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Trong chuong trinh THPT, kién thirc vé ham sb tuén hoan (HSTH) duoc dé cap rat it, chi
yéu khi hoc sinh duoc hoc vé cic tinh chat clia cdc ham sb lugng gidc ¢ 16p 11. Tuy nhién, trong
cdc ki thi hoc sinh giot, Van thuong hay xuét hién nhitng bai toan lién quan dén noi dung nay. Bai
viét sau s& trinh bay mot s6 kién thirc vé 1y thuyét ciing nhu céc bai todn vé HSTH.

1. Pinh nghia

Ham s6 y=1f (x) c6 tap xac dinh D duogc goi 1a HSTH néu ton tai it nhit mot s6 T = 0 sao
cho vo6i moi x € D taco:

i) xtTeD

i) f(x+T)= f(x).

S4 thuc duong T thoa man céc diéu kién trén duoc goi la chu ki (CK) cia HSTH f (x) . Néu
HSTH f(x) ¢6 CK nh¢ nhat 7, thi T, dugc goi la chu ki co s& (CKCS) ciia HSTH £ (x).

Ta s& tim hiéu mot sb tinh chit co ban cuia HSTH.
2. Mt sb tinh chét
2.1. Gia stt f(x) 1a HSTH véi CK T. Néu x, €D thi x,+nT €D, x,¢ D thi x,+nT ¢ D,
voimoi n € Z.
2.2. Gia st f(x) la HSTH v6i CK T va f(xo) =a, x, €D, khi d6 f(xo —l—nT) =a, véi moi
ner.
2.3.Néu T,,T, > 0 1a cdc CK cua HSTH f( ) trén tdp D thi céc thyc dwong mT,,nT,,mT, +nT
v6i mneZ", déulaCKcua f(x) tréntép D.

2.4.Néu f(x) 1a HSTH v6i CKCS T, thi T =nT,,n€ Z" la mot CK ctia HSTH f(x).

2.5.Néu T,,T, la cdc CK cua cdc HSTH f(x),g(x) va % 1a s6 hitu ti thi cdc ham s6 f(x)+g(x),
2

f(x)—g(x),f(x).g(x) ciing la cac HSTH v6i chu ki T = mT, = nT,,mn € Z" .

Viéc chimg minh céc tinh chat 2.1 — 2.4 twong d6i don gian. Ta s& ching minh tinh chat 2.5.

Chémg minh. Vi 2L 1 s6 hitu ti nén tdn tai m,n € Z* sao cho %:% Dit T=mT, =nT,,

véimoi xe D, ta cé 2 2

o f(x)=f(x+T)=f(x+2T)

e g(x)=g(x+T,)=g(x+2T,)
Do dé,

:f(x—}—mTl):f(x—}—T),

g(x+nT2):g(x+T).

f(x—l—T):I:g(x—l—T): f(x):l:g(x),f(x—I—T).g(x—i—T):f(x).g(x).
Vay f(x)£g(x),f(x).g(x) lacdc HSTH v6i chu ki T = mT, = nT,,m,n € Z* .



Viée két luan mot ham s6 ¢6 phai 1a HSTH hay khong phu thudc rat nhiéu vao viée xdc dinh
CK hodc CKCS (n€u c6) cua ham so. Ta dé cép dén CK (CKCS) cua mot s6 ham so thuong gap.

3. Chu Ki va chu Ki co s¢ ciia mdt s6 ham s6
3.1.Haimsb f(x)=c (c lahing sb) 1a HSTH véi CK 1a s duong bat ki nhung khong c6 CKCS.

1,xeQ

1a HSTH véi CK 1a s6 hitu ti duong bét ki nhung khong
0,xeR\Q

3.2. Ham Dirichlet f (x)= {
c6 CKCS.
3.3.Ham sé f(x)={x}=x—[x] ]aHSTH c6 CKCS T, =1.

3.4. Cdc ham sé f(x)=sinx, f(x)=cosx la cdc HSTH c6 CKCS 7, =2r. Cdc ham sb
f(x) = tanx,f(x) = cotx,f(x) :|sinx|,f(x) :|cosx| la cdc HSTH ¢6 CKCS T) = 7.

3.5. Cdc ham sé f(x)=sin(ax+b), f(x)=cos(ax+b), a=0 la cdc HSTH c6 CKCS T, = |2—7|T
a
Céc ham sb f(x) = tan(ax+b),f(x) = cot(ax—i—b), a =0 lacac HSTH c6 CKCS T, = ﬁ .
a

Chimg minh. Ta s& ching minh cho ham s6 f(x) = {x} = x—[x] va f(x) :sin(ax+b),
cdc ham sb con lai xin danh cho ban doc nhu bai tap tu luyén.
« Véimoi n€Z,tacé f(x+n)={n+x}={x}=f(x).Dodé f(x+1)= f(x). Mit khéc,
néu 0<7,=t<11aCKCScia f(x) thivéi x=1—1,tacé 0<x <1, dodo.
f(x—l—t):f(l)zOzf(x):{x}zl—t.
Vay ham sé f(x)={x}=x—[x] ]aHSTH c6 CKCS 7, =1.
» Trude hét, ta chimg minh 7, = 2n/|al, a = 0 1a CK cta f(x)=sin(ax+b). That vay, ta c6
£ (x+2n/|al) = sin|a(x + 27/|a]) + b| = sin (ax + 27 + b) = sin(ax + b) = £ (x).

Gia st ton tai sd duong ¢ < 27T/|a| sao cho f(x+t) = f(x) , voi moi x € R. Khi d6, voi
e w/2—b

,tacod
a
f(x—l—t):sin a[w—l—t]—l—bl:sin(7r/2+at):cosat:cos(t|a|)<1,
a
f(x)=sin a[ﬂ/z_b]—{—b]:sin(w/Z):l.
a

Do d6, f(x—}—t) = f(x) khong xdy ra véi moi xe R, tic 1a T = 27T/|a|, a=0 la CKCS
cua f(x) = sin(ax + b) .
4. Mot s6 bai toan

Bai toan 1. Xét tinh tuan hoan va tim CKCS (néu ¢6) cta cdc ham sb sau

a) f(x) = COoSTX

b) f(x) = cos/x



c) f (x) = cos%cos%

d f (x) = cosx + cos/2x

e) f(x) =sinx’

Loi gidi.

a) Theo tinh chét 3.5, d& thdy ring f (x)=cos7x la HSTH v6i CKCS T =2.

b) Tap xac dinh ctia ham s6la D= [0,—}—00) . Gia st f(x) = cos\/; IAaHSTHVv6iCK T >0.
Néu X, €D thi x,+nT €D, v6i moi n € Z. Tuy nhién, diéu nay khong thé xay néu cho n <0
dubé thi x, +nT <0.Dodé f (x) = cos/x khong la HSTH.

1 :
c) Taco f(x) = cosgcos% = E(cosx—}—cos 2x) = f(x—l— 27T) . Ta s& chimg minh 7 =27
1a CKCS cuia ham s6 nay. That vy, voi 0 < a < 27 thi cosa < 1,cos2a <1, suy ra

f(a):%(cosa+c032a)<1: f(O).

Do d6, f(x+a)= f(x) khong thé xdy ra véi moi x€ R, tic la T, =27 1a s6 duong nhd
nhét sao cho f(x—i—TO) = f(x) voimoi x € R hay 7, =27 la CKCS.

d) Giasu f(x):cosx—}—cos\/Ex 12 HSTH, tirc 12 ton tai 7 > 0 sao cho f(x+T): f(x),
véi moi x € R, hay cos(x—}—T)—l—cos\/E(x—l—T):cosx—{—cosﬁx.

Voi x=0, tacd cosT —}—cos\/ET =2,suyra cosT = cos\/ET =1hay T = 2k7r,\/§T =2mm,
trong 46 k,m € Z"*. Do d6 V2= % €Q (v ly). Vay f(x) — cos x + cos~/2x khong 1a HSTH.

e) Gia su f(x) =sinx” 12 HSTH, tirc 12 ton tai 7 >0 sao cho f(x-i—T) = f(x), voi moi
x € R, hay sin(x—l—T)2 = sinx’.

Véi x=0,tacé sinT> =0 hay T*> =kn, k € Z* hay T =kr . Suy ra f(x—}—\/g):f(x).

Véi x =2k , taco sin(y 2k +kr )2 = sin(\/2k7r)2 — sin(2km) =0, vo Iy vi

sin («/2kr + \/E)z = sin 2k + kr + 2km/2) = Hsin (272 ) = 0.

Vay f(x)=sinx’ khong la HSTH.

Bai toan 2. Chimg minh ring ham sé f (x)=(—1)""{x} 1a HSTH.

Loi gidi. Ta s€ chimg minh 7; =2 1a CKCS cta ham sO. That vy, ta c6

Fle2)= (=1t 2h = (1) o = (1) ) = £ ().
Gia sir ton tai 0 < a <2 sao cho f(x+ a) = f(a) ,voimoi x € R . Ta s€ xét ba trudong hop.

(i). 0<a<1.Chon x=2—aq thi 1< x<2.Dodé f(x):—{x}io; f(x—i—a):f(Z):O,
suy ra f(x+a)¢f(x).



(ii). a=1.Chon 0<x<1,tacod f(x)={x}=x;f(x+a)=—{x}=—x, f(x+a)= f(x).
(ili). 1<a<2.Chon x=2—qa thi 0<x<1,tacé f(x)={x}=x;f(x+a)=f(2)=0,
suy ra f(x+a)= f(x).
Vay khong ton tai 0 < a <2 sao cho f(x+a)= f(a), véimoi x€ R hay T, =2 la CKCS.
Bai toan 3. [Viét Nam 1997, bang B] Cho a,b,c,d 1a cic sb thuc khac 0. Chimg minh rang
f(x)=asincx +beosdx 1a HSTH « 2 12 58 hitu .
Loi giai.
(=) Gia st f(x) 1a HSTH, tic 12 ton tai 7> 0 sao cho f(x+T)= f(x), v6imoi xeR .
Véi x=0 tacé f(T)=f(0) hay asincT +bcosdT =b.
Véi x=-T ,tacé f(T)=f(0) hay —asincT +bcosdT =b.
Cong theo timg vé cdc dang thirc trén, ta nhan dugc cosdT =1, suy ra dT = 2km,k € Z\{0}.

Trir theo ting vé cédc déng thic trén, ta nhan dwoc sineT =0, suy ra ¢T = mm,m € 7\ {0} .
c _m
Trdésuyra —=—cQ.
Y= e

. O T O S 2 S A . C m Z
(<:) Ngugc lai, gia su 7 1a s6 hiru ti, trc 1a ton tai m,n € Z\{O} sao cho 7 = —. Ta chon s6
n

2mm  27n e . . .
:T,khldovcnmolxeR,taco

duong T =
&

2mm

f(x—l—T):asinc x4+

]—}—bcosd[x—}—%] =asincx +bcosdx = f(x).
c

2mrm _ 27n

Do d6, f(x) laHSTH véi CK T = y
C

Bai toan 4. Chimg minh rang néu d thi ham s6 £ (x) c6 hai truc ddi xtmg x=a,x=b(a=b),
thi f(x) la HSTH.

Loi giai. Trudc hét, ta goi (C ) 1a d6 thi ctia ham s6. Khong mat tinh tong quat, ta gia st ring
a<b. Tinh tién (C) theo vector V= (—a,0). Bai todn tré thanh: “Ching minh ring néu do thi
cua ham s6 f(x) c6 hai tryc ddi xtmg x=0,x=c=>b—a thi f(x) la HSTH".

Vi dd thi cua ham s6 f(x) dbi ximg qua x=0 nén f(x)= f(—x). Mat khdc, dd thi cua
ham s f(x) cling d6i xing qua x=c nén f(x) = f(Zc—x). Suy raf(—x) = f(2c—x), voi
moi x € R, tuc la f(x) 1a HSTH vo6i CK T:2c:2(b—a).

f(x)

—1
——<——,a=0. Ching minh

f(x)+1

Bai toan 5. Cho ham s f (x) xac dinh trén D va f(x + a) =

rang f(x) 1a HSTH.

Loi gidi. Véimoi x€ D,a=0,tacé



_ Cflata)-1 (FO)=)/rx)+1)-1
f(x+2a)—f[(x4ra)+a]—f(x+a)+1—(f<x>_1>/(f<x>+l>+1 7ok

—1

Suy ra, f(x+ 461) = m

= f(x).Dod6 f(x) la HSTH.

Bai to4n 6. Cho ham s6 f (x) xdc dinh trén R va thoa man diéu kién
f(x+4)+ f(x—4)=f(x), véi moi xeR.

Chimg minh réng f (x) 1a HSTH.

Loi gidi. V6i moi x€ R, tir diéu kién bai todn, ta ¢6 f(x+8)+ f(x)=f(x+4). Suy ra
f(x+8)=—f(x—4).Dod6 f(x+12)=f((x+4)+8)=—Ff((x+4)—4)=—f(x), va

f(24)=f((x+12)+12)=—f (x+12)= f(x).
Vay f(x) JaHSTH véi CK T =24.
Bai todn 7. Cho ham s6 f (x) xdc dinh trén R va thoa man diéu kién
f(x)=f(x=3)f(x+3), véi moi xeR.
Chimg minh rdng f (x) 1a HSTH.
Loi gidi. V6i moi x € R, tir diéu kién bai todn, ta c6 f(x+3)= f(x)f(x+6).Suyra
F(x+3)=f(x=3) f(x+3) f(x+6), thic1a f(x+3)=0 hodc f(x—3)f(x+6)=1.
Néu f(x+3)=0, véimoi x€R, thi f(x)=0,vivay f(x)la HSTH.

Néu f(x—=3)f(x+6)=1thi f(x)f(x+9)=1,dodé f(x+9)f(x+18)=1. Tl d6 suy ra
f(x)=f(x+18) hay f(x) laHSTHCK T =18.

Bai to4n 8. Cho ham s6 f(x) xdc dinh trén R va thoa man diéu kién
F(x+1)+ f(x—1)=v2f(x), véi moi x€R.
Chimg minh réng f (x) 1a HSTH.
Loi gidi. Voi moi x € R, tir didu kién bai todn, ta c6
F(x+2)+ £ (x) =21 (x+1)=2[N2f (x)— f (x=1)| =21 (x) =2 £ (x—1).
Do d6 f(x+2)— f(x)=—v2f(x—1). Tt ding thirc nay, suy ra
Fx+3)= f(x+1)=~2f (x)=—f (x+1)— f(x—1) hay f(x+3)=—Ff(x—1).
Suyra f(x)=—f(x+4)=f(x+8). Viy f(x) ]aHSTH v6i CK T =8

Bai to4n 9. Cho ham s6 £ (x) xdc dinh trén R, théa man céc didu kién f(x+3)< f(x)+3,
f(x+2)> f(x)+2, véimoi x € R.Ching minh ring g(x)= f(x)—x la HSTH.

Loi gidi. Ta s€ ching minh g (x + 6) =g (x) , voi moi x € R . That vay, ta c6



g(x+6)=f(x+6)—x—6=f(x+34+3)—x—6<
<f(x4+3)+3—x—6< f(x)+3+3—x—6=f(x)—x=g(x).
Mit khéc, g(x+6)=f(x+6)—x—6=f(x+4+2)—x—6> f(x+4)+2—x—6>
> f(x+2)+4—x—6>f(x)+6—x—6—x=f(x)—x=g(x).
Suyra g(x+6)=g(x),v6imoi x€R hay g(x)=f(x)—x JAHSTH v6i CK T =6.

Bai toan 10. Chiing minh rang néu HSTH f (x) thoa man diéu kién kf (x) =f (kx), v&i moi
x€R, k€R,k=0,k==+lthi f(x) khongcé CKCS.

Loi gidi. Gia st 7, 1a CKCS ctia HSTH f (x). Khi d6, v6i moi x € R,Jk|= 1,k =0, ta c6

[k +T))= f(kx)=kf (x) va f(kx+T))=f k[x—f—%]l:kf[x—i—%].

Do dé, f(x)=f [x + %] . Ta s& xét hai trudng hop sau:

(i) [k|>1. Néu k >1 thi %<T0 (vd 1y vi T, 1a CKCS). Néu k < —1 hay —k > 1, bang céch
dat y:x—i—%,tacé f(y):f[y—%] (vo 1y vi —%<To).

X

(i) [k|<1. Vi moi x€R, tac f(x+kT))=f k[%—%TO]]:kf[E+TO]:kf[%]:f(x).

bit k'= % , ta nhan duge f(x)= f [x + % , V6i [k|>1. Theo (i), ta cling nhan dugc diéu vd Ii.

Toém lai, f(x) khong c6 CKCS.

Bai todn 11. Cho @ >0 va ham s6 f:R"——R thoa diéu kién f(x+a):;+1/f(x)—f2(x)

, véi moi x> 0. Chirmg minh ring f(x) 1a HSTH.

Loi gidi. Vi f(x—l—a):%—l—,/f(x)—fz(x), véimoi x>0 nén f(x+a)>

N | =

Do 4o, f(x) 2%. Suy ra

f(x+2a):%+\/f(x+a)—f2(x+a>:%—}—\/f(x—l—a)[l—f(x—l—a)]

:%+\/[%+\/WJ[%—\/W] :%+\/i—f(X)+f2(X)

Vay ton tai T =2a >0 sao cho f(x+T)= f(x), véimoi x€ R* nén f(x) la HSTH.



Bai toan 12. Ton tai hay khong cic ham s§ f,g:R——R, v6i g la HSTH thoa man diéu
kién x°* = f ([x])+ g(x). véi moi x € R, ki hiéu [+] chi phén nguyén.
Loi giai. Gia sur ton tai cdc ham f,g thoa man yéu cau bai toan. Goi 7, 1a CK cua g. Véi
moi x€ R, tacd
(1) = f([x+T]) + g (r+ 1) = £ ([(x+ T ) + 5 ().
Suyra f([x+7T,))— f([x])=(x+ 1) —x* = 302" +302x + T, (¥).

V6i moi x€[0,[T]+1-1,) thi vé trdi cta (*) bang 0, do d6 (*) 1a da thitc bac 2 c6 v6 s
nghiém, suy ra 37, =37’ =7, = 0 hay T, =0 (vO ly).
Vay khong thé ton tai cdc ham f, g thoa man yéu cau bai todn.

Bai to4n 13. Gia sit f(x) la mot HSTH ¢6 CKCS T, Ton tai hay khong lim f (4)?

Loi gidi. Trudc hét, ta nhan thiy rang f(x)=c (c 1a hang sd), vi ham hang khdng ¢ CKCS.
Do d6, sé ton tai hai s6 thuc a,b sao cho f(a)= f(b). Pt a, = a+nT,,b, =b+nT,.Khi do, ta

céi s 0,i == 0. Do d6
a b

n n

lim f[%]: lim f(a,)=lim f(a+nT))=lim f(a)= f(a),
n—00 al‘l n—00 n—00 n—o0

g;glof[l/ib]zggf(m=,}ggf<b+nm=,}ggf<b>= f(b).

1 1
Suyra, lim f|—|= lim 1
y n%oof[l/an] n%oof[]/bn g

Bai toan 14. Cho f(x) la HSTH va lién tyc trén R, ¢6 CK 27. Ching minh ring ton tai
X, € R sao cho f(xO—I—T):f(xo).

] hay khong ton tai ling f ( ) .

Loi gii. Pat g(x)=f(x+T)—f(x). Tac6 g(x+T)=f(x+2T)—f(x+T)=f(x)— f(x+T).
Do d6, g(x).g(x+T)=—[f(x+T)— f(x)] <o.

Vi f (x) 12 ham s lién tuc nén g (x) ciing 12 ham s lién tuc, do d6, theo dinh 1y Cauchy —

Bolzano, ton tai x, €[x,x+T] sao cho g(x,)=0 hay f(x,+T)= f(x,).
Bai toan 15. Cho ham sé f:R—— R théa mén cic diéu kién sau:
@ f(x+y)+f(x—y)=2f(x)f(y), véimoi x,y €R;
(ii) Ton tai s thuc x, saocho f(x,)=—1.
Chimg minh rdng f (x) 1a HSTH.

Loi gidi. Cho x=y =0, tanhin duge 2 (0)=2(/(0))". Dodé f(0)=0 hoic f(0)=2.



Néu £(0)=0, véi x=1x,,y=0, ta dugc 2f(x,)=0, mu thuan diéu kién (ii). Vay ta phai

c6 duge f(0)=1, vanhu vay x, =0.
Cho x=y, taduge f(2x)+ f(0)=2(f(x)) hay f(2x)=2/>(x)—1, véi moi x€R.
Cho x=y=x,, tadugc f(2x,)+f(0)=2(f(x)) hay f(2x,)=1.
Thay x boi x+2x, va y boi x—2x,, taduoc f(2x)+ f(4x,)=2f (x+2x,) f (x—2x,).
Nhung f(4x,)=2f?(2x,)—1, do d6
fx+2x) f(x—2x) = f(2x)+ f (4x,)) = [ (2x)+1= f*(x).
Mat khéc, voi xR va y=2x,,tacé f(x+2x,)+ f(x—2x,)=2f(x). Suyra
[f (x+2x,)— f(x—2x,)] =
[F (22, 4 f (x =20 —4f = (x+2x,)+ f (x—2x,) =43 (x)—4£> (x) =0.
Do d6, v6i moi x€ R thi f(x+2x))=f(x—2x,)= f(x) hay f(x) la HSTH.

Bai todn 16. Cho ham s§ f:R——R théa man diéu kién | £ (x)| <2008 va

,voimoi xeR.

f[x—i—%]—i—f(x): f[x—i—é]—i—f[x—i—%
Chimg minh réng f (x) 1a HSTH.

13

N e - 1 < . 2 A A o N A 2 A « X
Loi gidi. bat a=—,b= 7 thi a+b= 0 Khi d6, mdi quan hé ctia ham s6 c6 thé dugc viét

1

6,

lai nhu sau
f(x—l—a—l—b)—l—f(x):f(x—i—a)—i—f(x—i—b), véimoi xeR.

Trong dang thirc trén, ta thay lién tiép x boéi x+a,x+2a, x4+ 3a, x+ 4a,x+ 5a , 10i cong lai,
ta thu duoc

f(x4+14Db)+ f(x)=f(x+1)+ f(x+b), v6imoi xER.

Trong dfmg thiic vira nhan dugc, ta thay lién tiép x bdi x+b,x+2b,x+3b,x+4b,x+5b,
1O cong lai, ta thu dugc

f(x+2)+ f(x)=2f(x+1) hay f(x+2)—f(x+1)= f(x+1)— f(x), v6i moi x€R.
bat f(x+1)—f(x) = a. Bang phuong phdp quy nap, ta ching minh dugc, véi moi sb n
nguyén duong thi f(x+n)—f(x+n—1) =a. Do do, f(x+n)—f(x) =na . Ta s€ chiing minh
a=0, vakhidé f(x) la HSTH v6i CK T =1. That vay, gid su a =0, thi
n|a| :|na|:|f(x—|—n)—f(x)| <2.2008, véi moi xeR.
Nhung diéu nay khoéng xay ra khi n>0 du 16n. Do d6 a =0.
Bai toan 17. Cho ham s6 f:Z"——7Z" va s6 nguyén duong a thoa mén cdc diéu kién sau:

() f(a)=£(1995), f (a+1)= f(1996), f (a+2) = f(1997);



(ii) f(n+a)=

,véimoi n€Z".

(a) Chirng minh riang f (n +4a) =f (n) véimoi nc€Z".

(b) X4c dinh gié tri nho nhit cua a thoa man bai todn.

Loi giai. (a) Trudc hét ta nhan théy réng, dé c6 dugc diéu kién (i), ta phéi cé f (n) =—1, véi
moi n € Z . Hon nita, néu ton tai n€Z sao cho f(n)zO thi f(n+a) =—1, suyra f(n+2a)
la khong xdc dinh. Do d6 f (n) ¢ {— 1,0} ,véimoi n€Z.Tacod

f(n+a)—1_(f(n)—l)/(f(n)—i—l)—l 1

f(n—|—2a): f(n—}—a)—H_(f(n)—l)/(f(n)—i—l)—i—l:_f(n)’Véi moi n€Z.
Do d6 f(n+4a):—m:f(n),vé’imoi net.

(b) Xét a=1. i f(1)= £(1995). f (2) = £ (1996), £ (3) = £ (1997). f (n+1) = ]{W‘l.

Khi d6, f(n+4)=f(n) va f(n+2) :#1), v6i moi neZ*' . Biang phuong phép quy nap,
n
ta chimg minh duoc f(n+4k)= f(n), véimoi n,k €Z".
i
£(1)

Xét a=2, thi f(2)=r(1995),f(3)=/(1996),f(4)= f(1997); va v6i moi n€Z" thi

Vi 1995 =3+4.498 nén f(1)= f(1995)= £ (3) (voly vi f(3)=——).

f(n+8)=f(n), f(n+4)= f_<i> , véi moi n € Z" . Bang phuong phép quy nap, ta chimg minh
dugc f(n+8k)= f(n), véimoi n,k € Z". Ta c6
« 1995=3+8.249 nén f(2)=f(1995)= f(3).
1996 = 4 +8.249 nén f(3)= f(1996)= f (4).
« 1997=5+8249 nén f(4)=f(1997)=f(5).

Suy ra f(3):f(5).

Mit khéc tacé f(5)=— hay f(5)f(1)=-1.Suyra

1
£

)= @) =E0 ] by 1(5)70)+ £(5)= £ 1)1 may £(5)=7 () 0019,

Ta sé& chiing minh a =3 1a gi4 tri nh6 nhat can tim.
Ta xiy dung ham f nhu sau: f (1),f (2),f (3) nhén céc gid tri ty ¥ khac 0 va — 1. Véi mdi
f (n — 3) —1

f(n+3)+1
thoa man diéu kién cta bai todn.

n>3, taxdc dinh f(n)= . Ta chirng minh ham f vira duwoc xay dung nhu trén s&



fn)—1 fln)—1
f(n)+1 f(n)+1

Mit khic f(n+12)= f(n), véi moi n € Z . Bing phuong phdp quy nap, ta chimg minh duoc
f(n+12k)= f(n), v6imoi n,k € Z*. Tacé

Tacé f(n+3)= .Suyra f(n+a)= ,voimoi ne€Z.

o f(1995)= f(3+12.166)= 1 (3).
o f(1996)= f(4+12.166)= f(4).
o f(1997)= f(5+12.166)= f(5).

Vay a =3 1a gi4 trj nho nhat can tim.

Bai toan 18. Diy sb {x,} duoc cho béi cong thue x, =2,x,,, = 12—'——;", ne€Z" . Chimg minh
J— xn

ring
(@) x, =0, vo1 moi neN".
(b) Day {xn} khong tuan hoan.
Loi giai. (a) Trude hét, dé nhan thiy rang cdc s6 hang cta day nay déu 1a s6 hitu ty.

Tadat x, =tana =2, thi

24x tana+tana tan o + tan no
X, = = > n2a, xn+1:——tan(n+l)
1-2x, I—tan” o 1 —tan o tan no
24x,, e
Néu x, =0 véi n =2k +1,k €N thi Xy = =0, hay x,, =—2.Khi dé
1-2x,,
2tank 1+
tan2ka = 24— % — e M~ jey RS Vo 19).
1 —tan” ka 1—x; 2
£ iy . 2tan ko )
Néu x, =0 v6i n=2k,k €N thi tan2ka = ————=0. Do d6 x, =tanka =0, suy ra
1—tan” ko

k 1a mot s chdn (vi x, =0, v6i moi n 1a s6 1&). Vi vy k=2'(2m+1). Tiép tuc 1y lugn nhu
trén, ta co

Ko tamer) = 0’“"x2(2m+1) =Y
Vay x, =0, véi moi neN'.
(b) Gid sir ddy {x,} tudn hoan, ttc la ton tai m € Z* sao cho x,,, = x,,n€Z". Suyra

sin mo )
=0<sinma=0.

tan(m+n)a =tan na <
Ccos (m —|—n)acos no

Do dé, x,, =tanmoa =0 (v01y). Vay day {xn} khong tuan hoan.



Mot s6 bai tap tu luyén

Bai 1. Xét tinh tudn hoan va tim CKCS (néu ¢6) ctia cdc ham sb sau
a) f = |sm x|—|—|cos x|

b) f (x) =cos7x+sin2wx

c) f(x) = x’cosx

d) f(x):x—n X

n

O flx)=(- )Cos[wx—i—g]

Bai 2. Ching minh rang néu d6 thi ham sb f (x) c6 tam tryc ddi xing E(a,b) va ¢6 truc d6i
xung x = c(c = a) , thi f(x) la HSTH.

Bai 3. Cho f ( ) la HSTH va lién tyc trén R, c6 CKCS 7,. Chung minh rang, voi moi
H+T0

a € R thi f f x)dx—ff x)dx

Bai 4. Cho f (x) la HSTH, lién tyc trén R va lim f ( )— a,a € R. Chimg minh rang véi

xX—+00
moi xe R, tacd f(x)
Bai 5. Cho f(x) g( ) Ia cac HSTH, lién tuc trén R va lim [f(x)—g(x)] =a,a€R. Ching

xX—+00
minh ring f(x)=g(x)+a, véimoi xeR.
Bai 6. Cho ham s6 f:R——R\{3}, sao cho ton tai s6 thuc a >0 théa man diéu kién
f(x)=5
f(x)=3

Bai 7. Cho ham s6 f:R——R la HSTH sao cho tap hop {f(n)In €N} chira vo s6 phén

f(x+a)= . Chimg minh rang f (x) la HSTH.

ttr. Chirng minh rang chu ki ctia ham sé f (x) 12 mot sd vo ti.
Bai 8. Cho hai ham sb f (x) 8 (x) xédc dinh trén R va ton tai s6 thuc a = 0 sao cho
i) f(x+a)=f(x)+g(x);

g(x),ni2

—g(x),n/Z ;

(i) f(x)=1néu 0<x<a.

(i1) g(x—}—na):«[

Chiing minh rz"mg néu |g (x)| <1thi 0 f (x) <2

Bai 9. Cho ham s6
1 x=" + kT
2 2

f(x)= | keZ.

—2:x¢£+k7r
2+4tan” x



Chimg minh rdng ham sé g (x)= f(x)+ f (ax) 1a HSTH khi va chi khi a 1a s5 v6 .
Bai 10. Tim tat c4 cdc da thic f(x) voi hé s6 thuc sao cho cos f (x),x € R 1a HSTH.
Bai 11. Cho ham s6 f :R——R théa mén céc diéu kién sau

) f (x) 1a ham khong gidm;

(i) f(x) la HSTH.

Chimg minh rang f (x) la ham hang.

Bai 12. Diy s6 nguyén {un},n =1,2,... dugc xac dinh nhu sau:

1, =1990,u, =1989,u, = 2000, u,, =19, , +%u,,, +199L,neN".

n+3 =

Véimdi n, goi r, 1a s6 du trong phép chia u, cho 1992. Chung minh rang day {rn} 1a day s6

tuan hoan.
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