HOI TOAN HOC VIET NAM BO GIAO DUC VA BPAO TAO

DAP AN OLYMPIC TOAN SINH VIEN LAN THU XVIII
Mbén : Dai sb
Cau 1. Cho A, B la cic ma tran vuong cap 2010 véi hé s6 thuc sao cho
det A = det(A 4+ B) = det(A + 2B) = --- = det(A + 2010B) = 0.
(i) Chitng minh rang det(xA + yB) = 0 véi moi x,y € R.

(ii) Tim vi du chiing t6 két luan trén khong con ding néu chi c6 det A =

det(A + B) = det(A 4+ 2B) = - .- = det(A + 2009B) = 0.
Giai.

(i) Nhan xét rang dinh thic p(t) = det(A + tB) la mot da thiic bac 2010
cia t. Vi p(0) = --- = p(2010) = 0 nén ta c6 p(t) = 0. Dinh thiic q(¢t) =

det(tA 4+ B) la mot da thic bac 2010 ctia t. Cha § rang q(t) = t291%(¢~1)
khi t # 0. Do d6 ta cling c6 g(t) = 0 v6i moi ¢.

(i) C6 thé lay vi du A = diag(0,1,2,...,2009) va B = —1I.

Cau 2. Cho {un}, {vn}, {wn} & cac day s6 dugce xac dinh béi: ug = v =
wog =1vaVn €N,

Uptl = —Up — TV, + Swy,
Un+1 = —2u, — 8v, + 6wy,
Wp4+1 = —4u, — 16v, + 12w,.

Chiing minh ring v, — 2 1a s6 nguyén chia hét cho 2.

Giadi. Kyhitcu A =[—-2 —-8 6 |vavéineN, X, = (v, ]|. Tacod
—4 —16 12 wn,

vn € N, X,4+1 = AX,. Vay nén Vn € N, X,, = A"Xy. Da thic dac trung
cua A la
Pip(x) = —z(xz — 1) (= — 2).
Do do6 A c6 3 gia tri rieng phan biét Ay = 0, A2 =1, A3 = 2 va A chéo hoa
1 31 0 2 -1
duge. Tt d6, néu ki hieu P = (2 2 1| thiP~' =1 1 —1]. Dat
3 4 2 —2 -5 4
00O
B=(010|thi A=PBP ! Tudaysuyravn € N, X,, = A"Xo =
0 0 2
PB"P1X,.
Do dé6 v,, = 2™ + 2.



Cau 3.
(i) Chiing minh réng ting v6i mdi s6 n nguyen duong, bicu thitc 2™ +y™ + 2"

c6 thé bicu dién duéi dang da thic P,(s,p,q) bac khong qua n cla s =
r+y+z, p=zxy+yz—+ 2zx, q = Y=.

(i) Hay tim tong cac hé s cia da thiic Pag1o(s, p, q).
Giai.

(i) Bang qui nap theo n.

(ii) Gia stt 22010 442010 4 »2010 — p(s, p, q). Ta can tim tong cac hé sb clia
P(s,p,q) tic la can tim P(1,1,1). Tt Dinh li Vi-et, x,y, 2 phai 1& nghiém

ctia phuong trinh 3 —t2 +¢ — 1 = 0. T d6 chi viéc chon ¢ = 1,y = i va
z = —i, ta duge P(1,1,1) = —1.

Cau 4. Xac dinh cac da thitc thyc P(x) théa man diéu kién

P(x)P(x?) = P(x® + 2x), Vx € R.

Giai. Ta nhan thay da thiic hing P(z) = 0 va P(x) = 1 thoa man bai toan.
Bay gio ta chitng minh réng cac da thic bac duong khong théa man. Cha y
rang dang thic trong bai ciing ding véi cac gia tri phic. Gia st xg 1a mot
nghi¢m (thye hodic phiic) cia P(x). Néu z¢ = 0 thi P(z) = z°Q(z), trong
dé s > 1, Q(x) la da thic véi Q(0) # 0.

Thé vao diéu kien da cho, ta thu dugc

*Q(x)Q(z?%) = (2* + 2)°Q(a” + 2x), Vz € R.

Diéu nay mau thuin véi gia thiét Q(0) # 0.

Vay nén zg # 0. Ta c6 the gia thiét modun |xg| c6 gia tri 16n nhat trong
cac nghiem cua P(x). Khi d6 =3 4+ 2zo va (1/Z0)® + 24/ cling la nghiém.
Do d6 |3 + 2zo| < |o| V& |(1/Z0)? + 24/T0| < |zol.

Dat xo = a + bi. Dieu kién |z + 2z¢| < |zo| tuong duong véi

(a? — b%)? + 4a?b? + 4(a®> — b%) +3 < 0.
Tt d6 4b® > 3 + 4a? va thay vao tiép, ta lai co
4b? > 4a?b* + 4a® +3 > a® - 3 + 4a®> + 3 = 7a’® + 3. (%)

Diéu kien |(yv/Zo)3 + 24/Zo| < |xo| tuong duong véi [(a + 2)2 + b%])? < a? + b?
hay
(a® +b*)(a® +b% +8a +7) + (4a +4)?2 < 0. (%)

Theo (x) ta co:
2
a? + b7+ 8a +7 > {(11a% + 320 + 31) = §[ (3 + )" + 242 + 2| >0,

mau thuan véi (xx).



Cau 5. Chon mot trong hai cau sau:

5a. Cho A la ma tran thuc, vuong cap n > 2, c6 tong cac phan ti trén
duong chéo bang 10 va rank A = 1. Tim da thitc dic trung va da thic t6i tieu
clia A (ttic da thiic p(t) # 0 bac nhd nhat véi he s6 cia liy thita bac cao nhat
bang 1, sao cho p(A) = 0).

5b. Cho A, B, C la cic ma tran thuec, vuong cap n, trong dé6 A kha nghich
va dong thoi giao hoan véi B va C. Gia sit C(A + B) = B. Chiing minh ring
B va C giao hoan v6i nhau.
Giai.
Cau 5a. )

Cach 1: Tinh tryc tiep

Vi rank(A) = 1 nén ton tai vécto khac 0 sao cho cac vécto dong con lai
déu biéu dién dude tuyén tinh qua né. Do d6 ma tran A c6 dang sau
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a) Ta co
A2 = (UVH)(UVYH =U(VU)V = U(trace(A))V?

= trace(A)UV? = trace(A)A = 10A
Vay da thiic téi tiéu 1a P(t) = t2 — 10t.



b) Ta tinh dinh thic D, (t) = det(A + tI,,):
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Ta dé dang ching minh bang quy nap
Dy = t" " An®n + Ap—1®n_1 + + - + Aax2 + D1)
= t" " (trace(A) +t) = t""1(t + 10).
Vay da thiic ddc trung la (—1)"t"~1(t — 10).

Cach 2: Vi dimKer A = n — 1 nén A c6 ding n — 1 véc to riéng ing
v6i 0. Do d6 gia tri rieng con lai 1a 1 s6 thyc. T d6 A chéo hoa duge va trén
duong chéo chi ¢6 1 phan tit khac 0 chinh 1a vét = 10. Tt d6 tinh ra ngay da
thitc ddc trung va da thiic tdi ticu.

Cau 5b. Tu gia thiét suy ra A + C(A + B) = A + B hay
A=(I-C)(A+ B). (1)
Do A kha nghich va dong thoi giao hoan véi B va C nén tit (1) suy ra
I=I-C)A+B)A'=(I—-C)A"Y(A+ B),
tic I — C kha nghich va vi vay
I=(A+BA Y (I-C)=A"YA+B)(I -0),
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hay
A=(A+B)(I-C). (2)

T (2) suy ra
A=A+ B—(A+B)C,

hay B = (A+ B)C. Vay nén (A+ B)C = C(A + B) tic BC = CB, dpcm.



