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SANG TAO PHUONG TRINH HAM
TU CAC HANG PANG THUC

1 Bai toan “chia khoa"

Nhimg PTH dude sang téc it hing ding thite déu e6 it nhit mat ham thoa la flz)==
Clifuly vi vy, vige tin ra nhitng digni clime gifta ede bai PTH nayv 18 mst didn quan
rong. Sau mat thal gian xem x&t &F, xin trinh bay dén cde ban bai Todn guen thude
say, o6 thé ditge dp dung dé giai rét nhidn bai PTH dang nav.

Bai todn 1. Tim 4t ¢d cdec ham 1 B = E thod man

flz+y)=Fflz}+ fy). Y. yeR
trong cdc freang hgp sau
fa) flx) iz ham Hén fur:
(b) flz) la ham dan digu;
fe) |flz)l <M, ¥z € la b
(d) flz®) = f*(x), vz e R;
(e) f(z*) = f*(x), Yo eR.

Lar giin, Chio z = 3= 0, ta digge F(0) = 2f(0), sur ra £(0) = 0. Hou niita thay y bdl
—x, taduge f{{l) = Fiz) + fl—z), do d6 f(—z) =—F(z), vz £ &, hay [ 1a hiou la

D&t f(1) = = const. Khi dé ta o

c=f:1:'1=.-(§—§+---:—ﬂl_)=nf(%). {g}

L1l j .
Nhit vy n f (—) =c vnel Tdiyxer r= T 6 m. e eEMva(m n)=1, té}:d
i) TE x

1@ (e ded) ms (B2 ¥

Nt vy f{z) = oz vdi moi st him ti degeg z. Mat khae do f 18 ham le v 7{0) =0 uén
tit day ta suvra f(z)=cx. Yo e Q.

(a) Néu f la hawm lén tue: Vi moi &8 vo tf © hidn ton tal mish dav =6 hitn 8 {z,) bt
T v . Ning vay, dua vao tinh lén tye cia §, 18 0o
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flz)= lim flr,) = lim (er,) =czT,

Tp—=2 w3
Vay flz) =z & ham thea.

(b) Néu f 1 ham don digu (@ ddy cée tdc gid trinh bay phén chitng minh ¢ho f 1 ham
don digu tang. Traimg hop f 1a ham don digw quam, ban doc e6 thé chadng minh fitong
tit. ): Trtde hét, vi flx) dbng hiés nén e = f(1) > f(0) = 0. Gia sit 1dn tai zq 1 8 v0 1
sao tho fog) > exg. Doz 1A 56 v6 ti én d& dang suy ra dude f(z,) va (=) dénla=h
va ti. Khi d6 tdn ted 56 him i i sao chio

fl=za) > ey > exa.
Tuv nhign klo do flze) > fly) nén op > g > 3p (v 18).
Chitug minh titong 0 troug trudug hdap flzs) < ezq, ta ciing ed didu vé 1§ Mau thuén
niy chiing 0 f(xz) = cxy Nt vy f{z} = cx, ¥r € E 14 liam tlica,

(c) Néu |f(z)| = M, ¥z € [a. b: Ta 58 ciimg minh f(x) cing bi chan trén [0, b —af.
Thar vay, véi z € {0, b—a] thi +a € [a. b, Khi dé ta cd flz = a) = flz) = fla). sur
ta fiz) = fiz = a)— fla), ol viv =2M < flz) < 2M. sy

[fz)] < 20

fd)

Dat h=a=d> 0, vy f{z) bi cliin wén [0, d]. Dit ¢ = -5 glz)= f(z] —er. Suvra

gz+y)=flz+y)=elz+y) = flz)=ex + fly) —ecy=g(a) +9ly), VYz. yER
fid)
d

Hon nite gid) = f(d) — ~d=10. Viy glz +d) = glz), ¥z € X, do dé g l& ham tudn

hoau, Hon nita. g(z) = f(z) — e nén g cing bi chan trén [0, &, cdng thém tinh tudn
ho#n cim & d cis g tasuy ra g bi chan trén B, Gia =it t&n tai g san cha glra) # 0.
Khi da, ta co vat mai 56 1 nhigu 7 thi g{nzg) =ng(zy) suy 8

lg{nTa)| = nlglzn)l.
Do g{zy) # 0 nén néu chon n di 160 ta ob thé cho nlgz,)| 180 tud § suy ra [g(nzq)| o

o, trai vai didn kien biclifnene g, Vav gzl =0, ¥z € B, Do dd, fiz)=cr, Yo € R

(d) Néu f{z*) = ffx), Yo € B: Tit gia thiét ta sy ra f{z) > 0 vdi wmoi 56 tlate klisng
fm oz, Bhidd, vili mol x>y =2 0 thi E}
\

flz)=fly) = flz=p) 2 0. o

. N
Nhurvéy flz) = fly), fiz) 18 ham kliéng gian, Ap dung két qus can (h). t%ﬁ

flz)=cx, VreR. i

Thay vao gia thiftta tim dicc e =0V e= L Nlut vy, flz) =0 VreEvi flz) ==,
Yz € E 4 cAc ham thoa
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(e) Néu fiz) = fAz). Yz € B Tach
[Flz) = flu) = Pl =F(z+u)?) = f (2 + 7 = 3mylz = 1))
Tir day suy ra f¥(z) + £2(y) + 37 (=) f(y)flz+y) = F(25) = F(1?) +3F (zylz +—y)) . hay

flaifly)flz=yl=Flzylz=y)). ¥z yeR
Do f{x) = flr N . ¥r € Ruduta cd 1) =F{1), smra f(1) = 0vF (1) =1Vf(1) =-L
Ta x&1 LAl tomug hdp san

o Trudng fopd. (1) =0, Khi 46 ta cd
fl2 =+ = flz)f(l)flz=1) =0, YreZR

1 1
Do z? =z nhiin moi zid tri khéng bé hon =5 nén ta snv e flx) =0. ¥z > -3
A&t khide ta laico f(x) 1a hiau & uéh f(z) =0, ¥r € B. D8 thy Lam nay thoa,
o Trugrg hiop 2. f(1)=1v f(1)= =L Klu d6. dat f(1)=¢ tach

fla®+ 7) = flz)f (U fx = 1),
hiay tiudng ditdng

£(2?) + fla) = ef(z) [flz) + €] = ef*{z) + Eflx) = cfi{x) + flz):

Nhat vay flz?) = ef3{z). Tay vBio c = 1 hay ¢ = —1. vi lam tuone o ofu (d) ta

siry e hiai LB toong dugthds la fiz)=z. Yre Rk flz) ==z, Yz K.
Vay vdi gia thiét (e}, ta 06 3 ham 56 thoa man fa f(r) =0, flz)=rva flz)=-z. O
NuAN xXE7. Didu kien (d) va () cua bd 48 o6 thé they 46t thaunh f(z) = f(z"), ¥z e R
viii n 1 56 t1r nhién vA n > 1. Ngoai ta, cdu cd mét hirdng téng quar khie oo cée didn
kign nay nhi sau: Cho da thnte Plz) o6 bac Iin hon 1 thaa P(f(z)) = f(P(z)), YT e R
Hiy tim #at cd ham § thom
2 Cac bai todn ap dung
Trrde khi di vao baus ludn cac h:-Li toAn eu thé, xin trink bay vdi cde ban mot cdch ddn
gifin 'dé sing tan PTH tit hiing dang thite. K& tit plifin név ta quy 1de Flz, y) la phép
thé mat b (z, i) vao phiong trinh ham gia thiét cos mbi bai todn.
Clific han ai trong ching ta eiing dé&u biét métvai haue daug thite oo ban, vi du nlie

(z+y)f=z+2y+y". (r+y)=2"+3nylz +y) =

Vige thay r baug fizr) hay f (fiz)), Lodc dac biét hon la flz+y)—y, ... di chora
doi ra7 nhidu bai tofn bay v& klid. TAt ca cAc bai tean A tac zia idi thidu trong bai
vit uav déu duge d8 xubit tir chinly vide “don sidn” nhnethé Va eliing ta hiv cing nhan
thnrdue thite sz tlod vi eia nhimg bai PTH dang néy.

Vige sang tao PTH klifing ol dua trén cae hing ding tlite da bift, doi klii xufie phat

tit nbitng dién “kha Ién nhisn”, nhimg klifing vi thé ma méat di tiuh thi vi, ta =8 dén

Vil hei bl toén sau

Bai todan 2 (IMC 2010). Tim tdt ed ede ham lién tue [ B =3 thod mdn 6\'
flzy+z+y)= flz)+ fly) + flzy), Yo, yeR o

Lén ctir Bai rofn o mat céck phit higu don glan, nhimg kligng vi 118 mh nd f@)ﬁdl
Ta cimg odén vii cach gigi san dav. \

Ta od P(—z =) f{—=22) = f{=2%) + f(£) = f(—=). nlurvEy \Qr-‘
flz)+ fl—x)=0. ¥rek.
3
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Ta suy ra § 1 ham le

Dé ¢ rhugry+z+y = [7+1)(y=1)— 1. Mar cach rir nhign, ra lia chon cdc 58 oo nhidn

hen hai cdich phan tich dé tit dﬁ.ﬂg tlufe nay ta thn cée bd (z, y) phiy hap dé thay vao
platemg trinh. qua dé by vong 6 dide cée dauh gid din & két qua bai toan. Ciing tit ¥
nidng nay, ta nghi dén vige chimg minh f(3z) = 3f(z). ¥z € & nlr sau: Ta 1&n hior o

o Plz.1): f(2z+1)=2f(z) = Ff(1). Y2 € E. NIz v@v. ta cd F(3) = 3f(1) va:

fr=1)=2fz— 1) =f{l), ¥Yrek

o Pi3, 22 =11 fldr? = 1) = f(3(® = 1)) = F(3) = f(£* =1). (1)
o Nét P(1, 21 =1} :

Fldz® = 1) =27(22% = 1) + f(1) =2 [2f(z* = 1) = F(1)] + (1)
=4f(z" = 1) +37(1). (2)
Tie () va (2) tasuy ra
F3{==1))=3f(z" -1
Mat khar. vdi moi z > 0, lubn tdn tai a € X sao cho r = a® — 1. Nhmrvav f(3z) = 37(z).
Y= (), Do f & him le, o8y sny ra
flazy=3f(z), ¥reZ.
Beén canh d6 ta chue climg mimh dude fiz = 1) = flz) + fi1), ¥z >1{. That vax,
o Xét P(3. =22 = 1), ta cb
fl=dz® =1} = f (=3(z® = 1)) + f(3) = f(=2" = 1)
=4f(z" + 1) +3f(1), ¥VreR (3)
» Xér P{l, =22 =1}

Fl=daz? —1) = 2f(=22% — 1) + f(1) = =2(2f(z*) = F(1)) + £(1)
=—4f(z%) = (1}, ¥Yrek (4
Tit (3) va (4) tasuv ra f(z2+ 1) = f(2%) = f{1). Viz® = O nén
Flz=1)= fz)+ f(1). ¥z >0 (5)

Dat #(1) = ¢. Dha vao (5), d& dang 6 dige fin) = ne, ¥n 2 5. Quy ude n 12 mot s6
mrahidn > 0. Taed Plz. n): f((n=1)g+n)= flr)= Ff(in)+ f(nz). suv ra

Flln=1z)=Fiz)+ flnz). ¥z eR, X
Tit dién rrén, thes quy nap. ta dE dang ¢6 finz) = nfiz). Yz € E Suy 1a fin) = nc 1%,0
flz)=ez, ¥YreQ . QS*'

Vi f la ham lign tye va le nén tacd flz) = cz. ¥z € 2. Vay diy la ham thea é\ (5
NHAN XET 1, Cach gial trén dita vao vige dé ¥ gia thift tinh lign tue cia lL%Lm'i}. ta of
gang chimg minh f(z) = ez v6i moi T him ti, dé tir d6 suy ta ham thoa. Tir ca nhimg

phép t1ié trén déu xuft phiat it ¥ tudne dé.

4
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NuAN XET 2. PTH tén nromg duong vidi PTH Cauchy. va dav 1a bai tap danh cho cée
hau: Cho hém f B — &, chitng minh ning

flay =z +y) = flzy) + flz) = flu)
kht va chi ki flzr+y)= flz) = fly) v mot 36 thue x. y.
Trén thife t&, cac tAc gia di tifp cin hai todn dau trude kLi hig: dimge két quid tréu.
Bai toan 3. Tim fdf cd cic ham Hén fuc | 1 R — B thea man

_fml:r} — X, I?IEE.

tronig &6 folz) = F (F{...(F{x)).. ). n lén f.

Lo Gran Toide tién taclhvme minh F 18 don dnh. Thae vév. néa flzy) = flzy), ta ed
Forrw(Ty) = fapm(72) sty ra 7; = 73 VEy f don dnl. Bay g9 ta elutng mink b & san

B& dé. Néu f1E = E vita la ham don dnh, vite I ham li€n tuc, th T don dify,

Chimg minh. Vi f 18 dou dnb, ta chitng winh uéu t8n tai < y sao chd f{z) < fly)
thi f déug bifn (néu véi mot o < y mé f(z) > f(y) thi hifn nhign f nghich bifn). Gia
sit £ khong ddug bidu, titc 12 88 06 ba triding ligp san 6 thé xa&y ra, tu tai 2 sao cho

{1) z <z <y va f(z) > flz): fla) < flyk
2) z < y<zva f2) < fly). flz) < fly):

(3) = <= <y va [fz2) = F@)] [F2) = Fla)] >0
D& thiéy. ta chi cAn chvmg minh (1) sal. Clion M sao c¢ho £z} < M < min {f(y), f(2)}.
Theo tiuh chidt clia Lim lign tue, tén tai a sao cho 2 < 2 < x v fla) = M, déng thii
ton tai bsao clo z < b < yva f(b) =M. Sayra fla) = f(b). suy raa =b do f don
anli, uhinig didu niy khidng théxdy ra vi a < ¢ < b. Vay ta of didn gia sif 12 sal. 6w lai
f 1a bam din dién. i
Quay trd lai bai todn. ta 58 clufng winl £ 1 ham déog biéu. That vEy, gla sit £ nghich
hitn, taco vt ¢ < »thi f(z) > flyd. Suy m
flz)=f(Az)) < F () = fxl)-

Cit tiép tuc nlne thé, ta dude faggg(x) > faoun(y), suy ra z > y (imdn thufn). Vay f 1a him
ddug bifn. Bay gid ta gia sit tn tai T sao cho fz) > z. khidé falz) = F(flz)) > fiz),
tE SV TR gAY

= famlz) > famlz) > - > falz) > flz) >z (maun thuin).
Taong ty véi f(z) < 7 efing suy ra man thudn. Vay flz)=z. Yz € R 5

NHAN XET. V@i cach giai trén. ta d& ding gial quyét disge bai toan nén thay s§ 2009
batig At &6 t1f nhign & bit k¥, Tuy nhign, cdc ban hiy thit suy nghi xem i thay Eﬂﬂ@-
bing mat 58 tir vhidn chin klidge 0 tld két qué sé ubar thé nao? N

(Qua cdc vi dn trén, o6 thé théy chiing déu o6 chch phér bidu don gian nlumg & gﬁ? lai
khémg 118 don gian, chinh didn 46 d& [Am nén st thit vi cing PTH dang nay. {:‘

o)
Quay trd lai vdi dang chinli eta PTH ma cluing ta dang xem xét, nhitng haX¥odn san
day méat phén dide trich ma tit cée ki thi Obampic. mét phén & olia cic thc gid sing.
téc. Ta s& bat dén bang hing dang thite rét quen thude
™~ _yn — 'f,-T-'_ ?f}(rﬂ.—i + In—zy T Iyn—i -g-y"_l':._
Ll
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Bai todn 4. Tim tdt of cde ham f: R — B thod mdn
A= ") = [F2) = ) @ 2™y 4o e Py, Vg €R,
trong dé n ld mat s6 f nhién hit kg va lon hon 1.

Lt Giar. Trrde Lift ta that gidi bai todn trong timg wrwdng hdp cu thé cita n. Qua d6.
ta 58 théy 16 hitdug di cdn phai lam khi gidi quyét bai tedn vl cde sd n bat ki

o Truing hop n = 2. Phuoup minh hifm han dén e niy td thimh
@) = i) =) = fwllz+u), Vz.ueR

Ta khéng thé tinh duge F(0), vi trén thize 18 f(2) =az = b la mér 1dp haum thoa
mAn véu cAu bal toAn. nlwt véy gid tri f{0) la khéng o6 dinh. Troug trudng bop
pay, ta 56 dat ham s8 g: B — 2 sao chio g(z) = fl{z) — £(0). Kli dé ¢(0) =0, va
ta ciing thu duge phiwong trinh him trong tir

glz®) = g(i) = [glz) = g(y)] (z +u), Vr.yeER (1)
Thay y =10, ta ¢d glz*) = zg(z), ¥r € R. Thay trd lai vao phivong trinh (1), ta ¢d
glxjy=glylz, ¥r, yekR.
Dén day cho y=1. ta cb ngay g(z) = x4(l) =az, vR do dd

flzl=m+fll)=ar+h YreR
o Triting hop n = 3. Dy 18 mét bai todn trong dé thi cfia Moldova nam 2004

FE) = f) =[fla) = f)i (=" =2y = ¢7), ¥, y&R

Ciing béng lap ufin trong trnlnr d rdng hapn =2, taxét him s6 g: R = R
thok mau glz) = flz) = f(N), Khidd g(0) =0va

g(z") = gly’) = lg(z) = g(w)) (=* = zy =), Yr. yeR. (2)
Thay y =0, ta ¢6 g(z?) =zg(z). Thay trd lai véo phivdng trink (2), ta cd
[E+yglzly=I{x+ylglylz, vz, yeR

(6] day. ching ta khong dude quvén triét tiéu (7 + y) d hai vé cun phuong trinh
liim trén, +1 sau do t8 khdng thé so sinh duge glz)y va glylrviir = y=I. Tuy
vy, ta VAL cd thé chitng minh dige

R 3
glzly=glylz. ¥r.yek. N
That vy, do g(z) = 0. ¥z € = 1& mdt ham thos nén tacd the giasi g hhnu]a'bﬂug,
nhat v 0. Khi do, d& dang chime winh ditoe ,Q,
Ay
glrl == =1 Xy

Vi moi 56 thic T, ¥ hat k¥, 1ubn tin 1ai 55 tlofe zp sao clio oA == 7 vA ¥ = Tp
déw khée khong. Tir dé ta suy ra g(zizy = glzs)r vit gly)zs = giza)y. do vy

glziy =glyiz, Y. yeR
6
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Trdng tat toeding hop 1= 2. ta cing domg minh duge f{z) =ax b Yz €R 1A

céc ham thoa dé.
o Trudng hdp téng quat xem nlur 1 hai tip cho céc ban. O
Bai toén trén gidi thigu cho chfing fa 1 plurong phép giai ploeng trinl ham d6 18 <8t 1
biam mdi lidn gua, tie d6 suv ra cée plitong trinh mdi tir ede ploong trinly ban) ef, wma

viée gidi cifing d& dang hon. Déng thii cing cho ta tlify ring, khang phai lic néo ta
ciing; tinh dude f({0) nint mong mudn; vi viy ta cn phai a? I mat cach linh hoat hon:

Tiép theo 1a mé&r bai thi trong dé& INO, bat ngndn tit mét l:h'ilig tinte vt quen thudce,
dhige dimg kha nhién trong vide dumg minh bar dang tlite

(% + i’ = 6°) = (za = ybi® + (76— ya)*
Bai taan 5 (1M 2002). Tim tdt cd cac ham [ 2 — R thos man

(fle) = Fle)(fw) + FE) =Fflay —2t) + flat = yz). Yo g2 teR

I =

Lo GlAL Choz =y =2 =f =), ta duge 4f2(0) = 2£(0) suy ra F{N) =0V £(0) =
Dién dfiv ta xér hai trudng hop.

. 1
o Truang hap fill)=5. Thay 2=y=1t=10,ta cé

g AT o1y v
[-”I*—ﬂ (5—5)=§‘-§- Vel

Suvra flz) = % Yz € B. Tht lai thév ham nav thoa

o Truang hop f(0)=0. Thay z =t = (), ta thu dirge
flzy) = flz)f(y). ¥z, yeR
Do vy f nban tinh; suyra f(z®) = f%(z]. Yz € R. Didu nay clatug to f 58 nhan
oif tri khbng &m vidi moi £ khang 8m. Cho z =0, ¢+ =1, ta &
) Ay) = F(1Y) = fl—=2) + flyz),
suy ra fiz) = f(—z). vz £ E. Nlig vy f & ham chin.
D& théy f(x) = (., ¥r € B la wmbt ham thon: Xét trudng hop § khong ddug nhat
i (. Khi do, ta chiitng minh
Hrl=0ez=10
Gia=sit 3z =0, 22 = (L 5y &= 3 sa0 cho flz) =0, flz) #0. Vi F nlifn tinh u%;

flzzd=F (j—: . :rl) = (Zj) flz ) =0 (mfy thufn), .‘Sﬁs\'

1 1
Nhtvay flz) =0z = (. Do dd, ta cing 88 ¢ f(x) > 0& Yo F# 0, .‘o"?}
Xét mot 7. y >0, choz =1 = /T7. ta thu dude
[F(2) + £ (VAR Flu) + £ (VET)] = F (=yZT + u/30).

Ma do f nhan tinh nén ta oé
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[f(z) +f (VEDIIF ) + £ (vER] = Fvam [f (v3) = F (V]

Pl ET A = f (VT U= E W T 1)
Teddtasuyrma f(r+yl= tf{\f_" < f {yx’ﬁ:]]z liav

Vile+y)=Ff({vT)+Flyy, ¥Yr.y>0

Hou nite. do f(z) = (T va flz) > 0. ¥z > 0 néu ta cd VEz)=f({vz).
Yr > 0, K& lgp vdl wrén. ta dude

Viz=y)=vFflz) = fly). ¥z.y>10

Dén day ta xét ham g: B" = B san cho ‘.’fﬁ = gir). ¥r > 0. D& dang suy
=a dude g vite 1& ham nhén tinh, vita & ham coung tinh. Khi 46, ta d& dang cé
glz)=z. ¥z > 0, din déu f(z) = 2. ¥z > (L, ma § lai l& b ehBu va £(0) =0,
ta 36 c4 ngay Lidm cén tim la

fizy =2 ¥reZ.

Tém lai, e 3 ham thoa phitong trinh di clio 15 f(z) = 2% flz) =0+a f(z) = <. O

| ==

NHAN XET. Didm nlifin ciis 160 giai trén chinh 18 viée suy ra dude tink chin e ham 56
f vh tinh khéng am vai cée gid tri ciia bién khéng m. Day duge coi 1 hai dién quan
trong, klifng chi d&i vdi bai tofin néy, ma cdn hifu dung troug rat nhidy bal phwdng
trink ham khée. Ngohi ra, cdn mér didn ddng dé dé § rrong |6i gidi trén chinh 1a phép
thé s=1 = T didu niav bt ngudu tit vide ta nitdu ddu gian hoed v& phal cua phvdug
trinhk ham.

Viéeo ta dit dodn “klid chinh xéc” f({z) = 7% la mibt ham thoa di dita ta dén vige xét
ham sd g(x) = /f(z). va thie sy didn nay ginp ta giai quyét bal todn mat cack kha dé
ding. Dy cing 1a wmdt kinh nghigm nho, khi ta diz dedn met him nao dé6 théa phveoug
trinh him da cho, ta 6 thé xét mat ham mdl lién guan, wd vide gidi ham madi nay *dé
dang” han, tit d6 sy ra ham cfn fim.

L#i giai chinh thnte ciia bai tofn trén dus trén phvong trinh ham san
flz=y) = flz+y) =2[flz)+ fly)]. Yo.yeXR

Déng thi ta cimg c6 thé clhitrig minh ditde f{z) 1& haw ddug hién trén [0, +oc). Cée
ban &y thit gial plyrang rrink ham trén dia 1780 ¥ tudng nay.

Clfing ta efing qua mdt bai toAn khée trong ki-thi China MO, xuft plidt tir hing daug
tinte quen timde ¥+ 1* = (z = yi(7* — Ty —5°). Didn ddc higt 1 48 bai khﬁhg“‘fgn chun

ta tim chc him thoa \}:\
Bai toan 6 (China MO 1996). Cho hém 56 f : R — R thod mdn ‘?}
FI =) =lz+y) LFfz) = Flz)f(y) = FPly)] . ¥z peR

-
N"
Chitng munh rdng f(1996z) = 1996f(x). Yz € & N
8

L=
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L& clAL Ta 88 chitug minh tang f(nr) =nf{z), ¥ e B, r € B, Viée [am nay s3 tiang
lai cho hai toAn mat cai ulin tong quét hdn, déng thii cie ban efing khang hi béi rdi
khi g@p con s6 1996 limv mat con s6 nio khae, Ta ob

e P[0, 0): FflO) =10,

s Plz. ) : f(=) =zf*x), vz €& (1)

Tit day. ta suy & ugay f(z) 2 0¥z > 0w flz) < 0 Yz < 0. Goi
X = {a| flax) = af(z). ¥z € B}.
Ta s& chimg minh néua € X v a > () thi @ = | € X. That vy, gia sit
flaz) = af(z), ¥YreR. {2}
Viflla=11-00=(a=1)f(0)=10 nén taxét x = Xt Pz, ¥az).incd
flz* = or*) = (z + Vaz) [f{x) = flx)f (Vex) + 77 (Vex)]. (3)
Theo hé thite (1) va (2), ta lai b
azf*(z) = af(z") = f(az") = f ((¥az)") = ¥azf* (¥2z),
hay tiong duong
iz [Yaf(n) — § (¥az)] [VEF() + f ($Az)] = 0.
Doa = 0nén r, arcime din suy ra-Yafiz) = F (¢ar) 20, Titda. theo trén ta dude
vafiz)=f({az). vYre="
Sit dung két qua niy, ta viét drge (3) lal thank

f (o =12 =z (1 + ¥@) | FA{z) - Hz)Vaf(z) + Va2 *(z)|

=zf{z) (1 +¥a) (1 — e+ »ﬂfg_) = flz*)(a+1).

De m&i =& thae déi 06 cfa bac 3 nén ta sy Ta

flle+=Vz)=1la+ifiz). YreE"

Vile Xntnne X, ¥nel. Vi

finz)=nflz), ¥neli
Chaon = 1996, ta o6 ngay kér gua bai todn. LI
NHAN XET 1. Viée suy ra déu etia f(z) tit 1é thie (1) |a quan trong, nd gitp ta triét
tign hinh phidng ma kldng ciu xét din, dav ofing 1 mbt didn dang linn § trong rét
nhitu bai toan khae.
NHAN XET 2. V& d& bai ritong tir, léu oo thé tim dige ede ham f thod man khans?

Néu khoug, ¢dn phai thém véo bai todn nhitne didu kign-gi? &

Nliitug hi phudng trink hw § trén 15 uhitug bude khai dang eho nlimg bid pu@ﬁg

trinh ham san day. tht ca déu dua trén hing dang thite quen thude -Su
(z+y) =+ + 2y + 4~ 6\

n \Nﬁ\
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Tét ca nhitng 1 gial sip dige trinh bay dudi dév d8u of nhitng ¥ titdng “sit dung 1ai®,
nif cong viée cia cée ban 18 ting ra, higu vi &p dung chiig,

Bai toan san ditde &y trong d& China TST, of mét cuit “bifn thé”, 13 xuft phar tit

(:r - y)? 1 s 1

S rar i e T

Iy = ry y

Bai toan T (China TST 2007). Tim #8f cé ede hém f: Q7 = Q@ thod mén
flzy)

flz=y)

Lot crir, Vige ham f khéng xac didll tal = 0 d8 gy widt ohiar kho klian ki “dit
dogn” bam f1& ham gi. Trong nhig trétng hop nay, ta tintdug ey that tinh céc gia

flz) = fly) =2y flzyl = Vr, ye

ena f taicic gid tri die biét nko d6, va thuong & f(1). F(20; .0 (dota dang 18m wige
trén tip cde 55 lutu ti dieng). Ta b
o Pl 1):47(1) = ﬁ;j’ sy ta F(2) = i
N B | Fld) o 1
P22} - = =&fldi = , SUY 4] = —.
o Pl g+ gHEIY) Fy Sl =3
P(1, 2) : £(1) : 1 ! (1)
° v 2): = —.
g Y
. 3 f(3) p ;
. ,Pi_l.3.:-:.F{11+_f|:3]—ﬁf[3]:ﬁ:lﬁ_,[i-h. (2)

Tit (1) va (2). ta dédaug giai ra dude f{l) =1, f(3) = % Nlnt vay ta cd mbt “dit dosn™

iy |- T e - " . .
ham flr) = = {a ham thos mAn véu cAn bai todn. Trén the té, day chinh & k&t qua

cln tim, vA vi vBy vy ta 58 di chimg minh

1

flz)=—=. m—eq'*_

|

Néw nhd. ta dang lam trén tap hiu ti dudng, bdi vy cAch 16t nhat la chitig minh trén
tap & uguyén direing trde rdl suy ra trén tAp Lt ¢, Xét Plr, 1), ta cd

. fi=)
- I; e -
flz)+ b=+=2zf(z) —f[z—lﬁ'
1 1
Liay trichiz ditdng L et e T
flz) T : flz+1)

Tit ding thite nay; ta o6 thé chitng minh héng quy nap ring
1
finl=—, ¥nell.
H.E

That vay, d& thy kkang dinh ding vdi n-= |. Gia sit khing dinh ding véi n=4k > 1,
tite 1 () = —. Khidé voin=k<+ |, tacd

fe=1) " fk) TR Y

1
k=1

=. Nl vy khing dinh vin ditng véi n =k + IG%JED
10 v

mtdasuyra f{k=1)=
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nguyvén I¥ quy tap ta e6 ngay klidng dinll ding w81 moi 58 nguven ditone n

Tiép dén. ta ciing 28 chifng minh khing dinh sau bing quy usp

f inz) =%. Yne R, zeQ.

flx

) . ; s G e
— nen ta co khang dinh dimg vl n = 1. Gia s kligng

Hién nhign f(1+z) = f(z) =
dirii dimgvéin=k > 1, tifc la

flz)
kr) = —r.
flhz) = =3
Khidévin=~k-+1,tach
- TR R flzk) e g A 1
o Piz. k): flz) = -ﬂ‘_E = 2zkflzk) = m. suy ra k- = 2ok - ) = TG+ IH.
Plai 1) t e 4 S L= e 1y ! r=k)+1= !
L] | T ]"}m— TIr=+ —m—_”'“‘.'ul'}- r&.m-i-..l:z— - —‘m

Tt hiai ién trén 18 suy ta
1

P S—— O F n R o T
Faekeq) Ty TR
Talaied Plz. k+1): f(x) = “_1 I}E =2plk=11flzlk=1)) = % hay
fia) 1 1
e 5 o B | [ —
fle(k+=1)) (k=17fl=lk=11 t flr=k=1)
K&t ligp vi trén, ta duge
fix) 1 . S 1 ) .
FEk+1) T Rl Ehen) e TS T
Tirdé _
fle) 1 T
Flzlk+1)) (ks 1)2F (2(k=1)) - flz)

Véi giz) = £ (z(k = 1)), coi day la plutgug trinh theo an f{z), ta d8 dime sial ra ditge
flz) = [k + 1Pg(z). Nhur vy 6\
. flz) o
ok =1)) = —. )
N

Khidng dinh do d6 vln dimg véi n = & + |, Theo nguvén 1§ quy uap ta cb khﬁl@hﬂ]ﬂll
dimg vii moi s6 nguvén didng n. ‘Q"::

2Lk

m
Bay gith, cho x = — bt ki trongdé m. n € B . tacd f (n-— - Tt diy
i 1. nZ
2
m n 1
fw) =1 (2) =rffim) = = .
m m T
- o . = £y 4 l
Nt vay, haun duy nhét thoea plyeng trink ham ban ddun fa flz) = =, Y2 € G~ (W
2

Bai toAn san day 1A mét chiit “sAng tao” cfia cde the gid, dua trén hoan toan dang thite
(z+y)* =2+ 2z +° nhimg khi di tim 184 gidl, chiing 16t lai khibng ngd nd kha “hée
b, vA thite sit bai todll nay chita ditng rat nlidn didn thii vi mé chinig ta efin lipe Lot

11
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Bai todn 8. Tim tdt cd cic ham 34 f 1 B — E thon min
FPla+yi= fz) =2 (@) y) + f(yf), Yr.yeR

Lt criy, Cho =y =0, td e& F{0) = 2f(0) = 2730), siv & F{0) =0V F{() = =2.
Nhut vy, ta cin xét Liai trudng hop sau.

o Trudmg hep f(0) = 0. Cho y =0, ta tin ditge f3{z) = f(°), ¥z € R Tasuy ra
flz)=0, ¥Yz=0
Thay f(=?) = f*{z) v& (") = f{y) vao phuong trink ban dau, ta duge
Flr+y)=[flz)=Ff)]*, ¥z yek (1)

They y = —=, ta & dang suy ra dige f | hm [&. Nlin vy f(z) 2 0. ¥z =2 0+
flz) <0, ¥z < (. Do dd. (1) sé twdng dudng vai

fle+y)=FHe)+7fly), ¥z yeR zp 20
Ta cin clntng minh f céng tinh ngay ca khi 7, y trai dén (Litén nhign ding khi mat
trong hai sb bang {1). That vay, néu z, y 12 hai 56 tréi dau, thi z +y phai cing dén
v6i —x hofic —y. sy 1a f(z +y) = f(—y) = f(z) hioke flz ~y)+ fl—z) = F(y).
Ca hai didn nav k&t lidp vdi tinh 1@ cia ham §, ta d&un thn ditge

flo=+y) = flz) = Ffly)

Nhuvay f & ham cong tinh trén B, két hop vt f{z?) = f{z) tasny ma f(z) =10
va flz) =, ¥ &3 1A Liai hdm thoa

o Trtimg hop f{0) = 2. Khi 46 ta o
Plz.0): fiz)= fiz%) = 4f(z) - 2
Titda f(z2) = (=) = 4f(z) =2, Thay trd lai vao plutcng trinh ban déu. ta duge

Flz+y)=fz) =4z +2+2f(z) f{y) = FPly) =4 (y) = 2
=[flz}+ fly)+2°, ¥z yeR(2) (2)

Béay gié thay y = —z ¢ phidng rrinh (2). & cd
[flz) = fl—2) + 2" = f2(0) =4 (3)

Dén day, ta & xét ba trufiug hop san

[

flz)=fl=p)|=2=2 %Yz & R.
flz)=fl=-z)=2==2.%¥r =&

4]

A

Fi#) = f(=7) +2 =2, ¥r € X v f(z) = f(=) = 2= =2, ¥z € ¥, trong db
X, ¥ 1a hai tdp hdp see cho X LY =K.

Gia st tdn tai mét s6 a sao cho fla) = f(—a) =2 = 2. hay fla) = f(—a) = 0. Dééﬁ
théiva#£0, vataci thd gldsita> 0. Gol Flz) Ia phép thé r vae (2). Ta cd Q-
\l
o F(=a): ffa)= f((=a)*) = 4f(—a) = 2. .S}
2\
= Fl=a): ffl=a) = f((=a)?) =4f(—a) = 2= fla®) = df(=a) =2

\1\"’3
12
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Hom nita f{a) = #2l=a) do fla) = f{—a) =10, uén tir 46 ta suy ra f(a) = f{—a),
nhit vy fla)= f(—a) = 0. Mat khac, xé&t F (), tacd

£ (Va) = fla) - 4f(Va) - 2=—4f (V&) -2,

by

Coi f (va) 1a &n. ta giai dude f(Val =v2=2V F(Val=—=vZ2=2. (4)
Ta tiép-tuc xét eae phép thé san
Fla) : fY{4) = fla®) —4f(a) =2, suy 1a f(a*) =2 (vi fla) =0).

Pin, a): *(2a) =2f(a®) =2.0- 1 =4.
) = f(4a®) + 2f(2a) f(—a) = f(a®)-= f(4a%} =2,

[H]

i
3
[}
=
|
B
Il
e,
-
bot
=]
|
)

suvra fldeD = o8

P{2a, 2a) ; f%(da) = 2(4a) = 27%(2a) = 2(=2) =2 A =L suy ra

&}

Fflda) =2V flda) ==2 (3)

[l

F(2va) 1 12 (24F) = f(da) — 47 (207) = 2, suy 1a
2 (2ve) = =4fF (2y/&) v £° (2va) = —4f (24/2) —4 (do (5)).
Cai f (2/a) 14 &n, ta gial ditde
Fl2va)=0v f(2va) ==4V f (2va) = =2. (6)
Tuy nhién, ta i e P (4/3, /a) : £2(2,/a) =2f(a) -2/ (/&) suy ra
Fva) =2(Va- ﬁ) v 3 (2va) =2 (V3 —z)z (do (4)).
K& hop vat (6), ra suy ra difu vo Iy, Man thudn nayv cutng 1o fiz)+f{—z)=2 £ 2,
YreR, dods flx) = fl—=2)+2= =2 hav
fliz)=fl=z)=—4 ¥YreXR.
Bav gidl ta xét him g: F — H sac chio glz) = flz) + 2. Khi dé ta ¢
glzl +g{—=x1 =0, ¥YreZ. (73
Tt phang trinh ham ban din; ta thy duge
lglz = y) =2 = g(*) = 2glz) = 2 [gly) = 2] = ") = &,
hay tuong didug.
g (z+y) = dg(z +y) = g(z°) + glv°) + 2g(z)g(y) — 4[g(=) = g(x)] . (8)
Lai cé f2(z) = f(z*) = 4f(z) =2 néu [g(z) = 2* = g(z?) =2 =4gy(z) = 2] = 2. har
gz[x} = _q_{Iz‘,l. Yr £ E, (9}

10
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Thé —z vho T vA —y vao y d hé thie (8), két hop vdi (7) va (9), ta cd
gil=z=y) =dgl=z = y) = glz") = g(s/") + 2g{=z)g{=y) = 4 [gl=1) + gl=y]] .
Platang trinh niyv tigng dudng vai
gz +y) +dglz +y) = g(=%) = g(y’) = 29(@)gly) + 4lg(z) + g(w)i. ¥z y€R.
Két hetp vdi (8); ta sy ra ngay
glz+y) =gz} +gly). Yz, y€R
Két hogp vdi (9) v sit dung k& qua “bai toén chia klida”, ta suv ra
glzl=zVglzl=0, ¥reE,
dodd flz) =z =2V flz) = =2, ¥z € B. D& dang kidm tra day 18 hai ham thoa,

Tt lai. plurong trinh him han d8u c6 4 ham thoa & fiz) =0, f{z)=-2, flz) ==
vi flz)=z—2.¥re R a

NuAx xET. C6 18 kli xem 181 giai, ai efing tut Loi rang 1& “Tai sao lai gidi nhate thé 7
Nlumg ufu dé 7 ki, téc gia di di theo mat Inng Loan toin ng nhisn:

Tiuh £(0), doan ham — Tlnt tremg Ligp — Cb gang ap dung “bii todn chia khida™.

Ct thé tlify, 18 gisi trén Lodn tokn sd ¢ip, vA ci hal tritdng hop déi =it dung két qua
“hii todn chia khoa” 8 tim ra ham thoa. Tuv riug 18 gial I8 vav, nlimg st mong ban
doe sAn xa s& quan tAw vi od gang di tini 161 sidi kliée,

Bay gifh chiing ta etimg dén voi mbt bai todn khide, cing dua tréh (r+y)f = 2 +2ry+4%
phirmg eing #At thii viubst san

Bai todn 9. Tim it cd cdc ham s f: R — K thod min
Flz+y) = fiz2) + 2flay) + fiD). ¥z yeR

Lot cidl Ta ed P[0, 0) : {0} = 4F(0), sy ra £(0) =0V f{0) = 4 Nlar vay, ta can
xét hat frudng hdp,

o Truing hap f(0) = 4. Ta xét hai phép thé

o

Plz, 0): i) = fle8)=3f (0 = Flz8) =12 ¥z = E.
Pl=z. 0) 1 f=x)= F(z8) =3F0) = f(2A) +12. ¥z e K.

5]

Vav f2(r) = F2(—z), vz € K Ta lai €6 Plz. —z) : £2(0) = 2f(z2) + 3f({—z%), har
8= fla®) = f(=z). Do v&y ta o

8= flz)=+ fil=z). ¥YreR
Coi f(r) va f(—z) 1& bai &n, it Lai diéu trén 8 suv A
flz)=Ffl—z)=4 VYreZi

Vv f(z) =4, Ve € B i mdr ham thos,
14
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o Triimg hop f{l) =0, Tacé
Plz, 0): f£(z)= flz*), YreR. (1)
Suy ra f{z) > 0. ¥r € R. Hon nita, Pz, =) 1 f2(0) = 2f(z?) + 2f(==?), hay
0= f(rY) + f(—z®). Tit day, ta cd [ = f(z) = f(-x), ¥z € B. Vay f1a haw 18,

D2 thiy him f(z) =10, ¥z € E | bt thod. Ta xér ham § kléng ddug nbét voi
(1. Khi dé ta ching minh
flz)=b=z=0.

Gia sit-thn tai . zs € B, Iy # T4 sao cho flzy) 20 vaflzy) =0. Do § 12 ham
16 nén ta gia st 1y, 2o > 0. Tit plutong trinh bam ban dau val e tlate (1), ta ditge
Plz+y 2 fPFly). ¥z y >0, suy ra

flz) = fly), ¥r>y>0.

Ta ed Plzy. 74) 1 f2(210) = 2F%(zg) + 2/%(zs) =, 01 suy m f{2ry) = 0. Nhur véiy
néu fz,) =0 tht f{2z,) = 0. Kli d6 dé dang 6. £(2"z,) = 0, ¥n € . Chon n dit
ldn sao cho 2"z > o Khiddta oo (0 = f{2%z:) = fizm) > 0. vD . Vay

flzy=0ez=I0
Khi d6, tit héthite (1) suyza f2{1) = f(1), suv ra f{1) = 1. Ta cuing minh
flnz)=nfiz). Y>>0 nel (2)

Trude hér, ta 58 clutmg minh nén k € B choa (2) thi &+ | ciug thoa (2). Thar vy
xét phép thé Plkz, x):

F(k+ 1)x)y= filkz)+ 2f(k2?) + Plz) = K fH{z) + 2k z) = fHz)
=[P +2k+1)Pry=(k+1*F(z), ¥Yr>0.
Suy ra f(k+=1)z) = (k+1)f(z). ¥z > 0. Vi 1 thea (2) uén wipl n € N cinz
thoa (2). Do f 1 Lam le, ta sny
firr)=nfiz). VzeRE, neH
Tif'day ta d€ dang b f(g) =g, ¥g € Q. Baug cack lam ttdng tyr § “hal toin chia
khéa", =it dung 2 didn san
o f la ham déng bién trén B
o flg)=9.Yg€Q
Tasuy ra f(r) =r. Yz € B Dé thay day [a hm thes,
Tém lai; PTH ban ddn¢é 3 hinu thod la Flzl =0, flz)=4+k flzl=z. %YzreBR O
NHAN XET. Vige dy dofin haw thoa ¢ bai nav 18 kha d& daug, Ty nhién d g hdp
2 (pite F{0) =0}, ca 1 didn thi vi 1A ta khidng suy ra j cong rink, nlumg lui c6 tinh chir
ena haun efng tinh, dé 18 f(nr) = nf(z). vi tit d6 suy ra két gna bai todn. Qua d6. ehio

ta difge mat kinh nghim, nér khéng sny ra “tinh chft® néo d6 cia ldm f thi hay thi
di tim nhimg tinh ehét kbac e6 mdi quan hé mar thidt voi “tinh chfit™ ma minh cin:

15
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Day ciug & mar vi du, cho thiy ditge sir higu qua 11t vide chimg minh trén tap B, dén
dén tap @ va két lufn & tp B, Xin gidi thién bai todn thug quat, day xem nlit 1 bai
tap danli cha cée ban: Vit n > L fim t47 cg cée ham f : R =X thoa mdn

.
Pz + g+ + ) = Zﬂxf'] +9 Z Flzjz), Yopmg. o, 2, €R
=1 13k
3 Téng két va bai tap dé nghi

Bai vibt déu dav 1a két thie. Cée téc gia da ob gAng trink by nliitng didu thi vi thée v3
PTH dang nay dén han doe, nhimg chifc chin thé 1a cnm di. Mong rang qua bai viée
nfv. che ban s8 pé thém nidm véu thich & man Todn néi cnmg va PTH uéi riéng: Sau
div 18 ot 56 bai thp clo cic ban o loyvén,

Bai tap 1. Tim tat ea edc hiim f : B = R thoa maén

(i) flz+y)= flz)+fly). ¥z. y £ B
1

(it} fl=)f (ﬁ) =1 ¥e=0
z

Bai tap 2 (IMO 1992). Thu ta: ca cde ham § 1R — E theoa min
f{zg - _f[yfl_] =y+fzr), ¥r.yeR.

Bai tap 3. Tim taf ca cic Lam f: R — B thod man
Flz*+f(y)=y) =fz). ¥r. yeR

Bai tap 4. Tau tht ca cae Lain ;B = E thoda mdu

Flz=n)=fF) =2f(z)f )+ F0F). Yz yER
Bai tap 5. Tim :ét ca cde ham f: E — B thod man
f@z+Fy))=FQx) =zf2) = F(Fy)). V=, y€E

Bai tép 6. Tim £t ca céc ham f: R — 2 thod min

Fla=fly)=flE)=zfly) +F{fly)) -1 ¥z yeR

16



