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MG dau

Phuong trinh ham 14 mot chuyén dé quan trong trong gii tich, dic biét
14 chuong trinh chuyén todn bac THPT. Cac dé thi hoc sinh gi6i cap Qudc
gia, thi Olympic khu vuyc, Olympic Qubc té thuong xuat hién bai toan ve
phuong trinh ham, d6 14 nhitng bai toan khé va mdéi mé doi véi hoc sinh
THPT. Nhiing cuén sach tham khéo danh cho hoc sinh veé linh viic nay 1a
khong nhiéu. Diac biét trong cac tai lieu sach gido khoa danh cho hoc sinh
THPT thi phuong trinh ham trong 16p cdc ham s6 luong giac chua duge
trinh bay mot cach hé thong va day du.

Xuat phat tit thyc té d6, muc tiéu chinh ctia luan van 1a cung cap them
cho cac em hoc sinh, dic biét 1a cac em hoc sinh kha, giéi, c6 nang khiéu
va yéu thich mon toan mot tai lieu tham khao, ngoai nhitng kién thic 1y
thuyét co ban luan van con c6 thém mot hé thong cac bai tap vé phuong
trinh ham xuét phat tit cac cong thic bién doi lugng giac va 16i giai cho
tung bai. Ngoai ra, day ciing 1a nhitng két qud ma ban than tac gia sé tiép
tuc nghién citu va hoan thién trong qua trinh gidng day toan tiép theo &
truong phd thong.

Ngoai muc lyc, 10i néi dau, két luan va tai lieu tham khéo, luan van
gom ba chuong.

Chuong 1. Mét s6 ddic trung cia ham sé luong gidc.

Trong chuong nay luan vian trinh bay mot s6 kién thitc chuan bi va chi
ra cac dic trung ciia ham sb6 lugng gidc, ham sbé luong gidc hyperbolic,
ham s6 luong giac ngugc.

Chuong 2. Phwong trinh ham trong lép ham sé luong gidc,
ham lugng giac hyperbolic.

Trong chuong nay luan van trinh bay phuong trinh ham d’Alembert
trong 16p cac ham so lién tuc, phuong trinh ham d’Alembert trong 16p
ham khong lién tuc, phuong trinh ham sinh béi cac déac trung ctia ham sin
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va sin hypebolic, cac phuong trinh ham sinh béi dac trung ctia ham tang,
tang hyperbolic va mot s6 dang khac.

Chuong 3. Phuong trinh ham trong ldp cic ham sbé luong
gidc nguwoc va mot sé6 bai tap.

Trong chuong nay luan van trinh bay vé phuong trinh ham sinh béi cac
dac trung ctia ham s lugng giac nguge va mot so6 bai tap vé phuong trinh
ham sinh béi cac cong thitc bién doi luong giac.

Luan van duge hoan thanh dudi sy huéng dan khoa hoc ctia Nha gido
nhan dan, GS.TSKH Nguyén Van Mau. Tac gia xin dugc bay té long biét
on chan thanh va sau sic t6i GS - Nguoi thay rat nghiém khac, tan tam
trong cong viéc va da truyen thu nhiéu kién thiic quy bau ciing nhu kinh
nghiém nghién citu khoa hoc cho tic gid trong sudt qua trinh hoc tap,
nghién ctu dé tai.

Tac gid xin dugc bay t6 long biét on chan thanh dén Ban Giam hieu,
Phong dao tao sau dai hoc, khoa Toan - Tin cta truong Dai hoc Khoa
hoc - Dai hoc Thai Nguyeén, cliing cac thay co gido da tham gidng day va
huéng dan khoa hoc cho 16p Cao hoc toan K3A.

Tac gia xin chan thanh cam on UBND tinh, Sé Gido duc va Dao tao
tinh Yen Bai, Ban Giam hiéu va tap thé gido vien truosng THPT Chu Vian
An tinh Yen Bai da tao dieu kién cho tac gid c6 co hoi hoc tap va nghién
ciu.

Tac gia cling xin dugc cam on sy quan tam giap dé nhiét tinh cta cac
anh chi em hoc vién 16p cao hoc toan K2, K3 Truong Dai hoc Khoa hoc
déi véi tac gid trong sudt qua trinh hoc tap va nghién ctu.

Dé hoan thanh luan vin nay, tac gia da tap trung hoc tap va nghién
cttu trong sudét khéa hoc. Tuy nhién, do dieu kién thoi gian va han ché
ctia ban than nén luan van khong tranh khoi nhitng thiéu sét. Tac gia rat
mong nhan dugc sy chi bdo clia quy thay co va nhitng gép ¥ ctia ban doc
dé luan vin duce hoan thién hon.

Thar Nguyén, thang 05 nam 2011
Nguai thuc hién

Nguyén Trung Nghia
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Chuong 1

Mot s6 dic trung ham ctia ham sb
luong giac

Nhitng cong thic bién ddi lugng gidc co ban da dude trinh bay trong sach
gido khoa pho thong cho ta cac dic trung ham ctia nhitng ham lugng giac tuong
tng. D6 1a co sé dé ta thiét lap cac phuong trinh ham ma cac an ham 1a mot
trong cac ham luong giac da biét. Trong chuong nay, luan van trinh bay mot
s6 kién thitc chuan bi, cac dac trung ham clia cac ham lugng giac, lugng giac
hyperbolic, lugng gidc nguge. Noi dung clia chuong dude tong hop tit cac tai lieu
tham khao [2] [4].

1.1. Mot sb kién thitc chuan bi

Xét ham s f(x) véi tap xac dinh Dy C R va tap gid tri R(f) C R.
Dinh nghia 1.1. Ham f(z) dudc goi 1a ham chén trén M, M C Dy ( goi tét 1a
ham chén trén M) néu
Vee M= —x € Mva f(—z) = f(zx), Yz e M.
Dinh nghia 1.2. Ham f(z) dugc goi la ham s6 1é trén M, M C Dy ( gol tat 1a
ham chén trén M) néu
Vre M= —x € Mva f(—z) =—f(z), Ve € M.
Dinh nghia 1.3. Cho ham s6 f(z) va tap M(M C Dy). Ham f(z) duge goi 1a

ham tuan hoan trén M néu ton tai s6 duong o« sao cho

{ Vie M =x+ae M, (1.1)

flz+a)=f(x), Yoe M;
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s6 o duong nho nhat théa man (1.1) duge goi 1a chu k¥ co sG clia ham tuan
hoan f(z).
Vi du 1.1. Ham f(z) = cosz 1a ham tuan hoan chu ky 27 trén R.
That vay, ta c6 Vx € R thi x + 27 € R va
f(z +2m) = cos(z + 27m) = cosz = f(z), Vo eR.

Dinh nghia 1.4. Cho ham f(x) va tap M (M C Dy). Ham f(z) dudc goi 1a ham
s6 phan tuan hoan trén tap M néu ton tai s duong a sao cho

(1.2)

Vee M =x+ac M,
flx+a)=—f(x), Ve e M;

s6 a nho nhat théa man (1.2) duge goi 1a chu k¥ co s6 cia ham phan tuan hoan
/().
Vi du 1.2. Ham f(z) = sinz 1a ham phan tuan hoan chu ky = trén R.
That vay, ta c6 v6i Ve € R thi z £ 7 € R va
flx+m) =sin(z+7) = —sinx = —f(z), VreR.

Dinh nghia 1.5. Ham f(z) dugc goi 1a ham tuan hoan nhan tinh chu ky o
(a e R\ {0,1,—1}) trén M néu M C Dy va

(1.3)

Vo e M = atle e M,
flax) = f(x), Vo e M;

s6 a duong nho nhat théa man (1.3) dude goi 1a chu ky co s6 clia ham tuan
hoan nhan tinh f(x).
Vi du 1.3. Ham f(z) = sin(27 logy ) 13 ham tuan hoan nhan tinh chu ky 2 trén
R+.
That vay, ta c6 Vo € RT thi 22 € R va
f(2x) = sin[2m logy(22)] = sin[27(1 4 logy x)] = sin(27 logy x) = f(x).

Dinh nghia 1.6. Ham f(r) dudc goi 1a ham phan tuan hoan nhan tinh chu k¥
a (e € R\ {0,1,-1}) trén M néu M C Dy va

{ Vo e M = atlz e R, (1.4)

flax) = —f(x), Vo e R;
s6 a nhoé nhat thda man (1.4) duge goi 1a chu ky cd sé clia ham phén tuan hoan

nhan tinh.
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Vi du 1.4. Ham f(x) = cos(mlogg x) 1a ham phan tuan hoan nhan tinh chu ky
3 trén RT.
That vay, ta c6 Vo € RT thi 3tz € Rt va

f(3x) = cos[mlogs(3z)] = cos[r(1 + logz z)] = — cos(mlogy x) = — f(x).

Dinh nghia 1.7. Cho A ¢ B c R néu v6i moi x € B, v6i moi ¢ > 0 ton tai
y € A, sao cho |r — y| < e thi A dugc goi la tap tru mat trong B, ky hiéu la
[A] = B.

Ménh dé 1.1. Néu tap A c R thdéa méan dicu kién véi moi z,y € R, (z < y)
luon ton tai o € A, sao cho x < a < y thi tap A tru mat trong R ky hieu [A] = R.

Meénh dé 1.2. Néu tap A C R théa man diéu kién véi moi z € R ton tai day
s6 (an) C A, sao cho a, — = khi n — oo thi tap A trit mat trong R ky hiéu
A =R

Nhan xét 1.1. Ménh dé (1.1) v menh dé (1.2) 1a tuong duong.

Dinh ly 1.1. Néu hai ham s6 f(z), g(z) 13 hai ham lién tuc tréen R va thoa
méan dieéu kién f(z) = g(z) v6i moi x € A trong d6 [A] = R thi f(x) = g(z) v6i
moi z € R.

Ta thuong st dung mot so tap tru mat trong R sau
1. Vé6i Q := tap cac s6 hitu ty, ta c6 [Q] = R.
2. V6i § = tap cac sb vo ty, ta c6 [J] = R.
3. V6i [A] =Rtap {a+r | a€ A, r=const,r € R} tru mat trong R.

4. V6i [A] =R tap {ar | a € A, r=const ,r #0,r € R} tru mat trong R.

ot

m
. Tap {Q—n | n € Z*;m € Z} tru mat trong R.

D

. Tap {ma —n|a €S; m,n € N} tru mat trong R.

Bai toan 1.1 (Phuong trinh ham Cauchy). Tim ham f(z) x4c dinh trén R thoa

man cac diéu kién sau

f@)+ fly) = flx+y), Yo,y eR,
f(z) lién tuc tai z = 29 € R,

f) =a, (a#0).
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Gidi. Gia sit ton tai ham s6 f(z) thoa man yéu cau bai ra.
Cho z =y =0 ta dugc f(0) = f(0) + f(0) < f(0) =0.
Cho y = —z ta duge f(0) = f(z) + f(—x) = f(x) = —f(z), Vz e R.
Vay ham f(z) 13 ham s6 18 nén ta chi can xac dinh biéu thic ctia f(z) véi
x> 0.
Cho y = z suy ra f(2z) = 2f(x). Gia su f(kz) = kf(z), (ke N*). Ta co
f((k+1)z) = f(kx +z) = f(kz) + f(z) = kf(z) + f(z) = (k+ 1) f(z)
Theo nguyén Iy quy nap ta dugc f(nz) =nf(z), Ve e R,n e N*.
Vé6in € Z~ suy ra —n € N*, ta co
f(nz) = f((=n)(=2)) = —nf(-2) = (=n)(= f(z)) = nf(z) (do f(z) la ham s0 1¢).
Suy ra f(nz) =nf(z), ¥n € Z~. Két hop v6i f(0z) = f(0) =0 = 0f(z) ta ducc
f(nx) =nf(x), Ve e R; n € Z.

Vé6i m € Z*, ta co

1= 1(n2) =i (2) = (2) = o

m

P X . n N , ES 2d ~ z
Véir e Q, ton tai n € Z; m € 7Z sao cho r = —. Tu cac ket qua trén, ta co
m

fre) = f(a) =nf () = 2 p@) = rf(@), vreQ
Cho z =1 ta dugc f(r) =rf(l) =ar, Vre Q. V6i Vm e R, ta co

f(x) = flx +20 —m+m—u1z0) = f(x —m+x0) + f(m) — f(x0).

Tt gia thiét ham s6 lién tuc tai o = zg ta co

lim f(z) = lim [f(z —m + o) + f(m) = f(z0)]
= lim f(z —m + o) + f(m) = f(xo)
=f(x0) + f(m) — f(zo) = f(m).

Vay f(x) lién tuc tai moi diém m € R. No6i cach khac f(z) lién tuc trén R. V6i
Vz € R, ton tai day s6 (r,) € Q, sao cho r, — x khi n — +o00. Khi d6, vi f(z)

lién tuc trén R nén ta co

flx)= lim f(rp) = lm ar, =az.
n——+oo n——+oo

Thit lai, dé thay ham s6 f(z) = ar théa man yéu cau cia deé bai.
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Bai toan 1.2 (Phuong trinh ham Cauchy dang mi). Xac dinh cac ham f(x)

lien tuc trén R thoa man dieu kién sau

fle+y) = f@)f(y), Ve,yeR (1.5)

Gidi. Dé thay f =01 1a mot nghiem cta (1.5).

Xét truong hop f # 0 2, khi do6 ton tai z9 € R sao cho f(xg) # 0.

Theo (1.5) thi f(zo) = f(z + (z0 — 2)) = f(z)f(zg —x) #0 Vo € R.

Suy ra, f(r) #0, Vz € R, mat khac

2
) = f(— + —) — [f(g)} >0, VzeR.
Dat In f(z) = g(z) = f(z) = e9®). Khi d6 g(x) 13 ham lién tuc trén R va
g9z +y) =Inf(z+y) =In[f(z)f(y)]

=In f(x) +1In f(y) = g(x) + g(y), Va,y € R.

Theo bai todn 1.1 thi g(x) = bz, b€ R tuy ¥, suy ra f(z) = e = a® v6i a > 0.
Két luan: Nghiém ctia bai toan 14 f = 0 hoac f(z) = a*, a > 0.

1.2. Dac trung ham cua cac ham luong giac co ban
a) Ham f(r) = sinx ¢6 tinh chat

fle+y)fx—y) = [f@)]? =[] v6i Ve,yeR
va
F(3z) = 3f(z) — 4Alf(2)], véi VzeR.

b) Ham f(z) = cosx c6 cac tinh chat

fle+y)+ f(z —y) =2f(2)f(y), v6i Va,y € R.
va
F(2x) = 2[f(2)]2 — 1, v6i Vx € R.
Cap ham f(z) = sinz va g(x) = cosx ¢6 tinh chat
fle+y) = fl@)g(y) + f(y)g(z), Vo,y € R,
9(z+y) =g(x)g(y) — f(z)f(y), Yo,y € R.

'Dé don gidn trong ky hiéu ta hiéu f = ¢ nghia la f(z) = ¢, Vz € R.
2f 2 ¢ dugc hiéu 1a 3 z, (zo € Dy) sao cho f(zg) # c.
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¢) Ham tanz c6 tinh chét

f@)+ ) (2k + D

R 7).
flx+y) = = @)’ Ve,y e R, z,y,x+y# 5 (ke Z)
d) Ham f(z) = cotx ¢6 tinh chat
@) -1 ]
flz+y) = TOESITR Ve,ye R, z,y,x+y#kr (k€ Z).

1.3. Pac trung ham ctua cac ham hyperbolic

1 £
a) Ham sin hyperbolic f(x) = sinhz := 5(6“ — e~ ") ¢6 tinh chat

f(3z) = 3f(x) +4[f(2)]’, Vz eR.

1

b) Ham cosin hyperbolic g(x) = coshz := 2(6 +e77) ¢6 tinh chat

gx+y)+g(x—y) =29(x)g(y), Yx,y € R.

¢) Ham tan hyperbolic h(z) = tanhz := = J_r e_l“ c6 tinh chat
h(z) + h(y)
hz+y) = m, Va,y € R.
e’ +e

d) Ham cotan hyperbolic ¢(z) = cothz := c6 tinh chat

1+ q(=)q(y)

, Ve,ye R,z + 0.
@ fa) Y v

qz+y) =

1.4. Dac trung ham cua cac ham luong giac ngudc

a) Ham f(r) = arcsinz ¢6 cac tinh chét

(

f(z) + (x/1—y?2 +yV1—22), v6i Va,y € [—1;1].
b) Ham g(z) = arccosz c6 tinh chat

g(x) + g(y) xy—\/l—xz\/l— , VOi Vo, y € [—1,1].

c) Ham h(z) = arctan z c6 tinh chat

h(zx) + h(y) = h(lxjxyy), Vi Y,y € R, zy # 1.

d) Ham p(x) = arccot x ¢6 tinh chét

xy—l) "
+ = ( , VoIV, y € R,z + 0.
p(z) +py) =p e T,y T+y#
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Chuong 2

Phuong trinh ham trong 16p ham
luong giac, lugng giac hyperbolic

Dua trén co sé kién thitc chuan bi & Chuong 1, bang cach thay thé céc an
ham cho cac ham chiing ta sé dugc cac bai toan phuong trinh ham. Chuong 2
clia luan van sé gidi quyét cac bai toan dang nay, do6 1a cac bai toan lién quan
dén dic trung ctia ham lugng giac, lugng giac hyperbolic trong 16p cac ham so
lién tuc va khong lién tuc. Cac bai toan nay dugce téng hop tiu tai lieu tham khao

[4] va trén internet.

2.1. Phuong trinh d’Alembert trong 16p ham sé lién
tuc

Bing cach thay ham cos, cosh trong cong thitc bién doi
cos(x 4+ y) + cos(xz —y) = 2coszcosy, Vr,y € R,

cosh(x + y) + cosh(x — y) = 2coshz coshy, Vr,y € R,
bang an ham f ta sé c6 hai bai toan sau.
Bai toan 2.1. Tim cac ham f(z) xac dinh, lién tuc trén R va thoa man cac
diéu kién

{f(x +y)+ flz—y) = 2f(2)f(y), Yoy R, (2.1)

f(0) =1,3z9 € R sao cho |f(zg)| < 1.

Giai. Vi f(0) =1 va f(z) lién tuc trén R nén

Je > 0 sao cho f(z) >0, Vo € (—¢,¢). (2.2)
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Khi d6 theo (2.2) v6i no € N dit 16n thi f(z%ﬂ) >0,
Nhan xét rang f(%) <1, YneN.
That vay, gia su f<%> > 1 v6i n nguyén duong nao do6 thi theo (2.1) ta c6

2
= f(xo) = 2[f<—)] ~ 1> 1 trai v6i gid thiét | f(z0)] < 1.

Vay ton tai 21 # 0 sao cho 0 < f(z1) < 1 va f(z) > 0, Va € (—\xl\, yxly)

(chi can chon xy = %) bat f(x1) =cosa,0 < a < g T (2.1) suy ra

f2z1) = 2[f(x1)]> = 1 = 2cos®> @ — 1 = cos 2a.

Gia su, f(kx1) = coska, Vk=1,2,...,n € NT khi do6

f((n+)z1) = f(ney + 1) = 2f (1) f(z1) = f(n = 1))

= 2cosnacosa — cos(n — 1)a = cos(n + 1)a.

T d6 suy ra f(may) = cosma, ¥m € NT.
Miit khéc, ddi vai tro ciia x vy trong (2.1), ta co f(z—y) = f(y—=x), Va,y € R,

do d6 f(x) 1a ham chén trén R va nhu vay
f(maz1) = cosna, VYm € Z. (2.3)

Chox=y= % tir (2.1) ta nhan duge

)] - () v o (3) <o

Gia st f(%) :cos;k, Vk=1,2,...,ne Nt

Khi d6 cho z = y = —t

SEAT tur (2.1) ta thu duge

«Q
1+ cos

9 -
1 B 1 T\ on 9 o
[f(2n+1)] - §+f(2_n) S R TR

f(ﬂ) = cos %, Vn € N. (2.4)

Do vay
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T (2.3) va (2.4) cho ta

f(ﬂ;fl) = cos %, Vn e NT, vm e Z. (2.5)

Vi f(z) va cosz la cac ham lién tuc trén R nén tiu (2.5) suy ra

f(z1t) = cosat & f(x) = cosax, (Véia:g, VmER).
T1

Thit lai ta thiy f(r) = cosax(a # 0) théa man cac dicu kién bai toan.
Két luan: f(z) = cosar, a € R\{0}.

Bai toan 2.2. Tim cac ham f(z) xac dinh, lién tuc trén R va thoa man cac

dieu kién
fla+y)+ fle—y)=2f(2)f(y), Yo,y eR, (2.6)
f(0) =1,3zp € R sao cho f(xg) > 1. '
Giai. Vi f(0) =1 va f(z) lién tuc tai z = 0 nén
Je > 0 sao cho f(z) >0, Vo € (—5,5). (2.7)

Khi d6 theo (2.7) v6i ng € N dit 16n thi f(;TO) > 0,
Nhan xét rang f(%) >1, VneN.
That vay, néu ton tai n € Nt sao cho f(%) < 1 thi theo (2.6) ta ¢6

() =) 10

2
= F(wo) = 2{;‘(%)] _ 1< 1, tréi véi gid thiét f(zo) > 1.

Do d6 ton tai z1 # 0 sao cho f(x1) > 1 va f(x) >0, Yo € —(|o1], |z1]),

(chi can chon x1 = %)

Dat f(z1) = cosh,0 < a, tit (2.6) suy ra
f(2x1) = 2[f(x1)]?> = 1 = 2cosh? & — 1 = cosh 20
Gia st f(kz1) = coshka, Vk=1,2,..,m € N, khi do6

f(m+ 1)zy) =f(may + x1) = 2f(mx1) f(21) — f((m — 1)z1)
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=2 cosh ma cosh a — cosh(m — 1)a = cosh(m + 1)a.

Suy ra f(mx1) = coshma, Vm € NT.
Miit khac, ddi vai tro clia x va y trong (2.6) ta co, f(z—y) = f(y—z), Vz,y € R,

suy ra f(z) la ham chan trén R va do d6
f(mz1) = coshma, Vm € Z. (2.8)

Chox=y= %, tr (2.6) ta nhan duge

z1\1? 1+ f(z1) 1+cosha o
[f(z)}_ S R
Do vay
1 . g
f(;) = cosh 5
Gia st f(%) :cosh%, Vk=1,2,...,ne NT.
Khi d6 cho z =y = Qn% tir (2.6) ta thu duoc
a
1 4 cosh —
x| 2 _1 | . on 9 «
i) G - e
Do vay
f(%) = cosh %, Vn € N. (2.9)
T (2.8) va (2.9) cho ta
f(ﬂ;il) = cosh %, VYm € 7. (2.10)

Vi f(z) va coshz la cdc ham lién tuc trén R nén ti (2.10) ta c¢6

f(z1t) = cosha

Lot «
& f(x) = coshazx, v6i a = —, Vo eR.
‘o

Thit lai ta thay f(z) = coshax, (a # 0) ro rang théa man cac dicu kién ctia bai
toan.
Két luan: f(z) = coshax, trong d6 a € R, a # 0.

Nhan xét 2.1. Dé kiém tra thady ham f =0 va f =1 ciing théa man diéu kien

fle+y)+ flz—y)=2f(2)f(y), Vz,y e R.
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Do d6 tir bai toan 2.1 va bai todn 2.2 ta c6 dinh 1y vé nghiém ciia bai toan
phuong trinh ham d’Alembert.

Dinh 1y 2.1 (Dinh Iy nghiém ctia phuong trinh ham d’Alembert). Néu ham

f:R—=R, lién tuc va théa man

flx+y)+ flx—y) =2f(2)f(y) =,y €R,

thi ham f la mot trong cac ham sau:

f(z) =0, VxeR,
flz)=1, VzxeR,
f(x) = cosh(az),
f(x) = cos(px),

trong dé o, B la cdc hang so thuc khac 0.
Bai toan 2.3. Cho a € R, (a # 0) tim cac ham f(x) lién tuc trén R thoa man
fla—y+a) = flz+y+a)=2f(2)f(y), Yo,y eR. (2.11)

Gidi. Dé kiém tra thay f = 0 thoa man céc yéu cau ctia bai toan.
Xét f # 0 khi do, thay y bang —y vao (2.11), ta c¢6

fle+y+a)— fle—y+a)=2f(z)f(y) (2.12)
Tir (2.11) va (2.12) ta ¢6

f@)fly) =—f(@)f(y), =,y eR, suyra f(y) = —f(y), Yy € Rdo f#0.

Suy ra f(x) la ham lé.

Déi vai tro clia z va y cho nhau trong (2.11) ta c6
Fly—z+0)— f@+y+a)=2/(@)[() 5,y eR (2.13)
Tit (2.11) va (2.13), ta 6
fle—y+a)=fly—z+a)=f(—(r—y)+a)=—f(zr—y—a) vi f la ham lé.

Suy ra
flx—y+a)=—f(zr—y—a). (2.14)
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Cho y = 0 thay vao (2.14) ta ¢6
fx+a)=—f(z —a),
flz+2a) = —f(x),
[z +3a) = —f(x +a),
flz+4a) = —f(z + 2a) = f(z), Yz eR.

Ta thay = bang = + a va y bang y + a vao (2.11) ta dugc

fle—y+a)— flr+y+3a)=2f(xr+a)f(y+a), z,yeR.
sfle—y+a)+ flzr+y+a)=2f(zr+a)fly+a), z,yeR.

Dat g(z) = f(z +a), suy ra g(z +y) + g(z — y) = 29(x)g(y)
Tt tinh lién tuc cia ham f(x) trén R suy ra ham g(z) lién tuc trén R.
T g(z +9y) + g(x —y) = 29(x)g(y), =,y € R ta c6 g(r) 1a mot trong bon ham
sau
g=0, g=1, g(x) =cosh(kx), g(z)=cos(kz), VzeR.

Truong hop 1: Néu g(z) = 0, Vo € R, suy ra f(z) = 0, Vo € R khong thoa
man (trai véi gidi thiét f #0).

Truong hgp 2: Néu g(z) = 1, Vo € R, suy ra f(z) = 1, Vo € R khong thoa
man (2.11) nén khong la nghiém ctia bai toan.

Truong hgp 3: Néu g(z) = cosh(kz), Vz € R, suy ra f(z) = cosh[k(z — a)]
khong thoéa man vi cosh[k(z — a)] khong 1a ham tuan hoan.

Truong hop 4: Néu g(x) = cos(kx), Vo € R suy ra f(x) = cos(k(r — a)).

Ma ta da ching minh duge f(x +4a) = f(x) nén, ta co

f(z+4a) = cos(k(x + 4a — a)) = f(z) = cos(k(z — a)),

= cos(k(xz + 3a)) = cos(k(z — a)), ( chon x =x+a),

suy ra cos(k(z + 4a)) = cos(kx) = 4ka =27 = k = %

Suy ra f(x) = cos (21

a

Tht lai ta thay ham f(z) = cos (21(95 - a)), Vx € R thdéa méan yéu cau cla
a

(x—a)), Vo e R.

bai toan.
Két luan: f =0 ; f(x) = cos (;(x - a)), Vz e R.
a
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Nhan xét 2.2. T két qua va cach giai clia bai toan 2.3 thi ta c6 cac bai toan
khi cho a cac gia tri cu thé khac nhau. Vi du khi cho a = g ta c6 bai toan sau.
Tim cac ham f(x) lién tuc trén R théa man
=y +3) = fety+3)=2/@f), YeycR

St dung cach giai nhu bai toan 2.3 ta duge nghiém ctia bai toan f(x) = sinz.

2.2. Phuong trinh d’Alembert trong 16p cac ham s6
khong lién tuc.

Xuat phat tit biéu dién ctia cac ham lugng gidc thong qua ham mi

et 4 =i e 4 e %
cosyx = ——; coshe = ——;
2 2
' eia: o e—im . et — T
siny = ——; sinhr = ———,
2 2

ta thay nghiem clia bai toan phuong trinh ham d’Alembert c¢é thé biéu dién
thong qua ham mii. Tuy nhién trong cac bai toan trén ta phai sit dung gia thiét
rang ham can tim lién tuc trén R. Cau héi dat ra 1a néu bd gia thiét ham can
tim lién tuc trén R thi nghiém ctlia cac bai toan d6 c6 ton tai hay khong va néu
c6 ton tai thi nghiem xac dinh nhu thé nao?

Dé tra 16i cau hoi do, ching ta can xay dung mot ham mdéi dé cé thé bicu

dién nghiém ctia bai todn: Tim ham f(z) xac dinh trén R thdéa man

flx+y)+ fle—y)=2f(2)f(y), Yz,y e R.

Dinh nghia 2.1. Moi ham £ : R — C goi 14 ham exponential néu F théa man
phuong trinh
E(z+y) = E(z)E(y), Vr,y € R.

Nhan xét 2.3. {Néu F khong dong nhat bing 0 va 13 ham lién tuc thi E(z) = e
6 day A\ € R.
Néu E(z) # 0, Vz € R ta dinh nghia

E*(z) = E(x)™!, VzeR.

Ta sé di chitng minh cac tinh chat so cap ciia ham E(z) xac dinh nhu trén.
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Tinh chat 2.1. Néu £ : R — C la ham exponential va E(0) = 0 thi
E(z)=0, Vz e R.
Ching minh: Vi E : R — R la ham exponential nén
E(x+vy)=E(z)E(y), Vz,y € R.

Cho y =0, ta c6 E(z) = E(z)E(0), Vz e R.
Theo gia thiét £(0) =0 suy ra E(z) =0, Vz € R.
Hay E(z) =0, Vz e R.

Tinh chat 2.2. Néu F: R — R la ham exponential va E # 0 thi F(0) = 1.

Chitng minh: Vi E : R — C la ham exponential va E(z) khong dong nhat bang
0 nén tu
E(z+y) = E(z)E(y), Vr,y eR.

Cho z =y = 0 = E(0) = E(0)E(0) = E(0)(1 — E(0)) = 0. Vay E(0) = 0 hoic
E(0) =1. Néu E(0) =0 = E(z) =0, Vx € R, trai gid thiét. Vay E(0) = 1.

Tinh chat 2.3. Néu £ : R — C la ham exponential va ton tai 2o € R sao cho
E(xp) =0 thi E(z) =0, Vz e R.

Ching minh: V6i Va € R, ta co
E(x) = E((x — x0) + z0) = E(x — z9)E(z0) = 0.
Suy ra E(z) =0, Vx e R.

Tinh chat 2.4. Néu £ : R — C la ham exponential va F # 0 thi

Ching minh: Do E : R — R la ham exponential, va tit £ £ 0 nén ti tinh
chat (2.2) ta c6 F(0) = 1. Cho y = —x thay vao E(x +y) = E(x)E(y) ta dugc

E(0) = E(z)E(—z), Yz e R.

Tu tinh chat (2.2) ta c6 E(z) #0, Vo € R va E(0) = 1.
— 1 _ _ -1

Suy ra E(—z) = E@) & E(—z)=E " (x)

Hay

E(—z)=E*(z), Vz e R.
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Thay = = —z vao biéu thiic trén ta co
E*(—x) = E(x), Vz e R.
Tinh chat 2.5. Néu £ : R — C la ham exponential va F # 0 thi
E*(z+y) = E*()E*(y), Vz,y € R.
Chitng minh: Do E # 0 va ti tinh chat (2.3) ta ¢c6 E(z) #0, Vo € R, khi d6
1 1

Bt = 5ary ~ FEw

= BV @)E M y) = EX(@) " (y).

= F*(zr+y) = E*(x)E*(y), =,y € R.

Tinh chit 2.6. Moi ham f: R — C théa méan

flz+y) + flr—y) =2f(2)f(y), Yo,y €R, (DE)

déu 13 ham chén tren R.
Chitng minh: Dé kiém tra thiy f = 0 thda man (DE) v& ham f = 0 14 ham
chén trén tap R.
Néu f # 0 ta c6, thay y bang —y vao phuong trinh (DE) ta c¢6

flx—y)+ flx+y) =2f(2)f(~y)
= 2f(2)f(y) = 2f(z)f(~y)
= fly) = f(~y), VyeR

Hay ham f 1a ham chan trén R.

Dinh 1y 2.2. Moi ham f: R — C théa man

flet+y)+ flz—y) =2f(x)f(y), Vz,yeR (DE)
la ham
—
Trong d6 E : R — C* 1a ham exponential dinh nghia & trén.
Chitng minh: Dé thiy f =0 thdéa man (DE).
Xét f#0. Cho z = 0 =y thay vao (DE) ta dugc

f=0hoac f(z) =
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F(0)[1 = £(0)] =0 = f(0) = 0 hodc f(0) = 1.
Néu f(0) =0, dat u =z +y, v = —y khi d6 (DE) tr6 thanh

Flu) + f(v) = 2f<“g“)f<“;”), Vu,v € R,

u—+v
2

Cho u =wv suy ra 2f(u) = 2f<
suy ra f(0) = 1.

Cho y = z thay vao (DE), ta c6
f22) + f(0) = 2[f(2)] = f(22) = 2f(2)* — 1!

Thay z bang z + y va y bang x — y vao phuong trinh (DE) ta c¢6

) £(0) =0, VueR (trai gia thiét f #0).

featytr—y) +flat+ty—r+y) =2f(v+y)flz—y)
= f(2z) + f(2y) =2f(z +y)f(x —y), Vz,y € R

Ta co:

St~ S =) = [Fet )+ )] /s )
= [2f(x)f(y)} = 4f(z+y)f(z—y)
— 4/ (@) (1)* 2| f(22) + f(2y)]
= @) — 2| (@) = 1+ f)? 1]

— 4| 1| [fw)?* 1]

= fle+y) — floa—y) = :EQ\/[f(x)z - 1] [f(y)Q _ 1}, Ve,y € R,

Cong hai vé phuong trinh trén v6i phuong trinh (DE) ta c6

fla+y) = f@)fy) £ VIf(@)? = 1[fy)? - 1]

suy ra [f(z +y) — f(@) f(y)]* = [f(2)* = Y[f () - 1]. (2.15)

Ta xét hai truong hop. f(x) € {—1;1}, Vx € R va
f(z) & {—1;1}, v6i mot vai gia tri xz € R.
Truong hop 1: Néu f(x) € {—1;1}, Vz € R. Két hop véi (2.15) ta co:

flx+y) = f(x)f(y), Yo,y e R

'Dé don gidn trong ky hiéu tit day ta hiéu f(x)? = [f(x)]?
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o) day f(z) nhan mot trong hai gia tri 1 hodc —1 nén ta co:

fx) + f*(x)

f(@) = f(z) va f(z) = 5 , Vz e R

Khi d6 f(x) = w, Ve e R v6i E(z) € {—1;1}.
Truong hop 2: f(x) ¢ {—1;1}, v6i mot vai gia tri « € R.
Do d6 ton tai zg € R sao cho f(zg)? —1 # 0.
Dit a = f(x9) = a? — 1 #0, dat 2 = o — 1. Ta dit

E(z) =f(z) + %mx T 20) — f(@)f (o)
—~[fla+a0) + (8- a)f@)], VaeR.

8

Ta sé chiing minh biéu thic E(z) xac dinh nhu trén 14 mot ham sb.

That vay z1 = 29 va xét

Bla) =5 (o1 -+ 20) + (8 = ) (w)]
=5 (o2 + 20) + (8 = @) 22)] = Baa).
T d6 suy ra E(z) xac dinh mot ham sé x4c dinh trén R.
Ta co:
Bl@) — @) =557+ 20) = 1) flan))

:%[f(xﬁ —1)[f(20)? — 1]theo (2.15)

= - =)

=f(z)* - 1.
Suy ra

E(x)* = 2B(x) f(x) + f(2)* = f(x)? =1
= F(z)> - 2E(x)f(z)+1=0, Vz € R.

Néu E(x) =0« 1 =0 vo ly, suy ra E(z) #0 va

E(z)?+1 _ E(z)+ E*(v)

2B 5 , Vx e R.

fz) =
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Ta sé chiing minh E(z) théa man tinh chat
E(x +y) = E(x)E(y), Yo,y eR.

That vay, ta co

2[f(zo +2) f(y) + flzo +y) f(z)]
=f(wvo+ 2 +y) + f(vo+ 2z —y) + f(vo +y +2) + f(vo +y —z) theo (DE)
=2f(xo+x+y)+ flwo+2—y)+ flro+y — )
=2f(zo +z +y) + 2f(z0)f(z — y)
=2{f(zo +x+y) + f(z0)2f(2) f(y) — flz + )|}
=2{f(xo + = +y) +a2f(x)f(y) - f(z+y)]}.

Mat khac ta co

2f(wo + ) f(zo +y)
=f(zo+z+z0+y)+ flxo+2 — 20 —3y) theo (DE)
=f(wo+ (o + 2 +y)) + f(z —y)
=[2f(w0) f(vo + 2 +y) — f(vo + 2 +y — 20)| + [2f () f(y) — f(z +y)] theo (DE)
=2f(z0) f(xo+z+y) — flz+y)+2f(2)f(y) — fz+y)
=2[f(z)f(y) + af(zo+z+y) — f(z +y)].

Ta lai co6:

= ol @+ 20) + (8= ) @)y +20) + (8= ) o)
— U+ ) £y +20) + (8 = (@) 20 + 1) + F(5) w0+ )
+ fW)f(zo+ @) + (8= )’ f(2) f(w)}
@)+ af(ao+o+9) - fla+y
(8= a)fw+ o+ ) + 20 () () — af (@ + )
+ (8- @) 0)}
=105 = o0? + 20(3 ) + 1F] ) + 55w+ +)
—[1+ (5 - )alf (@ + 1)}
— (6% = a® £ DF(@) ) + B ao + 2+ ) = (Ba = )1 (@) (1))

E(x)E(y)
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1
P
Suy ra: E(z) la ham exponential. Thu lai ta co:

lﬂm+szWx+w+Jﬂm—szﬂx—w
_E(@)E(y) + E*(z) E*(y) + E(x) E(—y) + E*(2) E* (—y)
_E@)E(y) + E*(x) E*(y) + 2E(fff)}*i*(y) + E*(x)E(y)
_E@)[EW) + E*(y)] + E*%w)[E* (y) + E(y)]

E(x) + E*(x) E(y) —QF E*(y)

=L = 25 f ()

Bf(vo+x+y)+B(B—a)f(x+y)] =E@+y).

flx+y)+ fle—y) =

Vay: f(z) = 5

trong d6 E(z) la ham exponential.

Tt cac cong thiic bién déi
cos(r —y) = cosxcosy +sinzsiny, x,y € R,

cos(x +y) = coszcosy —sinzsiny, x,y € R,
sin(x 4+ y) =sinzx cosy +sinycosz, z,y € R.

Néu ta thay cédc ham cos, sin & ca hai vé clia cong thitc bang cac an ham tuong

ting thi sé duge cac bai toan sau.

Bai toan 2.4. Tim cac ham f: R — C va g : R — C thoa man

fle—y)=f@)f(y) +9(x)g(y), Yo,y eR. (2.16)

Glidi. DA vai tro clia  va y cho nhau trong (2.16) ta c6

fly—z)=fW)f(@) +9()g(@). (2.17)
Két hop (2.16) va (2.17) ta duge

fla—y)=fly—2), z.yeR (2.18)

Cho y = 0 thay vao (2.18) ta dugc
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suy ra f(r) 1a ham s6 chin tren R.

Thay = bing —z va y bing —y vao (2.16) ta c¢6
fly—x) = f(=2)f(=y) + 9(—=z)g(—v),
mat khac do f 1a ham chén nén
flx—y) = f(2)f(y) + g(=2)g(~y). (2.19)
Két hop (2.19) va (2.16) ta co:

9(x)g(y) = g(—x)g(—y), Va,y e R. (2.20)

Xét hai truong hgp
Truong hopl: g(x) 1a ham hang, khi d6 g(z) = ¢, Vo € R thi (2.16) tré thanh

fla—y) = f(2)f(y) +*, Yo,y eR.
Thay y bang —y va stt dung tinh chat ham f(z) 1a ham chin, ta c6
fla+y) = fl@)fly) + = fle—y), Yr,yeR,
suy ra f 1a ham hing. Dat f(z) = b, Vo € R, khi d6 (2.16) tré thanh

b=+ b2 —b+c2=0.

1£V1 —4c?
Suy ra b= —
Vay nghiém cua bai toan trong truong hgp nay la:
1+ V142
flz) = 2 ’ Ve eR, ¢=const € C
glx) =c

Truong hop 2: g(z) khong 1a ham hang, ta chon yg sao cho g(yg) # 0, tur (2.20)
thay y = yo ta co:
g(x) =cg(—x), VreR, (2.21)

& day c la hang s6 khac 0. Suy ra
g(x) = g(z), ¥z eR,

mit khac do g khong 14 ham hing nén ¢ =1 = ¢ = +1.
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Gia st ¢ = 1, thay vao (2.21) ta dugc

suy ra g(z) 1a ham chan.

Thay y bang —y vao (2.16), ta c6

flx+y) = f(2)f(~y) + g(z)g(—y)
= f(x)f(y) + g(x)g(y) = f(z — y).

Suy ra f(u) = f(v), Vu,v € R, hay f 1a ham héang.
Dat f(u) =m, Vu € R, m la mot hang s6 khi d6 (2.16) trd thanh

m =m’+ g(x)g(y), Vz,y € R,

suy ra g(z) 1a ham hang (trai gid thiét g(x) khong la ham hing) diéu d6 chiing
t6 rang ¢ = —1 hay g(z) 1a ham 1é.
Thay y bang —y vao (2.16), ta c6

f@+y) = f2)f(—=y) + 9(x)g(—y)
= f(x)f(y) — g(x)g(y) (vi f 1a ham chan, g la ham 1é),

suy ra
[l +y) = @) fy) - 9(x)g9(y). (2.22)
Cong hai vé clia (2.16) va (2.22), ta dugc

fle+y)+ flz—y) =2f(2)f(y), Vz,y e R.

Hay ham f thoa man diéu kién ctia phuong trinh (DE) suy ra

flz) = w, E(z) la ham exponential.

Thay ham f vao (2.16), ta c6

E(x—y) ‘;E*(l‘ —y) :E(ﬁ) —;E*(x) E(y) ZE*(y) + o@)ely)
ooty 2EEF W T E @B F@P) + B B
~ B(@)E*(y) + E*(2) E*(y)
4
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ma ham g(z) khong 14 ham hang, suy ra

ola) = 12O F'@)

Suy ra nghiém cua bai toan trong truong hgp nay la:

E(x)+ E*(x E(r)— E*(x
flay = LI gy - P - BT
6 day E(x) la ham exponential.
Két luan:
1+ V14
)= 2 " Vo eR, c=const €C;

.E(a:)T*(a:)’ E(x) la ham exponential.
glw) =i——5——

Chu y 2.1. Néucho f:R— C, g: R — C ( g(x) khong 1a ham hing, f # 0) va
thoa man

fl@—y) = f(@)f(y) + 9(x)g(y), Vz,y €R,
thi ta ching minh duge : g(x)? + f(2)? =1, Vo € R.

Ching mainh: That vay, tit 16i giai clia bai toan trén ta c6 g(x) la ham 1é suy
ra g(0) = 0. Cho y = 0 thay vao (2.16) ta c6

f(x) = f(x)f(0) + g(2)g(0),
két hop véi g(0) = 0 ta c6

f(x) = f(x)f(0), Vo eR.

Do ham f # 0 ta suy ra f(0) = 1.
Cho x = y thay vao (2.16) va két hop véi £(0) =1 ta thu dugc

£(0) = f(x)* + g(x)?

hay
f(@)? +gx)*=1, Ve e R
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Bai toan 2.5. Tim cac ham f,¢g: R — R lién tuc trén R thoa méan

fle—y) = f@)f(y) +9(x)g(y), =,yeR (2.23)

Gidi. Néu f(z) 1a ham hiing.
D& thiy f(z) = ¢ va g(z) = \/c(1 — ¢) § day ¢ = const la nghiém ctia bai toan,
f(x) =cva g(x) =—+/c(l —c) 6 day ¢ = const ciling la nghiém ctia bai toan.

Néu f(x) khong phai 14 ham hing thi. Do6i vai tro clia 2 va y cho nhau trong
(2.23) ta co

fly—=)=fy)f(@)+ g(y)g(x). (2.24)
Tu (2.23) va (2.24) ta duge

fla—y) =fly—2), z,yeR. (2.25)

Cho y = 0 thay vao (2.25) ta dugc

suy ra f(r) 1a ham s6 chin tren R.

Thay = bang —z va y bang —y vao (2.23) ta ¢6
fly =) = f(=2)f(=y) + 9(=2)9(-y).
Do f(z) 1a ham ch&n nén thay » bang —x va y bang —y vao (2.23) ta co6
[z —y) = f(=0)f(=y) + 9(=2)9(=y) = [(2)f(y) + 9(=2)9(=y). (2.26)
Két hop (2.26) va (2.23) ta co:
9(x)g(y) = g(=2)g(—y), Yr.y €R. (2.27)
Gié sit g(x) 1a ham hiing, khi d6 g(z) = ¢, ¥z € R thi (2.23) trd thanh
fle—y) = f(2)f(y) +*, Yo,y eR.
Thay y bang —y va stt dung tinh chat ham f(z) 1a ham chin, ta c6
flx+y)=f@)f(~y) + = f2)f(y) + = [z —y), Yoy eR,

suy ra f(z) la ham hang (trai gid thiét) tit d6 chiing t6 g(r) khong 13 ham hing.
Chon yo sao cho g(yo) # 0, tur (2.27) thay y = yo ta co:

g(x) =cg(—x), Yz e R, (2.28)
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& day c 1a hang s6 khac 0. Tt d6 suy ra:
g(z) = Pg(x), Vz € R.
Mat khac do g(x) khong 1a ham hing nén ¢? =1 = ¢ = £1.
Gié stt c = 1, tur (2.28) suy ra
g(z) = g(~z), Vo e R (2.29)

Suy ra g(z) 1a ham ch&n. Thay y bang —y vao (2.23), ta c6

f@+y) = f2)f(=y) + g(x)g(—y)
= (@) f(y) + 9(x)g(y) = f(z =),

suy ra f(u) = f(v), Vu,v € R.

Suy ra f(u) =m, Yu € R, m la mot hing s6 hay f(z) 1a ham hang (trai gid
thiét) dieu d6 ching t6 rang ¢ = —1 hay g(z) 13 ham 1é.
Thay y bang —y vao (2.23), ta c6

f@+y) = f@)f(=y) + g(x)g(—y)
— F(@)f(y) — 9(@)g(y) (i f(x) a ham chim, g(z) a ham 1¢),
suy ra,
fl@+y) = f@)f(y) — 9(x)9(y). (2.30)
Cong hai vé clia (2.23) va (2.30) , ta dugc
fl@t+y)+ fla—y) =2f(2)f(y), Vz,yeR.
Suy ra f(z) 1a ham lién tuc nén théa man diéu kién ctia phuong trinh d’Alembert
va f # ¢ thl f(z) la mot trong hai ham sau
f(z) = cos(ax), f(x) = cosh(Bz), (a#0, §#0).

Va theo cha y 2.1 ta ¢6 f(z)? +g(z)?> =1, Vz € R.

Néu f(z) = cos(axr) thi

g(x)? =1 — cos®(ax) = g(x) = £sin(ax).

Néu f(z) = cosh(Bz) khi d6 |f(x)| = | cosh(Bz)| > 1 ma theo chu ¥ 2.1 thi ta c6

If(z)] <1, Vo eR, tit d6 suy ra f(z) = cosh(fx) khong la nghiém ctia bai toan.

Két luan:

f=c f=c f(z) = cos(ax)
; : ,(a#0,a € R).
{g =+/c(l—¢) {g =—+/c(l1—¢) {g(x) = +sin(ax) a7 <R)
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Bai toan 2.6. Tim cac ham f,g: R — C thoéa man

fle+y) = f@)gly) + f(y)g(x), Vo,yeR. (2.31)

Gidi. Dé kém tra thiy f =0 va g(z) 1a ham s6 tuy ¥ 1a nghiém ctia (2.31).
Xét f £ 0, ta co:

va

=f(@)g(W)g(2) + f()g(x)g(z) + f(2)g(x +y) (2.33)

Tir (2.32)va (2.33), ta c6:

f@) gy +2) —gw)g(2)] = f(2)lg(z +y) — g(x)g(y)]. (2.34)

Vi f # 0 khi d6 ton tai zg # 0 sao cho f(zg) # 0.
Thay z = 29 vao (2.34) suy ra,

9z +y) —g(x)g(y) = f(x)k(y), (2.35)
trong d6 k(y) = L4 Zo;éo‘c;(y)g(z())‘

Ddi vai tro clia o va y cho nhau trong (2.35), ta c6

g(z +y) = g9(@)g(y) = f(y)k(). (2.36)
Tt (2.35) va (2.36), ta c6

f(@)k(y) = f(y)k(z), Yo,y €R. (2.37)

Thay z = 2 vao (2.37) ta dugc,

f(20)k(y) = f(y)k(z0) = k(y) =

Suy ra
k(z) = o’f(z), Yz eR, (2.38)
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§ day o 1a mot hang s6 nén tir (2.38) va (2.36) ta co:
gz +y) = g(x)g(y) + > f(x) f(y), Yo,y € R. (2.39)
Truong hop 1: Néu o = 0 thi ti (2.39), ta c6

g(x+y)=g(x)g(y), Ve,y e R

suy ra g(z) = E(x) 6 day F(z) la ham exponential.
Mt khac, tit f #0 ta c6 E(z) £0, Vz € R.
Thay g(z) = E(x) vao (2.31) ta co,

flx+y) = f@)E(y) + fy) E(z)
flx+y) f )
E(x+y) Ex

(2.40)

Dat A(z) = 28 khi d6 theo (2.40) ta 6

Az +y) = A(z) + A(y)

suy ra A: R — C la ham cong tinh.
Trong truong hgp nay thi nghiém ctia bai toan la:

Truong hop 2: Néu a # 0, ta nhan hai vé ctia (2.31) v6i a va cong va trir két qua
v6i (2.39), ta duge
af(@+y)+glz+y) = af(@)g(y) + af(y)g(@) + g(x)g(y) + o f(x) f(y)
g +y)+af(z+y) = [g(x) +af(@)lgly) + af(y)] (2.41)

va

gz +y) —af(z+y) = [g(z) —af(@)llgly) — af(y)]. (2.42)

Ey(x) = g(x) — af(z),
El(l’ +y) = El(x)El(gD va EQ(SL’ + y) = EQ(I).EQ(y) suy ra El(:l,’), Ez(x) 13 ham

exponential. Ta co,

Ei(z) — Eo(x
{9(37)+Oéf(x)E1(x) - {f(;p) 1 )2a 2(2)

Bi(x) = /
Dt { 10) = 9@+l g 9 41) va (2.42) duge viét lai Ta
= g i

g(x) — af(z) = Ey(z) _ Ei(z) 4 Eb(x)
2
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Két luan: Nghiém ctia bai toan la cac cap ham

Eq(x) — Ey(x)

f=0 fl@) = A@)E@x) )@ == @ 0)
g(z) laham tuy v | g(z) = E(2) ’ o(z) = Ei(z) + Ea(x)
2

6 day F,E1, Ey : R — C la ham exponential, A: R — C la ham cong tinh.

Cha § 2.2. Néu bo sung thém diéu kien ham f(x) 1a ham chin va g(z) 13 ham

1é thi nghiém cta bai toan 2.6 1a

Ey(x) — Bi(z)

fla) = =D g o) =

Ei(z) + Ef(x)
5 .

Ching minh: That vay tit nghiém cta bai toan 2.6 suy ra

Ef(z) = Er(=2) = g(—=2) + af(=2) = g(z) — af(z) = Ex(z),

suy ra
Ey(r) — Ef(z)

f(z) = 5 va g(z) =

Ey(x) + Ei(2)
5 .

2.3. Phuong trinh ham sinh bdéi ham sin va sin hy-
perbolic

Ta c6 bién doi luong giac sau

9 I —cos2x 1—cos2y

2 2

sin?x —sin?y =

= §(COS 2y — cos 2x)

= sin(z + y) sin(z — y).

T d6 néu f(z) = sinz thita co f(x —y)f(z+y) = f(x)? - f(y)?, Vz,y € R. Xuat
phat tur dac trung ham nay ta c6 bai toan.

Bai toan 2.7. Xac dinh cac ham f: R — C théa man
fle—y)flz+y) = f@) = fv)>, z,yeR. (2.43)

Giai. Ta xét hai truong hop.
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Truong hop 1: f =0, d& kiém tra f = 0 1a nghiém ctia (2.43)

Truong hop 2: f # 0, nén ton tai 2o sao cho f(zg) # 0. Dat

flatzo) = flz=20) g (2.44)

o(z) = 27 (7o) :

Tir (2.43) va (2.44) ta ¢6

20()0(0) = 5773w +a0) = Fo = )l +0) = o= )

_ 2f(i:0)2 [F(@+20) f(y +y0) = flx = 20)f(y + o)

— f(xz +20)f(y —vo) + f(x —x0) f(y — vo)]

_ 1 [f(x+y+mo+a:—y)f(x+y+wo_x—y)

2f(:170)2 2 2 2 2
)i )
R ()
A B (- 252

L T )
() A ()

- 2f(1x0)2 [f (@ +y +x0) f(w0) + f(z — y + 20) f (x0)

— fx+y —20)f(w0) — f(x —y — 0) f(70)]

=o(r+y)+o(r—y).
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Suy ra ham ¢ : R — C théa man phuong trinh (DE),
Ol +y) + oz —y) = 20(2)o(y), v,y € R,

theo bai toan phuong trinh (DE) ta ¢6

o) = =

Dat u =z +y v v =2 — y thi (2.43) tré thanh

fesw = 1(“50) s ("

—0
R.
5 5 ), Yu,v €

Néu f(y) #0, dit o = xg ta c6

f(x+y)—f(x—y)_f(x+y)f() [z —y)f(a)

2f(y) B 2f(y)f(a)
PO — ()" — P ()" + ()
a 2f (W) f (@)
) () - () ()
B 2f (W) f (@)
f(x+a)f(y)— z—a)f(y)

== f _

2/ ()7 ()

flre)tazo
27 ()

= ().

Suy ra
fle+y) = fle—y) =2f(y)o(zx), Vo eR.

(2.45)

Mt khéc ta c6 ¢(0) =1, suy ra f(—y) = —f(y), Yy € R, suy ra (2.45) tré thanh

fle+y)+ fly—2) =2f(y)o(x).
D3i vai tro clia z va y trong (2.46), ta 6

fl@t+y)+ flz—y) =2f(x)o(y).
Cong hai vé ciia (2.46) va (2.47) ta c6

flx+y) = f(2)o(y) + f(y)d(z)

(2.46)

(2.47)
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Mit khac 6 day f(z) 14 ham 1é va ¢(x) la ham chan nén theo chu y 2.2 va bai

toan 2.6 ta co
E(r) — E*(z)

f@) = Alw), fl2)=——5——(a#0)

6 day £ : R — C la ham exponential, A: R — C la ham cong tinh.
Thit lai ta thay f(z) = A(z), f(z) = L&) = E7(@)

5 thoa méan diéu kién bai toan.
a
Két luan:

F=0, fz)=A@), flz)= w trong d6 (o = const + 0),
«
E :R — C la ham exponential, A: R — C la ham cong tinh.

Nhan xét 2.4. Néu bd sung thém diéu kién ham can tim 14 ham lién tuc trén
R thi ta dugc bai toan

Xac dinh ham f: R — R lién tuc va thoa méan
fla+y)fle—y) = f2)* = f(y)°, Yo,y eR.
Va tir nghiém cuia bai toan 2.7 ta c¢6 nghiém cua bai toan la

f(x) =k,
f(x) = kysin(ksz),
f(z) = kg sinh(ksx),

trong do ki, ko, k3, k4, ks 12 cac hang s6 thue.

Tt cong thiic bién doi
: L . : . .
cos(x + y) sin(z —y) = i(sm 2r —sin2y) = cosxsinx — cosysiny, Vz,y € R.
Néu thay ham f(z) = cosz va g(z) = sinx thi ta dugc
flz+y)g(z —y) = f(2)9(z) = fy)g(y), =y eR.
T dac trung ham nay ta cé bai toan sau.

Bai toan 2.8. Tim cac ham f,g: R — C théa man

fle+y)glz—y) = flx)g(z) — f(y)g(y), =,yeR (2.48)
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Gidi. Néu f(r) la ham hing, gidi stt f(r) =k, Vo € R khi d6 (2.48) tr6 thanh
kg(x —y) = kg(z) — kg(y),

suy ra
Klg(e —y) — g(2) + g(y)] = 0, Va,y € R. (2.49)

Néu & = 0 thi ham g(z) 1a tuy ¥ vay ta c¢6 nghiém trong trudng hop nay la: f =0
va g la ham tuy ¥.
Néu k # 0 thi tir (2.49) ta co

g(z —y) = g(x) — g(y), Vz,y e R. (2.50)
Cho z = 0 thay vao (2.50) ta dugc
9(=y) = 9(0) — g(y), Yy eR. (2.51)
Ta lai c6, thay y bang —y vao (2.50) thi dugc
9z +y) = g(x) —g(-y).
Két hop véi (2.51) ta dugce
gl +y) = g(x) + g(y) — 9(0), Va,y € R. (2.52)
Pit A: R — C cho bdi A(z) = g(x) — g(0), khi d6 (2.52) tr6 thanh
Az +y) = A(z) + Aly), Vz,y e R. (2.53)

Suy ra A(z) la ham cong tinh, suy ra g(z) = A(z) + ¢ trong do6 ¢ = ¢(0).

Vay nghiém bai toan trong trudng hop nay la: f(z) = k, Vo € R va g(z) =
A(x) + 0, trong d6 A(z) 13 ham cong tinh va ¢ 14 hing s6 tuy .
Néu g(z) 1a ham hang, gid st g(z) = k, Vo € R khi d6 (2.48) trd thanh

klf(z+y) = fl2) + fy)] =0, Vo,y eR. (2.54)

Néu k = 0 thi f(x) 1a ham tuy y. Vay nghiém ctia bai toan trong trudng hop nay
la f(x) la ham tuy y va g(x) =0, Vz € R.
Néu k # 0 thi tir (2.54) ta co

fle+y) = flx) = fly), Y,y eR. (2.55)
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Cho x = 0 thay vao (2.55) ta dugc

fly) = f0) = fly) = 2f(y) = f(0), Yy e R.

hay f(z) = 0, Vz € R. Suy ra, nghiém cua bai toan trong truong hgp nay la
f=0vag=kvéi k#0.
Xét hai ham f(z) va g(x) khong 1a ham héang.

Déi vai tro clia z v y trong (2.48) ta co:
fl@+y)gly—2) = fy)gly) — f(x)g(z), Vz,y e R. (2.56)
Tir (2.48) va (2.56) ta c6
flz+y)glz —y) = —flx +y)gly —2), Yo,y eR. (2.57)
Dit u =z +y v v =2 —y khi d6 (2.57) tr6 thanh
flu)g(v) = —f(u)g(—v), Yu,veR. (2.58)

Vi f(x) khong 14 ham hing nén ton tai mot ug € R sao cho f(ug) # 0.
Cho u = ug thay vao (2.58) ta dugc

suy ra ham g(z) la ham 1é.
Ditt o (x) — w va o) = L8 =) 42 ihay ham () 1a ham
chan, ham ¢(z) la ham 1é va
flx) =¢(z) + ¢(x), YeeR (2.59)
Thay (2.59) vao (2.48) ta co,

Y +y)glr —y) + oz +y)glx —y)
= P(x)g(x) — ¥(y)g(y) + ¢(x)g(x) — d(y)g(y), Vr,y € R. (2.60)

Thay 2 bing —x vA y bang —y va sit dung tinh chat «(x) 1a ham 1&, ¢(z) 1a ham
chan ta ducc

—(z+y)g(z —y) + d(z +y)g(z —y)
= —(x)g(x) + V(y)g(y) + ¢(x)g(z) — d(y)g(y), Yo,y e R (2.61)
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Cong vé v6i vé clia (2.60) va (2.61) ta dudc,
¢z +y)g(z —y) = ¢(x)g(z) — d(y)g(y), Vz,y €R. (2.62)
Tir (2.60) va (2.62) ta ¢6
Uz +y)g(r —y) = v(@)g(x) — ¥(y)g(y), Yo,y € R (2.63)
Thay y bing —y vao (2.62) ta c6,
d(z —y)g(z +y) = d(z)g(z) — d(y)g9(y), Vz,y € R. (2.64)
Tix (2.62) va (2.64) ta c6
oz +y)g(r —y) = oz —y)g(z +y), Yo,y eR. (2.65)
Dit u =2 +y vd v =2 —y thay vdo (2.65) ta c6
o(u)g(v) = Pp(v)g(u), Yu,veR. (2.66)
Vi ham g¢(«) khong 1a ham hiing nen tir (2.66) ta c6
é(z) = ag(x) trong d6 a = const , a € R. (2.67)
Truong hop 1: Néu a # 0, thi thay (2.67) vao (2.62) ta ¢6
oz +y)o(e —y) = ¢(x)” — d(y)?, Yo,y R, (2.68)

ma g(x) khong 13 ham hang suy ra ham ¢(z) ciing khong 14 ham hing nén nghiém
cia phuong trinh ham (2.68) la:

o(z) = A(x) trong d6 A(x) ham cong tinh,

hoac
o(x) = %f](l’) trong d6 E(z) la ham exponential,b # 0.
Khi doé tit (2.67) ta ¢
1
() = —A(x), (2.69)
hoac §
g(z) = M (2.70)
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Cho y = —x thay vao (2.63) két hop véi tinh chat ham g(x) 1a ham 18, ham (z)
13 ham chén, ta c6
¥(0)g(2x) = 2¢(x)g(x), Vr € R. (2.71)
Néu ¢(0) = 0 thi (2.71) tr6 thanh
P(x)g(x) =0, VreR. (2.72)
Thay (2.72) vao (2.63) ta ¢

Y(x+y)g(r —y) =0, Vr,y € R,

suy ra 1) = 0 hodic g = 0. Ma g(z) vd f(z) khong 13 ham héng nén ¢ = 0. Mat
khic ¢(z) = ag(r) nén ¢ khong 1a ham hang, ma f(z) = ¢(x) + ¢(x) nén ¢ # 0.
Suy ra ¥(0) # 0.

Vi 4(0) # 0, dat 6 = 1(0) thay vao (2.71) ta c6

g(2x) = §¢(x)g(x), trong do ¢ := (0), (2.73)
thay (2.69) vao (2.73) ta c6
Y(z) =06 Ve e R, suy ra f(z) = ¢(x) +¢(x) = A(z) + 9,

va
g(x) = éA(x) = BA(z), trong d6 f = const , 5 #0.

Suy ra, nghiém cta bai toan trong truong hgp nay la:

flx) = A(z) +96
g(x) = BA(x),

trong d6 3 1a cac hang s6 khac 0, A(z) 1a ham cong tinh.
Thay (2.70) vao (2.73) ta dugc

1 E(2z) —E*(2z) 2 1 E(z) — E*(x)
w2 W e
suy ra
B() + B (2) = 20(z) © p(a) = 62 T E@)

o 2 ’
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suy ra
F(@) =0(w) + ()
B~ E) B+ E')
LB Bw) | B+ B
" o) = LED=F @) _,5(0) - ')

4 day 3 1a hang s6 khac 0. Suy ra nghiém ctia bai toan trong truong hop nay 1a:

2
E(x) — E*(x)

fa) = 7E<x> —2E*(x) N 6E(I) + E*(x)
g(z) =8 5

Truong hop 2: Néu a = 0 nén tit (2.67) ta c6 ¢ = 0 suy ra, f = .
Khi dé phuong trinh (2.63) tré thanh

Y(r+y)g(z —y) =v(r)g(z) —¥(y)g(y), Y,y € R.

Cho y = —z ta dugc
¥(0)g(2z) = 2(x)g(x), Yz eR

Do %(0) # 0 nén ta 6, dit 6 = 1(0) khi d6
9(20) = 50()g(e), & day 5= w(0).

Ta ¢co

Suy ra
9@ +y)g(x —y) = g(x)* — g(y)*, Va,y € R, (2.74)
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khi d6 ham g(z) la mot trong hai ham sau
g(z) = A(x) (2.75)

hoac .

gla) = T _E) (2.76)
6 day A:R — C la ham cong tinh , £ : R — C la ham exponential, b # 0 la cac
hang s6 phic.

Tir (2.73) , (2.75) va (2.76) ta c6

P(x) =0

hoac

2

Suy ra, nghiém cua bai toan trong truong hgp nay la

U(x) =0

_ 5E(x) + E*(x)

2

f(x)
g(z) = p

Két luan: Nghiém ctia bai toan 1a

f(z) =0, Vz € R va g(x) ham tuy y,
f(z)ham tuy y va g(x) =0, Vo € R,
flx) = A(x) + 0 va g(x) = BA(x),
Fla) = 2L
E(x) = E*(

2
_ B) ~ ()
p 2

) N 5E($) —;E*(w)

trong do 3,0 1a cac hang s6 khac 0, v 1a hang s6 tuy ¥, E(z) 13 ham exponential,
A(z) 1a ham cong tinh.

Nhan xét 2.5. Néu bo sung thém diéu kien hai ham can tim f, ¢ 13 hai ham
lién tuc thi ta duge bai toan.

Xac dinh cdc ham f,¢: R — R lién tuc va khac ham hang théa man

flz+y)glx —y) = f(x)g(x) — f(y)9(y), Vr,y e R.
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Va tit két qua clia bai toan 2.8 ta c6 nghiém ctia bai toan 1a

f(z) =0, Vz € R va g(x) la ham lién tuc tuy v,

—

x) la ham lién tuc tuy § va g(z) =0, Vr € R,

f
f

(z)
(z)
f(z) = kaz va g(x) = ko,
(x) = k3sin(ax) + k4 cos(az) va g(x) = ks sin(ax),
() = kg sinh(ax) + k7 cosh(az) va g(z) = kgsinh(azx),
trong do ki, ko, k4, ks, k7, ks, a 13 nhitng hang s6 khac 0, k3, kg 1 hing so tiuy ¥.

Bai toan 2.9. Chiing minh rang néu ham f : R — R thoéa man

fa+y)flz—y) < fl@)? - fy)? zyeR (2.77)

thi ham f la nghiém ctia phuong trinh ham

fla+y)flz—y) = f2)* - fy)>

Gidi. Cho z =y = 0 thay vao (2.77) ta dugc £(0)? < 0 suy ra f(0) = 0.
Cho x = —y thay vao (2.77) ta c6

0< f(—=y)? = fly)?* < fy)?* < f(—y)* (2.78)

Thay y bang —y ta c6

F(=y)? < fy)?* < f(=v)%,
suy ra

f(=y)* = fy)? VyeR,

hay [f(—=y) — fWIf(=y) + f(y)] =0, ¥y eR.
Gia st c6 mot vai diém yy sao cho
fo) = f(—vo), (2.79)
khi d6, cho z = 0 va y = yo thay vao (2.77) ta c6
(o) f(=y0) < = f(yo)*. (2.80)

Tir (2.79) va (2.80), ta ¢6

2f(y0)* <0 = f(yo) = 0= f(~y0) =0. (2.81)
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Vi vay ta co
f(=y) =—=fy), vyeR (2.82)
Tu (2.77) va (2.82), ta ¢

FW? <f@)?—fla+y)fla—y) =f@)?+ fla+y)fly—2)
<f(x)*+ fly) — f(=®) = fy)*.

T do suy ra

flz+y)flx—y) = f@)* - f(y)? Vz,yeR

2.4. Phuong trinh ham sinh béi ham tang, tang hy-
perbolic

Bai toan 2.10. Cho b > 0. Tim cac ham f(x) # 0 xac dinh va lién tuc trong
D= {x+2bk | z € (~bb),kecZL}

va thoa man cac diéu kién

f(x—i—y)—M Ve,y,x +y € D. (2.83)

1= f@)f(y)
Gidi. Choy =0, T (2.83) ta c6 f(0)([f(x)]* +1) =0,Vz € D nén f(0) = 0.
Do f(0) =0 va do f(z) lién tuc tai x = 0 nén ton tai

xg > 0 sao cho [—xg, 2] C (=b,0) va |f(z)| < 1,Vx € [—xg, 0]

Chon =, € [—z0, o] va dit f(z1) = tana, a € (—%7 %) khi d6
2f(z1)  2tana

= tan 2a.

f(2x1) =

1—[f(z1)]? 1—tana
Gia st f(kx1) = tan(ka), Vk=1,2,...,m,m € NT. Khi d6

f(maxy) + f(x1)
Flm D) =SS

tan ma + tan «

:1 — tan atan ma
=tan(m + 1)a.

Vay f(mz1) = tanma, ¥Ym € N*.
Thay y = —2 vao (2.83) va két hop véi £(0) = 0 ta dude f(—z) = —f(z), Vr € D.
Tw do suy ra

f(mz1) = tanma, Vm € Z. (2.84)
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Mat khac, tir (2.83) ta dugc
1 [f(%)f 1 _tanzg
& [f(5) —tan S [1+F(5) tan ] = 0. (2.85)
Doltan 2| < 1va |£(5)] < 1 nen tir (285) suy ra
f(%) = tan %

Biang phuong phap ching minh quy nap ta dé dang chitng minh dudgc

f(55) = tan o, ¥n e N*. (2.86)

Khi d6 tur (2.84) va (2.86) suy ra

Két hgp vdi giai thiét f(x) 1a ham lien tuc trén D, ta c6
f(zzy) = tan(za), Vo € D.

Do do

f(z) = tanaz, a= &
I

Dé mién xac dinh ctia f(z) tring véi D, can chon a = %
Két luan

f(x) = tan ;bx,Vx eD.

Bai toan 2.11. Tim cac ham f(z) xac dinh va lién tuc trén R va thdéa méan céc
dieu kién Fe)+ F)
x)+ J(y
+y)="—F——F—.Vz,yc R 2.87
T = s ™ (250
Gidi. Thay y =0 vao (2.87) ta duge
FO)[1 = (f@)?] =o0. (2.88)
Néu £(0) # 0 thi tur (2.88) ta dugc

f(z) =1,Vx € R hoac f(z) = —1,Vz € R.
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(do f(z) la ham lién tuc trén R)
Thit lai, ta thay cdc ham so6 trén 1a cac nghiém ctia bai toan.
Xét truong hop f(0) = 0. Ta ching minh rang |f(z)| < 1,Vz € R
That vay, gid st ton tai z1 # 0 dé |f(x1)| > 1 thi tit (2.87) suy ra cac bat dang

thic sau S| (o
fan)l = Mil)‘ ;21
e[ (3)]
suy ra,
()] <23
Do do6

I
— )| =1.
(3)
Lap luan bang phuong phap quy nap, ta c6
T
G

Tu tinh lién tuc clia f(z), suy ra |f(0)| = 1. Diéu nay trai véi gia thiét f(0) = 0.
Vay |f(z)] <1,vzeR
V6i 1 # 0 dat f(x1) = tanh . Khi do

=1, ¥Yne NT

~ 2f(z1)  2tanha
T = TGP ~ T an?a 2

Gia st f(kx1) = tanh(ka), Vk=1,2,...,m;m € NT. Khi d6

_ f(may) + f(a1)
1 — f(mxy).f(z1)

tanh ma + tanh «

f((m + 1))

= tanh 1a.
1 + tanh . tanh mo anh(m + 1)a

Vay f(mx1) = tanhma, Vm € NT. Thay y = —z vao (2.87) va sit dung f(0) =0
ta dugce f(—z) = —f(z), Yz € R. Tu do suy ra

f(mz1) = tanh, Vm € Z. (2.89)

Mat khac, cing tur (2.87) ta dugc

2f(ﬂ> 2 tanh ~
e N N
e T
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o

o () —tann 2] [1- 7 (5

2

tanh%) < 1 nén

) tanh ] = 0. (2.90)

Do

tanh%‘ <1va

(2:90) & () = tanh 3

Bing phuong phép ching minh quy nap, dé dang chiing minh dang thiic

T1

«

f(2—n) = tanh Q—H,Vn e N*. (2.91)

T (2.89) va (2.91) suy ra
mIy mo
f( 5 ) = tanh2—n,Vm € Z,¥n € NT,
theo gia thiét f(z) 1a ham lién tuc trén R va do tanhz 1a ham lién tuc trén R,
suy ra
f(zxy) = tanh(za).

Vay

f(x) =tanhaz, a= @
T

Tht lai, ta duge nghiém cta bai toan
=1
= -1,
f(z) = tanhax, a € R,

2.5. Mot s6 dang phuong trinh ham sinh béi dic
trung ham cua cap ham sin va cosin

Xuat phat tit cac tinh chat ctia ham sin va cos, néu ta dit f(z) = sinz va

g(x) = cosz thi ta c6 cac dac trung ham sau

{ flo ) = f@9) +fWe@), | p
e +y) =gl2)gly) — f@)f@y),
{ flo=9) = F@IW) = FWol0), g
g —y) = g@)g(y) + f@)f),
(@) + ()" =1 oy
faty) +fle—y) =2f()gly)

T nhitng dac trung ham nay cho ta cac bai toan sau.
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Bai toan 2.12. Tim céac cap ham f(x) va g(z) xac dinh, lién tuc trén R va thoa

méan cac dieu kién

) V,y € R. (2.92)

T do6 suy ra
hz +y) = h(z)h(y), Vo, y € R,
trong do
hx) = [f(@)]° + [9(x)]” va h(z) lien tuc tren R

Khi d6, ta c6 h = 0 hoac h(z) =a”,a > 0.

Xét truong hop 1: h=0ta cod f =0 va g = 0. Dé kiém tra thay cap ham nay
théa man yéu cau clia bai toan.
Xét truong hop 2: h(x) = o, tic la
2 2,
[f(x)} + [g(m)} =a",Vr € R,

N [f(’f)]2+ [9(‘?]221,\73361&. (2.93)

a2 a

Két hop (2.92) va (2.93), ta duge f(0) = 0,9(0) =1 do cdc ham

f(z)a~2 va g(x)a~2 lién tuc trén R nén ton tai zq sao cho

f(z)

T
az2

1
< —, Yz € [—x0, 0]

V2
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Thay z =y = z¢ vao (2.92), ta dugc
9(2xg) = a’s" cos 20
f(2z9) = a3 sin 2a.
Gia su .
g(mxg) =a"2 cosma,
. Vm € N*
f(mzy) =a z sinma
Khi d6 theo (2.92), ta dugc
flm+ Dxg) = (a% sin ma) (a%o Cos a) + (a%o sin a) (a% oS ma)
g((m+ Dzg) = (a% Ccos ma) (a%o cos a) - (a% sin ma) (a%o sin a)
flm+ Dxg) = T cos(m + 1)«
& m € N*. (2.94)

(m+lzg |

g(m+1)zg) =a 2z sin(m+1)a,

Tiép theo, thay = = 29 vA y = —maxg vao (2.92), ta dugc

{g (mzo) = L A (2.95)

(2.96)

Giéii (2.96) véi hru ¥ g() > 0, ta duge

f(%) —ai sin%
g(%) = a% cos %.

Gid st

Q

f(@> = g7 sin%g(%) = T cos%,Vk: 1,2,...,m € NT.
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Thay z =y = % vao (2.92), ta duge

T z e
f<2_k) = Qf(#) = (121“31 Sin Q_k

x x 2 x 2 v a
9(50) = oG] = [F(Ge)]” = o cos o

St dung lap luan déi véi (2.96) & trén, ta di dén cong thiic

i) Iol e
f(?) = a2t Sin o
0 v o ke N. (2.97)
9(27;) = a2 cos ok
T céc cong thic (2.95) va (2.97) cho ta
ma mag mao
f(Q—kO) = a2k sin o
v s me TRENVmEZ. (2.98)
(—0) = a2k cos ——,
2k 2k

Do f(z) lién tuc trén R nén (2.98) tuong duong véi

teg vieR

g(tzg) =a2 costa,

{f(t:co) = o' # sinta,

hay

Vo € R.

%
g(r) = a2 cosbr,

{f(:r) = a2 sin bz,

Thit lai ta thiy cap ham trén thda man cac diéu kién ctia bai toan.

Két luan

0, =a?sinb
/ hoge /&) T @SmbT e R tuy ¢
g 0, g(z) = a2 cosbz,

Bai toan 2.13. Tim céc cap ham f(x) va g(z) xac dinh, lién tuc trén R va thoa

man cac dieu kién

Va,y € R. (2.99)

flx—y)= f(2)9(y) — f(y)g(z)
gz —y)= g(x)g(y) + f(2)f(y)

Gidi. T gia thiét suy ra

[f(x = y)]* = [f(2)g)]* — 2f(x) f(y)g(x)g(y) + [f ) g(x)]?,
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l9(z — y)]* = [9(x)gW)]* + 2f () f ()9 (x)g(y) + [ () f(y)]>
= [flz—y)* + [g(x — )] =[f(@)g)]* + [fW)g(@)]* + [9(x)g(m)]* + [f (@) f (1))
[Lf (@) + [g(@) ] [LfF ()] + [9(w)]?] . Vo, y € R.

T do suy ra
h(x —y) = h(x)h(y),Vo,y € R,

trong do
h(z) = [f(x)}z + [g(x)}z va h(z) lién tuc trén R.
Ta cé
[h(x)]” = h(z — 2) = h(0).
Suy ra

h=cvéice R sao cho ¢ = .

Vay h =0 hodac h = 1.

Néu h = 0 thi
= 0
[f@)]* + [o@)] =0e {f -
g = O
Xét truong hop h = 1.
Khi d6 thay z =y = 0 vao (2.99) ta dugc
JO =0 HE=-10 g (2.100)
9(0)=1 9(=y) = g(y),

Thay y b6i —y trong (2.99) va sit dung (2.100), ta dugc

flz+y) = f(x)g(y) + f(y)g(x) e,y € R, (2.101)
g(x+y)=g(x)g(y) + f(x)f(y), 7

Theo bai toan 2.12 thi

Do [f(x)]? + [g(2)]> =1 nén a
Vay f(z),g(z) c6 dang
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Két luan:

=0 =sinb
F=00 oge J/@ =sinbe o Ry
g=0, g(x) = cos bz,

Bai toan 2.14. Tim céac cap ham f(x) va g(z) xac dinh, lién tuc trén R va thoa
man cac dieu kién
2 :
[f@) +g(x)]” =1+ f(22), f(0) =0, (i)
f@+y)+ flz—y) =2f(z)g(y), (i)

v6i moi z,y € R. (2.102)

Gidi. Cho y = 0, tit phuong trinh (ii) cia (2.102), ta dugc
2f(z)[1 —g(0)] =0, VzeR.

Xét truong hop ¢(0) # 1 thi suy ra f =0.
Mit khac theo (i) trong (2.102) ta ¢6 g*(z) = 1 suy ra

g =1 hoac g = —1.

Thit lai ta thay cip ham nay théa man bai toan.
Xét truong hop ¢(0) = 1.
Thay = =y vao (2.102) va stt dung gia thiét f(0) = 0, ¢(0) = 1, ta dudc

[f(@) +[g@)* =1, VzeR.
Tt d6 va tit gid thiét f(z) lien tuc tai z = 0 suy ra ton tai 2o > 0 sao cho

<g(z) <1, Vx € [—xg,x0]

1
V2
|f(z)] < %, Va € [—xo, xo).

f(zo) =sina, —% <a< %
Khi do
9(x0) = /1 = [f(z0)]* = V1 - sin? a = | cos a| = cos a.

Cho x =y = xp khi doé ti (ii) suy ra

fzo + xo) + f(zo — z0) = 2f(x0)g(x0) = 28in a cos v = sin 2,
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suy ra f(2xg) = sin2a.
Ta stt dung phuong phap quy nap dé chitng minh f(mag) = sinma, ¥m € N.
Gia st
f(kxo) = sin(ka), k=1,2,...,m,m € NT.
Khi d6 theo (ii) ta c6

f(kxo + x0) + f(kxo — 20) = 2f (kz0)g(70)

= [((k+1)xo) = 2f (kxo)g(zo) — f((k — 1))

= 2sin kacosa — sin(k — 1)«

=sin(k + 1)a +sin(k — 1)a — sin(k — 1)a = sin(k + 1)a.
Vi vay f(kzo) = sinka,Vk € Nt
Mt khéac, thay z =0 vao (ii) thi f(—y) = —f(y), Vy € R.
Do do6

f(kxg) = sinka, Vk € Z. (iii)

Tiép theo, thay z =y = % vao (2.102), ta dugc

x TO\12 T
(G +e(F) =1+1(23)
7, 70 2 p(%0)4(%0
P 5500 =25 ()a(2),
f(a:o):2f(%)g(?0 = sina :2smgcos§
suy ra, Lorn2 012 _ Y 5 T0 (iv)
[f(?)} + [9(7)} = = sin” o + cos” .
Giai (iv), ta duge
f(%) = sm%,
Ty o«
(7) =cos 5.
Ta diing phuong phap quy nap dé chitng minh
f(5w) =sings
i Za vm € N*
g(—o) = cos —
2m 2m
Gia st (930) N
fl=) =sin—
is %Za Vk=1,2,---,n,neNT. (v)
9(2_k> = COSz—k
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Thay z =y = % vao (2.102) va st dung (v) ta duge

f(5) =2 (5e7)9 (57) = sin o
[ e)] + [9(Gm)) =1

Giai hé nay ta dugc

Lo
f(2k+1) = sin 2k+1’
T oY
9(g71) = cosgim
T (iii) va (vi) suy ra
mio . ma
f(He) =singy
Vn e N, vm e Z. (vii)
mo ma
9(5) =cos o

(vil) & {f Exox) ssnoz {f (ox)  =sinaz g (viii)

g(xor) = cosax

Néu a = 0 thi f = 0 thay vao (2.102) va stt dung gia thiét g(0) = 1 ta dugc g = 1.
Khi a # 0 thi thay y = x vao (ii) va st dung (viii), ta duge

{ f(z) = sinax, v

g(x) = cosax,

r € R.

Dé thay cap ham nay thoa man cac yéu cau ciia bai toan.
Két luan:

/=0 hoac 7=0 hoac f(z) =sinaz, v6i a # 0.
g=- g=1, g(x) = cos ax,
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Chuong 3

Phuong trinh ham trong 16p ham
luong giac ngudc va mot sé6 bai tap

3.1. Phuong trinh ham sinh bdéi ham arcsin

Bai toan 3.1. Tim cac ham f(z) xac dinh va lién tuc trén [— 1, 1} va thoa man
dieu kién
f@) + fy) = f(zv/1 =2 +yV1—22), Vo,ye[-1,1]. (3.1)
Giai. Dat
T =sinu = sinv uve[—z z]
Y y Y b 2’ 2 9
thi

:U\/l—y Tyl — r2 = sin(u + v)
Khi d6 c6 thé viét (3.1) dudi dang

f(sinu) + f(sinv) = f(sin(u + v))
hay

™ T
32h
trong dé g(u) = f(sinu) lap lai trinh tu céch giai phuong trinh Cauchy cho truong

g(u+v) =gu) +g(v), Yu,ve [—

hop nay, ta dugc
(u) = au, Yue€ [—E f}
g ) 59
Suy ra
f(x) =aarcsinz, x € [-1,1],a € R. (3.2)
Thit lai ta thdy ham f(z) xac dinh theo (3.2) thoa man cac diéu kién ctia bai
toan.

Két luan: f(z) = aarcsinz,a € R tuy y.
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3.2. Phuong trinh ham sinh béi ham arccosin

Bai toan 3.2. Tim cac ham f(z) xac dinh va lién tuc trén [— 1, 1} va thoa man

dieu kién
f@) + f@) = floy = V1= 92V1-22), Va,ye[-1,1] (3.3)
Giai. Dat
T =COoSuU, Y = COSvV, U,V E [0,7T}7
thi

Ty — \/1—y2\/1—x2 = cos(u + v).
Khi d6 c6 thé viét (3.3) dudi dang

f(cosu) + f(cosv) = f(cos(u+ v))
hay

g(u+v) = g(u) +g(v), Yu,ve [0,7],
trong d6 g(u) = f(cosu) lap lai trinh tu cach giai phuong trinh Cauchy cho
truong hop nay, ta dugc
g(u) = au, Yu € [O,ﬂ,a e R.

Suy ra

f(x) =aarccosx,z € [-1,1],a € R. (3.4)

Thit lai ta thdy ham f(z) xac dinh theo (3.4) thoa man cac diéu kién ctia bai
toan.

Két luan: f(z) = aarccosz,a € R tuy v, Vo € [-1,1].

3.3. Phuong trinh ham sinh bdéi ham arctang

Bai toan 3.3. Tim cdc ham f(r) xac dinh, lién tuc trén R va théa man dieu
kién

T4y
1—ay

f@)+ fy) = f( ), Vao,y e Ry # 1. (3.5)

™

.o, o m
Giai. Dat x = tanu, y = tanw, u,ve(—§,2

). Do 2y # 1 nén ta 6

r+y  tanu+tanv

= = tan(u +v).
l—2zy 1—tanutanwv ( )
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Vay

71-< + <7T
——<u+v<—.
2 2

Khi d6 (3.5) c6 thé viét dudi dang

f(tan(u +v)) = f(tanu) + f(tanv), w,v € (— g,—),u+v € (— E’g)
Do do6
glu+v) = g(u) +g(v), (3.6)
trong do
g(u) = f(tanu),u € (— g,g)

Lap lai 1ap luan va trinh ty gidi clia phuong trinh Cauchy déi véi (3.6) ta dugce

a) g(0) = 0 va g(u) 1 ham 18

b) g(uo) = 29(5)) Vi 0 £ uo € (= 5.,5)

¢) Béng phuong phap quy nap, ta c6
(muo) m

on ) = 279(“0),

trong do

nGN‘L,mGZ:gmG(—g,g).

T do suy ra

g(u) =au,a € Rju € (—g,g)

Vay
f(z) = aarctan z,a € R, Vx € R.
Thit lai ta thiy ham f(z) = arctan x thoa man cac diéu kién ctia bai toan.

Két luan: f(z) = aarctan z, a ¢ Rty ¥ .

3.4. Mot s6 dang phuong trinh ham khac

Bai toan 3.4. Tim cac ham f(x) xac dinh, lién tuc trén R va théa man dicu
kién

f(x)+f(y):f(zy+_y1), Vay ER: z4y 40, (3.7)

G1iaz. Dat

x =cotu, y=cotv, u,ve€ (0,m)
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thi
ry — 1
Tty

Khi d6 c6 thé viét (3.7) dudi dang

= cot(u + v).

f(cotu) + f(cotv) = f(cot(u + v)),
hay
g(u+v) = g(u) + g(v), Yu,v € (0,7),

trong do6 g(u) = f(cotu).

Tt tinh lién tuc ctia ham f va tinh lién tuc ctia ham cot trén (0,7) ta c6 ham g
cling la ham lién tuc. Suy ra phuong trinh ham g(u +v) = g(u) + g(v) 1a phuong
trinh ham Cauchy. Vay nén

g(u) =au, a € R, Yue (0,n).

Suy ra
f(z) = aarccot z, a € R, Vx e R.
Thit lai, ta thay ham f(z) = aarccot z thdéa man cac diéu kién ctia bai ra.

Két luan f(r) = aarccot z, a € R tuy ¥.

Bai toan 3.5. Xac dinh ham f(z) lién tuc trén R va théa man dieu kién

_ Yy
f(w)—f(y)—f(lﬂy)’ z,y €R, |zy| < 1. (3.8)
Giat. Dat
=t =t €(—=,5)
r =tanu, y=tanv, wu,v 50 5):
Khi do

r—y  tanu—tanwv

= = tan(u — v).
1+2y 1+tanutanv

Khi d6 (3.8) tré thanh

f(tanw) — f(tanu) = f(tan(u — v)).

Hay g(u) — g(v) = g(u — v) trong d6 f(tanu) = g(u), u € (_g, g)
T tinh lién tuc ctia ham f(z) trén R va tinh lién tuc cia ham tanu trén (—g, g)
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suy ra ham g¢(z) lien tuc trén (—g, g), théa man g(u) — g(v) = glu — v).

Suy ra, ham g(u) = au+b, a,b = const € R (theo phuong trinh ham Cauchy)
= f(tanu) = g(u) = au+ b = f(x) = aarctan z + b, Vo € R.

Thit lai ta thdy ham f(r) = aarctan z (b = 0) théa man cac diéu kien ctia dé bai.

Két luan f(r) = aarctan z, atiy ¥ € R.

3.5. Mot s bai tap

Xuét phat tit cac cong thiic bién déi luong giac co ban dude trinh bay trong
sach gido khoa mén toan 16p 11, néu ta thay cac ham cos, sin bing cac an ham
f,g thi ta dudc cac phuong trinh ham ma cong thitc ban dau 1a chinh 1a ggi ¥
ve nghiém ctia bai toan. Trong chuong 2, ching toi da trinh bay cac bai toan
khi ta thay toan bo cac ham sin, cos bing céc an ham. O phan nay, khi lan lugt
thay thé cdc ham sin, cos trong cac cong thiic bién doi, ching toi da tao ra cac
bai toan mdi véi 1oi gidi kha ngan gon va thu vi. Cach tao ra cac bai toan nay

1a mot goi v dé ra céc dé thi.
Tt cong thiic bién doi

cos(x — y) + cos(x 4+ y) = 2cosx cosy

cos(z —y) — cos(x +y) = 2sinzxsiny

bang viec thay ham cos bén vé phai bing cac an ham f,¢ ta c6 dudc cac bai

toan.
Bai tap 3.1. Tim ham f: R — R thoa man
flx+y)+ f(x—y) =2coszcosy, Vr,yeR. (3.9)
Giadi. Thay y =0 vao (3.9), ta co
2f(z) = 2cosx & f(x) = cos .

Thit lai, ta thay ham f(z) = cosz thda man dé bai.

Két luan: f(z) = cos .
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Bai tap 3.2. Tim ham f: R — R thoa man
f(x+y)+ f(x —y) =2sinzsiny, Vr,y € R. (3.10)
Gidi. Cho y = 0 thay vao (3.10), ta c¢6
2f(z) =0, Ve e R= f(z) =0, Vx € R.
Thay lai phuong trinh (3.10) ta thay khong théa man.
Vay bai toan vo nghiém.
Bai tap 3.3. Tim ham f: R — R thoa man
flx+y)+g(x —y) =2sinzsiny, Vr,y € R. (3.11)
Giai. Theo bai ra ta co
flx+y)+g(x—y) =2sinzsiny
& f(r+y)+g(@—y) = cos(z —y) — cos(z +y)
& f(z+y) +cos(z +y) = cos(z —y) — gz —y)
(

< f(u) + cosu = cosv — g(v), Yu,v € R,

trongdbu=x+yvav=x—y.

Suy ra f(z) = —cosz + ¢ va g(x) = cosz — ¢, trong d6 ¢ = const € R.
Thit lai ta c6 cip ham f(z) = —cosx + ¢ va g(z) = cosx — ¢ thdéa man deé bai.
Két luan: f(z) = —cosz + ¢ va g(x) = cosx — ¢, trong d6 ¢ = const € R,

Bai tap 3.4. Tim ham f: R — R thoa man
flx+y)— f(zr —y) =2sinzsiny, Vr,y € R. (3.12)
Giazt. Theo (3.12), ta ¢
flz+y) = flx —y) = cos(x —y) — cos(z +y)
Sf(x+y)+cos(zr+y) = fle —y)+cos(z —y)
& f(u) + cos(u) = f(v) + cosv, Yu,v € R,
trong dbu=x+y, v=u-—o.
Suy ra f(z) = —cosz + ¢ trong d6 ¢ = const € R.

Thit lai, ta thay ham f(z) = —cosz + ¢ théa man diéu kién ctia bai toan

Két luan: f(z) = —cosz + ¢ trong d6 ¢ = const € R.
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Bai tap 3.5. Tim cac ham f: R — R lién tuc va théa man

flx+y)+ flx—y)=2cos2zf(y), Vo,y € R (3.13)

Giai. Dat g(2t) = f(t) do ham f lién tuc trén R nén ¢ cling lién tuc trén R.
Khi d6 (3.13) tr6é thanh

92z +y)) + 9(2(x — y)) =2 cos 2xg(2y)
< g(2x 4 2y) + g(2x — 2y) =2cos229(2y), Vr,y € R,

hay
g(u+v) + g(u—v) =2cosug(v), Yu,veR,
suy ra

glx+y)+g(x—y) =2coszg(y), Vr,y e R. (3.14)

Cho y = 0 thay vao (3.14) ta dugc

g(x) + g(z) = 2cosxg(0)
& f(x) = coszg(0)

Néu ¢g(0) =0 = g(z) =0,Vzr € R suy ra f(z) =0, Vo € R.
Kiém tra ta thay ham f(z) = 0,Vz € R thda man yéu cau ctia bai toan.
Néu g(0) # 0 d&t g(0) = a (a # 0), khi d6 g(z) = acosx

= f(z) = acos(2z), Yz € R.
Thit lai ta thiy ham f(z) = acos(2z) théa man yéu cau ctia bai toan.
Két luan:

f(z) = acos(2z) trong d6 « € R.

Nhan xét 3.1. T cach giai ctia Bai tap 3.5 ta c¢6 thé gidi duge bai toan.

Tim tat ca cac ham f lién tuc trén R thoa man

flx+vy)+ fr —y) =2coskxf(y), ke N* Vz,yeR.

Tt cong thic

sin(z +y) — sin(z — y) = 2cosxsiny
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sin(z +y) + sin(z — y) = 2sinz cosy

Néu ta thay ham sin ¢ vé phai hoiic vé trai bang cac an ham f, ¢ tuong tng thi

dugce cac bai toan.
Bai tap 3.6. Tim ham f: R — R thoa man
flx+y) + f(xr—y) =2coszsiny, Vr,y € R. (3.15)
Giai. Cho y = 0 thay vao (3.15) ta dugc
2f(z) =0« f(z) =0, Ve e R.

Thit lai ta thiy ham f = 0 khong théa man deé bai.

Két luan: Bai toan vo nghiém.
Bai tap 3.7. Tim ham f,¢: R — R thoa man
flx+y)+g(z —y) =2coswsiny, Vr,y € R. (3.16)
Giazi. T (3.16), ta co

flx4+y)+g(x+y) =2coszsiny

Sflr+y) —sin(r +y) = —g(z —y) —sin(z —y)

¢

(

& f(xz+y)+g(z+y) =sin(z +y) —sin(r — y)
(
(

f(u) —sinu = —g(v) —sinv, Yu,v € R,

trongdbu=x+yvav=x—y

Suy ra f(z) =sinz + ¢ va g(x) = —sinz — ¢ trong d6 ¢ = const € R.
Thit lai ta thay f(z) =sinz + ¢ v g(z) = —sina — ¢ thoa man yéu cau dau bai.
Két luan: f(z) =sinz +c; g(z) = —sinx — ¢ véi ¢ = const € R.

Bai tap 3.8. Tim ham f: R — R thoa man
flz+y)+ f(zr —y) =2sinzcosy, Vz,y € R. (3.17)
Gidi. Cho x =y thay vao (3.17) ta dugc

f(2z) + f(0) = 2sinz cos x = sin 2z. (3.18)
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Cho x = 0 thay (3.18) ta dugc
f(0)=0= f(x) =sinuz.

Thtt lai ta thiy ham f(z) = sinz thda man yéu cau deé bai.

Két luan: f(z) = sin .
Bai tap 3.9. Tim ham f,g: R — R thoa méan
flz+y)+g(x—y) =2sinzcosy, Vr,yeR. (3.19)
Giai. Cho y = 0 thay vao (3.19) ta dugc
f(x) + g(z) =2sinz, VoreR. (3.20)

Thay y bdi —y vao (3.19) ta ¢

flx—y)+g(x+y)=2sinzcos(—y) = 2sinz cosy
=f(@+y)+g9(x—y)=[fz—-y) +g9z+y)
=fl@+y) —glz+y) =flea—y) —glz—y)
=f(u) = g(u) = f(v) —g(v), Yu,veR,

trong d6 u =2z +y, v=x —y. Suy ra
f(u) —g(u) = f(v) — g(v) =¢, ¢=const €R. (3.21)

f(z) =sinx+ °
Tit (3.20) va (3.21) ta ¢6

g(x) =sinz— 5
Thit lai ta thiy f(z) = sinz + g glx) = sinz — g thoa man didu kien ctia bai
toan.

Két luan f(r) =sinz + g, g(x) =sinx — g véi ¢ = const € R.
Bai tap 3.10. Tim ham f: R — R thoa man
fle+y)+ f(z —y) =2f(x)cosy, Vo,yeR. (3.22)
Gidi. Cho x = 0 thay vao (3.22) ta c¢6

fy)+ f(=y) =2f(0) cosy = 2dcosy, Yy € R.
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D3&i vai trd clia # va y cho nhau trong (3.22) ta c6
fly+z)+ fly—2) =2f(y) cosz. (3.23)
Cong hai vé ciia (3.22) va (3.23) ta dugc
faty)+fl@—y) + fly+a)+ fly—2) =2f(x)cosy + 2f(y) cosx
S2f(z+y)+ flz —y) + fly — ) = 2f () cosy + 2f (y) cos x (3.24)
ma f(y) + f(—y) = 2dcosy, Vy € R, nén (3.24) trd thanh

2f(x+y) +2dcos(z —y) = 2f(x) cosy + 2f(y) cos x
& flr+y)+dcos(x —y) = f(z)cosy + f(y) cosx. (3.25)

Dat g(z) = f(z) — dcosx khi d6 (3.25) tré thanh

g(z +y) + dcos(z + y) + dcos(z — y) = [g(x) + dcos z] cosy
+ [g(y) + dcosy| cosx
Sg(x+y)+ 2dcos(x +y) = g(x) cosy + g(y) cosx + 2d cos(z + y)

eg(r+y) =g(x)cosy+ g(y) cosz, Vr,y e R.
Ta c6

gx+y+2) =lg(x)cosy + g(y) cosz] cos z + g(2) cos(z + y)

= g(z) cos(y + z) + [g9(y) cos z + g(z) cos y] cos z.
Suy ra

[g(x) cosy + g(y) cos x] cos z + g(z) cos(z + y)

= g(z) cos(y + z) + [g(y) cos z + g(z) cos y] cos z,

& g(z)sinxsiny = g(z)sinysinz, Vz,y,z € R.
Do d6 khi chon cac gia tri y, z sao cho siny # 0,sinz # 0 suy ra

g(x) =bsinz, trong d6 b= const € R.

Twu do suy ra f(z) = dcosx + bsinz v6i b,d = const € R.
Thit lai ta thay f(z) = dcosx + bsinz thda man yéu cau dé bai.
Két luan: f(z) = dcosx + bsinz véi b,d = const € R.
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Bai tap 3.11. Tim ham f: R — R théa man
f(x—y) = flz +y) =2g9(z)siny, Yo,y eR.
Giai. Cho x = 0 thay vao (3.26) ta co,
f(=y) = f(y) = 29(0) siny = 2dsiny.
Déi vai tro clia z v y trong (3.26) ta dugc
fle—y) = fly+a)=29(y)sinz.
Trit vé v6i vé clia (3.26) cho (3.28) ta dugc

flx—y) — fly —x) =2¢g(z) siny — 2g(y) sinz,

(3.26)

(3.27)

(3.28)

(3.29)

ma theo (3.27) ta c¢6 f(z —y) — f(y — ) = —2dsin(x — y) khi d6 (3.29) tré thanh

—2dsin(x —y) = 2g(z) siny — 2¢(y) sinx

<g(x) —dcosz|siny = [g(y) — dcosy|sinz, Vr,y € R.

Chon gy sao cho sinyg # 0 khi do

g(yo) — dcosyo .
SIN T

g(x) —dcosz = ,
sin yg

)

= g(r) =dcosz + asinz,
trong do6 d,a = const € R.
Thé g(z) = dcosz + asinz vao (3.26) ta co,
flx—y)— f(x+y) =2(dcosz + asinz)siny

= 2dcosxsiny + 2asin x siny

= d[sin(z +y) —sin(z — y)] + alcos(z — y) — cos(z + y)]

= f(r+y) +dsin(z +y) —acos(z +y) = f(x —y) + dsin(z — y) — acos(z — y),

= f(u) +dsinu —acosu = f(v) +dsinv — acosv, Yu,v € R,

trongdbu=x+y,v=0—y

Suy ra f(z) =acosz — dsinx + c.

Thit lai ta thady ham f(r) = acosz —dsinx + ¢ v g(x) = dcosz +asinx thdoa man

dieu kien deé bai.
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f(z) =acosx —dsinz + ¢

Két luan: { trong do a,d,c = const € R.

g(x) =dcosz +asinx
T cong thiic bién doi
sin (z +y) =sinxcosy + coszsiny, Vr,y € R.

Néu ta thay ham sin, cos bing cac an ham f, g tuong tng ta tao ra dudc cac bai

toan
Bai tap 3.12. Tim ham f: R — R théa man
sin(z +y) = f(z)siny + f(y)sinz, Vz,y € R. (3.30)

Giai. Cho y = g thay vao (3.30) ta c6
sin (x + g) = f(z) + f(g)sinx,

= cosx = f(x) + f(g)sinx.

Thay x = g vao biéu thiec trén, ta c6

0=2f(5)= f(5)=0.

Suy ra f(z) = cosw.
Thit lai ta thay ham f(z) = cosz théa man yeéu cau ciia dé bai.

Két luan: f(z) = cosz.
Bai tap 3.13. Tim ham f,¢: R — R thoa man
sin(z +y) = f(x)siny + g(y) sinz, Va,y € R. (3.31)

Gidi. Thay y = g vao (3.31) ta dugc

sin (£E+ g) = f(z) +g(g> sin x

& cos = f(x) + g(g) sin .

Suy ra
f(z) = cosx + bsinzx, trong d6 b = const € R.
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Thay f(z) = cosz + bsinz vao (3.31) ta co

sin(x 4+ y) = [cosx + bsinz|siny + ¢g(y) sinz
= sinzcosy = bsinzsiny + g(y) sinx
= ¢g(y)sinx = [cosy — bsiny|sinz, Vr,y € R.
Chon zg sao cho sinxzg # 0 khi d6
g(y) = cosy — bsiny hay g(z) = cosx — bsinz.
Thit lai ta thay ham f(z) = cosz + bsinz va g(z) = cosx — bsinz théa man yéu
cau clia dé bai,

f(z) = cosz + bsinx

Két luan: trong d6 b = const € R.

g(x) = cosxz — bsinx
Bai tap 3.14. Tim ham f,¢: R — R thoa méan
flx+y) =g(x)siny + g(y)sinz, Vr,y € R. (3.32)
Gidi. Thay y =0 vao (3.32) ta c6
f(x) = g(0)sinz = asinz.

Thay y = g ta dudc

f(x + g) = g(g) sinz + g(z)
= asin (x + g) = g(g) sinz + g(x)

= acosT = g(g) sinz + g(z)

= g(x) =acosz — g(g) sin x.
Cho z = g thay vao biéu thiic trén ta cé
m
g(§) =0= g(z) =acosuz.

Thit lai ta thiy ham f(z) = asinz va g(z) = acosz thoa man yéu cau deé bai.

Két luan: J(x) = asinz trong d6 a = const € R.

g(z) =acosx
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Tt cong thiic bién doi

2

sin(z 4 y) sin(z — y) = sin® z — sin’y, Vz,y € R.

Néu ta thay ham sin § vé trai bing an ham f(x) tung tng ta dugc cac bai toan.

Bai tap 3.15. Tim ham f: R — R thoa man

fx+y)f(x —y) =sin®z —sin’y, Vz,y e R. (3.33)

Giat. Theo bai ra ta ¢o

F(o+9)f(x—y) = sin®z — sin’y
= sin(x + y) sin(z — y)

= f(u)f(v) =sinusinv, Yu,v € R,

trongdbu=x+y;v=x—y.
Néu f = 0 thi khong théa man dé bai nén f # 0. Khi d6 ton tai vy sao cho
f(vo) # 0. Thay v = vg ta co

sinvg . .
u) = sinu = ksinu, VYu € R.
fw) f(vo)

Thay f(z) = ksinz vao bicu thiic trén ta duge k? = 1.

Thit lai ta thiy ham f(z) = ksinz, trong d6 k? = 1 théa man yéu cau bai toan.
Két luan: f(z) = ksinz v6i k% = 1.

Bai tap 3.16. Tim ham f: R — R lién tuc va thdéa man
fl@+y)fx—y) = f(x)* —sin®y, Vo,y eR. (3.34)
Gidi. Cho x =y thay vao (3.34) ta dugc
f(2z)f(0) = f(z)? —sin?z, VzeR.

Néu f(0) = 0 thi f(2)? =sin’z = f(x) = £sinux.
Tht lai dé thay ham f(z) = sinx, f(z) = —sinz théa man yéu cau ctia bai toan.

. inx, Vr e A, . ) .
Néu fz) =4 0 7" v6i A, B théaman A # B, ANB = {kr| k € Z}

—sinz, Vr € B,
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Khi d6 néu f(z) 14 nghiém ctia bai toan thi hai tap A, B phai thoa man

r+yeAsr—yeA
r+yeBsr—yeB

Diéu nay vo 1y do f(z) 1a ham lién tuc vi vay f(z) xac dinh nhu trén khong 1
nghiém cua bai toan.
Néu £(0) # 0 thi dat b = f(0) khi do6 ta co
fa+y)f(z—y) = f(22)f(0) +sin’ & —sin’y

= bf(2x) + sin(z + y) sin(z — y).
batu=z+y, v=2—y= 2xr =u+ v khi do ta co

fu)f(v) =bf(u+v)+sinusinv
=bf(u+v) = f(u)f(v) —sinusinv, Yu,v € R.
Khi do6 v6i Vu,v,w € R ta co
bf(u+v+w)= f(u+v)f(w)—sin(u + v)sinw

1 . .
=3 flu)f(v) — smusmv] f(w)

— (sinwcos v + cosusinv) sinw

1 1 o
- gf(u)f(v)f(w) — Ef(w)smusmv

— sinw cos v sinw — cos u Sin v sin w.

Mat khac

bf(u+v+w)= f(u)f(v+w) —sinusin(v + w)
= Ef(u) f()f(w) —sinwsinw| — sinu(sin v cos w 4 cos v sin w)
1

1
= gf(u)f(v)f(w) - gf(u)sinvsinw — sinu sin v cos w — sin u cos v sin w.

Suy ra

f(w)sinusinv + cos usin v sinw

f(u)sinvsinw + sinusinv cosw, Yu,v,w € R.

S =
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Chon vy sao cho sinwvg # 0, khi d6

f(w) sinu sin vy 4 cos u sin vg sin w

S

1 : : o
= Ef(u) sinvg sinw + sinusin vy cosw, Vu,w € R.

1 1
= gf(w) sinu + cos usinw = gf(u) sinw + sinucosw, Yu,w € R.

= %f(w) — cosw] sinu = [%f(u) — cosu} sin w.

Néu %f(u) —cosu=0, Vu e R= f(u) =bcosu
hay f(z) =bcos(x), Vr € R thay vao (3.34) ta co

beos(x + y)bcos(z — y) = b% cos? z — sin’ y

&b (cos® x cos® y — sin? zsin’ y) = b? cos® x — sin’ y

sb? [cos2 zcos®y — (1 — cos® z)(1 — cos? y)} = b%cos? z —sin’y
eb%(cos? v — siny) = b% cos? & — sin’y

= =1,

Thit lai ta thay f(r) = +cosz théa mén cac diéu kién ctia bai toan.

LS . 1 .
Neéu ton tai wg sao cho gf(wo) —coswgy # 0. Khi d6 chon w; sao cho sinw; # 0
thi ta dugc

1f(wl) — coswy

gf(u) —cosu = s sin u,

suy ra
%f(u) —cosu = dsinu = f(u) =bcosu + bdsinu.
Hay
f(x) =bcosx +csinz, Vo e R.
Thay lai (3.34) ta c6

[b cos(z +y) + csin(x — y)} [b cos(x — y) + csin(x — y)}

= [bcosx + csinx]2 —sin’y
v? v?
& E(COS 2 + cos 2y) + besin 2x + E(COS 2 + cos 2y)
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:bgl—i-cosQ:z: +bcsin2a:—|—021 — cos 2x n 1 —cos2y
2 2 2

s 0P+ —1cos2y+ P2+ —1)=0, VyeR

s+ E =1

Suy ra f(x) = bcosz + csinx trong d6 b> +c2 =1, b,c€R.
Thit lai ta thay ham f(z) = bcosx + csinz thda man yéu cau clia bai toan.
Néu ¢ = 0 thi f(z) = +cosz trung véi truong hop trén.

Két luan:

f(z) = asinz, trong d6 a? =1,

hoac

f(z) = bcosz + csinz, trong d6 b + ¢ = 1.

Bai tap 3.17. Tim f: R — R thoa méan

e 2
f(0)=a ; f(§) =b (a,b cho trude ) (3.35)
fle+y)+ flz —y) =2f(z)cosy, Vz,y€R.
Gidz.
Cho y = g; z € R thay vao (3.35) ta dugc:
m m
f(x+§> +f(:c—§> _0. (3.36)
Cho x =0; y € R thay vao (3.35) ta dugc:
f) + f(—y) = 2acosy. (3.37)
Cho z = g; y € R thay vao (3.35) ta dugc:
m ™
f(§ + y) + f(§ - y) = 2bcosy. (3.38)

1(5)(-5) -

Tit (3.36) 5 (3.37) 5 (338) ta co { /(v = ) + /(5 o) =2ac0s (v = 7)

\f(:p—kg)—i-f(g—x) = 2bcos x

Giai hé trén ta duge
f(z) =acosx + bsinx
Thit lai ta thiy ham f(z) = acosz + bsinz thda man yéu cau ctia dé bai.

Két luan: f(z) = acosz + bsinz.



www.VNMATH.com

69
Bai tap 3.18. Tim f: R — R thoa man
f(x)f(y) = f(x +y) +sinxsiny, Vz,y € R. (3.39)
Gidsi.
Dé thay f(z) = cosz 1a mot ham s6 thdéa man yéu cau bai toan.
Cho x = y = 0 thay vao (3.39) ta dugc [f(0)]> = £(0) suy ra f(0) = 0 hodc
f0)=1.
Ta xét hai truong hgp
Truong hop 1: f(0) =0
Cho y = 0, = € R thay vao (3.39) ta duge f(z) = —f(0) =0, Vz € R. Thi
lai ta c6: sinzsiny =0 Vo,y € R, ( vo 1y ). Vay f = 0 khong 1a nghiém ctia bai
toan.
Truong hop 2: f(0) =1
Cho x = —y thay vao (3.39) ta dugc

f(@)f(—=z) =1+ (=sin®z) = cos* z, suy ra f(z)f(—z) = cos® z.

Cho = — g khi d6 f(g) — 0 hoiic f(— g) _0.
Néu f(g) =0 thi cho z = g, y € R thay vao (3.39) ta c6

f<y+ g) +siny = 0 suy ra f(y) = cosy, Vy e R.

Thit lai ta thiy f(z) = cosz thdo man deé bai.
Néu f( — g) = 0 tuong tu nhu trén ta c6 f(y) = cosy, Yy € R.

Vay ham s6 can tim 1a: f(x) = cosz.

Bai tap 3.19. Tim f,g: R — R thoa man

f(x) = fly) = cos(z +y)g(z —y), Vz,yeR. (3.40)
Giaz.

Cho z = g —y; y € R thay vao (3.40) dugc

1(5-v) s =0e (5 +y) = fw) (3.41)

Cho z = g +vy; y € R thay vao (3.40) dugc

f(g 4 y) — f(y) = —sin 2yg(g). (3.42)
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Tt (3.41) va (3.42) ta co,

™ ™ . ™
f(§ + y) - f(E - y) = —sin 2yg(§>. (3.43)
Mat khac theo (3.40) ta co,

f(g + y) — f(g — y) = —g(2y). (3.44)

Tit (3.43) va (3.44) suy ra, ¢(2y) = sin ng(g), vy € R.

= ¢(2z) = asin2z = g(r) = asinz, Yz € R v6i a = g(%) ( cho truéce ).

Cho y =0; z € R thay vao (3.40) ta dugc
f(z) — f(0) = coszg(x) = f(x) = gsin 20 +b, VxeR, trong do (b= f(0))

o f(w)zgsin2x+b, . N , . i
Thtt lai cap ham 2 v6i a,b la cac hang so cho trude thoa
g(x) = asinz,
man bai toan. .
. ‘ S f(z) = =sin2x +b
Két luan: Nghiém ctia bai toan 2 a,b = const € R.
g(x) =asinz

Bai tap 3.20. Cho day sb u, va v, dudc xac dinh nhu sau

up=a>0,v1=5b6>0

Up—1 + Up—1

Up = — 5 Up = \/UnUp_1, khin>2.
Tim w, va v,. Gidsi.

Truong hop 1: Néu a = b thi 16 rang
Uy = Vp = a.

Truong hop 2: Néu0<a<bthita0(’)0<%<1.
bDat

a s
7 =cosqa, o€ (0;5).

Suy ra a = bcosa.
Ta co

u1 =a=bcosa, vi =Db,
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up + U1 « Q
Uy = :bcoszg, vgzw/u2v1:bcos§

2
u2 + v2 beos2 & cos2 & beos % cos &
usg = = bcos” = cos” —, w9 = \/ugvy = bcos — cos —.
3 2 9 4’ 2 3V2 9 4
Bang phuong phap quy nap, ta chiing minh dugc
Up—1 + Up—1 o o o 9 Q@
Uy = b———— = bCoS — cOS — - - - COS cos
2 2 22 2n—2 2n—1
« o o
U, = by/UpUn—1 = bcos 5 COS 2 - COS o T
Ma sin 2z = 2sinz cos z, nén ta cé bién doi sau day.
T « ,
Do a € (O; 5) suy ra sinm #0, do do
. o o o 5 «
Up = COS§COS§"'COSWCOS F
N oin2
—192 - 271 cos a cos a cos 4 cos? @
- on gin? a . 9 922 on—2 on—1
A
94 .o o
B b SIH(XSIHFCOSﬁ
2" sin?
2n—1
. o
= sin o cot —,
2n—1 2n—1
va
s « « o
Un = COS§COS§"'COSF
n—1
2 Si mn 1 (6% (0%
:b—&cos—cos—2---cos—_1
on—1gin : 2 2 AL
2n—
b sin o
~on— a
2" sin 1
Vay trong truong hgp nay
. « b sin o
Up = 2—nsmacot 2n_—1’ Vp = F-—O"
sin
2n—1
N % . a ., a
Truong hop 3: Neu a > b > 0 thi 7 > 1. Dat 7= cosh «
Do
e +e @ . e —e @
cosha = — > 1, sinh = 5 ,



www.VNMATH.com

72

1+ cosha = 2COSh%, sinha = QSinh%cosh%.

Do d6 tuong tu nhu trén, ta co

uyn = bcosh % cosh % .-+ cosh? T

Uy, = bcosh%cosh% . -coshi

on-1’
hay
. « o
‘ 2 sinh o1 cosh on-1 b sinh «
Uy = — sinh « e = 571 o)
AL Sinh2 on—1 2" tanh on—1
b sinh «
Up = on—1 a
sinh —
on—1
Két luan:
Néua:bthi Up = Up = Q.
Néu 0 < a < b thi
. b sin «v
un:2—n81HOéCOt2n—_17 Un:F . o
sin
on—1
Z a/ ﬂ-
tr?ng d6 cosa = 5 @€ (0; 5)-
Neéu a > b > 0 thi
b sinh v b sinha
Up = Un =
on—1 a 2! Gnp &
tanh on T sinh 1

trong d6 cosha = %.

Duia vao két qua bai toan trén ta c6 thé sang tac cac dé bai toan tinh gii tri
2. N S . ~ A « 2 - z N z X ~ S z N 2z
cua ham so tai mot so diem hoac cac bai toan ve day so nhu cac bai toan sau

day.
Bai tap 3.21. Cho ham s6 f,¢ : N* = R théa man

F(1)=v3, g(1)=2

, g(n) =+/f(n)g(n —1), ¥n>2.
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Tim £(2010) va g(2011).

Gidi.
Ta c6 \/75 = cos%, suy ra f(1) = g(l)cos%. Khi d6 ta co
f) =3 = 2005%, v =D,
r) = L9050 £ o) = /700 = 2008
£3) = f(2>;g<2> _2cos2§cos,2% 92) = /T3)9(2) :2COS§COS%.

Bing phuong phap quy nap, ta chiing minh dugc

1 _1 s s s s
f(n) = Qf(n ) —Qi—g(n ) = 2cos % coS 2% -+ COS 2n672 cos? Qnﬁil
T s s
gn) =2/f(n)gln —1) = QCOS%COS%“-COS 2n671'

Ma sin 2z = 2sinz cos z, nén ta c6 bién doi sau day.

T s ™ s
n) =2cos & cos & ... cos = cos? 8
2 22

on—2 oan—1
s
2nSHF 6 jus ™ s s
2 2n ! cos & cos & - .. cos =0 cos? -0
- E 9 22 on—2 on—1
27 gin? 2n6 1
s s
T 6 6
:325111 G S ——— €08 1
mn ) T
sin? —0
oan—1
1 .7 g 1 5
= sin — cot cot ,
on—1 6 n—1 on—1 on—1
va
s s s
— 6 6. 6
g(n) =2cos 5 COS o3+ €08 ooy
s
2"~ Lsin 2n6_1 r oz x
=2 —— COS 6 cos%- cos —9 7
on—1 G 2 2 2m
—4sin
on—1
2  sing 1
IEENE: :
. n 1 .
sin n1 21 sin on1
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Khi do
T
_ §
f(2010) = 52009 “°t 52009
1
9(2011) = —————
2010 4jp, 6
2 sin 52010

Bai tap 3.22. Cho day sb u, va v, dugc xac dinh nhu sau

Ul :e4+1,v1 = 2¢2

_ Up—1+ Up-1

Uy = = Un = \/UnUn1, khi n > 2.
Chtng minh rang

lim u, = lim v,.

n—oo n—oo
Giaz. A ) )
oup e+ 1  ef+e
Ta c6 — = 5 = = cosh 2. Do
U1 2e 2
e e~ . a_ pma
cosha = —5 > 1, sinha = —

1+ cosha = 2COSh%, sinha = 2sinh%cosh%.

Khi dé6 ta co

up = e* +1=2e%cosh?2, v = 2e?,

2 2
Uy = UITM — 2¢2 cosh? 3 V9 = \/UgV] = 2¢2 cosh 3
2 2 2 2
ug = uz vz = 2¢2 cosh? = cosh? —, V2 = \/ugvg = 2¢? cosh = cosh =.
2 2 4 2 4
Bing phuong phap quy nap, ta chiing minh dugc
- - 2 2
Up = 2627”%17—“]”1 = 2¢% cosh 3 cosh 2 - cosh 2 cosh? 1"
— 96\ /it T = 2¢% cosh = cosh b
VU = 4€ UnUn—1 = 4€° COS 5 COS ? <+ COS F
Ma sinh 22 = 2sinh z cosh z, nén ta c6 bién doi sau day.
2 2
u, =2¢ cosh 3 cosh 22 cosh 2 cosh? T
2
) 2" sinh? o1 , 2
=2e cosh — cosh — - - - cosh cosh
2 —2 -1
27 sinh? 2 2 2" 2"

2n—1
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2

on T cosh 1

902 2 sinh 2 sinh

2" sinh?

2n—1

2

Un, =2¢? cosh 3 cosh SR cosh o1

2
n Slnh F

=262

cosh — cosh — - - - cosh ——
2 1
2n—1lginh 2 2 2n

2n—1
2¢2  sinh?2

2n71

Sinh 2n_—1

Ta co

2 2
222 sinh 2 sinh cosh —

. . n—1 n
lim u, = lim 2 2
n—o0 n—oo .

2 ginh?

2n—1

COSh F

= 2¢?sinh 2 lim 5

nree 2”71 sinh F

2 2 g 2

=e“sinh 2 lim <cosh —) = e”sinh 2,
00 21 sinh 52+

_ ) 2¢? sinh 2
lim v, = lim ————————
n—00 n—oo 2n—1 ginh ST
2
. . n—1 .
—c?sinh 2 lim 2—2 = ¢?sinh 2.
n—oo sinh 5T

Vay

lim u, = lim v, = e? sinh 2.
n—oo n—oo
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Két luan

Phuong trinh ham trong cac 16p ham lugng giac la 16p phuong trinh ham
quan trong nhat trong tap hop cédc ham s6 tuan hoan. Cac k¥ thuat bién doi
cting nhu phuong phap giai 16p phuong trinh ham nay lai hoan toan khac véi
cach giai cac phuong trinh ham truyén thong trong 16p ham dai s6. Noi dung
cia luan van nay nham téng quan va khéo sat 16p cac phuong trinh ham tréen.

Luan van da dat duge nhitng két qua chinh sau day:

- Trinh bay cac dang toan va 1oi gidi cdc phuong trinh ham xuat phat ti cac
dac trung ham ctia cac ham lugng giac co ban, lugng giac hyperbolic va lugng
giac nguge.

- Dua ra 16i giai cac dang phuong trinh ham khac nhau (ham cong tinh, nhan
tinh, lién tuc,...) trong céc 16p ham lugng giéc.

- Dé xuat mot s6 cac bai toan vé phuong trinh ham xuat phat tit cic phép
bién doi lugng giac ctia cac ham sinz va cosz.

- Dé xuat mot s6 k¥ thuat sang tac bai tap dua trén céc cong thic bién doi
luong gidc co ban va dua ra cach giai cho ting bai tap cu theé.

- Huéng phat trien ctia dé tai 1a xem xét 16p ham nay trén cac nhém cong
Albel 14y gia tri trong tap s6 phitc C va nghién ctitu cac moi lien he gitta cac
16p ham sin, cosin, tang, cotang. Day 1& nhiing van dé md chua duge dé cap dén
trong luan van. TAc gid hy vong sé tiép can va gidi quyét cac van deé trén trong
thoi gian t6i. Bén canh d6, tac gid ciing nhan thay rang mot so6 van dé dit ra
trong noi dung ctia luan van can c6 thém nhiéu thoi gian nghién cttu va hoan
chinh.
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