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Chuong 1

Tén chuong

1.1 Giai phuong trinh ham bing phuong phap thém bién.

NGUYEN TAI CHUNG

Truong THPT Chuyén Hung Vuong, Gia Lai.
Day la mot phuong phap méi xuat hien trong thoi gian gan day. Y tudng ras
don gidn nhu sau : Khi gap nhitng phuong trinh ham véi cip bién tu do z, v,
bang cach thém bién méi z, ta sé tinh mot biéu thitc ndo dé chita x, y, z theo
hai cach khac nhau, tit day ta thu dugc mot phuong trinh ham theo ba bién
z, y, z, sau do chon z bing nhitng gia tri diic biét dé thu dugc nhitng phuong
trinh ham méi, huéng t6i két qua bai toan.

1.1.1 Mot s6 bai toan

Loi giai ctia cac bai toan sau day sé minh hoa cho phuong phap da néi 6 trén.
Ta sé st dung mot so6 két qua rat co ban ctia phuong trinh ham, dugce thé hién
thong qua cac bai toan sé trinh bay ¢ muc 1.1.2 § trang 21 : Mot s6 két qua da
st dung.

Bai toan 1. Twm tdt cd cic ham so f : R — R, lién tuc tréen R va thod man
dieu kién
[+ f(y) =2y+ f(x), Yo,y € R. (1)

Giai. Gia st f 1a ham s6 thod man cac yéu cau dé bai. Ta thém bién méi z
nhu sau : V6i moi z, y, z thudc R, sit dung (1) ta dugc

flea+y+f(2) =2+ f(r+y), Vo,y,z € R. (2)

M3t khac cling véi moi s6 thuc z, vy, z thi

faty+fE) =f(z+f(z+7(5))) =22+ (5)] 1@ B
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T (2) va (3) suy ra
22+ f(x +y) =2 [z+f (%)} + f(x), Vo,y,z € R
Sfw+y)=f@)+2f (5), oy er (4)

Tt (4) cho x =y = 0 ta duge f(0) =0. Tu (4) cho x = 0 va st dung f(0) =0
ta dwoe f(y) = 2f (%) . Yy € R. Vay (4) tr6 thanh

flx+y) = f(z)+ fy), Yo,y €R. (5)

Tu (5), stt dung két qua bai toan 19 & trang 22 ta duge f(r) = ax,Vzr € R, v6i
a 1a hang s6 thyc. Thay vao (1) ta dugc

a(x+ay) =2y + ax, Yo,y € R. (6)
Tit (6) chox =y =1tadugca(l4a)=2+a a>=2< a==+V2. Vay
f(z) =V2z, Yz e R ; f(z) = —V2z, Yz € R.
Thit lai thay hai ham s6 nay thod man céc yéu cau bai toan.
Bai toan 2. Tim tat cd cic ham so f : Q — Q thod man dieu kién
) +y) =2+ fy), Yo,y € Q. (1)
Giai. Gia st f 1a ham s6 thod man cac yéu cau dé bai. Ta thém bién mdéi 2
nhu sau : V6i moi z, y, z thuéc Q, stt dung (1) ta duge
ffa)+y+z) =+ fly+2) Vr,y,z€Q (2)
Mat khéc cling v6i moi s6 hitu ti z,y, z thi f(f(z) + ) = z + f(z), do d6
Fly+GE+f@)=Ffly+ff(2)+2)=Ffz)+2+ fy). (3)
T (2) va (3) suy ra
fly+2)=[fly) +[(2), Vy,2 € Q. (4)

Tuong tu nhu bai toan 19 & trang 22, suy ra f(z) = ax, Vo € Q. Thay vao (1)
ta rit ra a®> = 1 < a = £1. Thit lai thay f(z) = 2 v f(2) = —x thod man cac
yeu cau dé bai.

Bai toan 3 (Dé nghi thi Olympic 30/04/2004). Tim tat cd cdc ham lién
tuc f: R — R thoa man

fzf(y) =yf(z),Vo,y € R. (1)
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Giai. Gia st f 1a ham s6 thod man céc yéu cau de bai. Trong (1) lay z =y = 0
ta duge f(0) = 0. Ta thém bién méi z nhu sau : V6i moi z, y, z thuoc R, st
dung (1) ta c6 f (xyf(2)) = zf(xy), médt khéc

flayf(z) = faf (zf () = 2f (y) [ ().
Do d6 zf(xy) = zf(y) f(z), Vz,y,z € R. Tu day cho z =1 ta dugc
f(zy) = f(x)f(y), Yo,y €R. (2)
Tu (2) lay y = 1 duge
f(x)[1 = f(1)] =0, Vz € R. (3

)
Néu f(1) # 1 thi tur (3) suy ra f(z) =0, Vz € R. Thtt lai thay ham f(z) =0
thod deé bai. Tiép theo xét f(1) = 1. Tu (1) cho z = 1 duge

f(fy) =y, Vy e R.

T day dé dang suy ra f la don anh, két hop gid thiét f lien tuc suy ra f don
dieu thyc su. T f(0) = 0 < 1 = f(1) suy ra f la ham tang thyc sy. Néu
f(y) < y thi do f tang thuc sy nén f (f(y)) < f(y) = v < f(y), mau thuan.
Neéu f(y) >y thiy = f(f(y)) > f(y), mau thuan. Vay f(y) = y,¥y € R. Thit
lai thay théa man. Ta két luan : ¢6 hai ham s6 théa man de bai 1a

f(x) =0,Vx € R v& f(x) = z,Vx € R.

Bai toan 4 (Dé chinh thitc Olympic 30/04/2011). Tim tdt cd cdic ham
s6 f:[1;400) — [1;+00) thod mdn diéu kién

faf(y) =yf(x), Yo,y € [1;400). (1)
Giai. Gia st f 1a ham s6 thod man céc yéu cau dé bai. Ta thém bién méi z > 1
nhu sau : V6i moi x, y, z thuodc [1; +00), st dung (1) ta cod f (zyf(z)) = zf(xy),
mat khac f (zyf(2)) = f(f (2f(y))) = 2f(y) f(x). Do d6

zf(zy) = 2f(y) f(x), Vz,y,2 € [1;4+00).
T day cho z =1 ta dugce
flay) = f(2)f(y), Va,y € [L;+00). (2)

do f(1)>1
TrOIlg (2) cho =z = Yy = 1 ta dlIQC f(l) — f2(1) JL)Z

r = 1 dugc
f(f(y) =y, Yy € [1;+00). (3)

f(1) = 1. Trong (1) cho

1.1. Giai phuong trinh ham bing phudng phap thém bién. 5



www.MATHVN.com
Chuong 1. Nguyén Tai Chung Giao viéen THPT Chuyén Hung Vuong- Gia Lai.

Vi f:[1;400) — [1;+00) nén néu f(y) =1 thi
y=f(fw)=r)=1=y=1
Suy ra f(y) > 1 v6i moi y > 1. Cho x >y > 1 thi tu (2) ta dugc

fw) = f (§y> P py).f (5) > f(),

suy ra ham f dong bién trén [1;+00). Ta sé chiing minh
f(z) =x,Va € [1;+00).

Gid st ¢6 xg € [1;+00) sao cho f(xg) # xo. Néu f(xg) > z thi

f(f(zo)) > f(xo) = xo > f(xp), mau thuan véi f(xy) > .
Néu f(zo) < xo thi

f(f(zo)) < f(zo) = xo < f(xp), mau thuan véi f(xy) < .
Vay f(x) = z,Vx € [1;+00). Thit lai thay thod méan.
Bai toan 5. Tim tat cd cic ham so f : R — R thod man dieu kién

flzx+y) = f(x)cosy+ f(y)cosz, Vo,y € R. (1)

Giai. Ta sé thém bién méi z nhu sau : V6i moi s6 thuyc z, y, 2z, theo (1) ta c6

flx+y+2)=f(zx+y)cosz+ f(z)cos(z + y)
= [f(z)cosy + f(y) cosx]cos z + f(z) cos(x + y)
= [f(x)cosy + f(y)cosz]cos z + f(z) (cosxcosy — sinxsiny) .
(2)
Mat khac

flx+y+2)= f(x)cos(y+ z) + f(y + 2) cosx
(x) cos(y + z) + [f(y) cos z + f(2) cosy| cos x
(z) (cosycosz —sinysinz) + [f(y) cos z + f(2) cosy] cos .

(3)

=/
=/

Tu (2) va (3) thu duge

[f(x)cosy + f(y)cosz]cosz+ f(2) (cosxcosy — sinxsiny)
=f(x) (cosycosz —sinysin z) + [f(y) cos z + f(z) cosy| cos

1.1. Giai phuong trinh ham bing phudng phap thém bién. 6
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Dé dang rat gon ducc

f(z)sinzsiny = f(x)sinysinz, Vr,y,z € R. (4)

Tu (4) lay y = g ta dugc

f(z)sinx = f(x)sinz, Vo,z € R (5)
if(x) = f(z)’ Vo # mm, z# nm (m,n € Z)

sinz  sinz
:>f(33) =c= f(zr) =csinz.

sin

Vay f(z) = csinx, Vor € R (c 1a hdng s6). Thit lai thay thod man.
Luu y. Dén (5) ta c6 thé Ii luan nhu sau : T (5) lay z = g ta dugc
, m
f(x) =csinz, Ve e R, c=f (5)

va ciing ducc két qua tuong tu. T 161 gidi bang phuong phap thém bién nhu
) p ) s
trén ta suy ra mot 16i gidi khac, rat ngan gon nhu sau : Trong (1) lay y = >

ta ducc

f (:z:+ g) =f (g) cosz, Vr € R. (6)

Dit = + g — ¢, thay vio (6) ta dugc

ft)y=f (g) cos (t — g) =f (g) sint, Vt € R
va ciing duge két qua tuong tu.

Bai toan 6 (Chon déi tuyén An D6 nam 2004). Tim tat cd cdic ham so
f: R — R thod man dieu kién

fx+y)=f(z)f(y) —csinzsiny, Vz,y € R, (1)
trong dé c la hang so lon hon 1.
Giai. Bang cach them bién méi 2 ta c6
fle+y+z)=[f(z)f(y+z)—csinzsin(y+z)
=f(z)[f (y) f(2) — csinysin z] — ¢sinz (siny cos z + cos y sin z)

=f(z) f(y) f(2) —cf (x)sinysinz — c¢sinzsiny cos z — ¢sin x cos y sin z.

1.1. Giai phuong trinh ham bing phudng phap thém bién. 7
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Tuong tu, ta co
fly+x+2)
=f(z) f(y) f(2) —cf (y)sinzsinz — csinysin x cos z — ¢sin y cos x sin z.
Ma f(x+y+2)=f(y+x+ 2) nén
cf (x)sinysin z + csin zsiny cos z + ¢sin x cos y sin z

=cf (y)sinxsin z + ¢sin y sin x cos z + ¢siny cos z sin 2.

Suy ra
sinz [f (x)siny — f (y)sinz] = sin z (siny cos x — cosysin z) .

Pe

The z = g, ta nhan dugc

f(z)siny — f (y)sinz = siny cos z — cosysin . (2)

Trong (2) lay = = m, ta dugc

f(m)siny = —siny. (3)
Trong (3), lay y = Z ta dugce f () \g_ \g— f(m) = —1. Trong (1), lay
r =1y = —, ta dudc

<~ o3

(W):f2<g)—c@f2<g):c—1<:)f<g):i\/c—71.

Trong (1), lay y = 7, ta dudc

fletm)=f@)f(m)=f@+m)=—f(z). (4)
T (4) va (1) ta o6
~f@)=fla+m)=f(z+5+3)
:f< z)fé)_CSin(x“Lz) ' gﬂ W
:f< 2)f<§) —ccosx = [f (5) —csm:z:} f(E) — CCos Z.
Suy ra

f(z )[f2< )+1} —cf( )sinaz+ccosaz

=cf (x) =cf (5) sinx 4+ ccosx = f(z) = f (g) sin x + cos x

1.1. Giai phuong trinh ham bing phudng phap thém bién. 8
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=f (z) = £vc — Isinx + cos .
Sau khi thi lai, ta két luan : C6 hai ham s6 thod man cac yéu cau dé bai la
f(z) =+Ve—1sinz+cosz, Yo,y € R; f(z) = —vc — Lsinz+cosxz, Yo,y € R.
Bai toan 7 (Dé nghi Olympic 30/04/2009). Cho ham s6 f lien tuc trén
R va thoa man
f(@)f(y) — f(x +y) =sinxsiny, Vr,y € R. (1)
1 1 1

] ' 1 2.
Ching minh rang % f(2) + T+ f(dn) + = 7(62) >

Giai. Ta ¢6 (1) & f(x +y) = f(2)f(y) — sinzsiny, Vz,y € R. Tién hanh
tuong tu nhu bai toan 6 ¢ trang 7 ta thu dugc

sinz [f (x)siny — f (y)sinx] = sinz (sinycosz — cosysinz), Vr,y,z € R

Pe

The z = g, ta nhan dugc

f(z)siny — f(y)sinz =sinycosz — cosysinz, Vr,y € R
& [f(x) — cosx]siny = [f(y) — cosy]sinz, Vr,y € R. (2)

Trong (2) cho y = g ta duge f(x) —cosx = f (g) sinz, Vo € R. Vay f(x) ¢6

dang f(z) = cosz + asinz, Vo € R. Thay vao (1) ta dugc

cos(z 4+ y) + asin(z + y)

=(cosx + asinx) (cosy + asiny) —sinxsiny, Vzr,y € R.

Tu (2) chox =y = %, ta dudc

V2 V2 N\ (V2 V2 1 1 2 1
a:<2 + 2a><2 + 2a>§@a:§(a+1) —§@a:O.

Vay f(z) = cosz, Vz € R, thit lai thay thod man (1). Ta c6

1+4+cos2x +1+cosdxr +1— cosbxr = 3 + cosdx + cos 2z — cos 6z

—4 — 25in?2z + 2sin 4z sin 2z

9 9
=5 — 5(sindz — 2sin 21)° — 500824:6 <3

1.1. Giai phuong trinh ham bing phudng phap thém bién. 9
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Vi vay
S SRS SR SRS SRR
1+ f(2r) 14 f(4x) 1— f(6x) 1+4cos2x 14 cosdx 1 — cosbx

9 9
> > — = 2.
3+ cos2z + cosdr — cosbx — 9
2
Dau bang xay ra khi va chi khi
1+ cos2x =1+ cosdxr =1 — cos bx cos2x = cos4dxr = — cos bx
sindx = 2sin 2z = sindx = 2sin 2z
cosdr =0 cosdxr = 0.

Dé thay hé nay vo nghiem, do d6 dau bang khong xay ra dudgc, tit d6 suy ra
1 1 1

5 f22) Tk fm) 1= fen) >

Luu y. Gia thiét ham s6 f lien tuc trong bai toan nay 1a khong can thiét.
Bai toan 8. Tum tit cd cic ham f: R — R thod man f(0) # 0 va

fl+y)f(z—y) = [*(z) —sin®y, Yo,y €R. (1)
Giai. Trong (1) cho x = y ta dugc
f(22)f(0) = f*(z) — sin’z, Vo € R. (2)

bat b = f(0) #0. Tu (1) va (2) suy ra

fle+y)f(z —y) = f(22)f(0) + sin®x — sin’y
= bf(2x) + sin(z + y) sin(z — y), Vo,y € R. (3)

bat u =x +y, v = x — y, thay vao (3) ta duge

fw) f(v) =bf(u+v) +sinusinv, Yu,v € R
Sbf(u+v) = f(u)f(v) —sinusinv, Yu,v € R. (4)

V6i moi u, v, w € R, sit dung (4) ta dugc

bf(u+v+w)= f(u+v)f(w)—sin(u+ v) sinw

:% [f(u) f(v) —sinusinv] f(w) — (sinw cosv + cos usin v) sin w

1 1
=—f(uw)f(v)f(w) — gf(w) sinu sin v — sin w cos v sin w — cos u sin v sin w.

b

1.1. Giai phuong trinh ham bing phudng phap thém bién. 10
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M3t khac
bf(u+v+w)= f(u)f(v+w)—sinusin(v + w)
1
=7 [f(v) f(w) —sinvsinw] f(u) — (sinv cos w + cos v sinw) sin u

1 1
:gf(u)f(v)f(w) — gf(u) sin v sinw — sin u sin v cos w — sin u cos v sin w.
Suy ra

1 L o
gf(w) sin u sin v + cos u sin v sin w

1
=—f(u) sinv sin w + sin u sin v cos w, Yu, v, w € R. (5)

b
-
T (5) cho v = B) ta dugc

1
gf(w) sinwu + cos usin w = gf(u) sinw + sinwucosw, Yu,w € R

1 1
& [gf(w) — COS w] sinu = [gf(u) — COS u] sinw, Yu,w € R. (6)
77
Trong (6) cho u = B) ta dudc
1 1, /m

gf(w) —cosw = Ef (5) sinw, Yw € R.

Vay ham f ¢6 dang f(x) = bcosz + csinz, Vr € R. Thay vao (1) ta duge

[bcos(x + y) + csin(z + y)] [beos(z — y) + csin(z — y)]
—(bcos + csinz)® — sin?y, Vz,y € R. (7)

Trong (7) cho z = 0, y = g ta dugc —c*> = 0* — 1 & b* + ¢ = 1. Thi lai

thay ham s6 f(x) = bcosx + csinx, Vo € R, vdi a, b 1a cac hdng s6, b # 0 va
b2 + ¢ = 1 thod man cac yéu cau dé bai.

Bai toan 9. Tum tat cd cic ham so f : R — R thod man

rf(x) —yfly) = (x —y)f(x+y), Vo,y eR. (1)
Giai. Ta them bién mdi z nhu sau : Theo (1) ta c6
vf(z) —z2f(z) = (x — 2)f(x + 2), Vo, z € R. (2)

vf(x) —2f(2) = [of(x) —yfW)] + lyf(y) — 2/ (2)]

1.1. Giai phuong trinh ham bing phudng phap thém bién. 11
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=@ -y fle+y) +y—2)fly+2),Vr,y,z€ R (3)
T (2) va (3) suy ra
(z—2)flz+z2)=(z-y)fle+y)+y—2)fly+2),Vz,y,zeR. (4

rhz=u u+1 1—u u—1

V6imoiueR, xéthe  z+y=1 @(az;y;z):( : : >.Do
2 2 2

y+2=0
do6 (4) tré thanh f(u) = f(1)u+f(0)(1—u), Yu € Rhay f(z) = ax+b, Vx € R.
Thay vao (1) thay thod man.
Bai toan 10 (Dé nghi Olympic Toan Quéc té-2005). Tim tat cd cdc ham
s6 f:(0;400) — (0;+00) thod mdn dieu kién

f@)fy) =2f(@+yf(x), Yo,y > 0. (1)

Giai. Gia st ham f thod man cac yéu cau dé bai. Ta sé thém bién méi z > 0
nhu sau : V6i moi sé duong z, ¥, z, stt dung (1) nhiéu lan ta duge
f@) f(W)f(z) =2f(2)f (x+yf(z)) =4f (z + (z +yf(2))[(2))
=4f (z+2f(2) +yf(2)f(x))
=4f (z+af(2) +2yf(z + 2f(2))

=2f(z+xf(2)) f(2y) = f(2) [(2)f(2y). (2)

Do f(x) >0, f(z) > 0 nén tur (2) thu duge
fy) = f2y), Yy >0. (3)
Néu ton tai hai s6 duong x1, T2 sao cho z; > xo ma f(x1) < f(xs) thi ta xét s6

L1 — 12

f(x2) = f(x1)
yf(ze) —yf(xy) =21 — 20 = yf(xa) + 22 = yf(z1) + 21
= f (2 + yf(22) = £ (21 +yf @) 2 f@) Fy) = Flan) f ().

Do f(y) > 0 nén suy ra f(x2) = f(x1), dén day ta gap mau thuan. Do d6 véi
moi s6 duong x1, x3 sao cho x1 > xo ta luon c6 f(x1) > f(x2), két hop véi (3)
ta sé chting minh f 1&4 ham hing. Gia st 21, 22 13 hai phan t bat ki ctia khoang

(0;+00) v 1y < w3. Do lim 2"x; = +o00 nén ton tai s6 tu nhién n du 16n sao
n—-+0oo

cho 2"z1 > x9. Vi thé, do (3) va do f la ham tang trén khoang (0; +00) nén f
la ham héang trén doan [z1;2"x4], lai do xs € [x1;2"x1] nén f(x1) = f(x2), suy

. Khi dé

duong y =

1.1. Giai phuong trinh ham bing phudng phap thém bién. 12
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ra suy ra f 1a ham héng trén khoang (0; +00) : f(y) = C,Vy > 0. Thay vao (1)
ducsc C' = 2. Vay c6 duy nhat mot ham sd thod man céc yéu cau dé bai la

f(x) =2,Vx > 0.

Bai toan 11. TWm cdc ham f,g : R — R thod man diéu kién : g la ham lién
tuc tréen R, ham f don diéu thuc su trén R va

fle+y) = flx)gly) + f(y), Yo,y €R. (1)
Giai. Gia st hai ham f v ¢ thod man cac yéu cau dé bai. Ta sé them bién mdi
z nhu sau : V6i moi z, y, z, st dung (1) ta dugc
fle+y+ Z) fl@+y)g(z) + f(z) = [f(x)g(y) + W) 9(2) + f(2)
f(2)g(y)g(2) + f(y)g(2) + f(2). (2)

M3t khac cting theo (1) ta c¢6
flety+z)=f@)gly+2)+ fly+2) = f@)gly+2) + f(y)g(2) + f(2). (3)
Tu (2) va (3) suy ra véi moi s6 thuc x,y, z ta o

f(@)g()g(2) + f(y)g(2) + f(2) = f()g(y + 2) + f(y)g(z) + f(2).

Hay
f(2)9(W)g(z) = f(x)g(y + 2), Va,y,2 € R. (4)
Dé thay f(x) £ 0, tiic 1a ton tai xyp € R sao cho f(zg) # 0. Tu (4) lay z = ¢
ta ducc
9y +2) =9(y)g(z), Vy,z € R. (5)
Tu (5), st dung két qua bai toan 20 & trang 23 ta dudc
g(x) =0, g(x) = a” (a la hing s6 duong).

éu g(z) =0, Vz € R thi tx (1) ta dude f(z +vy) = f(y), Vo,y € R. Tu day
y = 1 suy ra f 1a ham hang, gip mau thuan.
éu g(r) =1, Yz € R thi tu (1) ta duge

flx+y)=f(x) + f(y), Vo,y € R. (6)
Do f don diéu thuyc sy nén tt (6), st dung bai toan 22 § trang 24 ta dugc
f(x) = kz, Yoz € R (k 1a hang s6 khac 0) .

o N

o
)\

ay
o N

e Néu g(x) = a”, Vx € R (v6i a 1a hdng s6, 0 < a # 1). Thé vao (1) duge
flz+y) = f(z)a’ + f(y), Yo,y € R (7)
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fly+z) = fly)a®+ f(z), Yo,y € R. (8)
Tu (7) va (8) dan dén
f@)a’ + f(y) = f(y)a” + f(z), Yo,y €R

&f(@) [’ —1] = f(y)la® - 1], Vz,y €R. (9)
Tu (7) lay y = 0 duge f(0) = 0. T (9) suy ra
1@ _ JW o0

at—1 av—1
f(x)

a* —

Vay : 1a ham hang, két hop véi f(0) = 0 ta duge

f(z) =b(a” —1), Vo € R (v6i b 12 hang s6 khac khong).
Sau khi thit lai ta két luan : Cac cap ham f va g thod man yéu cau dé bai 13 :
g(z) =1 va f(z) = kx (k la hang s6)
g(z)=a® va f(z) =b(a” —1) (a,blahings6 0 <a#1,b#0).

Bai toan 12. Tim tat cd cic ham so f : R — R thod man
fle+y) = fla)f(y)[f(zy), Vz,y € R. (1)

Giai. Gia stt ham s6 f thod man cac yéu cau dé bai. St dung (1), ta thém bién
mdi z nhu sau :

flx+y+z2)=f(2)f(y+2)f(zy + z2)

= f(@)fW) f(2) f(yz)f(ay) f(x2) f(aPyz), Va,y,z € R, (2)
fle+y+z)=fy)flz+2)f(zy +yz)

= f(@)f W) f(2)f(@2) f(zy) f(yz) f(zyP2), Va,y,z € R (3)

T (2) va (3) suy ra
f(2%yz) = f(zy?2), Vo, y,2 € R. (4)
V6ixz #0,y+#0, tu (4) lay 2z = :z:iy ta duge f(x) = f(y), Vx,y € R\ {0}, hay

f 1a ham héang tren R\ {0}. Gia st f(z) = ¢, Vo € R\ {0} (¢ 14 hdng s6). Tu
(Wlayz=y=1tadugcc=c < ce {0,1,-1}. Tu (1) lay y = —2 # 0 ta
duoe f(0) = =c. Vay f(z) = ¢, Vx € R. Do d6 tat cd cdc ham s6 thod méan
yeu cau de bai la f(z) =0, f(z) =1, f(z)=-1.

1.1. Giai phuong trinh ham bing phudng phap thém bién. 14



www.MATHVN.com
Chuong 1. Nguyén Tai Chung Giao viéen THPT Chuyén Hung Vuong- Gia Lai.

Bai toan 13. Tim cdc ham s6 f,q : Z — 7Z thod man : g la don dnh va
flg(x) +y) =9 (fly) + ), Vo,y € Z. (1)

Giai. Ta thém bién méi z nhu sau :

flg(x)+y)=9(f(y) +2), Va,y € Z.
sSflglr)+y)+2=9(fly)+x)+ 2, Vo,y,z € Z

(

(
g (f(9@)+y)+2)=9(g(fly) +2)+2), YVr,y,2 € Z
=f(9(z) +9(@)+y)=g(g(fly) +z)+2), Vo,y,2 €Z
=f(9(x) +9(z) +y)=g(g(fly) +z) +2), Vo,y,2 €Z
=g(f(9(z) +y)+2)=9g(9(f(y) +2)+2), YVz,y,2 € Z
=fgzx)+y)+z=9(f(y)+z)+ 2, Vo,y,z € Z
=g9(fly)+2)+x=9(f(y)+x)+ 2z, Vo,y,z € Z (2)

T (2) cho z = —f(y) ta duge

0)+z=g(f(y) +z)— f(y), Vo,y € Z
0)+z+ fly) =g(f(y) + ), Vo,y € Z. (3)

)
Tu (3) cho x = —f(y) +t ta dugce g(0) +t = g(t), Vt € Z. Vay
g(x) =x+c¢, VYx €Z
Thay vao (1) ta duge
flx+y+c)=fly)+x+ec Va,y €Z. (4)
Tu (4) lay z = —y — c ta duge f(y) =y +d, Yy € Z (véi d = f(0)). Vay
gx)=x+c, Vr e Zva f(x) =x+d, Vx €Z,
véi ¢ va d 1a nhitng hing s6 nguyén tuy §. Thit lai thay ding.
Bai toan 14. Tim tat cd cdac ham s6 f : R — R thod man
flxy) = f(2)f(y) = flz+y) +1, Vo,y e R. (1)
Giai. T (1) cho z = y = 0 ta dugc
F2(0) = 2£(0) +1 = 0 5 [£(0) — 1] = 0 < f(0) =
Ta thém bién méi z nhu sau : Véi moi s6 thuc z, y, z ta co

fleyz) = f(2) flyz) — f(z +yz) +1
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=f@) [f)f(z) = fly+2)+1] = f(z +yz) +1
=f@)fW)f(z) = fl@)fly+2)+ flz) = flz+yz)+ 1. (2)
Mit khéc
flzyz) = f(2) f(xy) — f(z +2y) + 1
= f(2) [f(@)f(y) — flz+y) +1] = f(z+2y) +1
=f@) f)fz) = f)flx+y)+ fz) = flz+ay) +1.  (3)

T (2) va (3) suy ra véi moi s6 thuc x,y, z ta o

F@)fly+2) = f@) + fx+y2) = f()f(w+y) = f(2) + fz+ay). (4)
Tu (1) choz =1 va y = —1 dugc

Fen = sy & | 0T

fa
e Trudng hop f(—1) =0. Tu (4) cho z = —1 va z = 1 dugc
fOfy-1D)—f)+fL-y)=fly—1), Vyek (5)

T (5) cho y = 2 duge

o Xét f(1) = 0. Khi d6 (5) tré thanh f(1—y) = f(y—1), Yy € R. T day thay
y bdi y + 1 ta dugc

f(=y) = f(y), Yy e R. (6)
T (1) thay y béi —y va st dung (6) dugc
flzy) = f(x)f(y) = flx —y) +1, Vo,y €R. (7)

Tu (7) va (1) suy ra f(zr +y) = f(x —y), Yo,y € R. Tt day cho x = y va luu
v f(0) =1 duge f(2z) = 1, Vo € R, tu day lay z = 0,5 duge f(1) = 1, mau
thuan véi f(1) = 0.

o Xét f(1) = 2. Khi d6 (5) tr thanh

2fly—1) =2+ f(l—-y)=fly—1), YyeR
Sfly—-1)=2—-f(1-y), VyecR (8)
T (8) thay y béi y + 1 duge
fly)=2—f(-y), Yy eR
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e1— f(y) =—[1 - f(-y)], Vy €R. (9)

Dit 1— f(z) = g(x). Tt (9) suy ra ham s6 g thod man g(—z) = —g(x), Vo € R
va (1) tré thanh

l—g(zy) =1 —g@)1-9@]-1+g@+y)+1, Vo,y eR

<g(ry) = g(@) + 9(y) — 9(@)g(y) — 9(z +y), Y,y €R. (10)
T (10) thay y bdi —y duge
—9(zy) = g(z) — 9(y) + 9(2)9(y) — 9(z — y), Vz,y € R. (11)
Cong (10) va (11) ta dugc
9( +y) + g(x —y) =29(z), Y,y €R. (12)
T (12) cho y = x duge g(2x) = 2¢g(x), Vx € R (do g(0) = 0), (12) tré thanh
9(z +y)+g(x —y) = g(2z), Vz,y € R. (13)
V6i moi s6 thuc u va v, dat = ‘; £, Bt =y Khi do theo (13) ta duge
g(u) + g(v) = g(u +v), Yu,v € R
Sg(r+y)=yg(x)+9(y), Yo,y € R. (14)

T (10) va (14) suy ra
g(zy) = —g(2)g(y), Yo,y € R. (15)

Tu (14), tién hanh tuong ty nhu 6 161 giai bai toan 19 6 trang 22 ta chting minh
duoc :
g(rx) =rg(z), Vr € R, r € Q. (16)

Tit (15) cho y = x ta duge g(2?) = —[g(x)]?, Vx € R. Suy ra f(x) <0, Vz > 0.
Tit (15) va (16) ta duge

rg(x) = g(rx) = —g(r)g(x), Ve € R, r € Q. (17)

Dé thay g(x) = 0 thod méan (10). Xét g(z) # 0. Khi d6 ton tai zg € R sao cho
g(xg) # 0. T (17) cho = = zy, ta dugc

g(r)=—r, Vre Q. (18)

Tiép theo ta chiing minh ¢ 14 ham nghich bién. Gid stz < y. Khi d6 y — 2 > 0,
suy ra g(y — x) < 0. St dung (14) ta dugc

9(y) =g((y — ) +z) = g(y — ) + g(x) < g(x) = g(x) > g(y).
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Vay ham ¢ nghich bién tréen R. V6i z € R tuy ¥, ta chon hai day s6 hitu ti
{u, }25, {0,172 sao cho

n:l’

u, <z <v,,¥n=12,...; lim u,= lim v, =x.
n—-+o00o n—-+o0o

Vi ¢ 1a ham gidm nén két hgp véi (18) ta co
g(un) > g(x) > g(vy) = —up > g(z) > —v,(Vn=1,2,...).
Cho n — +oo trong bat dang thitc trén ta dugc
—x > g(r) > —x = g(r) = —=.

Do d6 f(x) =1+ =.
e Truong hop f(1) = 1. T (4) cho z =1 duge

f@) fly+1) = f@)+ flz+y) = flz+y) -1+ f(1+zy), Vo,y €R
Sfl@)fly+1)— f(z)= -1+ f(1 +ay), Vo,y € R. (19)

Tu (19) lay y = —1 duge f(1 —z) =1, Vo € R hay f(z) =1, Vz € R. Sau khi
thit lai ta két luan : Cac ham s6 thod man cac yéu cau dé bai la

fle)=1, f(z) =z +1
Luu y. Néu dat f(z) — 1 = g(z) thi ta thu dugc
L+ glzy) =[1+g9@)]1+9)]-1-glz+y)+1, Yo,y eR
<g(zy) = g(z) + 9(y) + 9(x)9(y) — 9(z +y), YVz,y €R. (10)
Cuing tuong tu nhu trén ta ching minh dugc

{ g(x +y) =g(x) +g(y), Yo,y €R
g(ry) = g(x)g(y), Yr,y € R.

T day, st dung bai todn 23 & trang 25 ta duge g(x) =0 va g(x) = «.
Bai toan 15. Tum tat cd cdc ham so lien tuc f,g,h : R — R thod man

f(x+y) —g(xy) = h(z) + h(y), Vo,y € R. (1)

Giai. Gia st (f,g,h) 1a mot bo ba ham thod man cac yéu cau dé bai. Tu (1)
cho y = 0 ta duge f(z) = h(z) + h(0) + ¢(0), Vo € R. Vi thé

+1(0) +9(0) — g(zy) = h(z) + h(y), Vo,y € R
= h(x) + h(y) + k(zy), Vo,y € R, (2)
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v6i k 1a ham s6 : k(x) = g(z) — g(0) — h(0), Vz € R. Stt dung (2), ta them bién
mdi z nhu sau :

h(z+y+z2)=hlx+y)+h(z)+ k(zz + yz)
= h(z) + h(y) + h(z) + k(zy) + k(yz + 2x), Yo,y z € R.
Tuong tu ta duge
h(z+y+2) =k(yz) + k(zx + xy) = k(zz) + k(zy + y2), Vr,y,z € R
Nhu vay, v6i moi s6 thuce z, vy, 2 ta c6
k(zy) + k(yz + 22) = k(yz) + k(22 + zy) = k(22) + k(zy +yz).  (3)
Gia st a, b 1a hai s6 thuc bat ki.

/b / [ab
e Truong hop a > 0 va b > 0. Xét ¢ > 0. Chon z = —C,y: %,z: a—,
a c

thay vao (3) duge
k(a) + k(b4 c) = k(b) + k(c+ a) = k(c) + k(a + b), Ya,b,c>0.  (4)
Vi g lién tuc trén R nén k lién tuc trén R, do d6 tit (4) cho ¢ — 07 ta dugc
k(a) + k(b) = k(a+b) + k(0), Ya > 0,b > 0.

e Trucong hop a < 0 va b < 0. Xét ¢ > 0. Chonaz—\/ y—@/ z—\/

thay vao (3) duge
k(a) + k(b+c¢) = k(b) + k(c+a) = k(c) + k(a+b), Ya < 0,b < 0,c>0. (6)
Vi g lién tuc trén R nén £ lién tuc trén R, do d6 tit (6) cho ¢ — 07 ta dugc
k(a) + k(b) = k(a+b) + k(0), Ya < 0,b < 0.

/b / |ab
e Truong hop a < 0 va b > 0. Xét ¢ < 0. Chon z = Cy— %z—

thay vao (3) duge
k(a) + k(b4 c) = k(b) + k(c+a) = k(c) + k(a+b), Ya < 0,b>0,c < 0. (8)
Vi g lién tuc trén R nén £ lién tuc trén R, do d6 tir (8) cho ¢ — 0~ ta dugc
k(a) + k(b) = k(a+b) + k(0), Ya < 0,b > 0. (9)
e Truong hop a > 0 va b < 0, tuong tu ta cting thu dugc
k(a) + k(b) = k(a+b) + k(0), Ya > 0,b < 0. (10)
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e Néu it nhat mot trong hai s6 a, b bang 0 thi k(a) + k(b) = k(a + b) + k(0)
ciing dang, do do tu (5), (7), (9), (10) ta c6

k(a) + k(b) = k(a+b) + k(0), Va,b e R. (11)
Xét ham s6 ¢ : R — R nhu sau : t(z) = k(z) — k(0), Vo € R. T (11) ta c6
t(x +y) =t(x) +t(y), Yo,y € R. (12)

Do ham s6 t lien tuc nén tu (12), st dung két qua bai todn 19 & trang 22
ta duge t(r) = ax,Vx € R, véi a 1a hing s6 thyc. Vi thé ham s6 k c6 dang
k(x) = ax + b, Vo € R, suy ra ham ¢ ¢6 dang g(z) = ax + «, Vx € R. Thay
vao (2) ta duge

Wz +y) = h(z) + h(y) + azy + a, Va,y € R

a a
sh(z+y) — 5(33 +y)? = [h(az) — 5:1:2} + [h(y) — §y2} +a=0, Vz,y €R
gazz—mxntn Vr € R.

=h(x) —

[\

Vay ham s6 h ¢6 dang h(x) = %azz +mx +n, Vo € R. Tom lai :

f(x) = %x2+mx+p,g(:€) = ax + b, h(z) = 2> + ma + m.

Thay vao (1) ta duge

DO 2

a a a
§(a:+y)2+m(:z:+y)+p—a:z:y—b: §x2+mx+n+§y2+my+n,w:,yER,

hay p — b = 2n. Vay cac ham s6 thod man yéu cau de bai 1a

f(x) = %x2+mx+b+2n, g(x) =ax+0b, h(z) = gas2+mx+n.

Bai toan 16. Tim tat cd cdc ham so lien tuc f : R — R thod man
fl@+y)+ flay) = f@) + fy) + flay+ 1), Yo,y €R. (1)
Giai. Gid sit ham s6 f thod man cac yéu cau dé bai. Xét ham s6 g nhu sau :
g(x) = f(x+1) — f(x), Vx € R. Khi d6 g lién tuc trén R va (1) tré thanh
fl@+y)=f@)+ fly) + g(zy), Vo,y € R. (2)

St dung (2), ta them bién mdi z tuong ty nhu bai toan 15, thu dugc két qua :
Ham g c6 dang g(x) = 2ax + b, Vx € R. Thay vao (2) ta dugc

flx+y) = f(x)+ fly) + 2azy + b, Vr,y € R
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sflz+y) —alz+y)* = [h(z) —az’] + [h(y) — ay’] +b =0, Va,y € R
jf(x)—sz:?’na:ntn,v:z:ER.

Thay f(z) = ax* + mz + n, Vo € R vao (1) ta dugc
a(z +y)* +m(z +y) +n + az’y® + mry +n
—az’ +mx +n+ay’ +my+n+alry + 1>+ m(zy + 1) +n, Yo,y € R.

Rit gon ta dugc a+m+n =0 < n = —a —m. Vay ham s6 thod man yéu cau
dé bai ¢6 dang f(z) = ax® + mz — a — m, Vo € R, v6i a, m 1a nhiing hing sb
tuy y.

Bai toan 17. Tim tat cd cdc ham so lien tuc f : R — R thod man

flx+y)+ flzy) + 1= f(2) + fy) + flay + 1), Vz,y € R. (1)
Hudéng dan. Xét ham s6 g(x) = f(z + 1) — f(z) — 1 lién tuc trén R. Ta c6
(1) & flx+y) = f(@) + fly) + g(2y), Yo,y € R, (2)

Vay ta thém bién méi z tuong tu nhu bai toan 15, thu dudc két qua : Ham g¢
c6 dang g(z) = 2ax + b, Vo € R. Thay vao (2) ta duge
flx+y) = f(z) + f(y) + 202y + b, Vo,y €R
sSflr+y) —alr+y)’ = [hz) —az®] + [h(y) —ay’] +b=0,Va,y €R
= f(x) — az® = mz +n, Vo € R.
Thay f(z) = ax® + mz + n, Vo € R vao (1) ta dugc

a(r +y)? +m(x +y)+n+ar’y? +mry+n+1
—az® +mz +n+ay* +my +n+alzy + 1) +m(zy + 1) +n, Yo,y € R.
Rt gon ta dudca+m+n=1<n=1—a— m. Vay ham s6 thod man yeu
cau dé bai ¢6 dang f(z) = ax®> + mx + 1 —a —m, Vo € R, véi a, m 1a nhiing
hang s6 tuy .

Bai toan 18. Tim tat cd cdc ham so lien tuc f : R — R thod man

fx+y)+ fley = 1) = f(2) + f(y) + fzy), Yo,y €R.

1.1.2 Mot s6 két qua da st dung

Trong muc nay ta sé phat biéu va chitng minh mot s6 két qua (thong qua céc
bai todn) da st dung 6 muc 1.1.1. Luu ¥ rang day 13 nhitng bai toan rat co ban,
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can thiét cho nhiing ai muén tim hiéu vé phuong trinh ham (ca két qua va 1oi
gidi), chang han nhu bai toan 19, 20, khi di thi hoc sinh giéi 1& dugce phép st
dung ma khong can ching minh lai.

Bai toan 19 (Phuong trinh ham Cauchy). Tim tdt cd cac ham s6 f : R —
R, lién tuc trén R va thoa man

flx+y) = f(z) + f(y),Vo,y € R. (1)

Giai. Gia st f 1a ham s6 thoa man deé bai, khi d6 ta c6 (1). Trong (1) lay y =
ta ducc

f(2z) =2f(z),Vx € R. (2)
Trong (2) lay z = 0 ta duge f(0) = 0. Tu (1) va (2) va bang phuong phap quy
nap ta chiing minh dugc

f(nz) = nf(z),Yz € R,¥n € N. (3)
Trong (1) lay y = —x va stt dung f(0) = 0 ta dugc
f(=z) = —f(z),Vx € R. (4)
Bdi vay khin = —1,-2,..., sit dung (3) va (4) ta c6
f(nz) = f(—n(-2)) = —nf(-z) =nf(z),Vz € R. (5)
T (3) va (5) suy ra
f(nz) = nf(x),Vz € R,Vn € Z. (6)
Véimoin =1,2,..., sit dung (3) ta co
flo) = f (nlx> —nf (%) =t (%) “Yimyveer @
- - n ) T
Vi moi m,n € Z van > 0, sit dung (7) v (6) ta co
f (%az) _f (m%az) —mf (%az) _ m.%f(:z:) _ %f(:z:),V:U eR.
Bdi vay
frz) = rf(z),¥z € R,¥r € Q. (8)
Trong (8) lay z = 1 ta dugc
f(r)=rf(1),vr e Q. (9)
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V6i mdi € R ton tai day s6 hitu ti {r,} ' sao cho lim 7, = x. Vi f lién tuc
n—-+0o0o

~

nen
1) =1t ) = im0
= ()= 1)l = 0
Vay

f(z) = az,Vr € R (v6i C la hiang s6 tuy ¥). (10)

Thit lai thay thoa man. Vay ta két luan : Tat ci cac ham s6 can tim deéu co
dang nhu ¢ (10).

Bai toan 20. Tum tat cd cdc ham so f : R — R, lien tuc trén R va théa man
flx+y) = f(z)f(y),Yz,y € R. (1)

Giai. Dé thay ham f(x) = 0 la mot nghiém cta (1). Tiép theo xét f(z) # 0.
Khi d6 ton tai zy € R sao cho f(zg) # 0. Theo (1) ta c6

flzo) = f(z+ (xo—2)) = f(x).f(xg — x),Vx € R.
Suy ra f(x) # 0, Vx € R va

r T\12
f($)=f<§+§):[f<§)} > 0,Vz € R.
Vay dat In f(z) = g(z) (f(z) = e/@). Khi d6 ham g lién tuc trén R va

eI(@+y) — eg(x).eg(y)’ Va,y € R
oedlety) — eg(x)Jrg(y), Va,y € R
<9z +y) =g(x) +9(y), Yo,y €R.

Theo két qua bai toan 19 suy ra
g(z) = bz,VYo € R (b la hing s0) .
Vay f(x) = e = a®, véi a > 0 tuy y. C6 hai ham s6 thoa méan dé bai la
f(z) =0, f(z) =a” (ala hang s6 duong).

Bai toan 21. Cho ham s6 f la don dnh va lién tuc trén mot khodng nao. Ching
minh rang ham so f don diéu thuc sy trén khodng dé.
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Giai. Gia st f don anh va lien tuc trén khoang (a;b). Lay hai gia tri ¢6 dinh
a, 3 € (a;b) md a < 8. V6i moi z,y € (a;b),z < y ta xét ham s6 g : [0;1] — R
dugc xac dinh nhu sau

g@t)=f((1=t)B+ty) — f((1 —t)a+tx),Vt € [0;1].
Khi d6 ¢ 14 ham lién tuc trén doan [0; 1] va
9(0) = f(B) = fla), 9(1) = f(y) — f(x).

Néu ¢(0).9(1) = [f(B) — f(a)] [f(y) — f(z)] < O thi ton tai v € (0;1) sao cho
g(v) = 0. Nghia la

f(L=7)B+9y) — f((L=7)a+qz)=0
= (M=) +y) = [ (1 =y)a+yz).
Vi f la don anh nén
I=NB+w=>10=-7at+rr e (1-7)E-a) =7 —-y)
Diéu nay 1a vo 1i vi vé phai am con vé trai duong. Béi vay
9(0).9(1) = [f(B) = ()] [f(y) = f(x)] = 0
Nhung néu [f(8) = f(a)] [f(y) — f(x)] = 0 thi f(8) = f(a) hodc la f(y) =

f(z). Diéu nay mau thuan véi f 13 don anh. Béi vay
f(B) = f(@)][f(y) = f(x)] > 0.
Suy ra f(3) — f(a) luon cung dau vé6i f(y) — f(z). Do d6 f don di¢u thyc sy.

Bai toan 22. Tim tdt cd cic ham so f : R — R, don diéu trén R va théa man
flx+y)=f(z)+ fly),Yz,y € R. (1)

Giai. Khong mat tinh tong quét, gia st f 1a ham tang. Tuong tuy nhu bai toan
19 6 trang 22 ta chiing minh dugc

f(z) = kx,Vz € Q. (2)
V6i z € R tiy ¥, ta chon hai day s6 hitu ti {u,}' 5, {v,}.5 sao cho

u, <z <wv,,¥n=12,...; lim u,= lim v, =x.
n—-+o00 n—-+00

Vi f 1a ham tdng nén két hgp véi (2) ta co
fun) < f(@) < f(vn) = ku, < f(2) < kv, (Yn=1,2,...).
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Cho n — +oo trong bat dang thitc trén ta dugc
kx < f(z) < kx = f(z) = kx.
Vay f(z) = kx,Vx € R (k 13 hang s6 bat ki). Thit lai thay thoa man.

Bai toan 23. Tim tat cd cic ham so6 f : R — R thod man dong thoi hai dieu
kién sau :

flx+y) = f(z)+ fy), Yo,y €R. (1)
flzy) = f(x)f(y), Vz,y € R. (2)

Giai. T (1), tién hanh tuong ty nhu ¢ 161 giai bai toan 19 & trang 22 ta chiing
minh dudc cac két qua sau :

flrz)=rf(z), Ve R, reQ (3)
o i em. (4
Tt (2) cho y = x ta duge f(z?) = [f(z)]?, Vz € R. Suy ra
f(x) >0, Vx > 0.
T (2) va (3) ta duge
rflz) = f(re) = f(r)f(z), Ve e R, r € Q. ()
Dé thay f(x) = 0 thod man yeu cau dé bai. Xét f(x) # 0. Khi d6 ton tai xp € R
sao cho f(zg) # 0. T (5) cho = = xy, ta dugc
f(ry=mr VreQ. (6)
Tiép theo ta ching minh f 13 ham dong bién. Gid st 2 < y. Khi d6 y — z > 0,
suy ra f(y —x) > 0. St dung (1) ta dugc
f) =y —x)+2)=fly—2)+ f2) = fz) = flx) < f(y).
Vay ham f dong bién tréen R. V6i 2 € R tluy ¥, ta chon hai day sé hitu ti
{u, }25, {0,172 sao cho

n=1>

up, <rxr <uv,,Vn=12,...; lim u,= lim v, ==z.
n—-+0o0o n—-+0oo

Vi f 1a ham tdng nén két hgp véi (6) ta co
flun) < f(2) < flog) = u, < fz) <v,(Vn=1,2,...).
Cho n — +oo trong bat dang thitc trén ta dugc
< flr) <z = f(z) =
Sau khi thit lai ta két luan : C6 hai ham s6 thod man céc yéu cau dé bai Ia
f(x) =0, Ve e Rva f(z) ==z, Vx €R.
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