HOI TOAN HOC VIET NAM BO GIAO DUC VA BPAO TAO

DAP AN OLYMPIC TOAN SINH VIEN LAN THU XVIII (2010)
Moén: Giai tich

Cau 1. Cho ham s6 f(x) = In(z + 1).
a) Chiing minh rang v6i moi > 0, ton tai duy nhat s6 thuc ¢ thoa man
dieu kien f(x) = xf’(c) ma ta ky hieu 1a c(x).

b) Tim lim <)
r—0+

Giai.
a) Yeu cau bai toan tuong duong véi viec chiing minh phuong trinh
In(x+1) 1

T c+1
c6 nghiem duy nhéat ¢ véi moi > 0. Ta c6 thé giai truc tiép dugc
x

c=———1
In(x + 1)
b) Ta c6 thé tinh gisi han

xr

v 1

. c(x) . In(x+1) . z—In(l+x)
lim = lim = lim

r—0+ z—0-+4 €T z—0+ x 11’1(1 + 33)

biang cach stt dung cong thiic Taylor: In(1+ ) = & — 2 /2 + o(x?) hodc dung
quy tac L’Hopitale:

x—In(1l+ x) . x—In(l+=x) x
im = lim im —
t—0+ xln(1+ x) z—0+ x? t—0+ In(1 4 x)
1
o 1 1
— lim 1+Z im —
r—0+4 2x r—0+ 1 2
1+«

Cau 2. Cho day {x,} dugc xac dinh béi:

1 =1, Tpy1 = a:n(l —|—ac72,LOlO), n=1,2,...

Tim
. w%mo le5010 w721010
lim ( + +--- 4+ )
n—oo T2 3 Tn41
Giai. V6i moi k > 1, ta ¢
2010 2011
xj, xj, Th41 — Tk 1 1

Lk+1 LrLE41 LELE41 LTk Lk+1



Suy ra

w%mo w%mo :1:721010 1 1
+ + -+ = — — .
T2 T3 Tn+1 Tr1  Tgt1

R6 rang {z,} 14 day ting. Nhan xét ring lim x, = +oo. Suy ra gidi han
n—oo

can tinh bang 1.

Cau 3. Cho a € R va ham s6 f(x) kha vi trén [0, co) thda man cac dicu kien

f(0) >0 va
f'(x) +af(x) >0, Vz € [0,00).

Chiing minh ring
f(x) >0, V > 0.

Giai. Tu gid thiét ta co

e [f'(2) + af(z)] > 0, Va € [0,00),

hay
[e** f(x)] > 0, Vz € [0,00),
suy ra
e f(x) > f(0) > 0, Vzx € [0, 00),
tic

f(x) >0, Vz € [0,00).

Cau 4. Cho ham f(z) kha vi lien tuc trén [0, 1] . Gia su rang
1 1
/f(:c)da: = /a:f(:c)d:c = 1.
0 0

Chting minh ring ton tai diém ¢ € (0,1) sao cho f/(c) = 6.

Giai. Nhan xét rang ham s6 g(z) = 6x — 2 théa man cac diéu kien

/lg(fv)dw = /lwg(w)dw =1,
0 0

suy ra
1

@) - g@)de = o.

0
1

Ham h(xz) = f(x) — g(x) lién tuc trén [0, 1] va c6 tich phan [ h(xz)dx = 0,
0

nén khong thé xay ra truong hop h(x) > 0 ,Vx € (0,1) hoic trudng hop
h(x) < 0,Vx € (0,1).



Nhu thé phuong trinh h(x) = 0 phai c6 it nhat mot nghiem trong (0, 1).
Gia stt rang h(x) = 0 chi ¢6 mot nghiem = = a € (0,1). Xdy ra hai kha
nang sau:

+) Néu h(x) < 0,Vzx € (0,a), thi h(z) > 0,Vz € (a,1). Khi d6

jwf(w)dzc —1= /1wf(zc)dzc — ng(w)dw = /133[f(:c) —g(x)]dx = /1wh(w)dw
0 0 0 0 0

= /aa:h(:c)d:c—l—/la:h(a:)da: > /ah(a:)da:+/lah(a:)da:
0 a 0 a

— a[/h(m)dm i /h(az)dm} = a,/lh(a:)da: = 0.
a 0

0
1
Suy ra /mf(m)d:c > 1, mau thuin vé6i gid thiét ctia dé bai!
0

+) Néu h(x) > 0,Vz € (0,a), thi h(xz) < 0,Vz € (a,1). Khi d6

/1 2f(2)de — 1 = / 2f (z)dx — / zg(e)de = / 2[f (@) — g(a))dz = / zh(z)dz
0 0 0 0 0

a 1 1
= O/mh(m)dm—i—a/ach(az)daz < O/ah(ac)dac—l—a/ah(m)dm

a 1

= a[/h(w)dw—k/h(w)dw} = a/lh(a:)da: = 0.
a 0

0
1
Suy ra /a:f(a:)da: < 1, mau thudn véi gia thiét cia dé bai!
0
Vay h(x) = 0 phai c6 it nhat hai nghiém trong (0, 1).
Gia st hai nghiém doé 1a a,b € (0,1) va a < b.
Ta c6 h(a) = h(b) = 0, nén f(b) — f(a) = g(b) — g(a).
Theo dinh 1y Lagrange ton tai ¢ € (a,b) C (0, 1), sao cho

__ f(b) — f(a) g(b) —g(a)
b—a - b—a -

6.




Cau 5. Cho da thic P(x) bac n v6i he s6 s6 thuc sao cho P(—1) # 0 va

P'(—1
P(( 1)) < 5 Chiing minh rang P(z) ¢6 it nhat mot nghiém xg véi |zo| > 1.

Giai. Gia st 1, x2,...,x, 12 cac nghiém ciia P(x) trong C, khi d6 ton tai
A € R sao cho

P(z) = A f[l(x — ;). Khi d6 ta c6 cong thic
Pz < 1 P(-1) & 1
P(x) _;m—azi :>_P(—1) _izzlazi—l—l.

Do do ,
n, PN 5l 1
§+p(—1)_;(§_w )—52 2

Ta co

zi—1 _ (zi-D@it1)
zi+1 |z; + 12
suy ra
z; —1 lx; |2 —1 |
Re <33i+1)_ |wi+1|2, Vi=1,2,...,n.
n+P,(_1)eR &
Py nén
2" P(-1)
n P/(-1) 2|2 — 1

1 n
P(—1) 221|m,+1|2 =
Do d6 ton tai it nhat mot nghiém xg c6 |zo| > 1.

Cau 6a. Tim tat ca cdc ham s6 duong f(x) kha vi lién tuc trén [0, 1] sao cho

£(1) = e.£(0) va 1
/ (L)
/ 7o)

Giai. Ta co

OSO/(?((;) 1) a O/(f((;c))) ‘20/1;-’1(;))““




- (f,(;:))zda:—2lnf(a:) (1)+1

f(@)
F@N L )
(f(w)) do—2Ing) T

Tu do, ta co

Mat khac, theo gia thiét thi

[(F@
/< ) dx = 0.
) s
Do f la ham kha vi lién tuc trén [0, 1], ta dugc

f'(z)
f(z)

=1,V € [0,1]

hay f(x) = f'(x),Vx € [0,1], do d6 f(x) = c.e®,c > 0. Thi lai, ta thiy

ham nay thoa man.

Cau 6b. Ta co6 f(x + y) = 2010% f(y) + 2010Y f(x), Va,y € R, hay

2010~ @) f(z + y) = 20107Y f(y) + 2010~ f(x), Va,y € R.

bat 20107* f(x) = g(x). Ta co

g(z +vy) =g(z) +9(y), Vz,y € R.

Day chinh 14 phuong trinh ham Cauchy quen biét, c6 nghiém 1a g(x) = azx.
Suy ra f(x) = ax2010%. T diéu kien f(1) = 2010 da cho suy ra a = 1 va

f(x) = 2010"x.
Tht lai, ta thay théa man diéu kién bai toan.




