Phwong trinh ham da thuc Hoang B& Minh

PHUONG TRINH HAM PA THUC

Cac khéi niém co ban
Da thic f(x) co6 dang:

f(x) =ax™+ a,_x" P+ ... 4a;x + a
(Trong d6n € N*;x € R;a,,a,_1,....,8 € R vaa, # 0)

S6 ty nhién n goi 1a bac cua f(x) ki hiéuladeg f = n
Pa thuc f(x) = a,x™ + a,_1x™ ' + ....+a,;x + a, bang khdng khi va chi khi
Ap = Qp-1 = = = Qg
Mbi da thirc f(x) khac khdng c6 duy nhat 1 cach biéu dién.
Hai da thtrc khac khéng ma bang nhau khi va chi khi chiing ciing bac va cac hang
tir bang nhau.
Tat ca cac hé s6 thuc co ki hiéu 1a R[x] tuong tu Q[x], Z[x], ...
Phép chia da thuc
V6i hai da thic f(x) va g(x) (g(x) # 0) ludn ton tai duy nhat hai da thic
q (96). r(x) sao cho f(x) = q(x)g(x) +r(x)
Néu r(x) = 0 thi khi ay f(x) chia hét cho g(x) ki hiéu la f(x) : g(x)
A 1 nahiam o - fl@)=0
S6 a la nghiém cua f(x) khi & [f(x) (x — @)
Ta ndi a 1a nghiém boi k (k € N, k > 2) cta da thic f(x) néu ton tai da thic
g(x) (g(x) # 0) sao cho f(x) = (x — a)*g(x)
Phwong trinh ham da thuc
Gia str a4, a5, ...., @, la cAc nghiém cua da thirc £ (x) véi cac boi twong tng la
ki, ko, ..., k, khi d6 ton tai da thirc g(x) sao cho:
f) = (x—a))o(x —a)* ... (x — a)fn g (x)
(V6ig(x) #0 vadegf =k, +k, + ....+k, +degg)
Moi da thitc n > 1 déu c6 khdng qua n nghiém.
Pa thtc bac 1é ludn c6 it nhat 1 nghiém.
Néu da thire f(x) ¢ bac n ma ton tai n + 1 nghiém phan biét a4, a,,.. &, Sa0
cho f(x;)) =cthif(x) =c
Pa thtc ¢ dang f(x) = f(x + a) 1a 1 da thtc hang

Bai 1: Tim tat ca cac da thuc thoa: (x — 1)f(x + 1) = (x + 2)f(x) Vx € R (1)

Giai:
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Chon x = 1 thi (1) tro thanh f(1) = 0 suy ra x = 1 la nghiém cua f(x)

Chon x = —2 thi (1) tré thanh f(3) = 0 suy ra x = 3 la nghiém cua f(x)

Chon x = 0 thi (1) tré thanh £(0) = 0 suy ra x = 0 la nghiém cua f (x)

Khi 4y ta c6: f(x) = x(x — 1)(x + 2)g(x)

Thay vao (1) thi ta cé:

(x—Dx+DE2+20)gx+1) =x(x+2)(x — D(x + 1) gx)

Sgx+1)=g9gk)
= g(x) = const =c¢

Khi d@6: f(x) = x(x — 1)(x + 2)c

Thur lai ta thay thoa.

Bai 2: Tim tat ca cac da thic xf(x — 1) = (x = 5)f(x) Vx € R (1)

Giai:

Chon x = 5 thi (1) tré thanh f(4) = 0 suy ra x = 4 la nghiém cua f (x)
Chon x = 4 thi (1) tré thanh f(3) = 0 suy ra x = 3 langhiém cua f (x)
Chon x = 3 thi (1) tré thanh f(2) = 0 suy ra x = 2 langhiém cua f (x)
Chon x = 2 thi (1) tr¢ thanh f(1) = 0 suy ra x = 1 la nghiém cua f (x)
Chon x = 1 thi (1) tré thanh f£(0) = 0 suy ra x = 0 la nghién cua f(x)
Khidy: f(x) = x(x — D(x —2)(x = 3)(x — 4)g(x)
Thay vao (1) thi ta cé:

glx—1)=gx) = gx) =const =c
Suyra: f(x) =x(x—1)(x —2)(x —3)(x — 4)c

Thu lai ta thay thoa.
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Bai 3: Tim tat ca cac da thuc f[(x + 1)?] = f(x®) + 2x +1Vx € R (1)

Giai:

Ta co:

3 e fllx+ D] = (x+ 1?2 = f(x?) — x?
bat: h(x) = f(x) — x
Thay vao thi ta co:

gllx +1)?] = g(x*) = g(x) = const = ¢
Khiay: f(x) = x +c

Thur lai ta thay thoa.

Bai 4: Tim tit ca cac da thuc thoa (x — 1)2f(x) = (x —3)*f(x +2) Vx € R (1)

Giai:

Chon x = 3 thi (1) tr¢ thanh f(3) = 0 suy ra x = 3 langhién cua f(x)
Chon x = 1 thi (1) tr¢ thanh f(3) = 0 suy ra x = 3 la nghiém cua f (x)
Khi dy f(x) = (x — 3)2g(x)
Thay vao (1) thi ta cé:

gx)=gx+2)=g(x) =const =c
Khi ay: f(x) = (x — 3)%c

Thur lai ta thay thoa.

Bai 5: Tim tat ca cac da thuc thoa:

(x —8)P(2x) = 8(x — 1)P(x)
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Giai:

Thay x = 8 thitac6 P(8) = 0 nén x = 8 la nghiém cua P(x)
Thay x = 4 thitac6 P(4) = 0 nén x = 4 la nghiém cta P(x)
Thay x = 1thitac6 P(2) = 0 nén x = 2 la nghiém cua P(x)
Khidy P(x) = (x — 2)(x — 4)(x — 8)G (x)
Thay vao thi ta c6:

G(x) =G(2x) = G(x) = const =c¢
Vay: P(x) = (x — 2)(x —4)(x — 8).c
Bai nay c6 thé tong quét ra bai sau:
Tim tat ca cac da thuc thoa:

(x = m*)P(mx) = mF(x — DP(x) Vvm, k € N*

Bai 6: Tim tit ca cac da thic thoa:

(x+ 1)P(x) =(x—2010)P(x+1) (1)

Giai:

Xét bai toan sau: tim tat ca cac da thirc thoa:
(x—a)Q(x) = (x—b)Q(x+1) (2)

Chonx = athitaco Q(a+ 1) = 0suyra (a+ 1) langhiém cua Q(x)
Chon x = b thitac6 Q(b) = 0 suyra b langhiém cua Q(x)
Nén Q(x) =[x —(a+ 1)](x — b)H(x)
Thay vao (2) thi ta co:

[x—(a+1D]HXx)=[x—(b—-1)]H(x + 1)
Chirng minh twong tu thi ta luén c6 (a + 1); b la nghiém cua (2).
Ap dung thi ta co:
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P(x) = [x(x —2010)][(x — 1)(x — 2009)] ....[(x — 1004)(x — 1006)]G (x)
Thay vao (1) thi:
(x —1004)G(x) = (x —1005)G(x + 1)
Chon x = 1005 thi G(1005) = 0 suy rax = 1005 la nghiém cua G (x)
Suyra G(x) = (x — 1005)R(x)
Thay vao (2) ta duoc:

R(x) =R(x+1) = R(x) =const =c

2010

Vay: P(x) = c. H(x — k)
k=1

Bai 7: Tim tat ca cac da thirc f va g thoa:

(24+x+Dfx2—x+1D)=x*—-x+1Dgx*+x+1) (1)

Ta co:
gx?+x+1):(x*+x+1)nén g(x) = xg,(x)
fx?—x+1): (x> —x+1)nén f(x) = xf;(x)
Thay vao (1) thi ta co:

filk?—x+1)=g,(x*+x+1)
Thay x = —1 — x thi ta duoc:

fitk?+3x+3)=g,(x*+x+1)=f(x>*—x+1)

=>f1(x2+3x+3)=f1(x2—x+1)=>f1[<x+;) +%] =f1[(x—%)2+z

w
—_—
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(-3

Vay: i(x) =c=g,(x) =c=> f(x) = g(x) = cx

2

bat:h(x) = f;

3
+ Z] thitacé h(x + 2) = h(x) = h(x) = const = ¢

PHUONG TRINH CO DANG P(f)P(g)=P(h)

Giastr f(x), g(x), h(x) dicho thoa man diéu kién: deg f + deg g = deg h. Tim tat ca
cac da thuc P(x) thoa:

P[f () IP[g()] = P[h(x)] (1)

e Pinhly 1: Néu P, Q 1a nghiém caa (1) thi P. Q ciing 1a nghiém cua (1).
Suy ra hé qua: Néu P(x) la 1 nghiém cua (1) thi P™(x) ciing 1a nghiém cua (1)
e Pinhly 2: Néu f, g, h 1a cac da thirc v6i hé sb thuc thoa diéu kien deg f +
deg g = degh va thoa man 1 trong cac diéu kién sau:
o degf #degg
o degf = deg g vatong hai hé s cao nhat cua 2 da thirc khac khong.

Khi d6 voi moi s6 nguyén duong n ton tai nhiéu nhat mot da thirc P(x) ¢6 bac n
va thoa (1)

Ap dung ca 2 dinh ly trén thi ta thdy P,(x) 1a da thirc bac nhat thoa (1) véi f, g, h 1a cac
da thirc thoa dinh ly 2 thi tat ca nghiém caa (1) sé 1a P(x) = 0; P(x) = 1 va
P(x) = [Py(x)]™* v6in € N*

Bai 1: Tim tat ca cac da thic thoa P(x2) = P?(x) (Khé quan trong)

Giai:

Taco: f(x) = x; g(x) = x; h(x) = x? thoa man dinh ly 2 va ¢é P(x) = x théa phuong
trinh trén nén ta c6 cac da thic thoa la: P(x) = 0; P(x) = 1; P(x) = x™

Bai 2 (Bulgaria 1976):

Tim tat ca cic da thic thoa P(x2 — 2x) = P2(x —2) Vx € R
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Taco: f(x) =x—2;9(x) =x—2; h(x) =x? —2x théadinhly2vaco P(x) =x +1
thoa phuong trinh nén ta s& c6 tat ca cac da thuc 1a:

P(x)=0;P(x) =1;P(x) =(x+1)" (n € N")

Bai 3 (Viét Nam 2006): Tim tat ca cac da thuc thoa:

P(x?) +x[3P(x) + P(—x)] = P?(x) + 2x2Vx € R (1)

Giai:

Thay x = —x thitacé (1) tro thanh P(x?) — x[3P(—x) + P(x)] = P?(—x) + 2x2 (2)
Lay (1) — (2) thi ta co:
4x[P(x) + P(—x)] = P*(x) — P*(—x)
& [P(x) + P(—x)][P(x) — P(—x) —4x] =0

P(x)+P(—x) =0 A S
P(x) — P(—x) — 4x = 0 ding véi vo so gia tri x
Do P(x) 1a da thac nén:

P(x) + P(—x) = 0 (3)
P(x) —P(—x) —4x =0 (4)

ding véi moi gia tri x
o Tu(3)thitacd P(—x) = —P(x) thay vao (1) thi ta cé:
P(x?) + 2xP(x) = P%(x) + 2x?
& P(x?) —x? = [P(x) — x?]

bit H(x) = P(x) — x thitaco: H(x?) = H?(x). Theo bai 1 thi H(x) = 0;
H(x)=1vaH(x) =x"(neN*).SuyraP(x) =x;P(x) =x+1;P(x) =x"+x

Th lai thi ta nhan duoc: P(x) = x; P(x) = x*"*! + x

o Giai trong tu nhu (3) thi tir (4) ta s tim ra nghiém P(x) = 2x + 1 va
P(x) = x?" + 2x (n € N*)

Vay cac da thirc can tim Ia:
P(x)=x;P(x) =x+1;P(x) =2x+1;P(x) =x"+x;; P(x) = x> + 2x (n € N*)
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SU DUNG BAC DPE GIAI PHUONG TRINH HAM:

Ta c6 2 cbng thac sau:

deglfgl = degf + degg

deg fog = degf .degg

Bai 1: Tim tat ca cac da thic thoa:

x* +2x3 4+ 3x%2+2x+1 = P%(x)

Giai:

biat: d = deg P(x) thi ta co:
4=d’ed=2
Suyra: P(x) = ax?+ bx + c (a # 0)
Trong d6 hé s6 cao nhat cua vé tréi 1a 1 nén a = 1. Ta thay vao va thu gon 2 vé:
x*+2x3+6x2—8x+8=x*+bx3+ (4 +c)x?+ 4bx + 4c

Tién hanh dong nhat thi ta duoc:

Suyra: P(x) = x? — 2x + 2

Bai 2: Tim tht ca cac da thirc thoa:

P(x—1).P(x+1) =P[P(x)] (1)

Gial:

bat d = deg P(x) thi ta co:
2d=d*eod=0vd =2
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o Khid = 0thitaco P(x) = const = c thay vao (1) thi:

c=0 P(x)=0

2
¢ _C(:)[c=1® P(x) =1

o Khid=2thitacé P(x) =ax?®+ bx+c(a=#0)
Thay vao (1) va thu gon 2 vé thi ta duoc:
a’x* + 2abx? — (2a? — 2ac — b?)x? — 2(ab — bc)x + a? + 2ac + c? — b?

= a*x* + 2a®bx3 + (ab? + 2a%c + ab)x? + (2abc + b)x + bc + ac?

a=1
Tién hanh d6ng nhat hé sé thi ta duoc: {b =2
c=1

Suyra P(x) = (x — 1)2

Vaytaco: P(x) =0; P(x) = 1vaP(x) = (x — 1)

Bai 3: Tim tit ca cac da thic thoa:
Q*(2x) = 4[Q(x*) —xQ(2x)] Vx € R (1)
(Dé thi chon doi tuyén TP.HCM nam 2006-2007)

Ta co:
(1) & [Q(2x) + 2x]* = 4[Q(x*) + x?]

bat: P(x) = Q(x) + x
(1) tro thanh:

P%2(2x) = 4P(x?)
bat: d = deg P(x) thi ta co:

d>=d o [Z _ (1)

o Khid = 0thi P(x) = const = c thay vao (1) thi:

c=0 P(x)=0 Q(x) =x

C2=4C®[c=4® P(x)E4®[Q(x)=4—x
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o Khid =1thi P(x) = ax + b (a # 0) thay vao phuong trinh va thu gon 2 Vé:
4a’x? + 4abx + b% = 4ax? + 4b
Dbodng nhat hé sé ta duoc:
{a =1
b=0

NénP(x) =x o Q(x) =0

Vay: Q(x) = 0;0(x) = x; Q(x) =4 —x

Bai 4: Tim tit ca cac da thuc thoa:
P[P(x) +x] =P(x).P(x—1)VxeR()

(Dé thi d& nghi Olympic 30/4/2010)

Giai:

biat: d = deg P(x) thi ta co:
2 d=0
d? =2d & [d —,

o Khid = 0thi P(x) = const = c thay vao (1) ta c6:

c=0 P(x)=0

c=1 < Px)=1

o Khid =2thi P(x) = ax? + bx + ¢ (a # 0)
Truéc hét ta ddng nhat hé s6 cao nhatcia2vélaa® =a < a =1
Suyra P(x) = x? + bx + c¢. Tasé chang minh P(x) = x? + bx + ¢ véi moi
b,c € R déu thoa (1). Phan nay danh cho moi ngudi.

c=c2<:>[

Viy cac da thirc can tim 1a: P(x) = 0; P(x) = 1; P(x) = x>+ bx + c (V b,c ER)
Céc nguon tai liéu tham khao:

- Chuyén dé phuong trinh ham da thirc-Tran Nam Diing.

- Chu dé da thirc-Dd Thanh Han.

- Polynomial Equations-Dusan Djukic.

- Polynomials in One Variable- Dusan Djukic.

- 100 Nice Polynomial Problems With Solutions -Amir Hossein Parvardi
- Dién dan mathlinks.ro

- Dién dan mathscope.org
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