t = log.x va (1.1.1) tr6
thanh ha(t + 1) = ha(t), V¢ € R.

Vay

(hl(logc |z|)  néux <0,

flx)=qmtuy ¥ néu x = 0,

he(log.x)  néu z > 0;
|

trong d6 hy(t), he(t) 1 cdc ham tuan hoan cong tinh chu ky 1 trén R.
b2) Véi ¢ < 0
Khi d6 f(c*x) = f(x) va moi nghiem ctia (1.1.1) dugc cho béi cong thiic

1

f(@) = 3lg(x) + g(cw)), (112

trong d6 g(c’z) = g(z),Vz € R.
That vay, néu f(z) c¢6 dang (1.1.2) thi Vz € R ta c6

1

flex) = Slg(ex) + g(c*z)] = %[9(033) +g(x)] = f(x)

Ngugc lai, néu f(z) thod man (1.1.1) thi chon g(z) = f(x).
Khi d6 g(c’z) = g(x),Vx € R va

Slole) + glex)] = 5lf(@) + flex)] =

hs(=log.|z|) mnéuz <0,

g(@) =< ntuy y néu x = 0,

1 .
h4(§ log.x)  néuxz > 0;

trong d6 hs(t), hy(t) 1 cdc ham tuan hoan cong tinh chu ky 1 trén R.
¢) Ham phan tuan hoan nhan tinh
Cho f(z) 1a ham phan tuan hoan nhan tinh chu ky d. Hiy mo ta (bieu

dién) f(z) thong qua ham tuan hoan cong tinh.



fdz) = —f(z), Vo € R,d € R\{0,1, -1} (1.1.3)
véi d € R\{0,1, —1}.
Khi d6 f(d*r) = f(x) va moi nghiém cta (1.1.3) dugc cho béi cong thiic

1

f(x) = 3lox) — g(dz)), (1.1.4)

trong d6 g(d?z) = g(x), Vo € R.
That vay, néu f(z) c6 dang (1.1.3) thi ta c6

f(dr) = Slo(dz) — g(dr)] = Llg(dr) - g(x)] = —f(x), Vo € R

Ngugc lai, v6i moi f(z) thod méan (1.1.3) thi chon g(z) = f(x).
Khi dé g(d*r) = g(x),Vz € R va

1

Slole) — gldw)] = 5[f(x) — f(dn)] = 3[(z) + f(a)] = F(x), Ve € R.

1
Tuong tu cach giai (1.1.1) ta duge f(z) = 5[9(1‘) — ¢g(dz)] trong dé

)
hi(3logp |z|) néuz <0,

g(x) = S d tuy ¥ néu x = 0,

hi(3log z)  néu x> 0;
\

trong d6 hy(t), he(t) 1 cdc ham tuan hoan cong tinh chu ky 1 trén R.

1.2. Dang dic trung ham ctia mot sé6 ham sé so cap véi cac

dich chuyén hinh hoc (tinh tién va déng dang)
1.2.4. Dich chuyén tinh tién

a) Cac ham f(x) = cos(az), f(x) = sin(ax), (a # 0)c6 dic trung la

flz+ 2—7T) = f(x),Vz € R.

a



b) Ham f(z) = tg(az), (a # 0) c6 dac trung la

flo+ g) = f(a),Vx € R\{;—a + l{:§|k c 7).
¢) Ham f(z) = cotg(az), (a # 0) ¢6 dic tring 1
flo+ g) = f(z),Vx € R\{kgm c 7).
d) Cac ham f(z) = cos(az), f(z) = sin(az), (a # 0) ¢6 dic trung 1a
fla+ g) — _f(x),Vz € R.
Nhan xét 1.1. Cho a # 0, khi d6 cdc ham f(z) = tg(az); g(z) = cotg(az)

khong la ham phdn tuan hoan cong tinh.
Chiing minh. Ham f(x) = tg(ax) khong la ham phdn tuan hoan cong tinh.
That vay, néu f(x) = tgz la ham phdn tuan hoan cong tinh chu ky T ta

co
VieD=x+TeD (1.2.5)
Va4
fle+T)=—f(z),Yx € D (1.2.6)
trong do
™ kw
D=R\{—+ —|k € Z}. 1.2.
\ge + |k € 2) (127)

Tic (1.2.5) v (1.2.7) suy ra T = g
KniT=1"1 khong thoéa man (1.2.6).
Vay khéng ton tai T thoa man (1.2.5) va (1.2.6)(Diéu phdi ching minh).
Tuong tu, ta ching minh dugc ham g(x) = cotg(ax) khong la ham phdn

tuan hoan cong tinh.

1.2.5. Dich chuyén déng dang

a)Véia € R\{0,1, =1} cdc ham f(z) = sin(27 log|, |z]), f(x) = cos(2m log|, |2])

c6 dac trung la
flax) = f(z)Vx € R".
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b) Véi a € R\{0,1, -1} ham f(r) = tg(rlogy, |7|) c6 dac trung la
flaz) = f(z),Voz € R\{£|a| =, |k € Z}.
c¢) Véi a € R\{0,1,—1} ham f(z) = cotg(nm log, |z]) c6 dédc trung la
flax) = f(x), Vo € R"\{+|a|"|k € Z}.

d) Véia € R\{0,1, =1} ham f(z) = sin(w log, |]), f(x) = cos(m log, |[x])
c6 dac trung la

flaz) = —f(z),Vx € R".
Nhan xét 1.2. Vdia € R\ {0,1,—1},b # 0 thi cdc ham

f(x) =tg (b7r log)y |:I:|) ,

g(z) = cotg (br log,, ED)
khong la ham phdn tuan hoan nhan tinh.
Chiing manh.
Khi © chay khap R* thi logy, || chay khap R, do d6 br logyy 7| chay khdp
R (vib#0). Vivay tap zdac dinh cia ham f(x) la

D= {:C e R” ’bwlogM |z ] #nglm,k‘ S Z}.

Gid s ham f(x) phdn tuan hoan nhan tinh chu ky o, ta c6
flax) = —f(x),Vz € Dy
& tg (br logyy laz|) = —tg (b logyy |z]) ,Vz € Dy
& tg (b log), [z| + b logy, a) = —tg (b logy, z|) ,Va € Dy.
Dat X = brlogy, |z|,T = brlog, , ta cd
tg (X +T) = ~tg(X),YX # = +km k € 2
suy ra tgxr la ham phdn tuan hoan cong tinh (mdu thudn vdi nhan zét
1.1.). Vay ta cé diéu phdi chitng minh.
Do vdi ham g(x) = cot g (bmlog, |z|) ta ching minh hoan toan tuong

.



Chuong 2

Phuong trinh ham dang sai phan véi

dich chuyén tinh tién

Trong chuong nay ta gidi cac bai toan vé phuong trinh ham dang sai
phan bac nhat va bac hai (thuan nhat vd khong thuan nhat) véi dich
chuyén tinh tién. Trong d6 viéc giai phuong trinh ham dang sai phan bac

hai dugc dua vé phuong trinh ham dang sai phan bac nhat.

2.1. Phuong trinh ham dang sai phan bac nhit véi dich chuyén

tinh tién

Bai toan 2.1. Cho cdc so thuc a, 3 khdc 0, va tap D théa man diéu kién:
DCR;Vx € D= a+ac D. Tim cic ham f : D — R thod mdn diéu
kién
flx+a)+pf(x)=0,Vz e D.
Loi giai
x
Dit f(z) = |blag(x), ta cé:
+ V6i B < 0 phuong trinh da cho tré thanh g(z + a) = g(x),Vx € D.
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+ V6i > 0 phuong trinh da cho tré thanh
1

glx+a)=—g(x) = g(r) = §[h(:13) — h(x +a)],Yx € D

trong d6 h(x) 1a ham tuan hoan cong tinh chu ky 2|a| trén D.

Vay

+ Véi B < 0 ta duge f(z) = B+g(x) trong d6 g(x) 13 ham tuan hoan cong
tinh chu ky |a| trén D.

1 V6i B> 0 ta dude f(z) = %\ﬁ\i[h(:ﬂ) Wz +a)],

trong d6 h(z) 1a ham tuan hoan cong tinh chu ky 2|a| trén D.

Bai toan 2.2. Cho a, 3 khdc 0 va h(z) la ham tuan hoan cong tinh chu
ky |a| tren D C R . Tim cdc ham f: D — R thod man

f(x+a)+ Bf(x) =h(x),Vx € D, (2.1.1)
Loi giai:
(i) Véi 8 # —1: Vi h(z) 1a ham tuan hoan cong tinh chu k¥ |a| nén
h(z + a) h(z)
hz) = + |
@ ="531 51
) h(x) \ .
bat g(x) = f(z) — L phuong trinh (2.1.1) tré thanh

g(z +a)+ Bg(x) =0

Theo bai toan 2.1 ta c6

+ Néu § < 0 thi g(z) = |8|" k(z), trong d6 k(z) 1a ham tuan hoan cong
tinh chu ky |al.

+ Néu 3 > 0 thi g(z) = Ba[p(x) — p(z + a)], trong dé p(z) 1a ham tuan
hoan cong tinh chu ky 2|al.

(ii) V6i 8 = —1: Phuong trinh (2.1.1) tré thanh

f(z+a)— f(x) =h(x),Vz € D. (2.1.2)
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Vi h(z) 1a ham tuan hoan cong tinh chu ky |a| nén

h(x) = (x+a)h(x+a) xh(m)

zh(z)

Dit g(x) = f(z) -

, phuong trinh (2.1.2) tré thanh

g(x+a) =g(z),Vz € D.

xh(x)

Vay f(z) = g(x) + ——=, trong d6 g(x) 1a ham tuan hoan cong tinhs chu
a

ky |a| trén D.
Bai toan 2.3. Cho a, 8 khac 0 va h(z) la mot ham phdn tuan hoan cong
tinh chu ky |a| tréen D C R. Xdc dinh tat cd cic ham f : D — R théa
man diéu kién

flx+a)+ Bf(x) =h(z), YV € D. (2.1.3)

Loi giai:

i) V6i 8 = —1: phuong trinh (2.1.3) tré thanh

flz+a)— f(x) =h(z),Yz € D (2.1.4)

Vi h(z) 1a ham phén tuan hoan cong tinh chu k¥ |a| nén

h(x) = h(Qx) B h(azz—i— a).

h
Dat g(z) = f(z) + %, phuong trinh (2.1.4) tré thanh

g(x+a)=g(z),Yr e D

h R
. Vay f(x) = g(x) — %, trong d6 ¢g(z) 14 ham tuan hoan cong tinh chu
ky |a| trén D.
ii) V6i § = 1: phuong trinh (2.1.3) tré thanh

flzx+a)+ f(x) =h(x),Vx € D. (2.1.5)
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Vi h(x) 1a ham phén tuan hoan cong tinh chu k¥ |a| nén
—zh(z+a) (z—a)h(z)

hz) = a a
bat g(z) = f(z) + w, phuong trinh (2.1.5) tré thanh
o+ 0) = ~g(w) & 4(2) = 3 [1(x) — a(z + )]

trong d6 gi(x) 1a ham tuan hoan cong tinh chu ky 2al trén D..
~ 1 r—a)h(x
Vay £(2) = [p(a) — (o + @) - E ),
iii) V6i § # £1 thi nghiém cta phuong trinh (2.1.3) dugc xac dinh nhu
sau:

Vi h(z) 1a ham phén tuan hoan cong tinh chu k¥ |a| nén

_ h(z +a) h(z)
h(z) = 51 +ﬂ5_1.
Dat g(z) = f(z) — %, phuong trinh (2.1.4) tré thanh

g(z +a)+ Bg(z) =0,Vr € D.

Theo bai toan 2.1 ta c6
+ Néu 8 < 0 thi g(z) =
tinh trén D chu ky |a|.
+Néu > 0 thi g(z) = ﬁ [p(z) — p(x + a)], trong d6 p(x) 1a ham tuan
hoan cong tinh chu ky 2\a| trén D.

Vay

(z), trong d6 k(x) 1a ham tuan hoan cong

+ Néu 8 < 0 thi f(z) = |8 k(z) + g(_x>1
+ Néu 8> 0 thi f(z) = 134 [p(z) — p(x + a)] k(z) + 5(—:6)1
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2.2. Phuong trinh ham dang sai phan bac hai thuan nhat véi

dich chuyén tinh tién

Bai toan 2.4. Choa € R*; o, 3 € R, 3 # 0, tap D théa man dieu kién:
DCRVNx €D = x+ac D. Tim tat cd cic ham f : D — R thod mdn
dieu kién
flz+2a)+af(zr+a)+8f(x) =0,Vo e D. (2.2.6)
(Phuong trinh cé dang (2.2.6) dudc goi la phuong trinh ham dang sai phan
bac hai thuan nhat vdi dich chuyén tinh tién. )
Loi giai. Xét phuong trinh
N +ar+8=0 (2.2.7)
(phuong trinh (2.2.7) dugc goi la phuong trinh dic trung cia phuong
trinh (2.2.6)), c6 A = a® — 48.
a) Truong hgp A >0
Khi d6 phuong trinh (2.2.7) ¢6 hai nghiém thuc A\; # Ay, khong méat tinh
tong quat ta gid s A > \o.
Ap dung dinh 1y Viete ta c6
/\1 + /\Q = —
A2 = 8

thay vao (2.2.6) ta dugc

f(x + 2@) — ()\1 + )\Q)f(x + CL) + >\1>\2f($) =0
& flr+2a) — Mf(z+a)=X[f(x+a) = A f(x)]. (2.2.8)

Dit gi1(z) = f(x 4+ a) — A\ f(z), phuong trinh (2.2.8) tré thanh

gi(z + a) = Aagi (). (2.2.9)
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Tuong tu cach giai bai toan 2.1 ta co
+ V61 Ay > 0 ta dugce

9i(x) = Mhi(z) & f(a+a) = Mf(@) = Ashi(2),

trong d6 hy(z) 1a ham tuan hoan cong tinh chu ky |a| trén D.

+ V61 Ay < 0 ta dudc
1 .
gi(x) = 5lAel= ki (2) — ka2 + a)]

& fl@) = Mf(@) = SN Th() — ke +a)]
trong d6 ki(z)la ham tuan hoan cong tinh chu ky 2|a| trén D.
Do6i vai tro clia A1, A2 va bién ddi tuong tu ta dudc
+ V61 Ay > 0 ta co

f(z+a) = haf(x) = A ho(a),

trong d6 ho(z)la ham tuan hoan cong tinh chu ky |a| trén D.

+ V61 A < 0 ta ¢b
Flo 4 a) = Xof(2) = 5N lhala) — ol + )],

trong d6 ks(z)la ham tuan hoan cong tinh chu ky 2|a| trén D.

Néu Ay > 0 va A > 0 thi trir (2.2.10) cho (2.2.12) ta dudc

1 x z
f(@) = —=[Ashn(x) = Apha()].
A2 — A\
Néu Ay < 0 va g < 0 thi trir (2.2.11) cho (2.2.13) ta dudc
1

rT)—m —M8 —
/@) 2(A2 — A1)
Néu A > 0 va A < Othi trit (2.2.11) cho (2.2.12) ta duge

1

flz) = N

—920 —

E\Azwi[kl(@ ~ ke +a)] = Afh(a)|.

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)

el lka(@) = ka(w + a)] = Dl Elkale) = ol + a)])].



b) Truéng hop A =0

Tuc la

042

&2—4ﬂ:Ohayﬁ:Z
a
Khi d6 phuong trinh (2.2.7) ¢6 nghiém kép A\; = Ay = —5 Do d6 ta c6

f(a +2a) + af(z +a) + —f(x) = 0

o ot (5)iera)=-2fara+Sf@]  (2214)
Dat f(z 4 a) + 5 f(z) = g(x), khi d6 (2.2.14) trd thanh

g(x +a) = —%g(az), (2.2.15)

Ta xét cac truong hop sau:

bl) Trudng hop o = —2

(2.2.15) tré thanh g(x + a) = g(x).

Nhu vay f(x +a) — f(z) = g(z)

Tuong tu céch giai bai toan 2.2 (i) ta dugc

trong d6 h(z) 1a ham tuan hoan cong tinh chu ky |a| trén D.
b2) Trudng hgp o = 2

(2.2.15) tré thanh g(x + a) = g(z).

Nhut vay f(z +a) + f(z) = g(a),

tuong tu cach giai bai toan 2.3 (ii) ta dugc

1 (x —a) [hi(x) — hi(z + a)]

f(z) = 5 [91(x) — g1(x + a)] — o0 :

trong d6 g1(x), hi(z) 1a cdc ham tuan hoan cong tinh chu ky 2|a| trén D.

b3) Trudng hop —2 # a <0
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Bai toan quy vé viéc gidi phuong trinh dang
o
flx +a)+ Ef(x) = g(x) (2.2.16)

\()!
a
g(z+a)+ §g(x) = 0. (2.2.17)
Tuong tu cich gidi bai toan 2.1 ta dugc nghiém cia (2.2.17) la
QN z
o) = (~ 2)ehia),
trong d6 h(z) 1a ham tuan hoan cong tinh chu ky |a| trén D.
thay vao phuong trinh (2.2.16) ta c6
a a,
Flo+a) = (~2)f(x) = (~ ) h(@)
f(x+a) a  f(z)
@ z o z
(3 at
flx+a flx h(x
Gleta @ A (2.2.18)
Q.. o, a
e g Ty
Dat
x h(x
1 —n@ "D =),
2

phuong trinh (2.2.18) trd thanh
& Li(z+a)— L(x) = hi(x),

trong d6 hi(x) 1a ham tuan hoan cong tinh chu ky |a| trén D. tuong tu

céch gidi bai toan 2.2 (i) ta duge
2xh(z)




07

Vay f(@) = (= 5)* [kula) - =

trong d6 ki(x) 1a ham tuan hoan cong tinh chu ky |a| trén D.
b4) Truong hop 2 # a >0

Bai toan quy vé viéc gidi phuong trinh

B Qxh(x)} |

o
flz+a)+ §f(x) = g(x) (2.2.19)
v6i
glz +a) + %g(ac) —0, (2.2.20)
tuong tu viéc giai bai toan 2.1 ta c6 nghiém phuong trinh (2.2.20) la
.z
o) = (5)Eh(a)
thay vao (2.2.19) ta dugc
Q Q\ a
fla+a)+5f@) = (5) hiw)
flz+a flx
A )+% @) b

D

vOi ha(x + a) = —hs(x), khi do6 ta co
Lz 4 a) + Ix(x) = ha(x).

Tuong tu céch giai bai toan 2.5 (i)ta c6

L(z) = k(z) — (z — a)hs(x) — (x) — 2(x — a)h(x)
_ %[;{Q(x) - a)} (z—a) [hg(xoza— (e +a)]
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trong d6 ko(x), h3(x) 14 cac hdm tuan hoan cong tinh chu ky 2|a| trén D.
Vay

f(x) = (5)

z
a

{3 ) ~ oo+ o] - =M = lale el
2 oa

c) Trudng hgp A < 0
Phuong trinh (2.2.7) c¢6 hai nghiém phitc lién hap Ay, Ao € C; A = Ao,

do dé dat \y = p—iq, Ao = p+igsuyra || = [M| = [N|/P? + 2, argrs =
Y = argi,tgp = 4 Bién déi tuong tu nhu truong hop A > 0 ta dugc
p

91(r + a) = Xagi(z)

voi gi1(x) = f(z +a) — M f(z), suyra g1 : D —C,

ta co
n gi1lx +a W, 91T
gi(z+a) =g (z) & 1@($m2 )¢ AZ'eﬂ”ll(nx)z
Luleta g | gleta)  a)
emialn)\g o eamAz emzaln)\g o eamAz’
Dat
G (2.2.21)

PEITPE
ta c6 hi(x +a) = hi(x).

Do6i vai tro ctia Aj, A2 v bién déi tuong tu nhu trén ta dugc
ho(z + a) = ho(x),
v6i
T hy(2). (2.2.22)
Tir (2.2.21) va (2.2.22) ta c6
gi(x) = e« hy (z),

go(7) = ea WM hy (1),



Ta chiing minh hi(x) = ha(x).
That vay, truéc hét ta ching minh ¢ (x) = go().
Taco  gi(x) = f(x +a) — M\ f(x), lay zo bat ky,zg € D,
g1(wo) = f(wo + a) — A1 f(z0)
= flzo+a) — A f(wo) = f(xo+ a) — Ao f (x0) = ga(wo),
vi o bat ky nén Vz € R ta dudc

g1(z) = g2(). (2.2.23)

Tiép theo ta chiing minh e« "% = ea ™A

That vay

ealndy — e%(ln|)\2|+iarg)\2+2k7ri)

_ 65 In | g 'eiarrg/\g z ez’?kﬁf

X 2k 2k
— ealnfXel (—COS Lo + 7sin ﬂ) (cos ™ + ¢sin 7rx>

a a a a
i 2k 2k

— ealnlre] (cos 2T 4 isin ﬁ) (cos T 4 isin Wx)
a a a

e o 2kmxN 2kmx
= ea 2 (cos( )+zsm< —))(cos(— >+zsm<—

a a a
— palnfrefgi(= ) ) el(= 2'22””)

x arq/\lx 2k/7rz
_ ealn|/\ 1 i e

z . ;. z
ea(ln|)\1|+zarg)\1+2k i) _ ealn)\l7 (2224)

& day arg\; = —p; arghs = ¢; —k = k.
Tit (2.2.23) va (2.2.24) ta dugc

[gl(x)} _ g2()

JEITPN JEITON & hi(z) = ha(z).
Vihy: D—C; hy: D — C va hy(x) = hy(x)
nén ta dit hy(z) = m(x) + in(z) khi dé he(z) = m(z) —in(x),
trong do6
m: D —R; n: D—R.
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Quay trd lai bai toan ban dau ta cé
flz 4 a) = Mf(x) = e« 2hy (),
flz+a) = haf(x) = e« Mhy(z);

trit tuong tng ctiia hé trén cho nhau ta dugc

1 [z Z1ln
) = g ) e et
1 7. —
ST PR
_ , 1 - _eg(m|)\2\+mrg)\2+2k:7ri)hl(x) . 62(1n|>\2+iarg)\2+2k7ri)h2(x)]
2 AlLb

Vi ham e« ™*2 13 ham da tri, ta sé chon mot nhanh lién tuc bang cach

chon k£ = 0, nén ta cé

o) = s e ) T
27— A1

1 o
= [ea s (cos T 4 isin g0—:U> hy(x)

>\2 — )\1 a a
— e bl (cos 2L isin ﬂ) hg(x)}
a a
§1n|)\0| r
_° T cos %(hl(x) — ho(x)) + isin %(hl(x) - hg(ﬂ?)):|
e%ln|>‘0| r (px gpx
= ———|2icos —n(x) + 2isin —m(x)]
2iq L a a
%ln|)\0| -
= ¢ cos ﬂn(x) + sin ﬂm(m)}
g L a a
Aole
= Pof* {COS ﬂn(m) + sin ﬂm(:n)} :
q a a
trong d6 cac ham n(x) va m(z) 1a cac ham tuan hoan cong tinh chu ky
la| trén D.
Két luan
a) A >0
—|—Néu)\1>0va>\2>0thi
1 z z
flz) = [Aehy(x) = A ho(2)];
Ay — A
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trong do6 hi(x), ha(x) 1& cdc ham tuan hoan cong tinh chu ky |a| trén D.

—|—Néu)\1<0va>\2<0thi

@) = g [Pl @) = b+ )] = 51

trong d6 ki(z), k2(x) 1a cac ham tuan hoan cong tinh chu ky |a| trén D.

+ Néu A\ > 0 vd Ay < 0 thi

F0) = 55 [5PelFla(e) = o + @) = Afha(o)],

trong d6 ki (x), ho(x) 14 cdc ham tuan hoan cong tinh chu ky |a| trén D.
b) A =0.
+Trudng hop a = —2

Tha(@) = kale + a)

£(z) = h(z) + 208

a
trong do6 h(z), g(x) 14 cac ham tuan hoan cong tinh chu ky |a| trén D.
+Truong hop a = 2

1 r—a)lhi(x) — hi(x+a

F(@) = 1 lou(a) — gr(o + )] - L l@) =l + )]

2 2a
trong d6 gi(x), hi(z) 1& cac ham tuan hoan cong tinh chu ky 2|a| trén D.
+ Truong hop -2 # a <0

a\ o 2xh(z)
—( ==\ |k _
f(z) ( 2) [ 1(z) aa 1’

trong do6 ki(z), h(z) 14 cac ham tuan hoan cong tinh chu ky |a| trén D.

+ Truong hop 2 # a > 0

«

f@) = (5)° {% ka(2) = k(o + a)|

trong d6 ke(z), hs(z) 14 cdc ham tuan hoan cong tinh chu ky 2|a| trén D.
c) A <O

aa

(x — a)lhs(x) — hg(z + a)] }

f(z) = % [cos % n(z) + sin %m(w)],

trong d6 m(z),n(x) 1a cdc ham tuan hoan cong tinh chu ky |a| trén D.
va A\ =p—1iq; Ay =p-+1q la nghiém ctia phuong trinh dic trung,
suy ra ‘)\1| = |)\2| = |)\0‘ = /@ + ¢% arghs = arg\ = .
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2.3. Phuong trinh ham dang sai phan bac hai khong thuan nhat
véi dich chuyén tinh tién

2.3.1. Bai toan.

Cho a € R*;a, 3 € R; 3 # 0, tap D théa man diéu kién:
D CR,Vx € D= x+aec D vaham g(x) xac dinh trén D.

Tim tat ci cadc ham f : D — R théa méan
f@+2a) + af(z+a)+ 6f(x) = g(x), (2.3.25)

(Néu ham g(z) khong dong nhat 0 thi phuong trinh (2.3.25) dugc goi
14 phuong trinh ham dang sai phan bac hai khong thuan nhat véi dich
chuyén tinh tién.)

2.3.2. Nhan xét

a) Nghiém cia phuong trinh (2.3.25) la f(z) = f(:l:)+f*(x), trong do f(m)
la nghiém ciia phuong trinh ham dang sai phan bac hai thuan nhat, f*(x) la
mot nghiém nao dé (con goi la nghiém riéng) cia phuong trinh (2.3.25).

b) Néu vdi méii = 1,n f(x) la mot nghiém riéng cia phuong trinh

f(x +2a) + af(r+a) + Bf(x) = gi(v)

n
thi > f(x) la mot nghiém riéng cia phuong trinh
i=1

f(z +2a) + af(z +a) + Gf(a Zgz (2.3.26)

Tw nhan zét trén ta rit ra phuong phdp giai phuong trinh (2.3.25) nhu
sau:

+ Budc 1: Tom f(x).

+ Budc 2: Tim f*(x).

+ Budc 8: Nghiém ciia phitong trinh (2.8.25) la f(z) = f(z) + f*(z).
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2.3.3. Mot s6 bai toan va phuong phap tim nghiém riéng

Bai toan 2.5. Tim nghiém riéng ciua phuong trinh
fx+2a)+af(x+a)+ Bf(x) =0, (2.3.27)

trong do a, € R*,b,a € R,b # 0, tap D thoa man:

DCRVrxreD=x+taceD,f:D—R.

Loi giai
a) Véi o+ 3+ 1 #0.
Ta tim 1 nghiém riéng cia (2.3.27) c¢6 dang f*(x) = c¢. Thay f*(z) = ¢
vao (2.3.27) ta dugc

b

ct+oac+fec=besc= ———.
g l+a+p

b
Vay f*(x) = ——.
y () T ai s
b) Véia+ [ +1=0vaa# -2
Ta tim mot nghiém riéng cia (2.3.27) ¢6 dang f*(r) = cx. Thay vao

(2.3.27) ta dugc

c(x+2a)+ozc(x+a)+ﬁc(x):b(:)c:ﬁ.
b
Vay f*(z) = a(oz—f%)'

c) Véi a + 4+ 1 =0 va a = —2. Phuong trinh (2.3.27) tré thanh f(x +
2a) —2f(x +a) + f(x) =0.
Ta tim mot nghiém riéng ctia (2.3.27) ¢6 dang f*(z) = cx?®. Thay vao

(2.3.27) ta dugc

b
2a)% — 2 2 _r=bsc=—.
c(x + 2a) c(x+a) cT c 52

Vay f*(z) = 22
Két luan
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b

+ Né +068+1#0 thi f* = .
Gt B4 LA 0 [ (n) = s

. b

£ N N b$2

+Neua+5+1:0vaoz:—2th1f*(a:):ﬁ.
a

Bai toan 2.6. Tim nghiém riéng ciua phuong trinh
Flo+20) + af(x +a) + Bf(z) = h(x), (2.3.28)

trong dé a, 3 € R*, a € R va h(z) la ham tuan hoan cong tinh chu ky |al
tréen D C R cho trude, f : D — R.

Loi giai
a) Truong hop 1 +a+ 5 # 0
Ta tim nghiém riéng ctia (2.3.28) ¢6 dang f*(z) = ch(x), thay vao (2.3.28)ta
dugc

ch(x) + ach(x) + feh(z) = h(z) < ch(z)(1+a+ () = h(z) (2.3.29)

1
h(x
Vay f*(z) = — .
ay f*(z) "

b) Truong hop 1 +a+ G =0va § # 1
Ta tim nghiém riéng cta (2.3.28) c¢6 dang f*(x) = cxh(z) thay vao(2.3.28)
ta dudc

c(x +2a)h(z) — (14 B)c(z + a)h(z) + fexh(z) = h(z),

muon vay, ta can cé

1
c(x +2a) — (1 +hf)§(a:+a)—|—ﬁca:— lac—cf=1&c= ai=3)
s zh(x
¢) Truong hop 1 +a+4=0va =1
Phuong trinh (2.3.28) trd thanh
f(x +2a) —2f(x +a) + f(x) = h(x). (2.3.30)



Ta tim nghiém riéng ctia (2.3.30) ¢6 dang f*(z) = caz’h(z) thay vao
(2.3.30) ta dugc

c(z + 2a)*h(w) = 2(x + a)*h(z) + ca’h(z) = h(w),

muon vay, ta can co

1
c(lz+2a)?-2@+a)l+c’=12dc=1c=—

oh(2) 202
L _ x*h(x
Két luan (@)

. h(x

Neu 1+ a+ 0 thi f* =
+ Néeul+a+p#0thi f*(z) TR .

. rh(x
+Néeul+a+0G=0va(+#1th ()= ————.
+Néu1+a+ﬁ:0v3ﬁ:1thif*(x):x2h(2x)

a

Bai toan 2.7. Tim nghiém riéng ciua phuong trinh
flx+2a) + af(x+a)+ Bf(x) = h(z), (2.3.31)

trong dé a, 3 € R*, o € R wa h(x) la ham phdn tuan hoan cong tinh chu
ky |a|) tren D C R cho trude, f : D — R,

Loi giai
a) Truong hop 1 —a+ 5 #0
Tuong tu cach giai bai toan 2.8(a) ta dugc

. h(z)
S
trong d6 g(z) 1a ham tuan hoan cong tinh chu ky 2|a| trén D.
b) Truong hop 1l —a+ 3 =0va g #1
Tuong tu cach giai bai toan 2.8(b) ta dugc
xh(x)
Frla) = 2
W= i)
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trong d6 g(z) 1a ham tuan hoan cong tinh chu ky 2|a| trén D.
c) Truong hop 1l —a+=0va =1
Tuong tu cach gidi bai toan 2.8(c) ta duge

2?h(x
fila) = D
trong d6 g(x) 1a ham tuan hoan cong tinh chu ky 2|a| trén D.
Két luan

+Néu1—&+ﬁ#0thif*($):%

1 3
) xh(x)
FNéul—a+8=0vag#1th ff(z) = —2_
# () a2(1_/8)
FNéul—a+f=0vap=1th f(z) =210

2.4. Mot sbd vi du ap dung

Vi du 2.1. Tim tat cd cdc ham f: R — R théa man diéu kién

a) f(r+2)—=8f(x+1)+15f(z) =16,V € R

b) flr—4)+3f(x—2)—4f(x) =9, VreR

c) flx+10)=2f(x+5)+ f(z) =8, VxR
Loi gii

~

a) + Budc 1: Ta tim nghiém f(x) cia phuong trinh
flx+2)=8f(x+1)+15f(x) = 0.

Phuong trinh A2 —8\415 = 0c6 A = 1 > 0, hai nghiém 14 \; = 5, A\, = 3.
Ap dung cong thitc nghiem truong hop A > 0 clia phuong trinh ham dang
sai phan bac hai thuan nhét ta dudgc f(z) = %[5‘%2(@ — 3y (z)],
trong d6 hy(z), he(z) 14 cdc ham tuan hoan cong tinh chu ky 1 trén R.
+ Buéc 2: Vil+a+ =87 0nén tacod f*(z) = 2.

+ Bude 3: Vay f(x) = %[5%1(3;) ~ 3hy(x)] + 2.

~

b)+ Buéc 1: Ta tim nghiem f(z) cia f(z —4) +3f(x —2) —4f(x) = 0.
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Phuong trinh dic trung A\ +3X\ —4 = 0 c6 A > 0, hai nghiem 1a \; =
1, = —4. Ap dung cong thic nghiém trusng hop A > 0, Ay > 0 va
A9 < 0 cua bai toan 2.4 ta dudgc

Fle) = =2 {(4% ha(e) — ks (& = 2)]) = ha(a)}

trong d6 ki(x) ,ho(z) 14 cac ham tuan hoan cong tinh chu ky lan lugt 1a
4;2 trén R.

+ Buéec 2: Vil+a+ 8 =0vaa=3%# —2nén f*(z) = _% 14 mot
nghiém riéng ctia phuong trinh da cho.
+ Budc 3: Vay

9z

F(r) =~ { (45 ha(a) — (e = 2)]) — hole)

~

-5
c) Buéc 1: Ta tim nghiem f(z) cta f(xz +10) —2f(x +5) + f(z) = 0.

Phuong trinh diic trung A2 —2XA+1=0c¢6 A =0 va a = —2. Ap dung
cong thic nghiém truong hop A =0 va a = —2 ctia bai toan 2.4 ta dugc

~ zg(x
o) = h(w) + 242,
trong d6 h(x), g(x) 13 ham tuan hoan cong tinh chu ky 5 trén R.

~ A2
+BUTGCQ:Vi1+a—|—ﬁ:OVaa:—2nénf(a:):2—x513m6tnghiém

riéng cua phuong trinh da cho.

4 2
+ Buéce 3: Vay f(z) = h(x) + xg5(a:) + 23; :

Vi du 2.2. Tim tat cd cic ham f: R — R théa man

flx+2)—6f(x+1)+9f(x) =sin(mx) + cos(2mx), Vo € R.

Loi giai
+ Buéc 1: Ta tim nghiem f(z) ciia
flx+2)—6f(x+1)+9f(x)=0.

Phuong trinh dic trung A> — 6\ +9 = 0 ¢6 A = 0 nghiem kép 1a \; =
Ay = 3 vd a = —6 nén ap dung cong thitc nghiém truong hop A = 0 va



—2 # a < 0 cua bai toadn 2.4 ta dugc

~

fla) = 3" [kl(x) +

xh?fx)] |

trong d6 ki(z), hi(z) 13 ham tuan hoan cong tinh chu ky 1 trén R.
+ Bué6c 2: Ta tim nghiém riéng f;(x) cta phuong trinh

flx4+2)—6f(x+ 1)+ 9f(x) = sin(mz).

Ta ¢6 sinw(x + 1) = sin(nx + 7) = —sin(7wz) suy ra h(x) = sin(nx) 1a
ham phan tuan hoan cong tinh chu ky 1 trén R.
L . sin(7x)
Mat khdc do 1 —a+ =16 # 0 nén f/(x) = T
Ta tim nghiém riéng f;(x) cua phuong trinh

flx+2)—6f(x+1)+9f(x) = cos(2mx).

Ta c6 cos(2m(z + 1)) = cos(2mx + 27) = cos(27x)

suy ra g(z) = cos(2rz) 1a ham tuan hoan cong tinh chu ky 1 trén R.
Mat khac, do 1+ o+ 3 =4 # 0 nen fi(x) :%42”).

Theo nhan xét ta co

_ sin(mz)  cos (27x)

F@) = (@) + fie) = 20 :

+ Buéc 3: Vay

fz) = 3" [/ﬁ(:z:) N a:h(x)] n sin(mx) | cos (27T$).

3 16 4

k )
Vi du 2.3. Cho D = R\{§|k € Z}. Tim tat cd cic ham f: D — R
thoa man

flx—2)+ f(x — 1)+ f(x) = tg(mz) + cotg(mz),Vx € D.

Lai giai

+ Buéce 1:Ta tim nghiém f(z) ctia phuong trinh f(z—2)+f(x—1)+f(z) =
0.
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Phuong trinh dac trung \> + A +1 = 0 ¢6 A < 0, hai nghiém phtc la

1 V3 1 V3

)\12—5—71,)\2:—§+72 suy ra

21

7@:?

[ %

r=1Xo|l = M| =] =1,¢=
Ap dung cong thitc nghiem trudng hop A < 0 ctia bai toan 2.4 ta dugc
~ 2v/3 2 2
f(x) = T\/_ [n(az) oS (_%x) + m(x) sin (—%)] :

trong d6 m(x),n(x) la cdc ham tuan hoan cong tinh chu ky 1 trén R.

+ Bu6c 2: Ta tim nghiém riéng f;(x) ctia phuong trinh

flx=2)+ flz = 1) + f(z) = tg(mz).

Ta c6 tg(m(z — 1)) = tg(rx — m) = tg(mwx) suy ra h(x) = tg(nmzx) la ham

tuan hoan cong tinh chu ky 1 trén D

t
Mat khac 1 +a+ 3 =3 #0nén fi(z) = g(;ra:)
t
Tuong tu ta tim duge f(z) = %(m).

tg(mx) + cotg(mx)
3 :

2V3 [n(x) cos (-?) + m(z) sin <—2”Tx)]

3
tg(mx) + cotg(mx)
+ 3 .

Theo nhan xét ta c6 f*(z) = fi(z) + f5(x) =
+ Budc 3: Vay

flz) =




Chuong 3

Phuong trinh ham dang sai phan véi
dich chuyén dong dang

Trong chuong nay ta giai cac bai toan vé phuong trinh ham dang sai phan
bac nhat va dang sai phan bac hai (thuan nhat va khong thuan nhat) véi
dich chuyén dong dang. Trong dé viéc gidi phuong trinh ham dang sai
phan bac hai duge dua vé giai phuong trinh ham dang sai phan bac nhat.

3.1. Phuong trinh ham dang sai phan bac nhit véi dich chuyén
dong dang

Bai toan 3.1. Cho cdc s6 a € R\{0,1,—1},3 € R* va tap D théa man
dieu kien: D C R* Vo € D = a*'z € D. Tim cdc ham f : D — R thod
man diéu kién

flazx)+ Bf(x) =0,Vz € D. (3.1.1)

Loi giai
Dt £(x) = |« " h(z),
phuong trinh (3.1.1) tré thanh

|B|h(az) + Bh(z) = 0,Yz € D.



Ta xét cac truong hgp sau:
+ V6i f<0vaa>0taco
hi(log, |x|) khi z < 0,
h(ax) = h(z) & h(x) =
ho(log, x) khi z > 0;
trong do6 hi(t), ha(t) 1a cac ham tuan hoan cong tinh chu ky 1 trén D.
+ véi < 0,a <0 taco

h(ax) = h(z)

& h(z) = 5 [g(z) + g(az)],

1
2
trong do
h3(% logw |l’|) khi z < 0,

g(x) =

ha(3log z)  khiz > 0;
trong do6 hs(t), hy(t) 1a cac ham tuan hoan cong tinh chu ky 1 trén D.
+ V6i 6 > 0,a # 0 ta dugc
h(ax) = —h(x).

& h(z) = 5 [g(x) - glaz)].

N | —

hl(% 10g|a‘ |ZU|) khi x <0
g(x) =
ho(3 logjyx)  khiz >0

trong do6 hi(t), ha(t) 1a cAc ham tuan hoan cong tinh chu ky 1 trén D.
Vay:
+ Néu 8 <0vaa>0thi

|28 lPlhy (log, |2|)  khiz < 0,
flz) =
2'9% 19l py (log, ) khi 2 > 0.
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+ Néu 8 <0vaa<0thi

fz) =

+ Néu 8 > 0 thi

fx) =

1
§|a:\1°g|al 151 [hg(% log)y |]) + hs(5 logy,, ax)} khi z < 0,

I
= bl {m(% log)y| ) + ha(Llog,, |ax\)] khi 2 > 0.

1 :
§]x|1°gaﬁ[h1(%loga| ) — hi(5logy, \ax|)] khi z < 0,

1
§xlog\a|5 |:h2(% log‘al aj) — hQ(% 10g|a‘ |CL§C|>] khl T < 0

Trong d6 k;(t), hi(t),i = 1,4 14 cdc ham tuan hoan cong tinh chu ky 1

trén D.

Bai toan 3.2. Choa € R\{0,—1,1}, 3 # 0 va h(z) la mot ham tuan hoan
nhan tinh chu ky a tréen D C R*. Xdc dinh tat cd cic ham f : D — R

thoa man
flazx) + Bf(z) = h(z).
Loi giai
) Véi g = —1
Phuong trinh (3.1.2) tré thanh
flaz) = f(x) = h(z), Yz € D

Vi h(x) 1a ham tuan hoan nhan tinh chu k¥ a nén

_ Injaz[h(az) In|z|h(z)

h(z) —
(@) In |a] In |a]
In |z|h
bat g(z) = f(z) — %, phuong trinh (3.1.3) tré thanh

g(ar) = g(x)

(3.1.2)

(3.1.3)

(3.1.4)



Ta c¢6 nghiém cua (3.1.4) la:
+Véi a > 0 ta co

g1(log, |x|)  khi |z <0,
g(x) =
g2(log, )  khi]x > 0;

trong do6 ¢1(t), g2(t) 1a cac ham tuan hoan cong tinh chu ky 1 trén D.
+ V6ia <0 taco
1 .
5[93(%10g|a| ) 4 g3(3 logy, ax)]  khiz <0,
1

5[94(%10g|a| ) + ga(31ogyy lax|)]  khi z > 0;

g(x) =

trong do6 gs(t), g4(t) 1a cac ham tuan hoan cong tinh chu ky 1 trén D.
Vay:
+ Néu a > 0 thi

1
g1(10g, |o]) + ——h(log, |a])  khiz <0,
fl@) = pna

p(log, ) + —Zhy(log, ) khiz > 0.
Ina

+ Néu a < 0 thi
A(z) khiz <0,

fx) =
B(x) khix > 0;
trong do6
1 1 1 In |z|
Alw) = 5| 92(5 logja al) + 95(5 logy ax) | + ().
1 1 1 Inx
B(z) = 5 [94(§1Og|a| T + g4(§10g‘a| \ax])} + mh(m).

Trong d6 g;(t), hi(t),i = 1,4 1a cdc ham tuan hoan cong tinh chu ky 1
tréen D.

i) Véi 8 # —1

Ta c¢6 nghiém cua (3.1.2) la:
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Vi h(x) 1a ham tuan hoan nhan tinh chu k¥ a nén

_ h(ax) h(z)
M) =g a0
h(z)

bat g(x) = f(z) — bl phuong trinh(3.1.2) tré thanh
g(az) = —bg(z), (3.15)

Theo bai toan 3.1 ta ¢6 nghiém cta phuong trinh (3.1.5) la:
+ Néu 3 < 0 vaa > 0 thi

() e[ 8111719y (log, [2])  khi 2 <0,
g\r) =
21811 1% g, (log,, ) khi z > 0;

trong do6 ¢1(t), g2(t) 1a cac ham tuan hoan cong tinh chu ky 1 trén D.
+ Néu 8 <0vaa<0thi

1 .
@) §\x|1°g\a\ 18] 93(5 logy |2]) + gg(%logw ar)] khiz <0,
I\r) =131
§x10g‘a| 8] [94(% 10g\a| :E) + 94(% ]og‘a| ‘ax|)] khi x > 0;
trong d6 gs3(t), g4(t) 1a cdc ham tuan hoan cong tinh chu ky 1 trén D.
+ Néu 8> 0 va a # 0 thi

1 :
§|x\loglalﬁ[gl(% log)y |#]) — g1(31og, Jax])]  khiz <0,

g(z) = 1
§$10g|a\5[g2(% log|a| x) — 92(% 10g|a| |a,x‘):| khl T > 0
Vay:
+ Néu 3 < 0 va a > 0 thi
h(z)

G+ bl gy og, o) kbi <0,

1
f(z) = h(—;)
ok gy (log,x) Kb > .

+ Néu < 0vaa<0thi
P(zr) khiz <0,
Q(x) khixz > 0;

fx) =
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trong do6

h 1 1 1
P(z) = 3 (f)l) n §|x|10g\a| 18| [93(5 logy lz|) + g3(§ log)y aaz)};
h
O(z) = % n %xlogm 18l [94(% log) ) + g4(% log,, |ax\)}

+ Néu B> 0va a0 thi

K(z) khiz <0,

fla) =
H(z) khiz>0;
trong do
(o) = 00+ 3ol g1 o o) - 1 Yo o)
H(z) = % + %g;bgla 151 [92(%log|a| T) — gg(%log|a| \a:z:|)]

Trong d6 h;(t), g:(t),: = 1,4 1a cac ham tuan hoan cong tinh chu ky 1
trén D.

Bai toan 3.3. Cho a € R\{0,—1,1},5 # 0 va h(z) la mot ham phan

tuan hoan nhan tinh chu ky a tren D C R*. Xdc dinh tat cd cic ham

f:D — R thoa man
flax) + Bf(z) = h(z). (3.1.6)
Loi giai
i) Véi g = —1

Phuong trinh (3.1.6) trd thanh

flax) — f(x) = h(x). (3.1.7)

Vi h(z) 1a ham phén tuan hoan nhan tinh chu ky a nén

h(z)  h(az) |

M) =T




h
bat g(z) = f(z) + %, phuong trinh (3.1.7) tré thanh

glaz) = g(z).

Ta ¢6 nghiém cta (3.1.8) 14 nghiém ctia phuong trinh (3.1.4).

(3.1.8)

Vay
+ Néu a > 0 thi

h
g1(10g, J2) — ) i 2 < 0,

f(z) =
g2(log, x) — % khi > 0.

+ Néu a < 0 thi
M(z) khiz <0,

f(z) =
trong do6
1 h(x
1 h(x

la cdc ham tuan hoan cong tinh chu ky 1 trén D.

Trong d6 g;(t),i =
ii) Véi g =
Phuong trinh (3.1.6) tré thanh

flax) + f(x) = h(z). (3.1.9)
Vi h(z) 1a ham phén tuan hoan nhan tinh chu ky a nén
h(z) = —lnl\ric”;z‘(ax) B ln1|§|‘f;Tx);
Dit g(z) = f(x) + % khi d6 (3.1.9) trd thanh
(3.1.10)

glaz) = —g(z).



Ta ¢6 nghiém cta phuong trinh (3.1.10) 1a

1 .
(@) 3 {pl(%logM |z|) —pl(%logm \a:(:|)] khi x < 0,
I\T) =131 .
3 [pz(% log, ) — pa(3 logy |a:p|)} khi x > 0.
Vay:
E(x) khiz <0.
flz) =
F(x) khix > 0;
trong do6
1 1 1 In |2]
B(z) = 5 [pr( logy 2] = (5 ogiy laa)| = e hla);
17 1 1 In|Z|
F(w) = 5 |p2(5 1ogjy @) = pal5 logyy laa)| — - “he).

p1(t), p2(t) 1a cdc ham tuan hoan cong tinh chu ky 1 trén R.
i) Voi 3 # +1
Ta tim nghiém cta phuong trinh (3.1.6).

Vi h(z) l1a ham phén tuan hoan nhan tinh chu ky a nén

_ haz) k)
h(z) = 51 +bﬁ—1
» h(z) \ s
Dat g(x) = f(z) — 71 phuong trinh (3.1.6) tré thanh
g(ax) = —Byg(x), (3.1.11)

Nghiém ctia phuong trinh (3.1.11) 14 nghiém ctia phuong trinh (3.1.5).

Vay:
+ Néu B <0vaa>0th
(ﬁh(w)l) + |z[losalPlg, (log, [2])  khi z < 0,
f(z) = h(_x)
4+ yloga |ﬁ|g ]Ogax khi x > 0.
BT 2 )
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+ Néu 8 <0vaa<0thi

C(z) khiz <0,

flz) =
D(z) khiz > 0;
trong do6
h(z) 1 os 18 1 1
C(@) = 5o + lal s 955 logu o) + g3(5 log laa) |
h($|) 1 logy, || 1 1
= — —_ \a\ —_ —_
D(z) 51 + 5% [94(2 log, ) + g4(2 log ]a:v|)}

+ Néu 3> 0 va a # 0 thi

R(x) khix <0,

fla) =
S(x)  khiz > 0;
trong do6
h(z) 1, 0w ol 1 1
R(r) = 57 + 5l o1 o ) = 015 log ) |
_ h(z) 1 log,., B 1 1 _
Sw)= g7 + 57 1925 Togy ) — 925 logy laa) |

hi(t), gi(t),i = 1,4 1a cAc ham tuan hoan cong tinh chu ky 1 trén D.

3.2. Phuong trinh ham dang sai phan bac hai thuan nhat véi
dich chuyén déng dang

Bai toan 3.4. Cho a € R\{0,1,—1}; o, € R, 8 #0, tap D C R* sao
choVr € D = a*'x € D. Tim tdt cd cic ham f : D — R thod man diéu
kién

f(a*z) + af(azx) + Bf(r) = 0,Vx € D. (3.2.12)
(Phuong trinh (8.2.12) duoc goi la phuong trinh ham dang sai phan bac
hai thuan nhat véi dich chuyén dong dang)



Loi giai
Xét phuong trinh
M +al+3=0. (3.2.13)

(phuong trinh (3.2.13) dugc goi la phuong trinh dic trung cia (3.2.12)),
c6 A=a’—-403.

Ta xét cac truong hgp sau:

a) Truong hop A >0

Phuong trinh dic trung c¢6 2 nghiem thuc A\; # Ao, khong mat tinh tong
quat gia st A\; > Ao,

) /\1 + /\2 = —
ap dung dinh 1y Viete ta c6 :

AL+ A= [

thay vao (3.2.12) ta dugc

f(@*z) — (A1 + Ao) f(az) + Mo f(2) = 0

& fla*r) — M f(ax) — Ao[f(ax) — A\ f(z)] = 0. (3.2.14)
Dat gi1(z) = f(ax) — A1 f(x), phuong trinh (3.2.14) tré thanh

g1(azx) — Aagi(x) = 0.

Tuong tu cach giai bai toan 3.1 ta dudc:
+ V61 Ay >0 vaa >0 taco

|z|"91%2hy (log, |x|)  khi 2 < 0,
g1(x) =
wl°9*2 by (log,, @) khi z > 0;

|z|"9*2hy (log, |z|)  khi 2 < 0,
& flaz) — M f(x) = (3.2.15)
w92 hy (log, 1) khi z > 0.

+ V61 Ay >0 vaa <0 taco
1
§‘x‘log\a\>\2 [h3(3 1og, |z]) + hs(5 log, ax)] khi z < 0,

gi1(z) = T
5212 [l log, @) + ha(§ log, |az])] khi @ > 0;
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1

_‘x‘wglal)‘Q [hg(% IOga ‘.1'|) + h3(% loga ax)] khi z < 0’
& flaz)=Mf(z) =< 7
§$l09|a|)\2 |:h4(% loga af;) + h4(% loga ‘aa’,”)] khl T > 0

(3.2.16)

+V6i Ay < 0 ta co

1
@) é‘x’logmkzl [h1(31og, |z]) — hi(5log, laz|)]  khiz <O,
gu\r) =191
5x109|a||A2| [hg(% log, x) — hg(% log, |am\)] khi x > 0;

1

~|x|losal2| [hy (L 1og, |2]) — ha(3 log, |ax|)] khi z < 0,
& flax)-Mif(z) = %
éxlog|a|lkz| [h2(% log, z) — hQ(%loga |a:v])] khi z > 0.

(3.2.17)
Trong d6 hi(t), hao(t), h3(t), ha(t) 1& cAc ham tuan hodn cong tinh chu ky
1 trén D.
Do6i vai tro Ay cho \; va bién doi tuong tu ta dudc:
+ V61 Ay >0vaa >0 taco
|z|"9A1 ky (log, |z|) khi z < 0,

flax) — Mo f () = (3.2.18)
wl°9aM ko (log, x) khi o > 0.

+ V61 Ay >0vaa<0taco

1

|| [ g (5 log), |2]) 4 ks (5 logy, |az|)] khi 2 < 0,
flaw)=dof(z) =7 1 |

o M [y (5108 4 ) + ka(5 logy, Jax])] khi z > 0.

(3.2.19)
+V6i A\ < 0 ta co

L liogaAn 1 1 .
Flaz)—of(x) = {%x 9l 1| [y (5 log), |2]) — k15 log) laz])] khi 2z <0,

§$l09\a\|A1| []CQ(% log‘a| :1:) — kg(% 10g|a‘ |CLIL‘D} khi z > 0.
(3.2.20)
Trong d6 k;(t),i = 1,4 14 ham tuan hoan nhan tinh chu ky 1 trén D.
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+ Néu A; > 0, Ay > 0 va a > 0 thi trit (3.2.15) cho (3.2.18) ta dugc
1

fla)=q2 7™M
Ay — A\

+ Néu A > 0,0 >0 vaa < 0 thi trit (3.2.16) cho (3.2.19) ta dugc
Aq(z) khi z < 0,

[|x|1°g“A2h1(10ga |x‘) _ |.7J|10g“)\1]€1(10ga ‘x‘)} khi z < 0,

[|:1:|10ga 2 hy(log, &) — 28 Mky(log, x)] khi z > 0.

f(z) =
AQ(I’) khi x > 0;
trong do6
1
A R logg A2 | (L] ha(t1 —
1) = gy el o logy o) + (G gy )|
— | [1081a1 M1 |:k’3(% logy, |]) + kg(% logy, ax)} };
1 log,| A 1 1
e la] N2 = = —
Ay(x) 09— ) {ZC [h4(2 log, ) + ha(5 logy, \ax\)}

— 108jaj M {744(% log,, x) + k:4(% logy,, |ax\)} }
+ Néu A < 0,00 < 0 va a0 thi trit (3.2.17) cho (3.2.20) ta duge
Bi(x) khi z < 0

f(x) =
By(x) khi z >0
trong do
1
B - - logjq [l [ . (1] — hi (L _
1) = sy e Pl (3 logi o) = P oy o)
~[affoso 1 ky (4 Tog o)~ (3 logyy fax])| |-
1 log,( |A2] 1 1
= la] 1742 = — ES —
By(z) 20 — )\1){96 [h2(2 log|q) x) — ha(5 log)q \al’|)}

— lo8ja [A1] [kz(% log ) — kg(% log)y |ax\)} }
+ Néu A; > 0, A < 0 vaa >0 thi trix (3.2.17) cho (3.2.18) ta dugc
Ci(x) khiz <0
fx) =
Cy(z) khi x > 0
trong do6

1 1 1 1
Ci(z) = = || tosel el [h (—loax)—h (—10 aaa:)]—
() = 5 Ll i (1o lol) = i (G1om s
— Ja[“%M ki (log, |2]) }
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_ 1 1 log,, |A2] 1 - 1 _ alog, A
Cy(z) = AQ—Al{f [hQ(zlogax) hy(%log, az) |~ kg(logaa:)}.

+ Néu Ay > 0, Ay < 0 vd a < 0 thi trir (3.2.17) cho (3.2.19) ta dugc

D;(z) khi x < 0,

fla) =
Ds() khi & > 0;
trong do6
Di(x) = m{\w% o1 (4 logyy |o]) — (3 logyy ax)| -
— | |1o81al A1 |:]€3(% log, |z]) + ks (3 log,, a:z:)} };
Dy (z) = M{xlog“' P {h2(%10g|a| ) — hy(5logy, \GSUD} -

— 2oty (4 log, ) + ki (§ log Jac])] }.
Trong d6 h;(t), k;(t)i = 1,4 1a cac ham tuan hoan cong tinh chu ky 1 trén
D.
b) Trusng hop A =0

Phuong trinh dac trung c6 nghiém kép

2
o o
/\1:)\2:—5 = BZZJ

khi d6 phuong trinh (3.2.12) tré thanh

f(a%z) + af(az) + % () —0

& fa%z) + % f(az) +% flaz) + % f(a:)} —0.  (3.2.21)

Dit g(z) = flax) + % f(z), phuong trinh (3.2.21) tré thanh

gum04-%g@g::0 (3.2.22)

Tuong tuw cach gidi bai toan 3.1 ta ¢6 g(x) = |z
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trong do6
h(z) néu a < 0,
h(ax) =
—h(x) néu a > 0.
Ta xét cac truong hop sau:
bl) Trusng hop o = —2
Bai toan quy vé viéc gidi phuong trinh f(az) — f(z) = g(x),
trong dé6 g(az) = g(z),Vx € D.
Tuong tu cach giai bai toan 3.2 (i) ta dugc:
+ Néu a > 0 thi
1
f(a) g1(log, |z]) + %hl(loga |z|) khi x < 0,
€Tr) =
1
g2(log, =) + ln—xhg(loga x) khi x > 0.
na
+ Néu a < 0 thi
A(z) khiz <0,

f(z) =
B(z) khiz >0
trong do
1 1 1
Ax) = 3 [93(5 logyy |]) + g3(§ logy ax)}
In |z|
- [h?,( log [2]) + hs (= - logj, ax])|
1 1
B(x) = 5 {g4(§10g|a| xr+ g4(— log,, |aa:|)}

ln:c
b a5 Yoy ) + (5 Togyy laa)]

Trong d6 g;(t), hi(t),7 = 1,4 14 cac ham tuan hoan cong tinh chu ky 1
trén D.
b2) Trusng hop o = 2

Bai toan quy vé viéc gidi phuong trinh
flaz) + f(z) = g(=),
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trong d6 g(azx) = —g(x),Vx € D .
Tuong tu cach giai bai toan 3.3 (ii) ta dugc

E(z) khiz <0.

fla) =
F(x) khix > 0;
trong do
1 1 1
B(x) = 5 |pr(5 logja 2]) = 1 (5 1og laz)
In |%| 1 1
~ oy 113 10810 1#1) = P logy )
1 1
F(x) = 5 |p2(5 1oy 2) = pa(; logy la])]
In |Z| 1 1
= o oy 72051081 ) = ha( logy laz) |

p1(t), p2(t), hi(t), ho(t) 1a cadc ham tuan hoan cong tinh chu ky 1 trén D.
b3) Trusng hop —2 # a <0
Bai toan quy vé viéc gidi phuong trinh

87

flaz) = (= 5)1) = el ) ()

f(ax) —la log|a| (—%) f(x) — h(x
< |x|109\a\ (_%) | ‘ | 'lx‘log\a\ (—%) h< )
flaz)  f@) i)
- |az| !9 (-3) ||/9la (-3) -5
. @ hi)
Ii(x) = ‘ ; a; = k(z),
) |x|log|a\(—%) ] ()
khi do6 ta co
Li(ax) — I1(x) = k(x), (3.2.23)

trong d6 k(ax) = k(z),Vx € D .
Tuong tu cach giai bai toan 3.2 (i) ta dugc nghiém cia phuong trinh



(3.2.23) la:

+ Néu @ > 0 thi
In |z|

g1(log, |z|) + ki(log, |z|) khiz <0,

]1(£L’) =

go(log, =) + = Z ks(log, ) khi z > 0;

a 21n |z|
10g|a|(_2) 1 _
P L

o 21
|x|log|a|(—§) [gz(loga T) — nth(loga gc)} khi x > 0.
na

hi(log, |z|)]  khiz <0,

+ Néu a < 0 thi
A(z) khiz <0,

I(z) =
B(z) khiz > 0;
trong do
1 1 1
Az) = 3 {93(510g|a| |z]) + 93(§1Og\a| al’)}
In |z 1
lnl ‘ |:k3( 10g|a| ’ZE’|) + hk( 10g|a| CLI’)j|
1 1 1
B(x) = 5|95 1ogjo) @ + 01 5 1og az)
lnx
i {/@1( log), ) + k4( 5 108ja !a$|)]
do do,
C(z) khi z < 0,
f(z) =
D(z) khi & > 0;
trong do6
1 1 1
C(w) = 5 |9a(5 108 1) + 953 Loy, ax)
2In [z|
2 (5 gy lal) + (5 oy )],
1 1 1
D(z) = 5 {94(§1Oga| T+ 94(5 log|q \@33|)]
2Inx

T alnd? {h‘l( 10g|a\$)+h4( log, [az)].
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Trong d6 ¢;(t), hi(t),7 = 1,4 1a cac ham tuan hoan cong tinh chu ky 1
trén D.

b4) Trudng hgp 2 # o > 0

Khi dé bai toan quy vé viéc gidi phuong trinh

flaz) + (@) = o] Fh()

o+ bl =
f(az) f(x)  h(x)
x|z |gflosers G
Dit
D(z) = ‘x?szlg; zhoix) — h(z) suy ra k(az) = —k(z)
Ta c6

() + Ia(x) = k(z),
trong d6 k(ax) = —k(x),Vx € D .

Tuong tu céch giai bai toan 3.3 (ii) ta dugc

E(x) khiz <0,

Ig(x) =
F(x) khiz > 0;
trong do
E(x) = 3 [p1(§loga| |z|) —p1(§10g|a| |am\)}
Infg 1, 1 .
_ a 1 B 1, :|
i ] 105 9810 12D = B G log faz |
1 1 1
F(z) = 5 [p2(§loga| ) — pQ(§ log), \ag;|)]
In \%\ 1 1
do do,
G(r) khiz <0,
flz) =

H(z) khiz > 0;
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trong do6
a1 1 1
G(x) = [x] 3 {5 [p1(5 logj al) = p1 (5 logyy lax)]

In |%| 1 1
(11 (5 logyy fe]) = (5 logy laal) |},

aln |al
g a7 1 1
H(w) = |o]" 3 {5 [pa(5 logyy 7) = pa(5 log azl)

In |%| 1 1
(lln|a‘[h2<§1ogkla» = ha(; logj, az]) |}

p1(t), p2(t), hi(t), hao(t) 1a cadc ham tuan hoan cong tinh chu ky 1 trén D.

¢) Trudng hop A <0
Phuong trinh dac trung c¢6 hai nghiém phtc lién hop A, Ao, do d6 ta dat

A= p—iq; A = ptig = |Xo| =N =[] = VP2 F P

arghe = ¢ = arghs; tgp = .
p
Bién doi tuong tu nhu truong hop A > 0 ta dudc
gi(ax) = Aag1 (), (3.2.24)
v6i g1(z) = f(ax) — A\ f(x) suyrag; : D — C.
Ta c6
L gl(ax) L In Aalog,le g1 (I)
gl(ax) - )\291(1‘) A ‘x‘ln)\glog‘a‘e - ‘CL| . |x|ln/\2log|a|e
g1(ax) _ 91(x)
A ‘a$|ln/\2l0g‘a‘e o |x|lnAglog‘a|e' (3225)
o (%)
. n\x
hi(z) = v (3.2.26)
khi d6 phuong trinh (3.2.25) tré thanh hy(ax) = hy(z),
mit khac tuong tu ta cé ga(ax) = A\ ga(z),
trong d6 go(x) = f(ax) — Aof(x) suyra go : D — C.
Bién doi tuong tu nhu g ta cé
() = —220) (3.2.27)

T |$|1n Ailogjqe’



v6i ha(az) = ho(x).
Tir (3.2.26) va (3.2.27) ta dugc

gi(a) =[x Alesihy (),

92($) — ‘I”ln)‘lloma‘ehg(af).
Ta chiing minh h(z) = ho(x).
That vay, truéc hét ta ching minh g (z) = go(x).
Ta c6 g1(x) = flaz) — A f(x).
Lay o bat ky xzy € D ta duogc

g1(x0) = flaxo) — M f(z0) = flawo) — Ay f(xo)
= flazo) — Ao f (z0) = ga(@0),

Vi z, bat ky, x, € D nén Vz € D ta c6

g1(z) = ga() (3.2.28)

Tiép theo ta ching minh

W — |x|ln/\1109|a|e
That vay,
W — eln|m|1n)‘2“’9|a\e — eln)\glog‘a|eln\x|
— 6log‘a‘eln|x|(1n\)\2|+ia7‘g)\2—|—2k7ri) _ |)\2‘iﬁ‘lz{ewigl\z\leﬂkﬂﬂﬁ\l
_ |)\2|Em (COSSOIHM +Z.Sing01n\x\>< 2krIn|x| . . 2k7r1n\x\>
In |a] In |a] In |al In |al
n ol 1 1 2kl 2kl
= |)\2|in\al (cos('p nje —isin 2 n\x\)( 2 In || —jsin — 11 n\x!)
In |a] In |a] In|a| In|a|
njs] —pl —pl —2km]
= |)\2|}n\a| (cos( i n\x\) + 7 sin (—90 n|:r:\>> (cos (—F n\x\>+
1n‘a| h’l‘a| 1n|a‘
.. (—2kmln|z|
+ 2 81n (—))
In |al
— o[l Rl IR — ||l ¢~ o128
= [a|Adfosalc; (3.2.29)
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trong d6 args = @; arg\y = —p; —k =Kk’

Tir (3.2.28) va (3.2.29) ta suy ra  hy(z) = ho(x).

Nhu vay ta sé dat  hi(z) = m(z) + in(z) suy ra ho(x) = m(z) —in(x),
trong d6 m(z),n(x) 1a cac ham tuan hoan nhan tinh chu k¥ a trén D.

Tré lai bai toan ban dau ta cé
flaz) = A f(x) = [a[l9ehy (2),
flaz) = Aaf(x) = |z M9y (z).

trit tuong ng hai dang thic trén ta dudc

1
o) = 5% {|f|m2log'“'eh1(x) - \x\m”"g"eh2(ﬂf)}
1 e
DYDY [|5’7|m210"'“'6h1(ﬂf) - \x\lwogae-hz(fﬂ)} -

Vi ham |z|™A!91¢ 13 ham da tri, nén ta sé chon mot nhanh lién tuc bing

cach chon k£ =0, nén ta co

1 In Jz| elnjz] . @ln|z|
— In |a| h/ -
/() 2iq[‘ l (COS In |a| s In |a| ) 1)
In |o| eln|z| .. @ln|z|
n|al —
— | Ag| (cos Il isin Il )hg(x)}
2
\/\o\ln'ﬂ{ pIn || - pln|z|
= h(x) — h i) + haa))]
2ig 1% gl (h(x) = ha(x)) + isin Tl (h(z) + ho(x))

\/\011‘“'“< pIn |z| - pln x|

2id i CoS I Jal n(x) + 2isin I a] m(x)
ln\x|

_ [l < pIn || . pln x| )

= oS I a] n(x) + sin I a] m(z) ),

trong d6 m(x),n(z) 1a cac ham tuan hoan nhan tinh chu ky a trén D.
Vay:
+ Néu a > 0 thi
In [z]
IAOIﬁ(cos ﬂff' 1(log, |x]) + sin <p11n|x| 1(log, |:1:\)> khi z < 0,

=1 ot 1
Aol lne (COS‘P =14 (log, x) + sin £=ms(log, )) khi z > 0.

lna Ina



+Néu a < 0 thi

Aj(x) khiz <0,
flz) =
As(x)  khiz > 0;

trong do

In |z]
[Ao[ ™ plnla|, 1
Al = 2—q<cos I a] [n3(510g| al|z|)

pIn [z]
In |al

1 . 1 1
+ n3(§ log a|ax)} + sin [m3(§ log al|z|) + mg(é log; aHax\)] :

Inz
| Ag| Tl elnz 1
Ay = 2 (cos Ina] [n4(§log‘ alx)

plnz

1 _ 1 1
+ n4(§ log, al|az|)] + sin [m4(§ logalz) + m4(§ log, al|axl)].

ol
Trong d6 n;(t), m;(t) 14 ham tuan hoan cong tinh chu ky 1 trén D.
Két luan
a) Truong hop A >0
+ Néu X\ >0,\ >0vaa>0th
1

fa)y=qM7h

Ao — A1

[!x!l"ga/\th(lOga ’$|) _ ‘IC’IOg“Alkl(loga |x|)] khi z < 0,

[[x]loga My (log, ) — '8N ks (log, x)} khi 2 > 0.

+Néu A\; > 0,X >0 va a <0 thi
Ai(z)  khiz <0,

fla) =
As(x)  khiz > 0;

trong do

1
Ai(z) = m{\f\log'“ . [h:’)(% logjq []) + R3 (5 log), |a$\)} -

— a1 s Togiy fof) + k(3 og)y az) | |,

1

Ay(x) = m{azk’ga Az {lm(% log, ) + ha(3logy, \am\)} —

18l A [m(% log|q =) + ka(51ogy,, WD] }



) Bi(z) khiz <0,
+ Neu A < 0, A9 <0Véda7é0thi. f(x) =
By(z) khiz > 0;

trong do
1

By (z) = m{|$|log“ P {hl(%logw |z]) — hl(%10g|a| \am\)} -

—[a'r M ey (3 10g) 2])— e (3 og az]) | |
{I10g|a| [Ae| |:h2(% log‘a| .CL’) — hg(% 10g|a| ’CL$|):| —

— 1%81a M |:]€2(% log|q ) — ko (3 log)y |ax\)} }
-Néu A\ > 0,\ < 0vaa>0thi
Ci(x) khix <0,

1

By(z) = 202 — A1)

f(a) =
Co(z)  khix > 0;
trong do6
b eg [ (L 1
Cr(x) = 35 { 32" ! (3 log, [e]) — I (3 log, lax])|
— o5k (log, Jo]) }.
1 1
Calr) = o=y 5% P [ log, w)—ha(§ log, ax) | " Mk (log, o) .

+Néu A1 >0, <0vaa<0thi
Di(xz) khiz <0

flx) =
Dy(x)  khiz >0
trong do
1
D :—{ 1oga|/\2[h 1] — hi (L] }_
@) = 5o \(logyy [s]) — (3 log ar)
_‘xllog\a\ A |:k3(% 10g|a| |.CCD + k3(% 10g|a| CLLE)} },
1 log) . |A2] 1 1
e la] 172 = — = —
Dy () g = Al){x {h2(210g|a| T) h2(210g|a| \am|)]

— 08l M {/ﬂ(% log)y x) + kz;(% logyy |ax\)} }
Trong d6 h;(t), k;(t)i = 1,4 14 cAc ham tuan hoan cong tinh chu ky 1 trén

D.




b) Trusng hop A =0

bl) Trudng hgp o = —2
+Néu a > 0 thi
1
i) g1(log, |z]) + ~ ‘Z'hl(loga lz|)  khiz <0,
€T) =
1
g2(log, ©) + %hz(loga ) khi z > 0.
+ Néu a < 0 thi
A(z) khiz <0,
flz) =
B(x) khix > 0;
trong do6
1 1 1
Ax) = 3 [93(§loglal |z|) + gg(—log‘a| ax)}
In |z|
T s Yoggg lel) + i Togy o)
1 1 1
B(x) = 5[ —1og|a| v+ g4<—1og,a| ax)|
In
+ e > logyy @) + h4( log), [az])].

Trong d6 g;(t), hi(t),i = 1 la cac ham tuan hoan cong tinh chu ky 1
trén D.
b2) Truong hgp o = 2

flx) =
F(z) khiz >0
trong do
1 1 1
E(l'> = 5[ 1(5 log‘a| ‘.TD —p1(§ logw ‘CL&ED}
|2l r, 1 1
" 2Ind| [hl( logy, []) = M (3 logyy |M|)};
1 1 1
F(z)= 2 [p2(§ 1og|a| T) — pg(— log‘a| ‘ax|)}
In |Z] 1
 2Inqf {hQ(_logla z) - h2( logy,) |GSC|)]



p1(t), p2(t), hi(t), hao(t) 1a cadc ham tuan hoan cong tinh chu ky 1 trén D.
b3) Truong hgp —2 # a < 0
+Néu a > 0 thi

o 21n |z|
10g|a|(_7) 1 —
|z] Vg1 (log, [a]) = ——

fla) = 21
j[1o8 D [gy(log, z) — lnxhz(loga 7)] khi @ > 0.
a1n

hi(log, |z|)]  khi z <0,

+Néu a < 0 thi
C(z) khiz <0,

fx) =
D(xz) khiz > 0;

trong do

1 1 1
> 9805 108 1) + g5(5 1og az)

21n |z|

Clz) =

1
a2 [hg( logjq |z]) + hg( logy, aa:)}

1

5 {94(5 log, = + g4(— log)y |asc\)}

2Ilnzx 1
h

ozlncﬂ[ 15

Trong d6 ¢;(t), hi(t),7 = 1,4 1a cac ham tuan hoan cong tinh chu ky 1
trén D.
b4) Truong hop 2 # a > 0

D(z) =

~logjy 7) + ha( log x|

trong do6

N G 1
G(x) = |o8 > {5 [P1(§10g|a| |z]) —p1(§10g\a| \aff‘?|)]

1n| |

aln |al

(1081 1) = P 1o )] }



H(w) = laf 58 {2 [l

ln\ |

aln |al

1
log ) — pa(5 log |azl)

[ 108 2) — (5 gy )]

p1(t), p2(t), hi(t), hao(t) 1& cadc ham tuan hoan cong tinh chu ky 1 trén D.
¢)Truong hgp A <0
+ Néu a > 0 thi

In |z

oy = L (con o, )+ s S o)) ki <,
xTr) = Inz
|/\0|qlna <COS ﬁrllnaan(lOga :C) + Sil’l %mZ(loga {L‘)) khl € > 0

+ Néu a < 0 thi
Ai(z)  khiz <0,
flz) =

trong do

In |z|
Aol Tl 1 1 1
A = | 02|q (cos Splnnl(‘j‘ [n3(§log| al|x]) + n3(§10g| a|a:l:)]
@In |x| m

+ sin In [ql

1
( log, a||z]) + ms(5 log, alax)]

Inx
A\ | lal 1 1 1
A2 = B (o S I lomale) -+t og o)

gplnaz[
In |a

Trong d6 m;(t),n;(t),i = 1,4 1 cac ham tuan hoan cong tinh chu ky 1
trén D.

+ sin

1 1
m4(§ log alz) + m4(§ log, al|azx])].

Al = p—ighas = p+ig = |Xo| = M| =[] = VP2 +

argls = @ = argiy; tgp = %; argiy = —p.



3.3. Phuong trinh ham dang sai phan bac hai khong thuan nhat
véi dich chuyén dong dang

3.3.1. Bai toan.

Cho a € R\{0,1,—-1}, a,3 € R, 8 # 0, tap D théa man diéu kién
D C R* Vo € D = a*'z € D va ham g(z) xac dinh trén D. Tim tat ca

cac ham f: D — R théa man

fla*x) + af(ax) + Bf(z) = g(x),Vx € D (3.3.30)

3.3.2. Nhan xét

a) Nghiem ctia phuong trinh (3.3.30) 1a f(z) = f(z) + f*(z), trong d6
f(x) 13 nghiém ctia phuong trinh ham dang sai phan bac hai thuan nhéat
v6i dich chuyén dong dang, f*(z) 14 mot nghiém nao dé (con goi 1 nghiem
riéng) cua phu?dng trinh (3.3.30).

b) Néu v6i méi i = 1,n  ff(x) 1 mot nghiém riéng ctia phuong trinh

fla*z) + af(az) + Bf(z) = gi(2)

n
thi > f(x) la mot nghiém riéng cia phuong trinh
i=1

f(a*z) + af (az) + Bf(x Zgz

T nhan xét trén ta rat ra phuong phép giai phuong trinh (3.3.30) nhu
sau:

Buéc 1: Tim f(z).

Buéc 2: Tim f*(x).

Budc 3: Nghiem ciia phuong trinh (3.3.30) 1a f(z) = f(z) + f*(z).
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3.3.3. Mot s6 bai toan va phuong phap tim nghiém riéng

Bai toan 3.5. Tim nghiém riéng ciua phuong trinh

f(a®z) + af(ax) + Bf(z) = b, (3.3.31)
trong do a € R\{0,1,—-1},8 € R*b,a € R,b # 0, tap D thoa man:
DCR'VzeD=atlzeD, f:D—R.

Loi giai
a) Véil+at B0

Ta tim nghiém riéng cta phuong trinh (3.3.31) c6 dang f*(z) = ¢, thay
vao (3.3.31) ta dugc

ctac+pfe=besc(l+a+p)=>

b
Sc=—H!
¢ l+a+0
Z * b
dod6 S0 = T

b) Véil+a+p=0vaa#-2
Ta tim mot nghiém riéng cua phuong trinh (3.3.31) c6 dang

[ (@) = clna],
thay vao (3.3.31) ta dugc

c¢In [az| + acln|az| + Bcln |z| = b
& 2clnla| + cln|z| + acln|a| + acln|z| + Beln|z| = b

_ b
&= (+2) In|al

Do d6
bln |x| b

[ () = (o +2)In|al T a2
c) Véil+a+p=0vaa=-2
Phuong trinh (3.3.31) trd thanh

log|q .

f(a*z) — 2f(ax) + f(x) = b, (3.3.32)
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ta tim mot nghiem rieng ciia (3.3.32) ¢6 dang f*(x) = ¢(In|z|)*. Thay
vao 3.3.32) ta dugc

¢ (In |a2x’)2 + ac(In|az|)? + Be(In|z])® = b

& ¢(2Inlal + eln|z)* + 2¢(na| + In|z]))* + ¢ (In|z[)* = b
b

T ey
Do dé : ’|)2
b(In|x b 2
() = ——= = = (log, |z])".
Két luan
+ Néul+a+F#0 thi
. b
o =1ra+s
+Néul+a+p=0vda#—-2th
. b
£*(2) = — logi, lo].
+Néeul+a+p=0vaa=—2thi
; b 2
f($):§(10g|a| |z])"

Bai toan 3.6. Tim nghiém riéng cua phuong trinh

Fla2) + af(az) + BF(x) = h(z), (3.3
trong dé a € R\{0,1,—1}, 8 € R*, a € R wa h(z) la ham tuan hoan nhan
tinh chu ky a tréen D CR*, f: D — R.

Loi giai
i) Truong hop 1 +a+ 3 # 0
Ta tim nghiém riéng cta (3.3.33) ¢6 dang f*(z) = ch(x), thay vao (3.3.33)ta
dugc

ch(x) + ach(x) + fech(z) = h(z) < ch(z)(1+a+ () = h(z) (3.3.34)



1

h(z)
Vay f*(z) = .
v @) = 10
ii) Trudng hop 1 +a+ [ =0va §# 1
Ta tim nghiém riéng cua (3.3.32) ¢6 dang f*(z) = cln |z|h(z)

thay vao(3.3.32) ta dugc
cln|az|h(z) — (1 + B)cln|az|h(z) + Beln|z|h(z) = h(x).
muodn vay, ta can co

cln |a*z| — (1 + B)cIn|ax| + Beln|z| =1 < Inlajc — In|a|cB = 1
1
In|al(1—3)

& C=

s~ Infz|h(z) R(z)
Va0 = - 5) ~ 15
iii) Truong hop 1 +a+8=0va =1

Phuong trinh (3.3.32) tré thanh

log|a\ |:U|

f(a*x) = 2f(azx) + f(z) = h(x). (3.3.35)

Ta tim nghiém riéng cta (3.3.34) c6 dang f*(x) = c¢(In |z|)*h(x) thay vao
(3.3.34) ta dugc

c(In |a*z|)?h(x) — 2¢(In |ax|)*h(z) + c(In |z|)*h(x) = h(z)

mudn vay, ta can cé
1
c(In|a?z])?*—2c(In |az|)?*+c(ln|z|)? =1 & 2(Ina|)’c=1 & c = 2(In [a])?’
(In|z])%h(z)  h(z)

ay f*(z) = =2 2,
Vay f*(z) 2(In [a])? 9 (Og|a| |])
Két luan @)
. h(x
Neul+ o+ 0 thi f* = —
NG Tk A 0 th () =
Pl h
+ Neul+a+pB=0vap#1thi f(x) = %logM |z|.
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h(z)
2

+Néul+a+p=0vapg=1th f*(z) = (logyy |z])*.

Bai toan 3.7. Tim nghiém riéng ciua phuong trinh

f(a%) + af (ax) + Bf(x) = h(z), (3.3.36)

trong dé a € R\{0,—1,1},3 € R*,a € R va h(z) la ham phdn tuan hoan
nhan tinh chu ky a tréen D CR*, f: D — R.

Loi giai
a) Truong hop 1 —a+ 5 #0
Tuong tu cach giai bai toan 3.6 (i) ta dugc
h(x
ra -
b) Truong hgp 1 —a+F=0va 8 #1
Tuong tu cich giai bai toan 3.6 (ii) ta dugc

o Infzlh(z)  h(x)
PO = Wl —5) "1
c) Trusng hop 1 —a+F=0va =1

10g|a| |$‘

Tuong tu céch giai bai toan 3.9 (iii) ta dugc

. In |z|)2h h
r@ = = s (o5 o)
Két luan
+ Néul—a+ 30 thi
h
ﬁ@»=;;§}ﬁ
+Néul—a+p3=0vap+#1th
h

fH(@) =1 (_x)ﬂ log, |

+Néul—a+p3=0vap=1th
h
7() =" (10gy )’



3.4. Mot sb6 vi du ap dung

Vi du 3.1. Tim tat cd cac ham f: R* — R théa man dieu kién
a)f(4zx) — 8f(2x) + 15f(z) = 16,Vx € R*
b)f(9z) — 10f(—3x) + 9f(x) = 7,Vz € R*
o) f(5r) — 2f(v/5bz) + f(r) =8, VxcR*

Loi giai

a) + Budc 1: Phuong trinh A\> =8\ +15=0c¢6 A =1 > 0,

hai nghiém 1a \; =5, Ay = 3.

Ap dung cong thitc nghiem trusng hop A > 0, > 0, Ao > 0vha=2> 0

cua bai toan 3.4 ta dugc

f(a) [|[825k; (logy |x|) — |z['°€2%hy (logy |2])]  khi z < 0,
€Tr) =

N DN | —

1 [xlog25k2(log2 ) — 292231y (log, x)] khi x > 0;

g1(t), g2(t), h1(t), ha(t) 1& cac ham tuan hoan cong tinh chu ky 1 trén R.
+ Buéc 2: Vil+a+ 3 =8#0neén f*(r) =2.

+ Bude 3: Vay

Ll afio55k, (log, Je]) — %3k (log, |e])] +2  Khi x <0,

fla) =147
5 219825 ky (logy ) — %823 hy(logy )] + 2 khi z > 0;

g1(t), g2(t), hi(t), ha(t) 1& cAc ham tuan hoan cong tinh chu ky 1 trén R.

b) 4+ Buédc 1: Ta tim f(x) cta phuong trinh
f(9z) — 10f(—3z) + 9f(x) = 0.
Phuong trinh dic trung A2 — 10\ +9 = 0 c6 A > 0, hai nghiém 13 \| =

9, = 1. Ap dung cong thic nghiém truosng hop A > 0, A1 > 0, A9 > 0

va a = —3 < 0 cua bai toan 3.4 ta dudc

~ Aq(z), khiz <0,
flz) = ,
Ay(z), khiz > 0;



trong do6

(o) = g5 { bt [ (G 10w )+ (10w 3l ) | -
1 1
— | hs <§log3 ‘5’7‘) + hg (5 logs ‘335‘)] } )
Ay(x) = L {\x\s [l@l (1 log, x) + ky (llog3 3:6)] —
16 2 2
1 1
— [h4 (§log3 :l:) + hy (5 logs 3:1:)] } ;

hi(t), ki(t), i = 3,4 1a cAdc ham tuan hoan cong tinh chu ky 1 trén R.
+ Buéc2: Vil+a+F=0vaa=—10%# —2 nén
. 7
(@) =~ logy o
+ Buéc 3: Vay

f(2) Ai(z) — Llogs|z|, khiz <0
€T) =
As(z) — Lloggz, khiz > 0.

~

c¢) + Buéc 1: Ta tim f(z) ciia phuong trinh
f(52) = 2f (V5z) + f(x) = 0.

Phuong trinh dic trung A2 — 2\ + 1 = 0, ¢c6 A = 0 hai nghiém kép la
Al =X =1

Ap dung cong thic nghiem trong truong hop A = 0, « = —2 vh a =
v/(5) > 0 cila bai toén 3.4 ta c6

In |z _
g1 (10g\/g|x\)+ | ‘hl (log\/g\x\), khiz <0
fla) = hn v
n|x
log zx) + ho (log =), khix > 0.
92 (log5.2) + = 7=ha (log 5 7)

+ Buéc2: Vil+a+ 3 =0vaa=—2nén

ff(x) =4 (1og\£ |:1:|)2 .



+ Buéc 3: Vay

1
91 (log sz |2|) + 12‘\5/%}“ (log sz |x|) 4 4 (log 5 |:c\)2, khi z < 0

flz) = In |z] )
g2 (log ) + - \/Bhg (log 5 2) + 4 (log sz |])~,

khix >0

Vi du 3.2. Tim tdt cd cdc ham f: R* — R sao cho
f(92) +2f(3x) + f(z) = sin(w logs [z]) — cos(2m logs |z])
Loi giai
+ Buéce 1: Ta tim f(x) 13 nghiém cta phuong trinh
f(92) +2f(3x) + flz) =
Phuong trinh dac trung A2 4+ 2\ 4+ 1 = 0, ¢6 A = 0 hai nghiém kép 1

A1 = Ay = —1. Ap dung cong thitc nghiém trong trudng hop A = 0, a = 2

va a = 3 > (0 cua bai toan 3.4 ta c6
~ E(x), khiz <0
F(zx), khiz >0,

trong do6

b (o) ()] -
B (veie) o o).
3 () (0]

1 1
5 n3 [hg <§log3 :c) — hy (5 log; 33:)] ;

pi(t), hi(t),i = 1,2 l1a cac ham tuan hoan cong tinh chu ky 1 trén R,

+ Bu6c 2: Ta tim nghiém riéng f;(x) cua phuong trinh

f(9x) 4+ 2f(3x) + f(x) = sin(mw logs |z]).



Ta c6
sin(m logg 3 |z|) = sin (7 logs |z| + 7) = — sin(7 logs |x|),

suy ra h(z) = sin(wlogs |x|) 14 ham phan tuan hoan nhan tinh chu ky 3
trén R*, mit khicdo 1 —a+ 3 =0va =1 nén

_ sin(7 logg |z])
B 2

2

fi() (logg |z[)

Ta tim nghiém riéng f;(x) cua phuong trinh
f(9z) 4+ 2f(3x) + f(x) = —cos(2m logs |z]).
Ta c6
—cos(2mlogs 3 |x|) = —cos(2m logg |z| + 27) = —cos(27 logs |z]),

suy ra g(x) = —cos(2m logs |z|) 14 him tuan hoan nhan tinh chu ky 3 trén

R*, mit khac 1 +a+ =4 # 0 nén

—cos(2mlogs |x|)

fo(@) = 1
+ Bude 3: Vay
in(7l 21
f( ) E(.T) Sln(ﬂ- ;)g?) |':E|) (10g3 ‘x‘)Q . COS( 7T4Og3 |ID’ khiz < 0
x) = :
1 271
F(x) + 81n(7T20g3 ?) (logy |z|)? — cos| W4Og3 x), khiz > 0

Vidu 3.3. Cho D = R*\{+(v/7)"|k € Z}. Tim tat cd cac ham f : D — R

sao cho

£(497) — 2V3f(7x) + 4f () = tg (mlog, |z|) + cotg (7 log, |z|) , Yz € D.

Lai giai

+ Bu6c 1: Ta tim f(x) la nghiém ctia phuong trinh

£(49z) — 2V3f(7z) + 4f (z) = 0.



Phudng trinh dic trung A22,/(3)A +4 =0, c6 A < 0 hai nghigm phitc 1
T

)\1:\/§—i,>\2=\/§+i:>|)\0‘=|)\1‘:|)\2‘:2;q:1790:6-

Ap dung cong thic nghiem trong trudng hop A < 0 v a = 7 > 0 clia bai

toan 3.4 ta co

In|z|

. oTF P(z), khiz <0
flz) = Inal :
w7 Q(x), khiz >0,
trong do6
B 7ln |z| . (7n|x|
P(x) = [cos ( e > n1 (log; |z]) + sin ( o )™ (log- |z]) |,

minw . (mlnx
Qz) = [cos (61n7) ns (log; x) 4 sin <61n7) ms (log, x)] ;

ni(t), m;(t),i = 1,2 1a cac ham ham tuan hoan cong tinh chu ky 1 trén
R\ {5k < 2.
+ Bude 2: Ta tim nghiém riéng f;(z) cia phuong trinh

F(49z) — 2V/3f(Tx) + 4f(z) = tg (mlog; |z]).
Ta cb
tg (mlog; 7l|x|) = tg (mwlog, |x| + m) = tg (mwlog, |x|),

suy ra h(x) = tg (7 log, |x|) 13 ham tuan hoan nhan tinh chu ky 7 trén D,
t 1
mat khac 1+ a+ =5 — 2./(3) £ 0 nén f(z) = g (mlogy |z])

(7 Jogs | Y
cotg (mlog, |x
Tuong tu ta c6 f5(x) = .
gty f2( ) 5_2\/§
+ Bude 3: Vay
211129;\})(@ N tg (mlog; |z|) + cotg (mlog; |:(:|)7 hiz <0
flz) = | 5 2v3 1
285 0(z) + tg (mlogy |z[) + cotg (m Ogﬂfc\)? Khiz > 0
5—2v3
trong do
mln |x| . (mn|z|
P(x) = lcos ( ST ) ny (log; |x|) + sin ( Lo )™ (log- |z|) | ,



minz
Q(x) [cos (6 ™ 7) ng (log; x) + sin (Zlii) ms (log; x)] :
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Két luan

Phuong trinh ham dang sai phan la sy mé rong cua phuong trinh
sai phan tuyén tinh. Tuy nhién, vé k¥ thuat bién déi hoan toan khac va
phtic tap hon rat nhiéu so v6i phuong trinh sai phan tuyén tinh.

Luan vin da gidi quyét dudc nhitng van dé sau:

e Gidi quyét dudc cac phuong trinh dang sai phan bac nhat véi dich
chuyén tinh tién va dong dang dé lam co s6 cho viéc giai quyét phuong
trinh ham dang sai phan bac hai thuan nhat vé6i dich chuyén tinh tién va
dong dang.

e Dura ra mot s6 quy tic tim nghiém riéng ctia phuong trinh ham dang sai
phan bac hai khong thuan nhat véi dich chuyén tinh tién va dong dang.

Huéng phat trién clia dé tai: Tiép tuc nghién ctu phuong trinh ham
dang sai phan thuan nhat bac cao va phuong trinh ham dang sai phan
khong thuan nhat bac hai vA bac cao trén co s phuong trinh ham dang

sai phan bac nhat va bac hai da cé.
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