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1 S dung nguyén ly quy nap.

1.1 Ly thuyét.

Phuong phép quy nap khong hé xa la trong mon toan, né la cong cu thuc sy hieu qua dé giai

cac bai todn xac dinh trén tap sé nguyén. ( Tat nhién van c6 quy nap trén tap sé thuc, quy

nap hinh hoc, nhung ta chi xét dén nhitng dang quen thuoc ctia phuong phap quy nap ma

thoi ). Diéu quan trong la viéc thiét 1ap gia tri ham s6 tai cac diém 16n hon vé cac diém da

biét gia tri ham s6 ( theo gid thiét quy nap ), cu thé ta can dé y dén nhitng dang thic truy

hoi da biét.

1.2 Mot vai vi du minh hoa.

Vi du 1. ( Viet Nam TST 2005 ). Tvm tat cd cic ham s6 f : Z — Z théa mdin:
f@®+y° +2°%) = f(2)° + f(y)* + f(2)°

GIAT: Ki hieu P(x,y, 2) la cach cho bo (z,y, z) € Z3 vao phuong trinh.

x P(0,0,0) = f(0) =0

* P(QZ, —l',O) = f(l’) = —f(—l')

« P(1,1,0) = f(2) = 2/(1)

« P(L1,1) = £(3) = 3/(1)

Ta chitng minh bang quy nap ménh dé sau f(n) = nf(1),Vn € Z.

% Véi n =1 hién nhién ding .

* Gid st v6i n = k > 0 dang, ta ching minh v6i n = k£ + 1 clng dang. V6i k = 2t, st
dung dang thic:
2t +12 4524+ 13 =2t -1+t +4)°> + (4 —1)?
va khi k=2t — 1 thi A
(2t)3 = (27)%.(20 +1)3,2i + 1 < 2t,j €N

Ta co:
fEE+1P+ F5)° + f(1)° = f((2t +1)> +5° +1%)

= f2t -1+t +4)P+ @ -1t)) = ft -1+ ft+4)>+ f(4 1)



(Do flémnén f(4d—t)=—f(t—4)=—(t—4)f(1)).
Hay :
f2t+1)=(2t+1)f(1).

Tuong tu cho f(2t) = 2tf(1). Vi thé ta c6 v6i moi n € Z thi f(n) = nf(1). Thay vao phuong
trinh ta nhan duge 3 nghiem: f(z) =0, f(z) = z, f(z) = —=z.

Sau day 1a vi du tuong tit nhung cho 2 bién:
\Y
Vi du 2. Tim tit cd cic ham f : N — N thod man cdc diéu kién:
1, f(m? +n?) = f2(m) + f*(n) vdi moi m,n € N.
2, f(1) > 0.
GIAL: Cho m = n = 0 vho phuong trinh ham, ta duge £(0) = 2£2(0). Néu £(0) # 0 thi tut day

1 N N N
suy ra f(0) = 3 diéu nay mau thuan vi f nhan céac gia tri trong N. Vay f(0) = 0 va diéu nay

dan dén f(m?) = f2(m). Ta c6 thé viét a) dudi dang
f(m? +n?) = f2(m) + f*(n) = f(m?) + f(n?)
Ta ciing chi ¥ ring f(1) = f(12) = f2(1). Vi f(1) > 0 nén f(1) = 1. Tt day suy ra:
f(2)=f12+1%) = f2(1) + f2(1) =2
f4)=f(2%) = f3(2) = 4
(5) = f(22 +1%) = f2(2) + f*(1)
(8) = f(22+2%) = f2(2) + f*(2)

/ 5
f 8

Hon nita, ta thiy rang
25 = f2(5) = f(5°) = f(3 +4°) = F(3) + f*(4) = f*(3) + 16
Tt d6 suy ra f(3) = 3. Tt day ta lai co:
FO)=f(3%)=r*3)=9

f(10) = f(37+ 1) = f2(3) + f*(1) =10

St dung déng thic 72 4+ 12 = 52 + 52, va da biét f(5) = 5, f(1) = 1, ta ¢ thé tinh duge
f(7) = 7. Cubi ciing, ta sit dung ding thic 102 = 62 + 82 dé thu dugc f(6) = 6.



Nhu vay ta c6 f(n) = n v6i moi n < 10. Ta sit dung cac hing dang thitc sau:

(5k +1)% + 22 = (4k +2)2 + (3k — 1)?
(5k +2)% +1% = (4k 4+ 1)® + (3k + 2)?
(5k +3)% + 1% = (4k + 3)> + (3k + 1)?
(5k +4)% + 22 = (4k +2)2 + (3k + 4)?

Va :
(5k +5)* = (4k + 4)* + (3k + 3)%.

St dung quy nap nhu vi du trén ta c6 ngay f(n) =n,Vn € N.
Ngay sau day la mot bai toan véi y tudng khac.
\Y
Vidu 3. Cho f(n) € N, Vz € N va:
1, f(1) =1, f(2) = 2.
2fn+2)=f(n+2—f(n+1)+ f(n+1- f(n)), Yr e N.
a, Chiing minh 0 < f(n+1— f(n) <1 va néun lé thh f(n+1) = f(n) + 1.
b, Tim moi n sao cho f(n) =20 41,

GIAL Tacov6iVk =2,3,...,vai=1,....k,j=1,...,28 1 —ktaco f(2F —i) =2F" 1 va
f@F—k =) =21 = f(j).

CHUNG MINH: Quy nap theo n.
* V6i k = 2,3 ,n < 7 kiém tra tryc tiép ta thay théa man.
* Xét v6in > 7,k > 3, khi do:
P -y =fF =i fRF i)+ fR i1 f(2N i - 2))
Trudng hop 1: Khi i < k — 2 Theo gia thiét quy nap :
Truong hop 2: Khii =k —1, ta c6 :

fF =) =f@F—k4+1 28N 4 fF -k -2kt 1) =2k



Trucong hop 3: Khi i = k, ta xac dinh
fF =) =f@F k=241 + 2P —k—1—2F 1 4 2) =2k !
Tuong tu cho truong hop tinh f(2F —i — 7).
Ta két thic 16i gidi cho cau 1,.
Mat khac véi k > 2:
FE) =@ (k1) - 25— (k+ 1) =2" - (2" k- 1)
=2F— (@) =2""+1
Tit £(2¥ —1) = 2¥~1 13 moi nghiém ciia phuong trinh f(n) = 21941 ta phai c6 n > 2! theo a,.
Va véi k > 3 ta tinh:
FEP 1) = —(k+1) - 2"~ (k+2) =2F - f2F — (k+2)
=2F— (21— f2)=2F"+2
Do d6 n = 2 1a gia tri duy nhét thoéa man.
\%
Vi du 4. (IMO 1982, bai 1 ).Cho f : N — N thod man vdi m,n € N thi :
Flm+n) — f(m) — f(n) =0 hodc 1, f(2) =0, f(3) >0, va f(9999) = 3333.
Tinh f(1982).
GIAL Ta ching minh bing quy nap réing:
f(n) = L%J véi n < 9999

Tru6e tién dé dang ching minh f(3) = 1. Quy nap lén, ta c¢6 f(3n) > n. Véi f(3n + 3) =
f3)+ f(3n) +a (trong d6 a € {0,1}) = f(3n) + b (trong d6 b € {1,2}). Mat khac néu
f(3n) > n thi ta cing c¢6 f(3m) > m, Vm > n. Nhung f(3.3333) = 3333, do d6 f(3n) =n
v6i moi n < 3333.

Bay gio ta c6
fBn+1)=fBn)+f(1)+a=n+a

Nhung
3In+1=fOn+3)f(bn+2)+ f(3n+1)3f(3n+1)

suy ra f(3n+1) < n+1. Hay f(3n+1) = n. Tuong tu, f(3n+2) = n. Do d6 f(1982) = 660.



\%
Vi du 5. ( Iran 1995 ).Tim tat cd cic ham so f : Z\ {0} — Q thod man vdi z,y € Z\ {0}:

; (x—;y) SPORS ()

, @,y € Z\{0}
GI1AL:Ta sé ching minh rang f(z) = ¢ véi x € N. Dat f(1) = c.
Chox=1,y=2taco f(2) = f(1) =c.

Cho x =y =3,khi d6 f(3) = f(2) =c.

Bay gio ta chiing minh biang quy nap rang v6i moi x > 1 thi f(z) = c.

Ta c6 f(1) = f(2) = f(3) = c. Gia st rang v6i moi 1 < x < n (6 day n > 3) ta c6
f(z) = c. Goi t 1a s6 tu nhien thuoc doan [1;n] sao cho (n + 1) + ¢ 1a boi 3. Khi do

n+1-+t _f(n+1)+f(t)
3 )= 2

I

1+¢
Vitgnva%§ntacc’)f(n+1):ccénghiala:

f@)=c
v6i moi x > 1.

Xét k 1a mot s6 am. Khi d6 ton tai { > 0 sao cho I +k > 0 va [ + k 1a boi ctia 3. Cho
x = I,y = k vAdo phuong trinh ban dau, ta duge f(k) = c.

Vay ta ¢6 f(z) = ¢ v6i hing s6 ¢ € Q.

Dé két thic ta xét mot vi du kinh dién sau, trong dé phép quy nap ching minh tric tiép gia
tri ham s6 tai timg diém.

\Y
Vi du 6. Tim tat ca cic ham f : N* — N* thod mdn cdc diéu kien:
f(fn)+ fln+1)=n+2, VneN (1)

GIAL Cho n =1 vao (1) ta co:
FUFW) +1(2) =3
Tuw do f(2) <2va f(f(1)) < 2. Ta xét 2 trudng hgp:



Truong hop 1: f(2) = 1 va f(f(1)) = 2. bat f(1) = k, ta c6 f(k) = 2. Chon = 2
vao (1), ta duge:

ff(2)+f(3) =4
1 né 3.

Suyra f(3)=4—f(1)=4—k. Tuw f(3) > 1nén k <
Néu k=1 taco:

Ciing 1 diéu mau thuan. Ta loai trudng hop nay.
Trudng hop 2: f(2) =2 va f(f(1)) = 1. Cho n =2 vao (1), ta nhan dugc:

f(f(2)+f(3) =4

T d6 dé thay f(3) = 2. Ta tinh todn dugc rang:

Dv doan réang:
fn)=|nal —n+1

1+5

0 day a = . Dé chiing minh ta can téi 2 bo dé sau:

B6 dé 1. V6i mdi s6 n € N*:
la(|na) —n+1)] =n hoac n+1

CHUNG MINH: Ta ¢6 :
la(|na] —n+1)] <a(na—n+1)
n+a<n+2

Va:
la(|na) —n+1)] >ana—1—-n+1)—1=n—-1



B dé chitng minh xong. [ |
Bo6 dé 2. V&i méi s6 n € N*:
(n+1)a = lna] +2, néu |a(|nal —n+1)] : n
[na| +1, trong trudng hgp con lai
CHUNG MINH: Hién nhién | (n+1)a| = [na]+1hodc [na]+2. Gid st [(n+1)a| = [(n)a]+1.
T do ta co:
la(lna] =n+1)] = [a([(n+ D)o —n)]
>a((n+l)a—1—-n)—1=n

Suy ra:
la(|na) —n+1)] ( Theo B6 dé 1)

Mat khéc néu [(n+ 1)a] = [(n)a] + 2 thi:
la(lna) —n+1)] = [a([(n + Da] —n —1)]
<a((n+l)a—n—-1)=n+1
Tit d6, quan sat BS dé 1 ta nhan duge : [a(|na] —n+1)] = n. [ |
Bay gio ta chitng minh theo quy nap két qua dy doan trén.
* Véin=1:
f)=1=la]=la]-1+1
* V6in = 2:
f@Q)=2=3-2+1=2a)-2+1
x Gia st két qua ding v6i 1 < j < n. St dung (1) ta c6 :
fln+1)=n+2—f(f(n)
=n+2—-h(lna] —n+1)
=n+2—|a(lna] —n+1)] 4+ |na) —n+1-1
Tu [na) —n+1<2n—n+1=n+1, n6 dan dén:
f(n+1)=|na] +2—|a(lna] —n+1)]
Gié st n théa man |a(|na] —n+1)| =n. Tu dé ta c6 [(n+ 1)a) = [na] + 2 va do dé:
fn+1)=|(n+1a]—n

Néu n khong thoa man |a([na| —n+1)] =n thi |a(|na] —n+1)| =n+1va [(n+1)a] =
|[na + 1, tir d6 ta co:

fln+)=|n+Da]+1—-(n+1)|(n+1a] —n
Ta két thic chitng minh.

10



1.3 Bai tap ap dung.

Tim tat cd cic ham f : N — N thod man cdc diéu kién:

fla+y?+2%) = f(2) + () + ()

vdi mot x,y, 2z € N.

Tim tat cd cic ham f : N — N thod man cdc diéu kién:

flat + 5y +102%) = f(z)* +5f(y)* +10f(2)*
vdi mot x,y,z € N.
. T tdt cd cdc ham f: N — N thod man cdc diéu kién:
F(f(m)* + f(n)?) = m* +n?

vdt moi m,n € N.
. ( Russia 2000 ) Cho ay,as, ... la day so zdc dinh bdi a; = 1 théa man dieu kién ap1 = an —2

néu ap, —2 € {ay,as,...,an} va an —2 >0 Va4 apy1 = an + 3 trong truong hop con lai . Chiing
minh rdng véi moi s6 nguyén duong k thi ton tai 1 s6 tu nhién n sao cho a, = k2 =a,_1+3.

. Tim tat cd cic ham f: N — N thod man cdic diéu kién:
1, f(1) =1.

% flm+n) + f(m —n) = 3 (F(2m) + [(2n)), ¥m,n € N.
. T tdt cd cdc ham f : N — R thod man cdc diéu kién:
1, f(f(m) + f(n)) = f(f(m)) + f(n)

2, f(1) =2, f(2) = 4.

. Ton tai hay khong ham f : N — R thod man cdc diéu kién:
1, f(1) = 2.
2, f(f(n)) = f(n) +n.

3, f(n) < f(n+1).

11



2 Ung dung bai toan day sé vao giai phuong trinh ham.

2.1 Ly thuyét.
C6 thé no6i day s6 1a mot phan kién thitc khong hé nhd trong phan toan hoc so cap, diy sb
ing dung manh mé trong Toan r13i rac, ngoai ra ching ta con biét dén day s6 nhu mot cong

cu htu hiéu dung dé xit 1y cac dang bai xuat hién biéu thic kiéu :

S aifl = g(n)

€N
O ben vé phai 1a 1 da thic ciia bién n he sb nguyen, vé bén trai 1 cdc ham hop cia f
xéc dinh béi fit(n) = f(f(n)). VAn dé quy vé la tim cong thiic téng quat cta day

ay =t,a; = fll(n) vé6i t 1a s6 bat ki thuoc vao tap xac dinh ham s6.

O day cht § them ta c6 thé ding them didu kien mién xac dinh ctia ham s6 f dé khéng
ché day s6 nhim tao ra mot bicu thiic c6 1¢i khi ta buoc phai ding téi s6 phiic.

2.2 Mot vai vi du minh hoa.
Vi du 1. Tim tat ca cic ham s6 f: N — N théa man diéu kién :
f(f(n))+ f(n) =2n+3k vdimoi neN

( k la so tu nhién cho trudc).

GIAL Dat a; = x va v6i n > 1 dat a1 = f(ay). Khi d6 tit phuong trinh ta c6 :

2apn + 3k = ant1 + anyo

2ap+41 + 3k = ango + anys

Trit vé theo vé 2 dang thic trén ta cé :
an+3 — 3an+1 + 2a, =0

Suy ra :
ap = A1+ Aan + )\3(-2)”

Nhung néu ta cho n 1é ta sé c¢6 a, < 0 vo Iy. Do d6 A3 = 0. Hay:

an = A1 + no

12



Thay vao phuong trinh ta c6 :
2apn + 3k = an41 + any2
é2)\1+2n/\2+3k:)\1+(n+2)/\2+)\1+(n+3))\2
Tit d6 Ay = k. Bay gid chii § t6i:
ag—a1:/\1+2k—()\1+k):k
<~ f(n)—n=k
Vay ham s6 can tim 1a f(n) =n+k,Vn € N.
Nhan xét.
1, Vi du trén 1a vi du rat co ban cho phan kién thitc duge dé cap trong chuong nay. Duong
16i rat 6 rang tuan theo hoan toan ly thuyét bén trén. Nhung & vi du ngay sau day, viéc xac
dinh a,, khong con dé dang nhu trén nita, mot chit kién thitc vé sd phitc gitp ta c6 1i giai
gon gé khi gap bai nay.
2, Tuy nhién déi véi cac day s6 c6 phuong trinh sai phan ctia né c6 nghiém phic, ta phai
tach rieng cac dai lugng chita thanh phan lugng giac va phan phic ra dé ding diéu kien tap
xac dinh ép cho hé s6 truéc ching bang 0. Dén day ta lam tuong ty nhu & Vi du 2. Mot vi
du tuong tu .
\Y
Vi du 2. Tim tdt cd cic ham s6 f: N — N sao cho vdi moin € N :
F(f(f(n))) +6f(n) =3f(f(n))+4n + 2007
GIAL: Dat f(n) = g(n) + 669. Ta c¢6 g(g(g(n))) + 6g(n) = 3g(g(n)) + 4n

Xét day sb ag xac dinh béi :ag = n v6i n la sé ty nhien bat ki va agy1 = g(ag).

Ta c6 apy3 = 3ag42 — 6agy+1 + 4ay.

Do do6 :
ay, = (2;l+9(9§")) —29(21/3 n)+(g— g(gén)) +2g(7;i/§ Dyok e S(]ZT)+g(n\)/§ Mok sin(%r)
s a = un) + 2 (0(n) cos(“T) + w(n) sin(%”))



k k
T a va v(n) cos(%) + w(n) sin(?ﬂ-) khong nguyén v6i moi k nén v(n) = w(n) = 0. Do d6

\%

Vi du 3. ( Balkan 2002 ) Tim tdit cd cic ham so6 f : N — N théa man vdi moin € N :
f(f(n))+ f(n) = 2n+ 2001 hodc 2n + 2002.

GIAL: Ta xac dinh day cac sé tu nhién (ay),~, nhu sau: ag 1a 1 sé ty nhién bat ki va
an+1 = f (ap) v6i moi n. Dat thém: ¢, = a,, — ap—1 — 667, v6i moi n > 1. Tu dé:

Cn+1 + 2¢n = any1 + ap — 2an,—1 — 2001,
Véi moi n > 1, cpi1 + 2¢, 14 86 nguyeén théa man:
0<cpt1+2c, <1
Gidstc; > 0;suyracy > 1vacg < —2c1 +1< —1,¢c3 > —2c9 > 2. Biing quy nap dé thay
ring: cop+1 > 2%
Mt khac:
Qokta — Aok — 1334 = Copro + copy1 < —27 + 1,
Do doé v6i k > 11, ta cé: aggya < agg vO 1y.

Néu c¢; < 0, suy ra cg > —2¢; > 0 tuong ty trén ta c6 : aggr3 < aggy1,v6i moi k > 11,
ciing vo l1y.

Vay ¢; = 0, n6 tuong duong véi a1 = ag + 667. Hay f (n) = n + 667,v6i moi n.
Nhan xét: O bai nay, khong kho dé dir doan ra két qua bai toan. Tuy nhien, dé xit Iy dicu

kien f(f(n)) + f(n) = 2n 4+ 2001 hodc 2n + 2002, ta da cu thé héa né trong dicu kién déi véi
cnla 0 < cpy1 4+ 2¢, < 1.

\Y
Vi du 4. Ton tai hay khong ham so f : N* — N* thda man:
f(f(n)) +3n=2f(n), VYneN

o

GIAL Gi4 stt ton tai ham s6 f. Véi mdi i € N* ta xay dyng day (an);;l ca1 =1d,an41 = f(an).
Khi do:
An+4+1 = f(an) = f(f(anfl)) = Qf(anfl) —3an—1 = 2an — 3ap—1

14



Hay:
anta + 4ap+1 +3a, =0,Yn > 1

Do a, > 0,¥n > 1 nén dang thiic khong thé xay ra. Suy ra khong ton tai ham s6 f thoéa man.
2.3 Bai tap ap dung.

. Tim tat cd cac ham so f : N* — N* théa man:

i, f(1) =2

iii,f(n + 1) > f(n), vdi moi n € N*.

. Tivm tat cd cdac ham s6 f : N* — N* théa man:

FUF(f()) + f(f(n)) + f(n) =3n

. Cho f:Z — 7 la ham s6 théa man diéu kien :

f0) =1 f(f(z)) =z +4f(z), Ve € Z

Tim moi s6 nguyén n > 1 sao cho fn(0) chia hét cho 2011 | ¢ day fi(x) = f(); fu(z) =
f(fna()).

15



3 St dung danh gia bat dang thiic.

3.1 Ly thuyét.

Bat déng thic 13 mot linh vic rong cé nhiéu tng dung. Trong phan nay, ta khong chi tam
quéa nhiéu vao bat déng thitc ma la nhitng ting dung thiét thuc ctia né trong viec xit Iy cac
bai toan phuong trinh ham. Can chd § dén vai diém:

1, Tinh don diéu ctia ham va néu can thiét ta c6 thé kep ham sé trén mot khoing gia
tri nao d6. Vi dy, ta ¢6 f la ham don dieu khi d6 néu f(a,) = f(ant1) v6i an < apyq thi
f(x) = flan) = f(ans1) v6i moi z € [an, any1] N N. Hodc 6 thé kep a, < f(m) < f(ant1,
roi 1y luan dé loai céc truong hop khong théa man bing cach xét tuan tu cac gia tri co thé

trong khoang (an, an4+1) N N.

2, Dling céac bat déng thitc co ban, vi du a? > 0,Va € R.

3.2 Mot vai vi du minh hoa.
Vi du 1. Tim tdt cd cdc ham so tang thue su f : N* — N* théa man:
f(n+f(n))=2f(n), VneN

GIAL Do f tang thuc sy nén f(n+1) > f(n)+ 1 hay f(n+1) —n—1> f(n) —n. Suy ra
f(n) —n la ham s6 tang. Mat khac, dit ap = 1, any1 = an + f(an). Suyraag < a; < ..., va
flans+1) = 2f(ay), do dé:

flan+1) — any1 = flan) — an

Suy ra ¢6 vo han bo (m,n) sao cho f(n) —n = f(m) —nsuyra f(n) =n+k véi k € N.
\%

Vi du 2. ( Baltic MO ) Tim tat cd cdic ham so f : N* — N* théa man:

1, f(0) =0, f(1) = 1.

2, O <f)<f2) <.

3, f(a® +y?) = f(2)* + f(y)* Vo,yeN".

GIAL: Ta ¢6 f(2) = f(1+1) = 2,f(5) = f(12+2%) = 5,... f(x,) = x,, & day 79 =
1, 2p11 = 22 + 1. Hién nhién lim, _cox, = +00. Suy ra néu f(m) = f(m + 1) thi:

fm+1?4+1=1+fm+1)* =1+ f(m)® = f(m*+1)
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= f(m*+k)=f(m*+1),k=1,...2m + 2.
Quy nap lén ta c6 ton tai vo han s6 m sao cho f(m?+k) = f(m?+1),k = 1,...2m+2. Chon
m dii 16n sao cho ton tai n sao cho a,, a1 € [m2 +1,m?+2m+ 2]. Khi d6 a,, = ap+1, d6
la diéu vo ly. Suy ra f tang thyce sy. Hién nhién ta c6 f(n) = n,n € N* .
\Y

Vi du 3. Cho ham s6 f : N* — N théa man..

fn+2)=2f(n+ 1)+ f(n) = f(f(n—1))
Ching minh ton tai a va b théa man véi moin > a ta c¢é f(n) =b.
GIAL: Ta c6

fn+2)=f(n+1)=fln+1) = fln)+ f(f(n—-1)) = f(n+1) = f(n)
Suy ra f(n + 1) — f(n) 1A mot ham s6 tang. Suy ra ton tai ng sao cho véi moi n > ng thi
f(n+1)— f(n) > 0. Gid st ton tai s6 nq sao cho f(ng + 1) — f(ng) > 1. Suy ra f(n) tang
thuc sy v6i n > ny. Suy ra ton tai ng > nq + 2 sao cho f(ng —1) > ny. T d6 :
fna+2) = f(na+1) = f(na +1) = f(n2) + f(f(n2 — 1)) = f(na+1) — f(n2) +1>2

(do f(f(n2 —1)) > f(n1) 2 0).

Tu f(n+1) — f(n) 13 ham s6 tang, n6 c6 nghia 1a f(n) > 2n — ¢ v6i mot ¢ nao do. Suy ra,
f(n) >n+4v6i n di 16n. Vi thé, v6i n di 16n thi

fn+2)=fin+1)=fn+1) = fln)+ f(f(n=1)) = f(f(n—1)) = f(n+3) > f(n+2)
vo ly. Suy ra f(n+1) = f(n) = f(a) = b v6i moi n > a. Diéu can phai ching minh.
Vi du ngay sau day ciing chinh 1a Vi du 2, § phan Ham s6 st dung tinh chat s6 hoc.
Mot 15i giai biang s6 hoc rat ngén gon da ducc trinh bay. O day ta trinh bay 10i gidi khac
trén tu tuéng bat ding thiic.

\Y%
Vi du 4. ( Austrian 2002 ) Tim tdit cd cdc ham so f : N* — N* théa man:

a, f(zr+22) = f(x)
b, f(z*y) = f(x)*f(y)
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vdi moi x,y € N*2,

G1A1 : Tt diéu kien a, cho thay f c6 t6i da la 22 gia tri. Gia st Jzo € N* sao cho f(f(xg)) > 1.
Néu zp = 1, chon xp = 23 (tu f(23) = f(1) ). Suy ra ta chi can xét khi zy > 1. Ta c6
f(z3y) > f(y), va f(zdy) > f(zdy) > f(y) dan dén c6 hon 22 gia tri cta f(z),vo Iy.

Vivay f(f(z)) = 1,Vz € N* va f(2®y) = f(y)Va,y € N*.

Chon z >y € N* :
f(22%2) = f(2)
F(22%y) = f(y)
f(2222) = f(22%y + 22k)
v6i k = 22(z — y) va do do f(222z) = f(22%y) hay f(z) = f(y) suy ra f(z) = 1 ( tu
f(f(@)=1).
Vay f(x) =1,Vx € N*.
\Y
Vi du 5. Tim tit cd cic ham so f : N* — N* thdéa man:
I (n) +97f(n) = 98n + 232
vdi fIr(n) = f(f(...f(n))).
N———

m lan

GIAL: Dat f(n) = n+ 2 +t. T gia thiét suy ra:
97 f(n) < 98n + 232

n + 232
97

= f(n) <n

(1)

Véi n < 156 thi 539
f(n)<n+ nt
97

Suy ra v6i n < 156 thi f(n) < n+ 3. Khi d6 véi n < 102 thi :

<n-+4

f(n) <n+3<105< 156

— F(f(n) < f(n) +3 < 156

Tiép tuc qua trinh trén 18 lan ta c6 :

) < n+57
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Suy ra v6i n < 36 thi
97f(n) < f1n) + 97f(n) < n+ 57+ 97f(n)
T (1) ta c6 97¢ + 251 > 232 hay ¢ > 0. Do d6 :

n 4+ 38

0<t<
- - 97’

Vn < 36
Suy ra f(n) =n+ 2, Vn < 36. Bay gio ta chiing minh bing quy nap rang f(n) =n + 2.
* V6i n < 36 thi hién nhién ding theo chiing minh & trén.

* V6i n > 36, gia sit két luan ding v6i moi n < m. Khi dé :
£090n — 36) = ) (f(n — 36) = FTm)n —34) = .. = f(n—2) =n
Vi thé :
f(n) = (18 (n - 36)) = f19%(n — 36) = 98(n — 36) + 232 — 97f(n — 36) = n + 2
Diéu phai chitng minh.
Vay c6 duy nhat 1 ham s6 thoéa man yéu cau bai toan 1a f(n) =n + 2, Vn € N*.
\Y%
Vi du 6. Tim tit cd cic ham so f : N* —s N* thdéa man:
1, f(2)=2
2, f(mn) = f(m)f(n) vdi moi m,n € N* théa man gcd(m,n) =1
3, f(m) < f(n) vdi moi m < n.
GIAL: Ta c6

FB)f(B) = f(15) < f(18) = f(2)f(9) < F(2)£(10) = fF(2)f(2)f(5) = 4 (5)

Suy ra f(3) < 4, tu d6 f(3) = 3. Suy ra f(an) = an,¥n € N* trong d6 a1 = 3,a, =
an—1(an—1 —1). D& thay lim,_ 1 an, = +00. Tt d6 f(n) = n,Vn € N*.

\%
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Vidu 7. Cho ham s6 f : N* — N* théa man:

1, f(zy) = f(2)f(y).

2, f(x) <.

3, F(£(1995)) = 95.
Tim gid tri nhé nhat cia f(135). GIAL: Ta c6

05 = F(F(3)F(/5)F(F(T)F(f(19))
Do f(f(k)) < F(k) < k va F(£(K))|95 nen ta co

£(133) > 19

Ta c6 thé chi ra mot ham s6 nhu sau f(19™t) = 19™,m € N*, trong d6 ged(19,t) = 1. D&
thay ham s6 nay thoa man.

Vi du 8. Tim tdt cd cic ham so f : N* — N* théa man vdi moi x,y,z € N*:

flay) + f(az) > f(2)f(yz) + 1
GI1AT: Ki higu P(z,y,2) 1a phép thé bién vao dieu kien f(zy) + f(zz) > f(z)f(yz) + 1.

*x P(1,1,1), 2f(1) > f(1)? + 1, suy ra 0 > f(1)? —2f(1) + 1 = (f(1) — 1)? hay f(1) = 1.
* P(x,1,1), 2f(x) > f(z)f(1) + 1 = f(z) + 1, suy ra f(zx) > 1Vz € N,
*x P(x,z,7), 2f (2?) > f(z)f(2?) + 1 suy ra f(2?)(f(z) —2) < —1 hay f(z) <2Vz € N.

x Dat a = sup({f(n),n € N}) ( ta ¢6 a ton tai la do f(N) C [1,2) va 2 > a > 1).
Chon € sao cho a > € > 0 vA ton tai p thda man 0 < a — f(p) < e.

* P(p,p, 1), f(p*)+f(p) > (f(p))?>+1. Va do vé trai bé thua hoic biang a+a nén (f(p))?+1 <
2a suy ra (a —€)? + 1 < 2a. Hay

(a—1)2 <2ea—€> <4e, Yee (0,1) = a=1
Do d6 f(x) =1 Vo € N.
3.3 Bai tap ap dung.

11. Twm tat cd cic ham so f : N* — N* théa man:

FI902 () 4 2003 f(n) = 2004n + 3005
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12.

13.

14.

15.

16.

vdi fIml(n) = F(F(...f(n)).

m lan

( Korea 1996 ) Tim tat cd cic ham so6 f : N — N théa man:

1, Voi moi m,n € N thi
2f(m* +n®) = f(m)? + f(n)®

2, Vi moi m,n € N vam >n thi f(m?) > f(n)?.

Tim tat cd cic ham so f : N* — N* théa man vdi moi n € N*¥
1, f(n+19) < f(n)+ 19.

2, f(n+94) > f(n) + 94.

Cho ham s6 f : Z — Z théa man vdi moi a va b thuoc Z \ {0}, f(ab) > f(a) + f(b). Ching
minh vdi moi a € Z\ {0} ta c¢é f(a™) = nf(a) vdi moin € N khi va chi khi f(a?) = 2f(a).

( Cono Sur Olympiad 1995 ) Tim tat cd cic ham s6 f : N* — N* théa man
1, Néux <y th f(z) < f(y).

2 f (yf () = 2*f(xy) voi moi x,y € N,

Cho m la mot so tu nhién khdc khong va f(n) = 2n — 1995 Lﬁj

1, Chitng minh rang véi mot s6 s6 nguyén duong r sao cho f(f(f...f(n)...)) = 1995, c6 r
lan f thin la boi cia 1995.

2. Chitng minh néun la boi cia 1995 thi ton tai s6 nguyén duong r sao cho f(f(f...f(n)...)) =
1995 vdi r lan f.
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4 S dung nguyén ly cuc han.

4.1 Ly thuyét.

Mot trong nhitng tinh chit quan trong nhat ctia tap sd nguyén va tap so tit nhién la tinh siap
thit tu t6t va s6 hang 16n nhat va nhé nhat. Cu thé rang:

1, Mot tap con S bat ki clia N déu c6 sd6 hang nhé nhat. Néu S khong 13 tap vo han thi
S ¢6 s6 hang 16n nhat nita.

2, Mot tap con S ctia N déu c6 gia tri 16n hodac nhé nhat, Néu S khong 1a tap vo han
thi S c6 s6 16n hosic nhé nhat tuong ting.

4.2 Mot vai vi du minh hoa.
Vi du 1. (IMO 1997) Tim tat cd cac ham so f : N* — N* théa man:
f(f(n)) < f(n+1), vdi moi s6 tu nhién n.
GIAL
Lo1 GIAT 1. Do ham s f ¢6 tap xac dinh ciing nhu tap gia tri 13 N* nén dit:
d =min{f(n) : n € N*}
Suy ra ton tai m € N* sao cho f(m) =d. Néu m > 1 thi

d=fm) > f(fm—1)) > d

vo ly. Do d6 m = 1. Bay gio xac dinh tap hgp {f(n),n € N*,n > 2. Hién nhien f(2) > f(1)
do f(2) > f(f(1)) > f(1). Tt d6 ta c6 :

f) < f(2)<..< f(n)<...

Chu y rang f(1) > 1 nén f(n) > n,Vn € N*.Gia st f(k) > k v6i mot s6 k nao do, suy ra
f(k) > k+1hay f(f(k)) > f(k+1) > f(f(k)), vo Iy. Do d6 :

f(n)=n, ¥YneN*

LO1 GIA1 2.Ta c6
f(1) =min{f(n),n € N*}
f(2) =min{f(n),n € N*,n > 2}(%)
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Néu f(1) > 2 suy ra f(f(1)) > £(2) > F(F(1)) (do (x) ). Suy ra (1) = 1. Bay it dt
g(n) = f(n+1) — 1. Ta thay:

o) = F(f(+1) = 1) = [(f(r+1) — 1< f(n+2)— 1= gln+1)
Suy ra g(n) cting 1a mot nghiém ctia phuong trinh ham. Theo trén ta c6 g(1) = 1 hay f(2) = 2.
Theo quy nap ta co:
f(n)=n, VYneN".

\Y%
Mot bai toan ap dung bai toan trén:
Vi du 1°. Tim tat ca cic ham s6 f: N* — N* théa man:
1, f(1)=1.
2, f(f(n)f(n+2)+1=f(n+1)f(f(n+1)).
GIAL: Ta sé cm quy nap rang f(n+ 1) > f(f(n)).
* V6i n=1. Hién nhién.

x Gi4 sit diing dén k . Ta cm cho k + 1.

Ta co:
)Tk +2) = F(k+ D F(f(k+ 1) — 1
Do do
R DI D) 1 (R + DGR+ D)
fle+2) = o) 2 7)) > k+D)

Vay nhan xét dugc chitng minh . Theo Vi du 1 thi f(n) =n, Vn € N*.
\Y
Vi du 2. Tim tat ca cdic ham s6 f : N* — N* théa man:
fn+ f(n)) = f(n), VneN

va ton tai o € N sao cho f(zg) = 1.

GIAL Goi :
z; =min{z,z € N, f(z) = 1}
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Suy ra :
fl@1+1) = f(z1+ f(21)) = f(z1) =1

Hay
f(n)=1, ¥YneNn>ux

Gié st 1 > 1. Suy ra:
flr =1+ f(z1—1)) = f(z1 - 1).

Néuzy — 1+ f(zg — 1) > 2y thi f(z1 —1) =1, vo ly. Néu o1 — 1 + f(z1) — 1 < z7 thi
f(x1 —1) <1, cing vo ly. Suy ra 1 = 1. Tu dé f(z) =1, Vn € N.

\Y%

Vi du 3. Tim tdt cd cic ham so :f : N* — N* théa man:

2(f(m® +n%)" = f(m)*.f(n) + f(m).f (n)’
GIAI Néu f(n) = ¢, v6i c 1a hiing s6 thi hién nhién thda man bai ra.
Néu ton tai m,n € N* sao cho f(m) # f(n) thi ta goi a,b la 2 s6 thda man

| f(a) = f(b) [= min| f(m) — f(n) [, m,n €N
Gia st f(a) > f(b). Ta co:
21%(b) < f(a)%.f(b) + f(a)-F(b)* < 2f(a)’

Suy ra
F(b) < f(a® +b%) < f(a)
Hay:
fla® +b%) = f(b) < f(a) — f(b)

Vo ly. Do d6 f(n) = ¢, vé6i c la hiang s6 1a moi ham s6 can tim.

Vi du 4. Tim tdt cd cdc ham s6 f : N — N théa man vdi moi m,n € N :

fm+f(n)) = f(f(m)) + f(n)

GIAL. Cho m =n =0, ta c6 f(0) =0.
Cho m =0, ta c6 f(f(n)) = f(n). Goi k la diém bat dong bé nhat clia ham sb.

x Néu k=0 thi f(n) =0,Vn.
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17.

18.

19.

20.

x Néu k # 0, dé& thay f(nk) = nk,¥n € N. Bay gio ta xét a la diém bat dong bat ki
ciia f. Biéu dién a = ks +r,0 < r < k. Theo gia thiét:

flks 1) = f(r+ f(ks) = f(f(r)) + ks

Hay f(r) = r. Suy ra r = 0. Do d6 mot diém bat dong ctia f khi va chi khi né 1a boi ctia k. Tt
d6 ta xay dung ham fo(n) nhu sau: Chon k — 1 s6 nguyén khong am tuy y 1a ny,na, ..., ng_1
vang =0, néun = qgk+r0<r<kth fo(n) = gk + n.k. D& thady ham fo(n) chinh la
nghiém téng quat ctia ham sé da cho.
4.3 Bai tap ap dung.
( Canada 2002 ) Tvm tat cd cic ham s6 f: N — N théa man:

zf(y) +yf(z) = (x+y)f@* + %)
v6i moi z,y € N.

Xét ham s6 f(n) = [n+v/n), n = 1,2,.... Cho m > 1 la s6 tu nhién. Xét day cic s6
m, f(m), f(f(m),.... Chitng minh trong ddy cé vo han s6 chinh phuong.

Cho D =1{1,2,3,...,2004}. Ham s6 f : D — N théa man : vdi moi m,n € D thi

flm) + f(n) < f(m+n) < f(m) + f(n) +1
Chiing minh ton tai © € R sao cho f(n) = |nz|, vdi moin € D.

( Téng quat Vi du 2 ) Tim tat cd cic ham s6 f : N* — N* théa man:

fn+f(n))=f(n), VneN

va ton tai zg € N sao cho f(zg) = a.
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5 Ham sb st dung tinh chat sé hoc.

5.1 Ly thuyét.

Céc bai toan sit dung tinh chat s6 hoc déu rat dep mit tit phat biéu dén 15i giai . Tuy nhién
, thure té thi cac bai toan dang nay déu khé trén mot phuong dién nao dé. Dé xac dinh xem
mot bai toan ham s6 ¢6 sit dung tinh chat s6 hoc hay khong, chiing ta can cha y t6i cac dieu
kién ve diéu kién va cau hoi duge dit ra.

a, Néu xudt hién cac biéu thitc tuyén tinh chita lity thira, c6 thé nghi t6i cac bai toan vé
bac ctia phan t1, cac loai phuong trinh dic biet ( phuong trinh Pell, phuong trinh Pytago,...),
hay dua vé xit 1y cac bai toan giai phuong trinh vo dinh nghiém nguyéen.

4 N S ~ ~ - P Pa £ sz . N S . 2 < 2 ~ £ P
b, Néu ham s6 da cho nhan tinh can xét den gia tri ham so tai cdc diém nguyén to, cac
day s6 nguyen t6 vo han.

¢, Stt dung cac ding thic s6 hoc.

5.2 Mot vai vi du minh hoa.
Vidu 1.. Tim tat ci cic ham s6 f : N* — N* théa man : 22+ f(y)| f (z)?+y vdi moi x,y € N*.
GIAT: Ki hieu P(z,y) 1a cach cho bo (z,y) € N*2 vao diéu kien da cho.
*P(1,1)= f(1)=1
* P(Ly) =1+ fyIf(1) +y=y=>fly) (1)
*x P(x,) = 22+ 1|f(2)2 + 1= f(z) >z (2)
T (1) va (2) ta c¢6 f(x) =z, Vo € N*.
\Y%
Vi du 2. ( Austrian 2002 ) T¥m tat cd cic ham so f : N* — N* théa man:
a, f(x +22) = f(x)
b, f(a?y) = f(2)*f(y)

vdi moi x,y € N*2,
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GIAL Choz =y =1taco f(1) = 1. V6i mdi z ( 2 <z < 22 ) thi ton tai k¥ € N* sao cho
22 | x(kx —1). Khi d6 = + 22t = ka?.

Ta c6
Fla) = Fla+22t) = F(ak) = f(2)%f (k) <= f(x) = 1
Vay f(x) =1,Vx € N*.

\%

Vi du 3. ( Iran TST 2005) Tim tat cd cac ham s6 f: N — N théa man ton tai s6 k € N
va 1 86 nguyén t6 p sao cho Vn >k, f(n+p) = f(n) vanéum | n thi f(m+1)]| f(n)+ 1.

GIAL: Gid sttn >k va p |/n — 1. Ta c6, ton tai k sao cho n — 1|n + kp. Suy ra
f)lf(n+kp) +1
Nhung f(n) = f(n+ kp), suy ra f(n) | 1 va f(n) = 1.V6i mot s6 n # 1 bat ki, ta co:
n—|(n—1)kp

= f(n)|f((n — l)kip) +1=2
Vithé véin # 1, f(n) € {1,2}. Bay gio ta c6 2 trudng hop:

TH1. f(n)=2,YVn>kvap|n—1.

Xac dinh n > k sao cho p |[/n — 1. Khi d6 ton tai m sao cho n — 1jm va plm — 1. Vi
vay f(n) | f(m)+1=3va f(n) =1. Hay f(n) =1 . Ta xac dinh dugc ham f nhu sau:

1, f(n) =2,Yn >k va p|n — 1.
2, f(n)=1v6imoin>kvap|n—1
3, f(i) = f(i+p) véi moi i < k
TH2. f(n)=1,Yn>kvap|n—1.

Trong truong hop nay, f(n) = 1,Vn > k, va néu ta gid st S = {a | f(a) = 2} thi sé
khong ton tai m,n € S thoa man m — 1 | n.Ta xac dinh dugc ham f nhu sau:

1, f(z) € {1,2},Vz € N.
2, V6i S 1a mot tap con vo han ctia N sao cho khong ton tai m,n € S théa man m — 1 | n va
véin > 1, f(n) =2 khi va chi khi n € S, f(z) =1 v6i cdc x # 1 con lai va f(1) la mot s6

bat ki xac dinh bai £(2) | f(1) + 1.
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\Y

Vi du 4. ( IMO Shortlists 2004 ) Tim tdt cd cic ham so f : N* — N* théa man
f(m)? + f(n)|(m? +n)? vdi moi m,n € N*,

GIAT: Ki hieu P(m,n) la cach cho bo (m,n) € N*2 vao diéu kien da cho.

«P(,1) = f(1) =1

*x P(1,n) = f(n)+ 1|(n+ 1)?

x P(m,1) = f(m)? + 1|(m? +1)2

Goi p 1a mot s6 nguyén t6 bat ki, ta c6 p?|f(p — 1) + 1. Gia st f(p — 1) + 1 = p?. Khi
d6 (p? =1 +1((p— 1?4+ D% Ma (p° = 1)*+1> (p—D%(p+1)* > p*(p—1)? = (> —p)* >
((p—1)2+1)2 vo 1y. Do d6 f(p) = p v6i moi p la sd nguyen t6 hay ton tai vo s6 k sao cho
f(k) = k. V6i mdi k nhu thé va s6 tu nhien n # 0 bat ki ta c6 :

k% 4 f(n)|(k* 4 n)?

=+ (-1 +f(n)((p - 1)*+2n— f(n)) + (f(n) —n)?

Khi chon k£ du 16n ta sé phai ¢6 f(n) =n. Vay f(n) =n,Vn € N*

Nhan xét. O bai toan nay, sau khi dy doén duge nghiem ham la f(n) = n, didu ta can
dat dugc chinh I3 kep biéu thitc chita f(n) —n béi 1 dai lugng 16n tiy ¥ va khi d6 dung tinh
chia hét ta phai c6 f(n) = n. Dé c6 diéu do, ta can xay dyng mot day vo han cic s6 diém bat
dong ctia f. Ta ciing can han ché t6i da cac truong hop uée phai xét va chi ¥ rang s6 dang
p? chi c6 i+ 1 udelal,p, ... p'.

\Y

Vidu 5. (USA TST ) Cho p la 1 56 nguyén té 1. Tam tat cd cdac ham so f : Z — Z théa
man dong thoi:

a, f(m) = f(n) néu m =n mod p.

b, f(mn) = f(m).f(n).

Voi m,n la cic so nguyén.

GIAL: Ta c6 : f(p(k+ 1)) = f(pk) < f(p)(f(k +1) — f(k)) = 0.
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Xét 2 truong hop:
Trudng hgp 1: f(p) # 0

Dé thay néu f(1) = 0 thi f(n) = 0,Vn € Z, vo ly. Xét rieng khi f(1) = 1. V6i mdi z € Z, p |/x
ta c6 y € Z sao cho xy = 1 mod p. Do doé:

f@)f(y) = fley) = f(1) =1
Suy ra f(n) = +1,p |/n.
Mit khéac: f(n?) = f(n)? = 1,p |/n nén f(m) = 1 néu m la 1 s6 chinh phuong modp,
va p [/m. Néu Ai,p |/i sao cho f(i) = —1, ta ¢6 ngay f(n) = 1,Yn € Z,p |/n. Xét i la s6

khong chinh phuong modp va k 14 1 s6 khong chinh phuong modp, p |/k bat ki, suy ra ik
chinh phuong modp. Mat khac:

J(k) = = (0).F (k) =~ F(hk) = ~1

Hay ta c6 f(z) = 1 néu x 1a s6 chinh phuong modp, p |/z f(z) = —1 néu z 1a khong s6 chinh
phuong modp.

Xét xg sao cho f(zg) = —1. Cho m = xg,n = p vao b, ta c6 f(p) = f(pxo) = f(p)f(xo) hay
f(p) = 1. Suy ra f(z) = 1 néu x 1a s6 chinh phuong modp f(z) = —1 néu x la khong s6
chinh phuong modp.

Trudng hop 2. f(p) = 0. Suy ra f(n) = 0,Vp | n. Néu f(1) = 0 thi f(n) = 0,Vn € Z.
Néu f(1) # 0.Gia st ton tai zg sao cho f(xg) = 0 va p [/zo. Suy ra f(nzg) = 0,Vn € Z.
Ma ta c6 day xo,2z0, ..., (p — 1)z 1& day thing du day di modp. Suy ra f(1) = 0 vo 1.
Vay f(z) = 0 & p | x. Tuong tu trén ta ciing c6 rang, f(z) = +1, f(0) = 1 vo ly. Do d6
f(z)=0<p|xva f(xr) =1 véi cac = con lai.

Vay c¢6 bon ham s6 théa méan 1a:

1, f(n) =0,Yn € Z.

2, f(n) =1,Vn € Z.

3,f(x) = 0 néu plz, f(z) =1 trong trudng hgp con lai.

4, f(x) = 1 néu z 14 s6 chinh phuong modp, f(z) = —1 trong trudng hop con lai.

\%

Vidu 6. Tim tat cd cic so nguyén khong am n nhé nhat sao cho ton tai ham s6 f : 7 —
[0, +00) khdc hang so théa mdan:
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2, f(zy) = f(x).f(y)
1, 2f(2®> + %) — f(z) — f(y) € {0,1,...,n}.

vdi moi $6 nguyén x,y. Vdi s6 n tim dugc , tim moi ham s6 théa man.

GIAI : V6i n = 1 ta c6 thé chi ra ngay 1 ham s6 théa méan : Vi p 1a 1 s6 nguyen t6 dang
4k + 3, ham f duge xac dinh nhu sau:

{f(x) = 0 néu plz

f(x) = 1 trong trudng hgp con lai

Hién nhién ham s6 trén théa man. Bay gis ta gia st ring v6i n = 0 thi ciing ton tai ham thoa
man. T do:

2f(a® +y%) = f(x) + f(y)(*)

x Chox =y =0vao 1, tacé f(0) = £(0)?
C6 2 kha nang sau:

KN 1. £(0) =1

x Cho y = 0 vio (x): 2f(2%) = f(x) + 1. Ma f(@)? = f(a?) nen | 1\7) =

flz) =
R 1

Gia st ton tai zg sao cho f(xp) = 5 Cho z = y = z¢ vao (x) ta c6 2f(20)? = 2f(22) = 2f(20)

vo ly. Suy ra f(x) =1, Vo € Z. Trai véi gia thiét.

o= =

KN 2. f(0) = 0. Tuong tu ta cling ¢6 diéu mau thuan.
Vay n > 1. Dé tron ven bai toan ta gidi bai sau:

" Tim tdt cd cac ham s6 f: 7 — [0,4+00) sao cho:

1, f(zy) = f(z)-f(y).

2, 2f(2* +y?) — f(z) — f(y) €{0,1} ."

GIAI : Dé dang ching minh cédc nhan xét sau:f(0) = 0 va f(1) = 1. Ki hiéu P,(z,y), Py(x,y)
lan lugt 1 cach cho bo (x,y) € Z? va didu kién 1, 2 .

*x Py(z,2) = f(x)? = f(2?)
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*x Py(z,0) = 2f(x)? — f(x) € {0,1}. T d6 ta c6 f(z) € {0,1}.
*x Py(=1,-1) = f(-1) =1
* Po(=1,—2) = f(-2) = f(z)

Do f khong 1a héng s6 nén ton tai p nguyén t6 sao cho f(p) = 0. Gi4 st cling ton tai
q # p, g nguyén t6 va f(q) = 0.

*x Py(p,q) = f(p? +¢*) = 0. V6i mdi a,b € Z ta luon co :

2f(a® +°).f(p* + ¢*) = 2f ((gp + bq)® + (ag — bp)*) = 0

Do 0 < f(x) + f(y) < 2f(2* +y®) nén f(ag — bp) = 0.

Do (p,q) =1 nén a,b € Z sao cho ag — bp = 1 hay:
1=f(1)=f(ag—bp) =0

vo ly. Suy ra ton tai duy nhat 1 sé nguyén t6 p théa man f(p) = 0(x*) Néu p c6 dang 4k + 1
thi ton tai a € Z sao cho pla® + 1 hay f(a? + 1) = 0.

Mat khac :

*x Py(1,a) = f(a®> +1) = 1 vo ly. Vay p c6 dang 4k + 3. Tt d6 dé thay f(z) = 0 & p|z
va f(x) =1 véi cac x con lai. Hay ta c6 ham s6 duy nhat thoa man 1a :

{f(a:) = 0 néu plz

2,0 1\ A ~ A 4 .
f(x) = 1 trong trudng hgp con lai voi p la s0 nguyen o dang 4k + 3

Nhan xét: (x*) con c6 thé chitng minh bang nguyen ly cuc han. Khi xuat hién dai lugng a?+ b2
ta thuong nghi t6i mot bd dé quen thudc :

Cho p la mot s6 nguyén t6 dang 4k 4+ 3 va 2 s6 nguyén a,b théa man pla® + b*. Khi dé
ta cé pla va pld.

Ciing sé 1a kh6 khan néu ta chimg minh néu p la s6 nguyén t6 sao cho f(p) = 0 thi p 1a s6
nguyén t6 dang 4k + 3 néu nhu khong thong qua mot danh gia trung gian. Nhé lai rang —1
la s6 chinh phuong modp (do (—=1)®~1/2 = (—=1)%* = 1 mod (p)) hay sé ton tai a sao cho
pla® + 1. Cho Py(z,1) ciing 14 mot phan xa thudng gap khi ta da biét cac gia tri ham & céc
diém dac biet.

Ngay sau day ciing 14 mot vi du cling mang sac mau bac ciia phan ti.
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\%
Vidu 7. Cho f,g: N* — N* la 2 ham s6 théa man :
i, g la toan dnh.
ii, 2f(n)? = n? + g(n)? véi moi s6 nguyén duong n.
Néu | f(n) —n| < 2004y/n vdi ¥n thi f c6 vo s6 diem bat dong.
( Chii thich a dugc goi la diém bat dong cia ham f tren D néu a € D va f(a) = a ).

GI1AT : Dau tien ta c6 theo Dinh ly Dirichlet vé sd nguyen t6 thi day s6 (p;) v6i p; 1a
cac s6 nguyeén t6 dang 8k + 3 1a 1 day vo han. Tu d6 véi moi n thi:

< 2 > (L)@

Pn
0 day, (2> la ky hiéu Legendre .
n
Stt dung diéu kién i, ta tim duge day (x,,)%2; sao cho g(z,) = pn, ¥n. Ta c6 :
2f(an)* = 25+ py
= 2f(a)? =22 (mod py)

W (2) =t { BT

Pn Dn |l'n

Suy ra ton tai 2 day s6 nguyen duong (a,) va (by) sao cho :

{ Ty = Qp.-Pn
f(xn) = by.pn

Tit ii, ta duge 2b2 = a2 + 1.
Cudi cung, st dung gia thiét : |f(n) — n| < 2004y/n, ta c6 :

2004 fla)
\/ﬁ T Ty

2
Vvan +1
_— 2
o V2

= lim a, =1
n—oo

b
ST
an,

= lim

n—oo
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Suy ra ton tai Ny sao cho
an =by, =1,Yn > Ny

Vay f(pn) = pn,Vn > Ny ( diéu phai chiing minh ).

Nhan xét : Cing nhu 6 vi du trén, mot cau héi duge dat ra la viec xay dung day (p;)
khong hé tiy nhién. Tuy vay bang 16i suy nghi tuong ty trén, ta hinh thanh y tuéng. Xuat
phat véi bai toan :

" Tim tét ca cac sb nguyeén to g sao cho phuong trinh 222 — 32 = ¢ ¢6 nghiém nguyén duong."
Phuong trinh trén dan dén:

2¢% = % mod (q) <= 2007Y/2 2P~ = 4P~ mod (¢) <= 20V/2 =1 mod (q)

( Theo dinh ly Femart ). T d6 ta dy doan dugc dang ciia ¢. Nhin chung, khi gip cac bai
dang vi du 1, 2 thi doi héi ta can c6 mot sb kién thitc nén tang vé bac clia phan tit v dién
hinh 1a céc bai toan vé biéu dién s6 nguyen to.

Vi du ngay sau day thuye sy 1a 1 vi du dam mau sic s6 hoc tit dé bai cho dén 15i gidi.
\Y

Vi du 8. Tim tat ca cdc toan anh f: N — N sao cho mdi moi m,n € N thi:

f(m)|f(n) & m|n

C1A1: Kihieu P C N la tap tat c cac s6 nguyen t6. Xét don anh g : P — P. Néun = [[_, p™
. k .
thi f(n) =[1;_, 9(pi)™.

Ki hieu 7(n) la s6 uéc nguyén duong ctia n. Ta ¢6 nhan xét sau 7(n) = f(r(n)) ( do f
1a toan anh ).V6i mdi s6 nguyén t6 p, f(p) chi c¢6 ding 2 wéc nguyén t6 nén noé ciing la s6
nguyén t6. Xac dinh g nhu trén , tit d6 ta c¢6 f(p) = g(p). Ta sé chitng minh g 1a song anh.
That vay , do f toan 4nh nén g 1a toan anh. Vi vay ¢ 1a song anh. Tiép theo ta chiing minh
f(p*) = g(p)* véi k 1a s6 nguyen duong bing quy nap.

% k = 1 hién nhieén.

x Gia st k — 1 ding. Ta c6 f(p*) chia hét cho 1,g(p), g(p)?, ..., g(p)*~" v& ngoai ra khong
chia hét cho s6 nguyén duong nao khéac. Do d6 7(f(p*)) = 7(p¥) = k+ 1. Néu k > 1, khi
f(p*) ¢6 them 1 w6c nguyen 6 nita thi 7(f(p*)) > 2k > k+ 1 vo Iy. Tt do f(p*) la liy thira
ctia g(p) va n6 c6 k + 1 ude nén f(p*) = g(p)*.

Gia st n 1a 1 s6 nguyén duong , p 1a 1 s6 nguyén t6 khong chia hét n. Ta sé di ching
minh:

fn).f(p*) = f(np®), Vk € Z
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Tit ged(n, p¥) = 1 ta c6 7(n).7(p*) = 7(n.p*). Mit khac g(p)*|f(n.p*) va g(p)f(n). Do vay
moi uSc ctia f(n) va g(p)* chia hét f(np*) va moi ude ciia g(p)* va f(n) 1a uéc cta f(n.p*).
Lai co:

T(f(n)-f (")) = T(n.p*) = 7(f(n.p"))
Néu f(np*) c6 wéc khéac véi cac ude ciia f(n) va g(p)* thi 7(f(n).f(»*)) > 7(f(n.p*)) vo ly.
Vay:
flnp®) = f(n).g(p)* = f(np®)

Tt cdc nhan xét trén ta c6 ham f duge xay dyng nhu trén 134 duy nhat .
\Y
Vi du 9: . ( Mathlinks contest ) Tim tat cd cic ham s6 f : N — Z théa man:
a, Néu a|b thi f(a) > f(b).
b, f(ab) + f(a® +b%) = f(a) + f(b)
Véi a,b la cic s6 tu nhien.
GI1AT .Néu f(z) 1a mot nghiém ham , f(x) + ¢ ciing 13 mot nghiém ham. Do d6 ta c6 thé gia

st rang f(1) = 0.Chu § réng tu 1|n, f(n) <0 Vn.

1) Tu f(1x 1)+ f(1+1) = f(1) + f(1), suy ra f(2) = f(1) hay f(2) =

2) Goi n 1a s6 nguyén sao cho —1 la s6 chinh phuong modn. Do d6 ton tai a théa méan
2
a® = —1+kn.

Suy ra
fla) + f(a® +1) = f(a) + f(1)
> fa®+1) = f(kn) = f(1) =0
nhung f(n) > f(kn) = f(a® + 1) va f(n) < f(1) éIlf() f(1) =
Do dé néu ton tai u sao cho u? = —1 (mod n) thi f(n) =

3) Tu (2) dé thay f(p) = 0 v6i moi p nguyén t6 va p =1 (mod 4) .

4) Gia st f(a) = ()—Ovaf(ab) < f(a) = f(b) = 0 thi f(a®+ %) > 0, vo ly . Do
d6 néu f(a) = f(b) = Othi f(ab) =

5) Goi a,b 1a 2 6 nguyén théa man ged(a,b) = 1, khi d6, goi p 14 mot s6 chia hét a? + b2. Ta
c6 a®>+b* =0 (mod p). Ta c6 mot bd dé quen thude, néu p 1a s6 nguyen t6 dang 4k + 3 thi vé6i
moi bo a, b théa man p | a®+b? tasé cop | a vap | b. Vi ged(a,b) = 1 nén néu p | a®+ b2 thip
chi c6 dang 4k+1 . Tt (4) ta c6 a®+b? 1a tich cia cAc s6 nguyen t6 p; thda man f(p;) = 0 nén
f(a?+0?) = 0. Tt f(ab) + f(a® +b%) = f(a)+ f(b) ta c6 ged(a,b) = 1 = f(ab) = f(a)+ f(b).
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6) Cho a = bc vao phuong trinh da cho , ta c6 f(b%c) + f(b?(c® + 1)) = f(bc) + f(b). Nhung
f(b) > f(b?(c® +1)) va f(be) > f(b?c). Do d6 f(b%c) = f(bc). Chon c =1, f(b%) = f(b). Tiép
theo chon ¢ = b), f(b?) = f(b?). Bing quy nap ta cé:
FOF) = f(b) VE > 1
7) St dung (5) va (6) ta c6 f([[pi") = f(pi) 6 day p; la cac s6 nguyen to.
Xét ham s6 f(x) xéc dinh bdi :
* f(1)=0
*f(2)=0
* f(p) = 0 v6i cac s6 nguyeén t6 p sao cho p =1 (mod 4) va p = 2.

* f(p) = ap <0 v6i moi s6 nguyeén t6 p con lai ( & day a, la cac sd nguyén khong duong.)

* f(ITp!") = f(pi) 6 day p; 1a cac sb6 nguyen to.
Ta c6 thé chiing minh f(z) thda man diéu kien :
Hién nhién néu a|b thi f(a) > f(b)

FAX1)+f12+1%) = f(1) + f(1) =0

flax1)+ f(a®>+1) = f(a) + f(1), ta c6 moi u6c nguyén t6 p ctia a® + 1 déu théa man p = 1
(mod 4).

Véi 2 s6 nguyén a,b > 1 bat ki, goi :

- p; 1& cac uéc nguyen to clia a khong chia hét b.

- ¢; 1& cac w6c nguyen to clia b khong chia hét a.

- r; 14 cac u6c nguyén t6 cia a va b.

fla) =32 f(pi) + 30 f(ra).

f(0) =32 flai) + 32 f(ri).

flab) =32 f(pi) + 22 f (i) + 22 f(ra).
fla® +0%) =32 f(ri) + 32 f(si)-

2 . a b
O day s; 1a cic u6c nguyen t6 clia A = (

" )2 -
gcd(a,b)) + (gcd(a,b)
cac u6c nguyen t6 ciia A 1a cac s6 nguyén t6 théa s; = 1 (mod 4)va do d6 f(A) = 0.

Suy ra f(a? +v%) =Y f(r:).

)2. Nhung tuong tu (5) ta c6
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21.

22.

23.

Hay f(ab) + f(a® +0%) = f(a) + f(D).

Va ta c6 nghiém ctia phuong trinh ham Ia :

Cho M 1a mot s6 nguyén, ham f duge xac dinh nhu sau:

* f(1)=M.

* f(2)=M.

x f(p) = M v6i moi s6 nguyén t6 p théa man p =1 (mod 4).

* f(p) = M + a, v6i moi s6 nguyen to p con lai (6 day a, 1a cac s6 nguyén khong duong ).

* f(IIp") = M + > (f(pi) — M) 6 day p; la cac sb6 nguyen t6.

5.3 Bai tap ap dung.
Cho f:N* — N* la 1 song dnh. Chitng minh 2 diéu kién sau la twong duong:
1, f(m.n) = f(m).f(n)
2, f(m)|f(n) < min.
( Mot chit mé rong cho Vi du 2) Tim tat cd cic ham so f : Z — 7 théa man:
a, f(z+22) = f(z)
b, f(z?y) = f(x)*f(y)
vdi moi x,y € Z2.
( China 1996 ) Cho A = {1;2;..;17} va ham s6 f : A — A. Xdc dinh fU(z) = f(x)
va fRH(z) = f(f¥(x)) vdi k € N. Tum s6 tu nhién ldn nhit M sao cho ton tei don danh
f:A— A théa man cic dieu kién sau :
1, Neum < M val<i<16 thi:
G4 1) — fMG) # £1 mod 17

2, Voi 1 <i<16 thi :
FMIG 1) — FIMIG) = +1 mod 17
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24.

25.

26.

27.

28.

29.

30.

Véi moi s6 nguyén duong k ton tai hay khong ham s6 f : N — Z théa man :
1, £(1995) = 1996

2, f(zy) = f(z) + f(y) + kf(ged(x,y)) vdi moi z;y €N ?

Tim tat cd cic ham so f : N — N théa man :
1, f(m) =1 khi va chi khi m = 1.

Fm)f ().

2, Néu d = ged(m,n), thi f(mn) = 7

3, Vdi moi m €N, ta c6 f2°(m) = m.

Cho ham s6 f : NU{0} — N va théa man dieu kién.
1, f(0)=0,f(1) =1

2, fln+2)=23-f(n+1)+ f(n),n=0,1,....

Chiing minh rang vdi moi m € N,ton tai s6 d € N sao cho m|f(f(n)) < d|n.

Cho ham s6 f : N* —s N* théa man:
L f1)=a
2, f(n?f(m)) = mf(n)?

Chitng minh rang:

b, a| f(n),¥vn € N*.

Tim tat ca cic ham f : Z — 7 théa man:
fle+y+fy) =fz)+2yVa,y €L
Tim tat cd cic ham f : N — N théa man:

ged(f(m), f(n) = 1 <= ged(m,n) = 1

Tim tat cd cic ham f : Z — Z théa man: f(f(n)) + f(n+1) =2n+3 va f(n) >n— 1.
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31.

32.

33.

34.

35.

36.

Cho f: 7 — Z:

1, f(p) = 1V vdi moi s6 nguyén to p
2, f(ab) = af(b) +bf(a)

Ching minh :

a, Ton tai duy nhat mot ham so f .

b, Tvm n sao cho f(n) =n.

Cho f la ham s6 f:NU{0} — N, va théa man cdc diéu kién:

1, f(0) =0,f(1) =1,
2, f(n+2)=23-f(n+1)+ f(n),n=0,1,....

Chiing minh vdi moi m € N, ton tai s6 d € N sao cho m|f(f(n)) < d|n.

Cho g(n) la ham s6 xdc dinh bdi :

V4
g(n+2)=gn)+gn+1)+1,n>1

Ching minh néun > 5 la s6 nguyén t6 thi n chia hét g(n) - (g(n) +1).

Cho da thitc P(x) € Z[z], P(x) = ag + -+ + ap—12P~! va s6 nguyén té p > 2 théa man : Néu
p khong chia hét a — b thi p khong chia hét P(a) — P(b).Ching minh pla,_;.

Cho ham s6 f : Z. — Z va f khong la mot da thic. Gid st Va,b,m € Z , a=bmod m thi
ta c6 f(a) = f(b) mod m. Ching minh vdi moi s6 nguyén duong k ta cé :
£ (n)]

lim —— =400

nsoo  nk
( Viet Nam 1997 ) Cho ham s6 f : N — Z xdc dinh bdi f(0) = 2; f(1) = 503; f(n + 2) =

503f(n+1) —1996f(n). Vdi k € N chon cdc s6 nguyén si, s, ..., g khong bé hon k va cho p;
la wdc nguyén to cia f(25). Ching minh rang 2> p; | 2¢ khi va chi khi k | 2t
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37. ( Balkan MO 2006, Bai s6 4 ) Cho s6 nguyén m va day s6 (a,)°, zdc dinh bdiag = a € N,

va a
= néu a, =0 (mod 2),
Ap41 = 2 ]
an +m trong truong hgp con lai .

Tim moi gid tri cia a sao cho a, la day tuan hoan.

38. Cho p la s nguyén to Ié va q la mot s6 nguyén khong chia hét chop. Gid st f = {1,2,3,..} — R
la mot ham théa man dong thoi hai diéu kién sau:

f(k)

1,~~ khong phdi la s6 nguyén vdi moi k =1,2,...,p — 1.
p

2, f(k)+ f(p — k) la s6 nguyén chia hét cho p vdi moi k =1,2,....p — 1.

Khi do
p—1 p—1 1
PHOBSEEDSIOEE
k=1 p pk:l

Bai todn trén cé thé dung dé ching minh cdc bai todn.
Bai 1. Cho p,q la cic s6 nguyén duong nguyén to cung nhau. Ching minh ring

”iqu _(p-Dg-1)

k=1 p 2

Bai 2. Cho p la s6 nguyén t6 1. Chitng minh ring

”thkﬂ -2 -1p+1)
p

4
k=1

Bai 3. Cho p la nguyén to 1é va q la s6 nguyén khong chia hét cho p. Chiing minh ring

pz_:lt(_l)k]gqj (p—l)(q—l)

k=1 p 2

Bai 3. Cho p la 56 nguyén t6 1. Chitng minh rdang

1

3
|
N
S
|
o
S
_.I_
_

i
I
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6 Ham s6 va hé dém co so.

6.1 Ly thuyét.

Hé dém co s6 1a mot phan quan trong lién quan dén thuat toan trong tin hoc. Trong phan
mon toan, hé dém co s6 c6 thé ding dé xay dung nhiéu day sb c6 tinh chat rat tha vi. Nhin
trén phuong dién ctia mot co s6 khéc, c6 thé rat khé nhan ra quy luat, nhung néu chon ding
co s6 thi bai toan tré nén vo cling don gidn. Xin nhac lai 1a véi b 1a mot s6 nguyén duong
16n hon hay bing 2 thi moi s6 nguyén duong N déu cé thé biéu dién mot cach duy nhat dudi
dang

N = @ia—ay |py= a1d" ' + axt" 2.+ ay,

v6il<a; <b-—1,0<as,..,ap <b—1.
D6 1a dinh nghia hé dém co s6 dang co ban nhat. Tuy nhién, c¢6 thé lay mot day s6 nguyen
bat ky (c6 tri tuyet déi tang nghiem ngit) 1am he dém co s6 vi du he dém co s6 (-2), he dém

co s6 Fibonacci (3 =4-2+ 1,17 =13 + 3 + 1 ...). Cac hé dém thuong sit dung nhat 1a he
dém co s6 2 va co s6 3.

6.2 Mot vai vi du minh hoa.

Vidu 1. Tim tat cd cic ham s6 f : N* — N* thod man cdc diéu kién:
1, f(1) =1, f(3) = 3.

2, f(2n) = f(n).

3, f(dn+1) = 2f(2n+ 1) — f(n).

4, fAn+3) =3f(2n+1) — 2f(n).

GIAL Hién nhién néu ton tai ham s thi né la duy nhéat. Ta ching minh néu trong biéu
dién nhi phan n c6 dang a1az..-an, |2 thi f(n) = Gnam_1...a1 |2. That vay:

x V6i n = 1,3 thi két luan hién nhién ding.
% Gia st v6i moi k < n thi két luan dung. Ta xét 2 truong hgp sau:

Trudng hop 1. Néu n 1a s6 chén, dat n = 2k. Gia st k = @ias...an, |2 thi n = ajaz...a;,0 |o.
Khi d6 két luan hién nhién ding.

Trudng hop 2. Néu n 1a s6 18. Dén day, ta tiép tuc khoanh viung gia tri ctia n.
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* n c6 dang 4k + 1. Gia st k = a1az.-an, |2 thi n = ajas...a,01 |2. Mat khac, ta c6 :
U = Af—2...a201 ‘2

Ugk41 = lag_g...a2a; |2

Suy ra:
Up = Ugkt1 + (U1 — ug) = 10ag_2...a2a1 |2

Két luan dung trong truong hop nay.
* n ¢6 dang 4k + 3. Tuong tu.
Vay ham s6 chi ra dau bai 1a ham duy nhat théa man bai ra.
\Y%

Vidu 2. Tim tat cd cic ham s6 f : N* — N* thod man cdc diéu kién:
1, f(1) = 1.
2, f(2n) = f(n).
3, f2n+1) =1+ f(2n).
GIAL Ciing nhu & vi du trén, ta nhan thiy néu ton tai ham s6 thi né 1a duy nhat. Tiép
theo ta chitng minh bing quy nap ménh dé f(n) chinh la s6 s6 1 trong biéu dién nhi phan
cua n. That vay:
% V6i n = 1, hién nhién ding.
* Gid st v6i moi k < n thi cling dang. Xét khi n = k 4+ 1. Ta xét 2 truong hgp sau:
Trudng hop 1. Néu k 1a s6 chén, dat k = 2m. Khi d6 :

flk+1)=f2m+1)=1+ f(2m) =1+ f(m)

Néu m = G1az...a,, |2 thi 2m + 1 = ajas...a,1 |2 Suy ra s6 chit s6 1 trong biéu dién nhi phan
ctia 2m + 1 v m hon kém nhau 1. Két luan ding trong trudng hop nay.

Trudng hop 2. Néu k 1a s6 18, dat k = 2m + 1. Khi d6 :

flk+1) =f2m+1)) = f(m+1)
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Tuong tu trén thi s6 chit s6 1 trong biéu dién nhi phan ctia 2m + 2 chinh 1a bang s6 chit s6 1
trong biéu dién nhi phan ctia m.

Chitng minh két thiec.
\Y
Vi du 3. Tim tat cd cic ham s6 f : N* — N* thod man cdc diéu kién:
1, f(1) = 1.
2, f2n+1)=f(2n)+1.
3, f(2n) = 3f(n).

GIAL Theo tinh duy nhat ctia ham sb, ta ching minh quy nap ménh dé sau : Néu khi
viét n trong hé nhi phan dugc agag_1...ag |2 thi f(n) = Zf:o 3ta;.

% V6i n = 1, hién nhién ding.

* Gi& st 2n + 1 = agag_1...a11 |, suy ra 2n = agax_1...a10 |2 VA n = Grag_1..a1 |2. Kiém tra
cac gia thiét:
k
f@n+1)=> 38a;+3%1
i=1

k
=> 3a;+3°.0+3%1=f(2n) +1
=1

k-1

k
f2n) = 3a; =3 3'a;) = 3f(n)
=1 1

1=
Bai toan giai hoan chinh.
\Y%
Vi du 4. ( Bai toan cb Josephus ! ) Gid st Josephus ¢6 n — 1 nguoi ban, n nguoi nay
diing thanh vong tron ddanh so ti 1 dén n theo chiéu kim dong ho tu sdt theo nguyén tdc,
nguoi thit nhat cam dao dém 1 roi tu sat, nguoi thit 2 dém 2 roi tuw sdt. Qud trinh diung lai

khi con 1 nguoi. Goi f(n) la ham sé biéu thi vi tri cilia ngudi song sét dé. Tim f(n).

GIATL
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x Néu n = 2k. Sau vong 1, con ngudsi & vi tri 1. S6 ngudi nay danh lai thanh 1,2,..., k.
Néu lugt trude nguoi dé c6 s6 2i — 1 thi sau d6 mang s6 i. Ngudi song sot 6 so6 cii 1a f(2k),
sau mang s6 mdi 1a f(k). Vay ta co:

F(2k) = 2f(k) -1

x Néu n = 2k + 1. Sau vong 1 ( ta ngam hiéu c6 2k + 2 ngudi bing cach tinh tring ngusi
thtt 1 thanh 2k + 2 ), con lai nhitng ngudi s6 3,5, ..., 2k + 1, danh s6 lai 14 1,2, ..., k. Néu lugt
trude nguoi d6 co6 s6 2¢ + 1 thi sau d6 mang s6 i. Nguoi song sot c6 s6 cit la f(2k + 1), sau
mang s6 méi 1 f(k) .Vay ta co:

F2k+1) =2f(k)+ 1

Nhu vay thi f(1) = 1, f(2k) = 2f(k) — 1, f(2k + 1) = 2f(k) + 1. Ta ching minh béng quy
nap rang néu trong biéu dién co s6 2 ctia n 1d Ggar_1...a1 |2 ;ax = 1, véi i # k a; € {0,1} thi
f(n) = ag_1-—-ajag |2. That vay.

% V6i n = 1 hién nhién duing.
* Gid sit véi moi k < n thi ménh dé ding. Ta c6 2 trudng hop:

Trudng hgp 1. Néu n 1a s6 chin, dat n = 2m. Khi d6 néu nhu m = bgbg_1...b; |2 thi
2m = bkbk,l...blo ‘2. Va

F(2m) = 2f(m) — 1 =2. (bk_12’“ Fo b2+ 1) —1=Dbp_1..5:01 |
Ding.

Trudng hop 2. Néu n la s6 1¢é, dat n = 2m + 1. Khi d6 néu nhu m = bgby_1...b1 |2 thi
2m + 1 = bpbp_1...b11 ’2. Va

Fm+1)=2f(m)+1=2. (bk_12k b b2+ 1) F1=bp 1. bill |
Ding. Bai toan gidi hoan chinh.

[1] Cau chuyén truyén thuyét.

Vaspasien la Hoang dé La Ma trong thé ki thi nhat (t nam 69 dén nam 79, theo
Duong lich). Thoi ay cé Josephus la nha viét st bi Vaspasien truy ling vi can toi
chong lai trieu dinh. Tuc truyén rang Vaspasien tim duge ché an ndu ctia 100 nguoi
chong doi va kéu goi ho ra hang, néu khong sé tan sdt tat ca. Da s6 muodn tu sdt
nhung cé mot ngudi néi vdi Josephus la vi hoan canh riéng nén muon dav hang.

Josephus hiéu hoan cinh cilia ngudi nay va dat ra quy tdc nhu trong bai todn tren.
Héi Josephus phdi zép nhu thé nao dé nguoi kia song ?
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39.

\Y%
Vidu 5. Ton tai hay khong ham sé f :{1,2,....,n} — N théa man:
1. f la don dnh.
2. f(ab) = f(a) + f(b) vdi moi a,b e {1,2,...,n} va ab < n.
GIAL: Ta c6 thé chi ra ham sé f nhu sau: Ki hi¢u cac sb nguyén t6 bé hon hodc bing n
theo thtt ty tang dan 1a pq,po,...,pr. Khi d6, néu a = Hlep?",ai € Nyay < n+1 thi
f(pi) = (n+1)%, f(a) =% | ai(n +1). Ta chimg minh ham s6 nay théa man diéu kien.
That vay, v6i a = Hle pit b = Hf 1pf}1 ( 6 it nhat mot gia tri oy va (; khéc nhau ),
thi f(a) = 3% ai(n + 1) va f(b) = 3% B;(n + 1), hién nhien ta chi ¢6 thé biéu dién
f(a), f(b) mot cach duy nhat sang hé co s6 n + 1 va vi thé f(a) # f(b).

Mt khac:
k

f(ab) = f(H(p»ai*ﬁi

Hay f(ab) = f(a) + f(b).

6.3 Bai tap ap dung.

( IMO 1988, bai s6 3 ) Ham s6 f xdc dinh trén tdp hop cdc s6 nguyén duong nhu sau
1, f(1) =1,(3) =3,

2, f(2n) = f(n), fAn+1)=2f2n+1)— f(n), f(4n+3)=3f(2n+1) —2f(n)

Tim s6 cdc gid tri n sao cho f(n) =n, 1 <n < 1988.
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40. ( IMO shortlist 2000 ) Cho ham s6 f : N* — N* thod man cdc dieu kién:
1, f(4n) = f(2n) + f(n).
2, f(dn+2) = f(4n) +1
3, f@2n+1)=f(2n)+1.

Chaing minh véi moi $6 nguyén dwong m, s cdc s6 nguyén duong n sao cho 0 < n < 2™ va
F(4n) = £(3n) bing F(2"+).

41. Ham s6 f : N* — N zdc dinh nhu sau
1, f(1) =2,f(2) =1
2, f(3n) =3f(n), fBn+1)=3f(n)+2,f(Bn+2) =3f(n) + 1.

Tim s6 cdc s6 n < 2006 théa man f(n) = 2n.

42. Ham s6 f : N x N — N zdc dinh nhu sau

1, £(0,0) = 0.
Ty % _
FUGLLED néuaty=0 (mod2)
2 fz,y) =
FUSLLED+1 néuaty=1 (mod2)

¢ day x,y € N. Ching minh:

a, f(z,y) = f([ga L%J) <= x va y cung tinh chan lé.

b, f(z,y) = f(Lga L%j) + 1 <= x va y khac tinh chan lé.

¢, fx,y) =0<=x=y.

43. Ham s6 f : N* — N* la 86 cdc so 1 trong khai trién nhi phan cia n. Ching minh ring:

1 2 Z ?
a, f(n?) < §f(n)(1 + f(n)) va dang thic xdy ra tai vo so diem.
b, Ton tai diy vo han (un)f:"lo sao cho:
2
lim 7 () =0
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44.

45.

46.

( China 1995 ) Ham s6 f zdc dinh trén tap hop cdic s6 nguyén duong nhu sau:
1, f(1) =1.

2, 3f(n)f(2n+1) = f(2n) (1 +3f(n)).

3, f(2n) <6f(n).

Tim cdc s6 k,m sao cho f(m)+ f(k) = 293.

Ham s6 f xdc dinh trén tap hop cdc s6 nguyén duong nhu sau:

1, f(3n) = 2f(n).

2, f(3n+1) = f(3n) = 1.

f(Bn+2) = f(3n) +2.

Tim tat cac gid tri cian € 0,1,2,...,2003 sao cho f(2n) = 2f(n).

( Balkan MO ) Ham s6 f zdc dinh trén tdp hop cic s6 nguyén duong nhu sau:
1, f2n+1)2 — f(2n)? = 6f(n) + 1.
2, f(2n) > f(n).

Héi ¢6 bao nhiéu gid tri n ma f(n) > 2003.
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7 Y tudng lién két ham s6 va cac bai toan rdi rac.

7.1 Ly thuyét.

Tit 1au ta da biét viec sit dung cac ding thiic truy hoi ( ddy s6 ) hay tinh chat 4nh xa trong
viéc gidi cdc bai toan rdi rac. Phuong phap nay té ro 1gi thé khi ta phai lam viéc v6i nhitng
bai toan doi héi tinh xau chudi cac truong hop nhd 1é va bai toan tong quat. Bang nhimg lien
tudng dé, ta chuyén vé xit Iy cac bai toan dai s6 thuan thiy. Trong phan nay, ta xét mot cai
nhin theo huéng nguge lai, noi d6, cac bai toan ham sé duge chuyén vé cac bai toan roi rac.
Y tudng nay thuc sy méi mé va tac gid mong mudn réing sé c¢6 nhimg trao déi véi cac ban
cac thay co sau hon vé mang bai tap nay.

7.2 Mot vai vi du minh hoa.

Vi du 1. Ton tai hay khong ham s6 f : {1,2,...,n} x {1,2,....,n} — Z théa man vdi moi
s6 x,y,a € {1,2,...,n}.

1, f(z,y) =0 <= 22 +y? € P.

Vi f(x,y)? =1 trong truong hop con lgi.

27 Z?:l f(CL, i)’ Z?:l f(% a) € {_17 07 1}'

Véi P la tap cdc s6 nguyén to .

GIAL Diéu kién 1 lam ta lién tuéng dén mot tinh chat s6 hoc quen thuoc :

Mot 56 nguyén to dang 4k + 1 thi luon viét duge dudi dang tong 2 sé chinh phuong.
Tuy nhién ta c6 thé thay ngay dé 1a mot menh dé bdy vi viec két ndi 1 va 2 trd nén rat kho
khin. Ham 2 bién gitp ta lién tudng dén hé truc toa do. Va bai toin sau xuat hién: Ta cu
thé héa 3 gia tri ham s6 14 0, -1, 1 biing 3 trang thai ctia 1 diém c6 thé c6 trén hé truc toa do
13 khong mau, mau trang va mau do, tuong tng. Suy ra trong 1 tap diém ndo do, diéu kien
2 sé duge dap tng, tic 1a s6 diém dé va tring hon kém nhau khong qua 1, dé don gidn chon
ngay dé6 la mot duong thang.

Ta phat biéu lai bai toan:
Cho mot so hitu han diém trong mdat phdang, vdi moi diém nguyén thi luon cé mot cic to

mau diém dé vdi 2 mau dé va trang sao cho moi duong thing L chita cdc diém néi trén thi
s6 diém do va trang trén L hon kém nhau khong qud 1 diém.
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Day cfing chinh 1a bai IMO 1986. Cau tra 1oi 14 c6 va di nhién, ham sé trong bai toan
cling ton tai.

Mot phét biéu khac ctia bai toan 1a & dang sau :
\Y

Vidu 1°. Ton tai hay khong ham s6 f : {1,2,...,n} x {1,2,....n} — {=2,—1,0,1,2} théa
man vdi moi s6 x,y,a € {1,2,...,n}.

1, f(z,y) = 2% — y? mod 3.

2, |50, fliva) | 3,1 S0, Fla,) 1< 3.
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8 Mot sb bai toan chua cé 15i giai.
Két thic chuyén dé nay 13 mot s6 bai toan chua c6 10i gidi ( theo nhiéu nguon sich vé va cac
website toan nhu mathlinks.ro hay nhiéu trang web todn trong va ngoai nudc khac ) . Day
thite sy 14 nhitng bai toan hay va duong nhién 13 rat kho.
Bai s6 1. Tum tdt cd cic ham so f : N —s N théa man:
f(f(n) =n) + f(f(n) +n) =8n
\Y%

Bai s6 2. Tim tit cd cic ham s6 f : N — N théa man:
n n
FOQ_ Ty = ()
k=1 k=1

Véi m,n la s6 tu nhién.
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