S dung tinh chat anh xa
giai mot s6 16p phuong trinh ham

Nguyén Dinh Thic
Truong THPT Chuyén Lé Quy Don, Binh Dinh

Trong chuong trinh toan pho thong ta thuong gap cac bai toan giai tich thuan Cho
ham s6 y=f(x) trong d6 f(x) duge x4c dinh cu thé tit d6 xac dinh cic tinh chat ctia ham
s6 nhu tinh don diéu;tuan hoan:lien tuc;cuc tri;......Tuy nhién cac bai toan thi chon hoc
sinh gidi lai c6 yéu cau ngudce lai. Bai viét dé cap dén phuong phap st dung tinh chat 4nh
xa; ham s6 dé giai mot s6 phuong trinh ham

1 Phuong phap thay gia tri dé xac dinh ham sb

Khi thay gi tri bién s6 béi gia tri ddc biet tuong thich diéu kién ban dau nham tao
ra phuong trinh theo f(u(z)). Tiép tuc tit f(u(z)) suy ra f(x)

Vi du 1. Tim ham s6 f : R — R thoa diéu kién :

flxf(y) +z)=ay+ f(z);Vo;y €R (1)

Nhan xét : Tu khong thé suy ra truc tiép f(u(z)) Giai phap c6 thé 1a c6 dinh mot
bién va xét phuong trinh ham ciia bién con lai

+)Cho bién z ¢6 dinh

Cho x =1 vao (1)) ta c6 :

fUfy)+1) =y+ f(I)Vy e R (2)
)

Cho y = f(1) — 1 vao (2)) ta duge f(f(f(1)—1)+1)=—1

Vay v6i a = f(f(1) — 1)+ 1 thi f(a) = —1

+)Cho bién y c6 dinh

Thay y = a vao (1)) va stt dung f(a) = —1 ta ¢6 f(0) = za + f(z) Dat f(0) =0 ta

f(z) =—azx+0b (3)

Thay vao ta dugc
—alr(—ay +b) + 2] =2y —ar +b < a’ry —abr = vy + b (4)

Do () ding Va;y € Rnén a = +1;b =0 Vay f(z) = z hodc f(z) = —x
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Chu y :

Tht lai thi hai két qua déu thoa

f(af(y) +b)g(x)) = cxy + df (x); v6i a; b; ¢; d 1a hang s6
Vi du 2. X4c dinh ham s6 f : R — R thod man diéu kién :

f(=z) = =f(z); Ve € R

flx+1)=f(z)+ L;Vz e R

1y =D e e (o)

X

Bai toan tong quéat giai dugc tuong tu la :Tim ham s6 f : R — R thoa

Nhan xét : Thay doi s6 bdi bicu thitc dé sit dung diéu kieén gia thiét ta lam gidm di
cac bién ham.Tiép tuc cho t6i khi ta duge phuong trinh theo f(z) Khi x # 0; —1 thi viét

x—l—l_ 1

X

—— va dung gia thiét (3)) ta c6
z+1
x
f( ) = Tz 2
. ( )
z+1
-t 1o wai i thiét (B) ta cd
vié =1- va dung gid thié a cod
r+1 r+1 &8
T 1 1
— f(1— —1
f(x—|—1> I x+1) +f(.r+1)
Tiép tuc va duing gid thiét (6] ta co
£ 1 ):f(x+1):f(x)+1
c+1" (z+1)7 (z+1)°

Tu ,@, suy ra

x+1 x+1 flx)+1

_ 2
I = (s o)
Mat khac theo@ta co
r+1, I 1 f(z)
FEE) =0 ) =14 50) =14+ 13
Tﬁ’,suyra

(Hlpa o LW T
(z+1) z

= Khiz #0; -1 thi f(z) ==z

Khi = = 0 thi £(0) = 0

Khi z = —1 thi f(—1) = —f(1) = —1

Thit lai f(x) = x; Ve € R thoa bai toan
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2  Phuong phap dung tinh chat toan anh; don anh
dé xac dinh ham sb
Vi du 3. Cho ham s6 f : R — R trong d6 f 1a toan anh thoa :

f(0) =2 (13)

fRr+1+ f(y) =32+ f(f(y);Vr;y €R (14)

Tinh £(2010)
Nhan xét Néu c6 f(y) = a(*) thi dung ta duge f(2x + a) = 3z + f(a); tu d6 tim
f(x) Diéu gia dinh (*) ding khi f 1a toan anh
Giai : Tir gia thiét f 1a toan &nh suy ra ton tai y dé f(y) =0

Cho bién s6 f(y) = 0 vao va dung ta co

-1
fRr+1) =3 +2= f(z) = 3.7 —+2= o+

Vay :

1 6031

£(2010) = 3.1005 + = = ——
2 2
Bai toan téng quat :
Tim ham s6 f : R — R 1a toan anh thoa :
f(0)=c (15)

Va
flax+b+ f(y) =dz+ f(f(y));Vr;y € R;a;b;¢;d

Vi du 4. Tim ham s6 f : R — R thoa diéu kién :
flaf(@) + f(y) = (f(x))” +yVa;y € R (16)
Nhan xét : Néu c6
flxo) =0 (17)
thi stt dung ta c6 f(f(y)) = y; Van dé la diéu kien nao dé ding
Giai : Ching minh f 1a toan anh
That vay : cho x = 0 vao ta co
F(f () = (f(0))* +y; ¥y € R (18)
Xét c e Rt ta xac dinh tao anh ctia 1a b = f(c — (£(0))*) That vay
f) = f(fle = (f(0))*) = (f(0))* + ¢~ (f(0))* = ¢

+)Stt dung tinh chat toan anh :
Ta thiy ton tai a dé f(a) =0
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Cho x = y = a vao (|16 va st dung f(a) = 0 ta c6 f(0) = a Cho x =0;y=a vao (|16))
va st dung f(a) =0 ta c6 f(0) = a® + a Tu 2 két qua trén suy ra a = 0

+) Cho 2 = 0 vao (16]) va stt dung f(0) =0 ta co f(f(y)) =y;Vy € R

+) Cho y = 0 vao va stt dung f(0) =0 ta ¢

faf(z)) = (f(x))’ (19)
Tiép tuc thay z bdi f(z) va st dung f(f(x)) =z ta c6
f(f(z).2) = 2* (20)

T VA suy ra f(r) = z hodc f(z) = —z Ta thay khong xdy ra truong hgp
& 2 vi tri ¢;d khac nhau ma c¢6 dong thoi f(c) = ¢; f(d) = —d Vay Vo € R ta c6 f(x) = z;
hoac f(x) = —x

Vi du 5. ( Dé du tuyén IMO-2002): Tim ham s6 f : R — R thoa diéu kién :

f(f(@) +y) =20+ f(fly) —x);Vo;y € R (21)

Nhan xét : Néu c¢6 f(zg) = 0 thi dung ta duce f(y) =2z + f(f(y) — zo). Tu d6
ta suy ra duge f(z)
Giai :

Ta chiing minh f la toan anh

That vay : Cho y € R va chon

Khi 6 f(c) = (f(b) - a)

Ma theo gia thiét f(f(b) —a) = f(f(a)+b) — 2a va cach chon b = —f(a) = f(c) =
f(0) = 2a;

Ma theo céch chon f(0) = 2a+y nén f(c) =v.

Stt dung tinh chat toan anh :

Ton tai zo € R dé f(zo) =0 va :

Vz €R, It R dé f(t) =z + 0 (22)
Theo gia thiét thi
f(f (o) + 1) = 220 + f(f(£) — 20) (23)

Tu ([22) va ([23) suy ra & + zo = 229 + f()
Suy ra f(x) =x — xg
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Vi du 6. Tim ham s6 f : R — R thod diéu kién :

fl@®+ f(y)) = 2 f(2) + y¥a;y € R (24)

Nhan xét Néu cho z = 0 vao thi f(f(y)) =y Néu c¢6 f(xg) = 0 thi dung co
f(z?) =z f(x) + 0
Giai :

+)Ta chitng minh f 1a song anh

Choz=0taco f(f(y) =y

Xét ¢ € R va chon b= f(c) thi f(b) = f(f(c)) = ¢ Vay f la toan anh Mt khac néu
f(u) = f(v) thi f(f(u)) = f(f(v)) = u=wv Vay f la don anh

+) St dung tinh chat song anh :

Ta thay ton tai duy nhat a dé f(a) = 0 Khi d6 cho z = a va y = 0 vho co
fla®+ £(0)) =0

= f(0) = f(f(a® + £(0)) = a* + f(0)

Vay a =0 va f(0) =

+) Cho y = 0 vao ta co f(z?) = zf(z)

Thay x bdi f(x) va dung tinh chat f(f(z)) = x : ta duge f(f(z).f(z)) = f(x).x
Vay f(f(x).f(x)) = f(x?) Theo tinh chat song dnh thi f(z) = x hodc f(z) = —z Ta thay
khong dong thoi xdy ra f(a) = a va f(b) = —b Vay f(z) = x; hodc f(z) = —z v6i moi x
thuoc R
Cha §

1/Néu ham s6 f : R — R thoa f(af(x)+ bf(y)) = g(z)f(x) + cy + d thi cho z cu
the ta dugc dang thiic chita y va suy ra f 1a toan anh

2/ Néu ham s6 f : R — R thoa f(f(z)) = ax + b thi f 1a don anh

3/Néu c6 song anh f : R — R va f(z%) = zf(x); f(f(z)) = z thl f(z) = x; hoac
flx) =~

3 Dung tinh chan 1é, tuan hoan giai phuong trinh
ham
Cach gia cho cac bai toan trén la thay gid tri dé xac dinh cac tinh chéat chin 18;

tuan hoan; tur d6 dinh dang ham sb
Vidu 7. Tim ham s6 f : R — R thod diéu kién :

fle+y) = fle—y)Ve;y eR (25)
Nhan xét :

+Cho x = 0 ta thiy ham s6 f chin
+ Sit dung tinh chat chan dé dinh dang f(z)

Thé
r=a €R
yelR
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VA0 taco fla+x)= fla—x) Ma f(a—z) = f(r —a) nén
fla+z) = f(x—a); (26)

Cho x béi x — a vao ta c6 f(x) = f(x — 2a), ma a tuy ¥ Vay f 1a ham héng :
flz) =c

Vi du 8. Tim cic ham s6 f : R — R va ¢ : R — R thoa dieu kién :
fl@) = fly) = (@ = y*)g(z — y);Vz;y € R (27)
Giai :

+)Ta chiing minh cac ham s6 trén déu chin
Choy:()vaotacé

(@) = f(0) = 2%g(x) (28)

Biéu dién :
va dung ([28)) ta c6 :

So sanh véi gia thiét 6

2’g(x) = y'g(y) = (&* — y*)g(z — y)
Chox=0vay#0tuyytacog(y) =g(—y)
Vay ¢ 1a ham chan va ti suy ra f chén
+) St dung tinh chat chin dé dinh dang f(z); g(x) Trong thay y b6i —y ta ¢6
fl@) = f(y) = (2® —y*)g(z +y) Vay g(z +y) = g(z — y) Chon

u-+v
:L’:

2
U=
=79

khi do

rT+Y=1u
r—Yy=v

Thé vao ta 6 : g(u) = g(v) Vay g 1a ham hang : g(z) = c va f(z) = f(0) + cx?
Vi du 9. Tim cac ham s6 thod diéu kién :
f(f@=y)) = f(z) = fy) + (@) f(y) —2y; Yoy € R (29)
Giai :
+)Ta chiing minh ham s6 f 1é
Gia stt f(0) = a cho z =y =0 vao (29) ta c6
fla) =a® (30)
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chox:y:avaotacé

Tu (B0) va (31)) ta c6 a* = 2a?
Mat khac :
cho z = a;y = 0 vao (29) ta ¢
F(£(@) = f(a) —a+af(a) = a* +a* —a
cho z =y = f(a) vao ta co
fla) = (f(f(@)* = (f(a))* = (f(f(a)* = a" +a®

Tu ([32) va (33) ta co

a4+a2:(a3+a2_a)2
Vay ta c6 he

2 =2 < 0
a =
al + a2 = (a®+a%a)’

Vay f(0) =0 Cho y =0 vao taco f(f(x)) = f(x);Vx € R Tré thanh
flo—y) = f(z) = fy) + f(@)f(y) —zy

Chox=0taco f(—y)=—f(y);Yy € R

Vay ham s6 da cho 1é
+)St dung tinh chat chin dé dinh dang f(z);
Thay x = y vao ding thiic

flx—y) = f(x) = fly) + f(x)f(y) — 2y

Ta suy ra (f(z))? = 22

Vay f(x) =z hoiic f(x) = —x;Vx € R
Thit lai 2 két qua trén déu thoa

Vi du 10. Cho ham s6 f : R — R théa diéu kiéen :

f(0)=0;f(1) =2

fR+z)=f2—-2) fB+2)=fB—x);VzeR
Tim s6 nguyén z 16n nhat trong khoang (-2000;2000) dé (x) = 0

Stt dung gia thiét dé suy ra tinh tuan hoan ctia ham s6 Ta c6 :f(2+z) = f(2

suy ra f(2+x —2)= f(2—x+2). Vay

flz) = f(d—2)
Tuong tu f3+x) = f(3—x)suyra fB3+x—3) = f(3—x+3).
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Vay

f(z) = f(6—2x) (37)
TfJ.’vacé f(4—2x)= f(6—x)suyra f(t) = f(t +2) Vay
f@)=ft+2)=f(t+4) == f(t+2k)

Theo gia thiét f(0) = 0; f(1) =2
Vay khi x nguyén ta co

f<x>:{ 0 khi z = 2k

2khi x=2k+1

Suy ra 2k(k nguyén) 1a ho nghiem nguyén duy nhat cia f(z) =0
Nghiém  16n nhat trong (-2000;2000) dé f(x) = 0 1a 1998

Vi du 11. Cho ham s6 f : R — R thoa diéu kién :

fli)=1di=1;2;...8; (38)
fla+1)+ flz—1)=V2f(z);Vz e R (39)
Tim f(k) khi k 1& s6 nguyén
Giai :
Cho z béi x + 1 vao tacé:
fle+2) + f(z) = V2f(z +1) (40)
Tu va suy ra
flz+2) + f(z) = V2(V2f(2) - f(z = 1))
Vay
fla+2) = f(z) = —V2f(z - 1). (41)
Cho z bdi x + 1 vao tac():
fla+3) = flz+1) = —V2f(x) (42)
Tu va suy ra

fl@+3) = fle+1)=—flz+1) - flx-1))
Vay f(z+3) = =f(z = 1)

Suy ra f(z+4) = —f(z) va f(z +8) = f(x) Stt dung gia thiét ta co f(k) =1
khi k=8n+i1=1;2;...;8
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Vi du 12. Cho ham s6 f : R — R thoa diéu kién :

f(0)0; (43)
ton tai a dé f(a) = —1 va f(x) < 1 khi x € [0;24] (44)
fla+y)+ fle—y) =2f(2)f(y);Vo;y € R (45)
Ching minh f(z) < 1;Vz € R
Giai :

Cho z =y =0 vao ([45)) ta c6 : 2f(0) = 2[f(0)]?
Ma theo gi& thiét ([3)) thi suy ra f(0) =1
a

Cho z = a;y = 0 vao ([45) ta c6 : 2f(a) = 0 ( trai véi (44)) )
Chox—yvao.taco

f(22) = 2[f(x)]" -1 (46)
Chox:y:avaotacc’):

f(2a) =1 (47)
T va suy ra f(4a) = 2[f(2a)]> =1 = 1 Cho z béi z 4+ 2a va y béi z — 2a

Vao ta cb :
f(22) + f(4a) = 2f(z +20)f(z — 2a)

Vay
f(2z) =2f(x +2a)f(z —2a) — 1 (48)

Tu va (48) suy ra

[f(2)]? = f(z +2a) f(z - 2a) (49)
Cho z tuy ¥ va y bdi 2a vao ta co
f(z+2a) + f(z —2a) = 2f(x)f(2a) = 2f(z) (50)

T va (?7?) suy ra f(z + 2a) = f(z — 2a) = f(x) Vay ham s f tuan hoan ma
theo gia thlet f(z) < 1Xkhiz€[0;2a] Suy ra f(z) < 1;Vz € R

4 Dua vao tinh don diéu ctia ham sé

Vi du 13. Tim ham s6 dong bién

f:R—R
thoa dieu kieén :
f¥(z) = 2;¥z € R(BI); K nguyen duong cho trude (51)
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trong do

Giai :

Ta ching minh Vo € R; f(z) =«

That vay néu ngugc lai ton tai s6 thuc a ma f(a) # a
TH1: f(a) < a ma f dong bién nén :

f(f(a) < fla); fP(a) < f(f(@);..-: fP(a) < f*D(a)

Suy ra f®)(a) < a (trai véi (5I))
TH2: f(a) > a ma f dong bién nén :

F(fla) > fla); fP(a) > f(f(a));...; fP(a) > f*D(a)
Suy ra f*)(a) > a (trai véi (51)) ) Vay Vo € R; f(z) = 2
Vi du 14. Cho s6 thic @ va han sb f : R — R déng bién thoa diéu kien :
flz+y)=f(z) +ay;Vo;y €R (52)

Chtng minh a > 0
Giai : Ta bién doi dua vé dang g(z +y) = g(x) Xét ham

9(x) = f(z) —ax (53)
Theo gia thiét thi
g(z) + ax dong bién tréen R (54)
Thay vao gié thiét clia bai toén ta c6
9@ +y)+alzr+y) =g(x) +ar+ay < gz +y) = g(z) (55)
Do ding Va;y € R = g(y) = g(0) = ¢; ¢ 1a hdng s6 ; Vy € R Vay
g(x) =c;Vx € R (56)
T va suy ra g(z) + ar = ¢ + ax dong bién trén R Vay a > 0
Vi du 15. Tim ham s6 dong bién théa diéu kién :
fle+y) = f@)+ f(y);Vo;y € R (57)

Giai: St dung tinh don diéu ching minh : f(z) = az khi z € R™; f(0) = 0; va ti
f(=z) = f(x) suy ra f(z) = ax khi z € R;
)it dung (7 6 f(n) = nf(1);¥n € Z*
Va
1 1 1 1
£ = fns) = nf(wme 2+ = g5y = MWy e 2+
n n n n
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Tiép tuc st dung co

m 1 1 m
f(g) Zf(mﬁ)sz(ﬁ):g
f(1);
Vm;n € Z+1
Dat f(1) = a. khi d6 Vr € QT ta ¢6
f(r) =ar

(58)

Ta xét s6 thyc x duong va cac day hitu ti (r,); (s,) duong thod r, <z < s, va

lim r, = lim s, = x
Do f dong bién nén f(r,) < f(x) < f(sn)

Stt dung suy ra ar, < f(z) < as,
Cho n — oo ta c¢6 f(x) = ax

+) Cho z =y =0 va (57) ta c6
f(0) = £(0) + f(0) = f(0) =0
Cho y = —x vao ta co f(0) = f(z) + f(—=x)
Vay: f(—z) = —f(z);Vz € R

Véiz < 0taco f(z) =—f(—x) = —a(—z) = ax
Vay f(z) = ax;Vo € R

Vi du 16. Tim ham dong bién f : RT — RT thoa diéu kien :

f( :1(;)) =x;Vr e R
Giai : Xét ham sb o)
x
g(z) = T
Theo gia thiét thi
@ r o
Do cach dat nén
T x x
mg(g—x)) =1 & g(r) = g(g—x))
Thay x bdi EZ) vao (60)) ta co
x x x
9(——=) = g( ) =9(—==)
o) el oW

(60)

(61)



X

, va quy nap c¢6 g(z) = g<g”(a:)) Do suy ra
o) i
gla) = I o p Ty -
o x)” g l(x)
9" ()
a ac :Ta co v =2 Cho z béi f(x) ta c f*(x) = f(x) Ma f tang nén
Mat khac T f(f(x)) Cho z béi f(z) ta dugce f( ( (x))) f(z) Ma f tang
P
f(f(z))
suy ra
@) 1@
f(z) x
Khi do :
9(f(z)) = g(z) = g(zg(x)) = g(x)
= g(x) = g(zg(x)g(zg(r))) = g(zg(x)g(z)) = g(zg*(x))
= g(z) = g(zg"(z))
Xét
flzg"(x)) = xg"(x)g(zg" (x)) = xg"(2)g(x) = 2g" (). (62)
Tu day ta ching minh g(x) 1a hing s6 That vay : néu g giam va cho u < v thi
g(u) > g(v) (63)

Mat khac v < v thi f(u) < f(v) nén ug(u) < vg(v). Khi dé f(ug(u)) < f(vg(v)).
Duya vao nhan xét va quy nap suy ra ug"(u) < vg"(v)

~—

T % < (%)n. (64)

~—

Duwa vao dé xay dung day va suy ra diéu vo 1y Tuong tu khi xét ¢ tang Vay
g(x) =cva f(x) =cx
Vidu 17. Cho f: Rt — R* thoa diéu kien : f(f(z) +y) = zf(1 + 2y) Tim f(z) Giai :
Ta xac dinh tinh don di¢u ham f

Gs: v > u > 0 va ham f khong giam Chon

o _vf )~ uf(w)

Vv—1Uu

= w — f(u) _vf(v) —Uf(uz:zf(U)JrUf(U) _vf(vzii’(u) -
w— f(v) _vf(v) —Uf(uz:zf(v) + uf(v) :uf(UZ:i(u) 0
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Khi d6 ta ¢6 f(f(x) +y) = zf(1 + zy) suy ra
Flw) = F(F() w0 — f(u) ) = uf (14 ufw — f(w)) ) = uf (@ +ad DT )

f(flv)+w—f(v))=vf(l+v(w— f(v)))=vf(1+uww

flw) =
T va suy ra: u = v (vo 1y ) Vay f 1a ham gidm Theo gia thiét f(f(z)+y) =
xf(1+zy);
TH1: x> 1. Chon 1+ xy = z, suy ra
r—1
) =xf(z)

1

Ta ching minh f(z) = —
x

1

That vay :Néu f(z) >
x

Mat khac f giam va
-1 1
) - +1>1
x

1
70y <1 (teai vai (7))
xXr

= [(f(z) +
Tuong tu : Néu f(z) < é thi zf(z) <1
= @)+ ) <169 (63)
Mt khdc f gidm va
o+ T @) -1 () + ) s i)
(69)

TH 2: 0 <z < 1. Chon y =1, suy ra
f(fx)+1) =zf(1+2)

Talaico f(z)+1 > 1nen f(f(z)+1) =

T

Dol+xz > 1nénxf(l+z) = o
T

Vay
1
=4 —
(9 fle)+1 1+z



TH 3: 2 =1. Taco
FFM +y) = f1+y) (70)
Ta CM f(1) = 1. That vay
Néu f(1) > 1 ma f gidm nen f(f(1) +y) < f(1 +y) (khong thoa )
Néu f(1) <1 ma f gidm nen f(f(1) +y) > f(1 +y) (khong thoa )
Vay : f(1) = .

Tom lai f(x) = —
T

Vi du 18. ( IMO-1992):
Tim ham s6 f : R — R thod diéu kién :

f@®+ fy) =y + (f(2))* Vo y €R (71)
Giai Ta can chitng minh ham s6 c6 diém bat dong va xét tinh don dieu; tinh tuyén tinh
dé tit d6 dinh dang ham
+) Ta ching minh f la song anh
-Néu c6 s6 thuce u;v thod f(u) = f(v)
Lay z tuy y va dung (71) ta c6

f@® + f(w) = f(=® + f(v))

St dung ta duge u+ (f(z))* =v+ (f(x))%
Vay u = v = f la don anh
-Cho = = 0 va y thay ddi vao ta co

FUfW) =y+ (f0):vVy eR (72)

V6i y = k nao d6 ta chon b = f(k ( (0))?).

Khi 6 £(b) = F(/(k — (/(0))%)) = & — (F(0))” + (F(0))* = &
Vay f la toan anh

Tit 2 két qua trén suy ra f la song anh

+) Ta ching minh f(f(z)) = x;Vx € R

Cho z =0 vay tuy y vao (71)) ta c6

f(f(y) =y + (f(0)%Vy € R,
bat f(0) = b ta co

F(f(y) =y + % Vy eR; (73)
Do f la song 4nh nén ton tai a dé f(a) = 0 Cho z = y = a vio ta co
fla®) = a; (74)
Theo ([73)) ta c6
f(f(a*) = a® + % (75)
Tt VA suy ra a’+b* = f(a) = 0 Vay a = b = 0; thé vao c6 f(f(y)) =
Thc la
f(f(z) == (76)



+) Ta chiing minh f cong tinh va dong bién Cho y = 0 vao c6 f(z*) = (f(z))?
Vay f(xz) > 0 khi z > 0 Dung (76) ta c6 :

Xét

fl+y)=fa+f(f) =)+ (V) = f@) + )

Xét u>vthiu—v>0neén f(u—v) >0

Ma ham trén cong tinh nén f(u) > f(v)

Vay ham f dong bién , vay f(z) = kx

Ma f(1) =1 nén f(z) =
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