Ché6ngedsPhbdongmtrinkrhaem/v166ing giatc

PHAN II: LUONG GIAC UNG DUNG GIAI TOAN GIAI TicH

CHUONG 1 : PHUONG TRINH HAM LUONG GIAC

1. MOT SO KIEN THUC CO SO:
a. Pac trung ham clla ham luong giac:

-Ham f (x) =sinx ¢6 tinh chat
f(3x)=3f(x)-4f*(x),Ox0Oi
Quy ue: f°(x) = (x]H

-Ham f(x) =cosx c6 tinh chat
f(2x)=2f*(x)-1,0x0i
vaf(x+y)+f(x=y)=2f(x) f(y);OxyOi

-Cépham f(x) =sinx,g(x) = cosxc6 tinh chét
%f(x+y)=f(x).g(x)+f(y)g(x);Dx,yDi
(x+y)=g(x)g(y) = f(x) f(y);0xy0i

-Ham f(x) =tgxc6 tinh chat

f(x)+f(y)

1= f(x).f(y)

f
. 2k +1) 77 n -
Vdix,y,x+y¢%(k D¢),X¢E+kn‘,y¢5+kr[

flx+y)=

-Ham f ( x) = cot gx 6 tinh chét
fx).fly)-1
f{x)+f(y)

Véix,y,x+y#kmkU¢) x#kmy#km

flx+y)=

b. Pac trung ham clla ham luong giac nguoc:

-Ham f(x) =arcsinx c6 tinh chat

flx)+f(y)=f

x\/l—y2 +y1- ¥

;Dx,yD[—l;l]
-Ham ¢(x) =arccosx c6 tinh chét
g(x)+g(y) =g(xy—\ll—xz.\ll—yz);Dx,yD[—l;l]

-Ham h(x) = arctgx c6 tinh chat

Dx+

h FDDX ,V,xy £ 1
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-Ham p(x) =arccotg c6 tinh chét

DX —

p(x)+p(y) = PDy—DDX Y,X+y#0
Ox+y [

c.Phuong trinh ham Cauchy:

Phuong trinh nay cfing nhu' cach chltng minh né sé dugc st dung rat nhi€u trong phan

nay.
*Phat biéu:
Né€u ham f(x) lién tuc trén tap sO thuc va thoa:
) = 112+ £y} y0i [1
thi f(x) =ax ,véi aOi tyy.
*Chung minh:

TU (1) suyra f(0) =0, f(-x) ==f(x]
Vavéiy =x thif(2x) =2f(x),0x0i (2)
Gia sU v6i k nguyén duong, f ( ) ( ) OxOi
Khi d6: f((k+1)x) = f (kx+x),0x0i , Ok D¥
TU d6 theo nguyén li quy nap, ta co:
F(nx) =nf (x),0x i (3)
Ta két hop tinh chat f (—x) ==f(x) thu dugc:
f(mx):mf(x),DmD¢,DxDi
TU (2) ta co:
_ O

x):2f%§:22f§%ﬁ=...—2”f E

TU d6 suy ra:

x

fﬁ%ﬁzzinf(x),mnm,mxmi (4]
K&t hop (3) va (4)
fHZ—H——f DmD¢,nD¥+

SUr dung gid thiét lién tuc cla ham f(x) 0 f(x) =ax,0x0i ,a = f(1
Thr 1ai, ta thdy ham f(x) =ax thda (1). Suy ra dpcm.
Ti€p dén ta s€ xét cac bai téan lién quan dé€n phuong phap nay.
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I1.Cac bai toan chon loc:

, 1 ,
Bai1: Xacdinh 0,8 dé hams6 f () = 5 ¢6 tinh chat fla), f(b), f(c)la dd dai cac

+p
canh cla moét tam gidc Ung v&i moi tam gidc ABC cho trudc.
LOi gidi:
Khong mat tinh tOng quat, ta ludn ludn gid thi€t a=b > ¢

Nh&n xét réng, phép nghich ddo g(x) = % khong c6 tinh chat g(a),g(b),g(c)La do dai

cac canh cla mOt tam gidc Ung vGi moi tam gidc ABC. That vay, xét tam giac can vdi

a=b=2,c=1thitacd

1 1 1
4+ ==
a b c
pé f(a), f(b), f(c) la d6 dai cac canh clla mOt tam giac, trudc hét phdi c6

f(a)>0,f(b) >0, f(c) >0,0VABC
Suy ra
aa+ B >0,ab+ 3 >0,ac+>0,[VABC (3)
TU (3) ta thu dugc a = 0.That vay,néu a <0, tlly y cho trudc thi ta chon tam gidc ABC
c6 dO dai canh a dU 16n, theo tinh chat vé dau cla nhj th(c bac nhat sé nhan dugc
aa+ <0
Tuong tu, cling tU (3) ta suy ra 820 That vay, n€u B <0 ta chon tam gidc ABC
C6 dO dai canh a dU nh thi theo tinh chat vé dau cUa nhj th(rc bac nhat sé nhan dudgc
aa+ <0
Trudng hop khi ddng thdi xdyra @ =0,8=0 f(x) khong xéc dinh. Véia =0, 3 >0 ta thu

dugc ham hang duong nén f(a) = f(b) = f(c)>0va  f(a), f(b), f(c)1a d6 dai cac
canh cUa mOt tam giac déu.
Xét trudng hgp a > 0,3 >0, Khi d6
fla) < f(b) < f(c)
Vay ta can xac dinh cac sO dudng @, B sao cho luén c6
f(a) + f(b) > f(c),DVABC,aEch

Hay L o U o 1 ovaBCasbzec 4)
aa+f ab+pB ac+p
Xét cac tam gidc ABC can dOng dang v&i tam giac canh 3,3,1, tltc a=b=3d,c=d
v6id >0ty §. Khi d6,(4) c6 dang
1 1 1 Od >0

+ > ,
3da+f 3da+[p da+p
Hay
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2 S 1 . 3da + 3
3da+p da+p 2
Diéu nay khong xdy ra khi d dd 16n.

<da+pf - B>da,ld >0

, 1 ,
Vay véi a =0,8>0 thi hams6 f(x) = —— 7 °0 tinh cht fla), f(b), f(c)1add dai céc

+B

canh clla mét tam gidc Ung v&i moi tam gidc ABC cho trudc.

Bai 2: Xac dinh cc ham f ( x) lién tuc trong [0,71], f(0) = 0va c6 dao ham trong (0, 77) sao

cho f(A), f(B), f(C) tao thanh s6 do cac géc clia mOt tam gidc Ung v6i moi tam
gidc ABC cho trudc.

ooooo

Ta c&n xéc dinh cdc ham s6 f (x) lién tuc trong [0,77] ¢6 dao ham trong(0, 77) sao cho
Of (x) >0,0x0(0,71)
0f (0) =0
o (A + £(B)+ Flc) =m
Theo gid thiét thi f(0) =Onén f(m)=m C=m-(A+B)
Suy ra
f(A)+ f(B)+ f(m—-A-B) =m0AB,A+B0[0, 7]
Hay
f(x)+f(y)+f(m-x-y) =mOxyx+y0[0,n]
L&y dao ham trong (0, 77) theo bién x, ta thu dugc
f'(x)=f'(m-x-y)=00xy,x+y0[0,7 (5)
TU (5) suy ra 1a ham hang trong(0,77) vavivay f(x) = px+q. Do f(0) =0 nén ¢=0va
vivay f(x) = px. Do f(7) =m nén p =1 va ta thu dugc f (x) = x
Va&y ham s6 f(x) = x 1a ham s6 lién tuc trong[0,71], £ (0) =0 va c6 dao ham trong| 0, 71)
thda man f(A), f (B, f(C) tao thanh s6 do cac géc clla mOt tam gidc Ung vGi moi tam gidc
ABC cho trudc.

Bai 3: Xac dinh céc ham s6 f () lién tuc trong [0, 71] sao cho
f(0)=0,f(x)>0 ,0x0(0,71) va f(A), f(B), f(C) tao thanh s6 do cic géc cla

mOt tam gidc Ung v&i moi tam gidc ABC cho trudc.

00000

Ta phat bi€u bai toan da cho dudi dang
Xdc dinh cdc ham s6 f (X) lién twc trong| 0,71, f(0) =0, f(x) >0 ,0x0(0,7) va
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f(x)+f(y)+f(7‘[—x—y)=7T,Dx,yD[0,7T],x+ys7T (6)
Do f(0) =0 nénvéiy =0, ta thu dugc
f(x)+f(0)+ f(m-x) =mOx0[0, 7]
P&t f(x) =x+g(x) thig(0) =0  g(x)1a ham lién tuc trong|0, 7]
Ta co
(6) - x+g(x)+(ﬂ—x)+g(7‘[—x) =

o g(x)+g(77—x) :O,DXD[O,IT]

Hay g(m=x) ==g(x),0x0[0,71 7)
Thé f(x) =x+g(x) vao (6) va st dung (7), ta thu dugc

x+g(x) +y+g(y)+7T—(x+y)+g(ﬂ—(x+y)) =7T,Dx,yD[0,7T],x+yS7T

Hay
g(x)+g(y)-g(x+y) =0.0xy0[0. 7. x+ysm
Tdc la
g(x+y)=g(x)+g(y).Oxy0[0,7],x+y<m @®
Do g (] lién tuc trong (0,77 nén (8)1a phurong trinh ham Cauchy vag(x) = ax véi

@ lahangs6, f(x) =(1+a)x.Dé f(x) >0,0x0(0,7) ta can c61+a >0 va dé

f(A+f(B)+f(C)=m tacdncoél+a=1suyraa =0 f(x)=x

Bai 4: Xac dinh cdc ham s6 f (x) lién tuc trong| 0, 71] sao cho f(x) >0,0x0(0,7) va

f(A), f(B), f(C)tao thanh s6 do cic géc clia mOt tam gidc Ung vGi moi tam gidc
ABC cho trudc.

ooooo

Ta th8y c6 hai ham s6 hi€n nhién thda man bai toan, d6 1a f (x) = xva f(x) :g
Ta phat biéu bai todn da cho dudi dang
Xdc dinh cdc ham s6 () lién tuc trong| 0,7 sao cho f (x) >0 va

f(x) + f(y) + f(IT—x—y) :n,Dx,yD[0,7T],x+yS7T 9)
Choy =0, ta thu dugc

f(x)+f(0)+ f(m-x) =mOxO[0, 7]
Hay

f(ﬂ—x) =7m- f(O) - f(x),DxD[O,T[]
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Thé vao (9), ta thu dugc

1)+ Fl3)+B0= £(0) - Flx+y)B= m Oy Do x+y s

Tlc 1a
f(x+y)+f(0)=f(x)+f(y),Ox,y0[0,m,x+y<m (10)
Pat f(x) = f(0) + g(x) Khi d6g(x)lién tuc trong[0,77] va 6 dang
g(x+y)=g(x)+g(y),Oxy0[0,n],x+y<m (11)
Do ¢ x)lién tuc trong [0,77] nén (11)la phuong trinh ham Cauchy vag(x) = ax va
f(x) =ax+ B .Tacénxac dinha, B dé f(x) >0v6i moix0(0,77) va dé

flA +f(B)+f(C)=m

TUc l1a

Fox+B>0,0x0(0,7m  Frx+pB>0,0x0(0,7)
Ea(A+B+C)+3B:7T ECHHSB:H

Suy ra - (12)

f(x):ax >0,DXD(0,IT)

Chox — 0 va X — 7T tlr(12) ta thu dugc

—lsasl
2

7 1 2 2
Vai - <a <1 thi hién nhién (12) thOoa man.

1 1 m ., 2 A s
Xét a = ) thi f(x)= 5 X+ 5 thoa man di€u ki€n bai ra.

That vay, v6i0<x <7 thi f(x) > (7] =0
Xét a =1thi f(x) =x hién nhién thda man diéu kién bai ra.
Vay, cac ham can tim déu c6 dang

(1-a)m

f(x)=ax+ ,—%Sasl

Nhan xét
Sau day, ta sé xét mOt sO bai toan s dung ki€n thlc lugng gidc don gidn d€ gidi cac bai
toan lién quan dén phuong trinh ham.
Céc ham nay thudng s dung 3 thU thuat:
-Chon céc gia tri phi hop vdi doi sO
-DGi bién s0 (dat bién mai)
-DGi ham sO( dat ham s6 mai)
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Bai4: Timham f:i - i thda man

O m N
0) = = 2000
Ef( ) 1999’f555 2

Hf(x+y) + f(x—y) :2f(x)cosy,Dx,yD i
Nhan xét: Ta can dinh hudng sé thay x, y nhu thé nao sao cho don gidn nhat, hon n{ta
phdi st dung dugc
Of (0) =1999
E Urr

Hf BE H= 2000

Ta xét cach thé sau

LOi gidi:
LA
Thay x =t 2,y 2tathuCIch_Ic
mg oot
— :2 ¢ i — =
fe)+ f(c-n) f% ZEOSZ 0 (1)
£ T T .. P —
TU'OHgtL_J',VCIXZE,y:t—E rOi saudox =0,y =t -7 ta dugc
_, oot i .
fle)+f(x t)—ZfBEBws@ >0 2.2000sint ()
f(t=m) + f(m—t) =2f(0) cos(t-71) = ~2.1999cost 3)

Nhan (3) v&i(-1) r0i cOng (1) vdi(2)
2f (t) = 2.2000sin¢ +2.1999cost
0 f ( X) =1999cosx+2000sinx,[1x
Th(r 1ai thay ding.

Bai 5: Tim t&t ca cdc ham s6 f(x) lién tuc trén i va
f(x) f(y) - f(x+y) = sinxsiny,[x,y O i (*)
LOi gidi:
Vi dang nay ta chi can xem xét qua trinh sau
-Tim f(0)
-U'ng vdi gia tri f (0) tim dugc ding phép thé thich hgp tim thém mot s6 gid tri.
“Tim £ (x)
That vay
V6ix=y =0 tathuduge: f>(0)-f(0)=0
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Suy ra Sf(O):O
T g (0)=1
Néu f(0)=0 thivéi y=0 tacs —f(x) =0

~ T ~ =
Nhung néu thay x =y = 5 ta thay mau thuan.
Néu f(0) =1 thayY = =X tacé

f(x) f(=x) =1-sin® x = cos’x

e, O
Thay X=72—T ta co fBEHf B_gHZO

0 70,
dH 28
+Néu f%lgﬁzo,thayy:g vao
0,0 O A0
Ta c6 fHX+EH_ sinx cosBerzE f(x) = cosx,0x

« 0 7y m
+Néu fErEHZO thay y = _EVéO ta dugc

fﬁx—gﬁ: —sinx=cos§x-§% e f(X) = cosx,[x

Vay f(x)=cosx .Th(laithdy ding.

Nhan xét : Héa ra di€u kién lién tuc dé cho 1a thlra. Khong bi€t ham ¥ cla tac gid 1a gi khi
cho thém gid thi€t nhung 16 rang bai todn c6 thé€ gidi bang phép thé don gidn.

Bai 6: Tim ham f (x) éc dinh va lién tyc trong [ ~11] va théa mén
f(2x* =1) = 2xf (x),Ox O] -1.1]

Nhan xét:
Thoat nhin chiing ta lién tuéng 2x> -1 - 2cos’x-1.
Pay la di€u da dé cap & bai “Day s0..”

LOi gidi:

Ta s€ st dung thuét chuyén &n x=cost

Ta dugcf (cosZt) = 2cost.f ( cost)
f ( Cos t)

sin 2t sint

Vay f(cos 2t)

,tarme ={n7T,nD¢}

Naém hoi c2006 - 2007 69



Chuyeén fiea Lé6i-ng-gi-atc:vas Obng dui ng

3 f(cost)

Xétham f(1) == ——
Sin

Nhu vay f () xac dinh va lién tuc véit 07z
R6 rang f (¢) = f(2¢) ,trds f(¢) = f(2"¢),OmO¢ )

Matkhac f(¢) = f(¢+2m) O f(t) = f(t+2nn),O0mO¢ )

(1) = (2] = f(27 +20m) = 4+ 5

A,.AonT A A R P PR,
Tap céc diém . + PRl U¢ %la tri mat trong R,vay f (x) 1a héng s trén m&i khodng

(nﬂ,(n+1)7T)
Dé thdy f(=x) =—f(x),DxD[—1.1]
Vay f(t+n):%:f(t)

TU d6 cac hang s6 trén mOi khodng md 1a nhu nhau.
Laico f(=t)==f(t)O f(t) =0 c6 thé tr¥ ra nhitng diém clian¢
O f(x)=0,0x0(-11)

Ma f( x) lien tuc vay f(x) =0,0x 0] -1,1]

Sau day ta s€ dén cac bai toan sU dung ddc trung ham da dugc dé cap & phan kié€n thic
O s0.

DAy 1a dang bai hay va kho, thudng xuat hién trong cac bai thi hoc sinh gidi dudi dang cac
bai kho.

Bai 7: Tim céc ham f (x) xéc dinh va lién tuc trong[ =11 va thda man diéu kién

flayi-y* +yV1-x| =

.....

JT 7T
Patx =sinu,y =sinvvéiu,v U E—E EEKhi dé,cosu = 0,cosv = 0va

x\/l—y2 +y1- % :sin(u+v),Du,vD§- E
Phuong trinh ham da cho c6 thé viét dudi dang

f(smu) + f(smv) = f(sm(u +v)) Uu, VDE—

O
NN
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P&t f (sinu) = g(u) tadugc

glu+v)=gu)+g(v),0uvO

I\’I=|
SE

C
2k

Do vay, g(u) =au,a=const va  f(x)=aarcsinx. Thr1ai, ta thdy ham s6

(EIEY.

f(x) = aarcsinx théa mén bai ra
Nhan xét :
Bai toan da s& dung mOt phép bién dbi co ban

@in ucosv-+sinvcosu=sin ( u+V)
0

(inv+/1-sin’ u =sinvcosu

Viéc phat hién phép bi€n dbi ndy xem nhu mau chdt bai toan .
Chu y: ching ta da s( dung phuong trinh ham Cauchy & céch gidi trén .
Vi cung tu tudng tuong tU ta xét bai todn

Bai 8: Tim cic ham s6 [ (X) xdc dinh va lién tyc trén[ =1,1] va thda man diéu kién
flxy—1-y*1-x° ) (y) nyD[ 11]

Loi giai:
batx =cosu, y =cosv,u,v D[ O,IT] Khi désinu =0,sinv=0

Xy — 1—y2\/1—x2 :cos(u +v),Du,vD[0,]71

Phuong trinh ham da cho c6 thé viét dudi dang

f(cosu) + f(cosv) = f{cos(u+v)],0u,v0[0,7]
pat f(cosu) =g(u) ta dugc

g(u+v)=g(u) +g(v),0Ou,vO[0,7]
Do véy, g(u) = au,a = const f(x) = aarccos x

Thr 1ai, ta thdy ham s6 nay thOa man bai toan .

Bai 9: Tim cdc ham f ( x) xdc dinh va lién tuc tréni va thda man cac diéu kién

%f(x+y)+f(x—y):2f(x)f(y),Dx,yDi 0
af (0) =1,0¢, Oi :|f(x,)]|<1

LOi gidi:
Vi f(0) =1va f(x)lién tuc rén i nén e >0sao cho f(x) >0,0x0(-¢,€) (2)

Khi d6 theo (2) vGin, ¥ du 16n thi
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