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BAI TAP VE HAM SO VOI BA VAN DE
LIEN T UC, KHA VI, KH A TICH

Vi fu(t) dt 1a mét hing $ nénu(x)= x+ C  (Cla hing ).
0

N

—c-1iCoco 1
8 4

1
2 2
Dodo [(t+C)dt=C - (t—+ Ctj
2 2

0

0
A 1 hY \ A’ /‘\ N\
Vay u(x) = X+ 1a ham & can tim.

Bai 2. Choham & f :R - R théaman diéu kién: f (x+19)< f(x)+19va
f (x+94)= f(x)+ 94 véi moi x. Ching minh &ng: f (x+1) = f(x)+1 véi
moi XOR.

Lay mot so thuc x at ky. Ap dungdicu kién bandé cho Wi x-19 va

X — 94 ta thuduoc:

f(x-19)= f(x)-19va f(x-94)< f(x)-94.

Bay giv ta & dang chirng minh Bng quynap voi moi NON

f(x+19n)< f(x)+19n , f(x+94n)= f(x)+94n

f(x-19n)= f(x)-19n , f(x-94n)< f(x) - 94n.

Ta ®:

f(x+1)=f(x+5.19- 94< f(x+ 5.19- 94 f(Y+ 519 94 f( XN+
f(x+1)=f(x+18.94- 89.19> f(x+ 18.94 89.1€

> f (x)+18.94- 89.1% f(x)+ .

Vay f(x+1)=f(x)+1 OOR.

Bai 3. Cho f :R - R 1a ham kha vi cip hai Wi dao ham cip 2 drong.
Chang minh &ng: f (x+ f'(X))= f(X) véi moi sb thyc x.

Giai

+Néu f'(x)=0thi f(x+ f'(x))= f(x)véi moix : hién nhién.

+ Néu f'(x) <O thi 4p dungdinhly Lagrange trédoan | x+ f'(x); ] ta

duoc: f(x)— f(x+ f'(x))= F(J(- F(R) ,cO(x+ f'(x);X.
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f"(x)>0= f' laham ting = f'(c)< f'(x) <0. Vi vay
f(x)- f(x+ f'(x)<0.
+ Néu f'(x) >0 thi ching minh trong tx nhe truong hop f'(x) <0 taciing
thuduoc f(x)- f(x+ f'(x))<0.
Bai 4 Chox=2, ching minh(x+1)cosl— x codl> .
X+1 X
Giai
Xétham &: f :[2j0) - R, f(t)=tcos%r.
Ap dungdinhly Lagrange trédoan [x; x+1] doi véi ham f (t)

f(x+1)-f(x) _ 1) —
(x+1) - x fle2)= 1

tontai ud[x x+1]: f'(U)=

Can chrng minh f’(u):cosg+7—uTsin%> 10 W[ 2).

"(u) =—%cosg< 0 0 uJ[ 2400)= f' nghich bién trén[2;+cw)

f'(u) >lim f'(u) =1.

u-oo

—h

Vay (x+1)cosx—+1 xcos-> Ox0[2;400).

Bai 5 Ton tai hay khongqam kha vi lién tuc f théamain diéu kién
f(x)[<2, f(X)f(x)=sinxOxOR?

Giai

Khéng bn tai.

Taco:

f2 0)=J[ £*(t)] dt= jzf 0) (1) dt= 2f sintdt= 4 & cos)
Suy ra: f? ( ) f2(0) +2(1- 0091)2 .,
Bai 6

x-0

Gia sit ham f :(-a;a)\{0} - (0;+e) thoa ménlim(f (x)+ fl Jzz.

Chirng minh &ng lim f (x)=1
Giai
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Vi f(x)>0, ap dung bt ding thic Cauchy tatuoc: f (x)+

Ijm(f(x)+ﬁ]=2:mg>0ﬂ5>Osao cho0< f (x) +
voi 0<|x|<d.

Taco:0< f(x)+

- Os(f(x)—l)(l—ﬁ]«s 2.

Binh phrong hai \¢ cua (1), taduoc:

(f(x)—1)2+(ﬁ— j2+2(f(x)—])(ﬁ—1j<£2
c»(f(x)—l)2+(%— T-z(f(x)—])(l-ﬁ}gz (3)

Thay (2) vao (3) ta suy ré:f(x)—1)2+( 1 _ j <&+ 2.

, & day P(x) lada thrc véi hé o duong.

Giéi
Vi P lada thirc v6i hé s5 duong , Wi x > 1 ta co:
P(x)-1 [P ] P( X Vi P(x)—l_l. P( %) 1 nén

i lim =lim
( )~ P([§) " Hx1) o P(x) e P(x-1)

Ilm[ ] =1.

<= P([¥)

Bai 8

Hay ch ra mbt vi du ching © rang: lim (f(x)+ f(2x))=0 (*) khong suy

radugc f c6 givi han tai 0. Tdp (a—¢&;a+€)\{ g, ¢ day £ >0 duoc gi la

lan ain khuyt cia diém adR . Ching minh &ng réu tn tai ham ¢ sao cho
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bt dang thic f (x)=¢(X) dugc thai mén trong lanan khuyét cia 0 va
lim@(x)=0 thi tr (*) suy raduoc: lim f (x) =0

Giai

Vi du

Y S
Xét f:R - R xacdinh hoi f(x) :{(‘1) neu x= o n=0,1,23,.

0 néu ngroc lai

Y<(f(3+ 1(24)-¢(23

0 nénlim f (x) =0.

p(x)= F(x)=(f(X+ f(2¥)- f(29<
Vi lim g (x) =lim (£ (x) + f(2%) - )

X — 0

Bai 9
a) Cho vi @ vé ham f tha mandiéu kien lim( f (x) f(2x)) =0 nhung

X-0
lim f (x) khong on tai.
b) Ching minh Eing réu trong ndt 1an din khuyét caa 0, cac bt dang thic
f(x)z|4", —<a<1va f (x) f(2x)=|¥ dugc thai mén thilim f(x)=0.
Giai

n z _i _
a) Xét f :R - R xacdinh hoi f(x) ={( 1) néu x = o ,n=0,1,23,.

0 néu ngroc lai

b) [X" < f(x)< N I Dol<a<1nenllmf() =0.

(29 "o’
Bai 10

f(ax)_ e 2
Cho trge $ thue a, gia Sir lim —— - =g(a) véi mdi so duong a. Cling
minh ring ©n tai ¢ sao chog(a) = cd .
co(a) . f(ax . f(9_ ~

Ta o= =lim v =lim ‘ =g{1)=g(a)=g(1) & . Chon
c=g(1) taduoc g(a)=cd.
Bai 11

Gia sr f 0C([0;2]) va f(0)= f(2). Ching minh &ng ®n tai X, , X, trong
[0;2] saochox,—x=1va f(x)="f(x).
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Xétham 8§ g(x)= f(x+1)- f(x ,x0[0;2]

Vi f0c([0;2]) nengOc([0;2]).
Taco:g(0)=f(9-f(0)=f(J-f(I=-(f(3-(Y=-9(}
Suy ra:g(0) g(1) =-| g(])]2 <0

Vithétér]tg}i % 0[0;1]:g(%)=0= f(x+D= f(x).

Vay cotre lay x, = x,+1, X = X..

Bai 12

Cho f0C([0;2]). Ching minh éng ©n tai x,x, trong[0;2] sao cho
x=x=1va f(x)- 1(x)=2(1(2)- 1(0)).

Xét ham é: g(x)= f(x+1)- f(x)—%( f(2)- £(0), xO[0;2]
vi £0C([0;2]) nengOC([0;2]).

Tac6:g(0)= f(9- £(0)-5(1(3-(9)= F(3-(F(9+ (3
aW)= (2= 1()-3(1(2-1(9)=- 13- 1(1(9+1(3)]
Suy ra:g(O)g(l):{f(l)—%(f(o)+f(2))} <0

Vithé ton tai x,0[0;1] :g(%)=0< f(x+1- f()g):E( f(9- f(9).
Vay cO the lay x, = x +1, X, = X,.

Bai 13

V6i nON, goi f OC([0;n]) sao chof (0) = f (n). Ching minh éng ©n
tai ;X trong khang [0;n] thoa manx, —x =1 va f (x,)= f(x).

Xét g(x)= f(x+1)- f(x ,xd[0;n-1

9(0)+g(3)+-.+ g(n-]
=f()-f(0)+f(-f()+.+f(n)-f(n-3=1f(n)-f( Q= (

+Néu g(k)=0 , kD{0,1,2,...n- 1thi ta cé ngaytiéu phai ching minh.
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+ Néu [k0{0,1,2,...n- ¥: g(k)#0. Khdng nit tinh tng quat gi st
g(k)>0 thi ltcdd luén timdwoc h# k , h0{ 0,1,2,...n~ }1 sao cho
g(h) <0. Khi d6 t©n tai x,0[0;n-1] sao cho

9(%)=0 < f(x+1)= f(x).

Vaycothe lay x, =x +1, X, = X,.

Ching minh &ng reu
la, +2a,+..+ ng|< 1.
bat f(x)=asinx+ gsin2x+ ..+ g sinm ta co:

a sinx+ a sin2x+ ..+ g sinnx<| sinkvéi xOR thi

avza s nal=|1(9]= iy 1O
~iim 9 2 im M sinx|__ M <1.

x-0 X x-01 5N X X x- 0 S5IN X
Bai 15

Gia sr f(0)=0 va f khi vi tai diém 0. Hay tinh

lim l{f (x) + f(5j+ f(fj T f(—xﬂ v6i k 1a mot sb nguyén dong
x-0 % 2 3 k '

cho tuéec.

Ta co:

o0 (3 (9 (3]

=|im —
X-0
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Bai 16
Cho f la ham kh vi tai a va xét hai dayx )va (y,) cing i tu vé a sao cho

X <a<y véi moi nON. Ching minh &ng: lim f(x)= (%) =f'(a).

B
Giai
Ta c6:0< f(x”)_f(y“)—f’(a):‘ (%)= f(yw) - xf(a+ y E)‘
XY X =Y
_F06) = f(v) - f(a)+ f(a+af(g- af(§- x f( g+ v )7
A
_f(x)-f(a)-f'(a)(x-a _f(y)- (9= f(3( y- 4&‘
%~ Y X~V
f0)-f(a)- F(a)(x-4d|,| f(x)- (3~ f(3( y- &
%~ Y X~ Y
f0O0)-f(a)- F(a)(x-4d|,| f(w)- (3= f(3( y- &
X,~a y,—a
_ f()%x?:;(a)_fr( )‘_,_‘f(%)z:;(a) #(a) - 0 (n- )
Vayllmf()%)_f(y”) f'(a)
A
Bai 17

Cho f kha vi trén (0;+e) va a>0. Ching minh &ng:
a) Néu lim (af (x)+ /(X)) = M thi limof(x):%.
b) Néu fim (af () +24/x (%) = M thi 1imof(x):%.
Ap dung quy &c Lopitan, ta co:

e, (1) | efaly+ 1))

a) lim f (x) =lim

X— +00 eax X +00 (eax) X +oo aéx
= 1 ! :E' :M
—1ma(af(x)+ f'(¥) alxlfpm(af( X+ () -
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b) Ta co:
alx alx ' ex| + f
lim f(x)=|imefa];x(x)=limwzlim ( f 0 T ))
=tim_{af (X +2x1 (§) = im af( § +2V x1( §)= %
Cau 18

Cho f khi vi cp 3 trén(0;+e0) . Ligu tir sir ton tai cua gisi han

1Ln]°(f (x)+ f'(x)+ f"(X)+ (X)) co suy ras ton tai cia lim £ ()
khéng?

Khong. Lay vi du: f (x)=cosx , XJ( O%w).

Ta co:

lim (f(x)+ f'(x)+ () + "( %) =1im (cos x- sin x- cosx+ sin}=
Nhung khéng én tai lim f (x)= lim cosx.

Cau 19

a) Gh s f xacdinh va Iién tc trén[0;+e0) , c6dao ham liéndc trén
(0;+w0) va tha man f (0) =1, | f (x) < €* Ox=0. Ching minh ng ©n tai
X, 0(0;+0) sao chof’ (xo) e,

b) Gid st f kha vi lién tuc trén(L;+e0) va tha man f (1) =

|f(x)|s§ [Ox >1. Ching minh &ng ©n tai x,0(1+w) sao cho

Giai

a)bat g(x)= f(x) - €

f lién tuc trén[0;+e0) = g lién tic tren[O +00) = g lién tic trén 4i 0
f(0)-1=

= limg(x)=g(0)=

(X)|se” = lim f(X=0

X - +00

= lim g(x)=lim ( f(x) - €*)=lim f( }-lim & =0.

X — +00 X— +00 X— +00 X— 00
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Do do: Limg(x)zlim g( X = O%0(0;+): ¢( %)=0 hay f'(x,)=€>.

b) Pat g(x)= f(x)—;
f kha vi lién tuc trén(L;+e0) = lim f (x) = f(1) =0

X-1

= lim g(x)=nm( f(x)—%jzo.

X-T

0<|f(x)|<= = lim f(x)=0= lim g( X = lim

. =l im g §=tim| 1(-]=0
im g(x)=lim (= D30 +): 9( ) =0 hay 1'(x) == ;.
Cau 20Cho M :{f ac([o]) :f £(x) sinxdx:]f f( ¥ cosxdx }

X

o t—y

Tim mmjf X) dX.

Giii

Cho f,(x) =7%(sinx+ cosX).

+ R&rang f,0O0M .

+ P véi ham bitky fOM ]T[f(x)— £.(X)] dx=0.

Suyrajf dx>2jf ><)d><—j3‘2 ¥ dx i ]—i—]—j—z F( X d

Vay cuc tiéu dat duoc khi f =f,.

Cau 21
Tim ham $ f(x) c6dao ham liénidc trénR sao cho

)=[(f7(t)+ £2(t))dt+2011 ().
0
Giai
Viham $ f(x) codao ham liéndc trénR nén f?(x) codao ham liénc

trénR. ’
Lay dao ham 2 ¢ cia (1), taduoc:

2 (x) F(x)= (X + F(A=(F(9- (3) =0= ()= {3

= f(x)=C¢ (2).
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Tir (1) suy ra:f?(0) = 2011= f ( Q=+ 201.

Chox=0, tir (2)= f(0)=C=%+/2011.

Vay f(x)=x+201¥".

Cau 22

Tim tit ca cac ham&lién uc f :R - R thaa man

FO0)+ F00) +ot f(x00) = T+ F(y)+ ot 1 Yiny)

V6i moi bo 5 thoa man: x + X, +...+ X, = Y+ Y, + ..+ Y,.,.= C.

Giai

bat f(0)=b, g(x)= f(x)-b.Dodé: g(0)= f(0)-b=0
vag(x)+g(x)+.+ o %)= d Y+ ¢ Y+t § )

V6i moi bo 5 thoa man :x + X, +...+ X, = Y, + Y,+ ..+ V,.=C.

Truéc hét cho

Yi= Y, == Yoouu ™ 0, X=X~ 7 Xypoe— 0, X1~ Xy Koo = 2

tadugc: g(-x)=-g(® OxOR.

Tiép theo cho

y1: y2:"': y2011:0 ! Xl: X2: = X2008: 0 ! X2009: X’ X2010: y’XZOI?_ X ‘
taduoc:

g(x)+g(y)+ o-x Yy=00xyOR = d % y= ¢ }+ @ yOx yOR

bay la phwong trinh ham Cauchy, di®: g(x) = ax, a=g(1).
Vay f(x)=ax+b, a, b=cons
Cau 23
Cho flién tic tréndoan [a;b], kha vi trong khaing (a;b) va
f (a) = f(b)=0. Ching minh &ng ©n tai c0(& b) sao cho:
f'(c)=£*"(c).

i 2010(t)dit

Xétham 6: g(x)=e* f( %)

Vi f lién tuc tréndoan [a;b], kha vi trong khaing (a;b)nén g liéndc trén
doan [a;b], kha vi trong khding (a;b). Hon nira g(a) = g() =0 suy raén
tai cO(ab): g(9=0.

- J' £2019(t) it

Mag(x)=e*  (f(X- F(R).Suyra:f'(c)=f*"(c).
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Cau 24

Cho flién tic trén[0;2013 . Chirng minh &ng ©n tai cac $

f(2012)-f (0
2

X, % 0[0;2013 , x— x,= 100(thoa man: f (x,)— f(x)=
Giai

&t ham 6: F(X):(x+1006)— f(x) f(2012- f( 9)’
1006 2012

F lién tic trén[0;100§. Ta co:

F(0)= 2f (1009 - f ( 2012-f( O

2012
F(1006)=_2f (1009 - f(2012-f(

2012

F(0)F (1006 < 0= [x,0[ 0;100p E(x,)=
= [x,0[0;1004 :f(x, + 100§- f(x,)= f(20122)_ f(C)
Pit x, = x, +1006 , X = X, ta codiéu phai chirng minh.
Cau 25
Cho $ thyc a0[0;1]. Xacdinh tit ci cac ham liénc khong am tréfo;1]
sao cho cadiéu kién saudéyduforc thoa man:

x[0;10049 .

a)jf X) dx=1 b)jxf X) dx= a c)szf(x)dxzaf.

GIaI
Ap dung kit dang thrc Bunhiacovski ta co:

@xf(x)dszz(j: EENEE) d%zsi % { d}i( f X c
Ma theo gh thiét: Uxf(x) dszzi X f( % d){l f ¥ d.
Do f lién ic trén[0;1] nénx,/ f (x) = /l\/—/l>0 DxD[Oﬂ

Suy ra: f (x) =0 Ox0[ 0;1. Biéu nay mau than véi gia thiét: jf x) dx=1.

Vay khéng on tai ham f tha méan bai toan.

Bai 26 ,

Co on tai hay khong hamakha vi f : R - R thoa man
f(0)=1,f(x)= f?(x) OXOR =
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Giai
Gia s ham f tha man yéu au bai toan. Vif'(x)= f(x)=0 OxOR nén
f d@dng bién trén[0;+w) = f (x)= f(0)=1> 00 x| O%o).

Tir gia thiét bai ton ta cof :((tt)) dt> [dt= () zﬁ x00[0:).
0 0 -

Do d6 khong &n tai lim f (x). Biéu nay mau thin véi gia thiét f lién tuc.
Vay khéng on tai ham f tha man bai toan.

Céau 27

C6 hay khong it ham $ f:R - R théa man:|f (x+ y) +sinx+siny< 2

voi X, y OR.
Giai ‘
Giai sir ton tai ham f th@a man yéu au bai toan.

+ Chox——, y—— taduoc: |f (1) +2<2.

+ Chox=-= ,y—3— tadwoc: |f (77)-2/<2.
2 2

Talaicc'):4=|(f(ﬂ)+2)+(—f( +2)|<|f + 2+|f (m) - 2< £ Pidu
nay vo ly. VAy khdng cé hamdsf ndo tha yéu du bai toan.

Cau 28

Tim tat ca cac ham f(x) xadinh va lién tc trénR sao cho

f'(x) f"(x) =0 OxOR.

Giai
bat g( ):(f )
g'(x)=2f(x f(Y=00x0OR

= g(x)=C=const> f( ¥= constr )= ax DOxOR.

Cau 29

Cho f:R - R sao chdf (a)- f(b)<|a- B Oa# b. Ching minh éng
néu f(f(f(0)))=0thi f(0)=0.

Ta viét lai diéu kién ddi véi ham f(x) nhr sau:|f (a) - f(b)|<|a— B8 (*)
Dau “=" xay ra khi a = b.

bat x= f(0), y=1f(x). Khidé f(y)=

Ap dung kit dang thic (*) lién tiép ta co:
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:)y 2| f( Y- (3 =/0- y=[ (9~ { ¥=]b

X =[x=0{z[ f(x) - f(0)
Suy ra:x=y=0. Vay f(0
Cau 30

2
Ham f (x) :i/ex -1- x—XE c6 khi vi tai diém x=0 hay khéng?
Giai
Theo cong thc Taylor, ta co:

e =1+ x+ X Xy o X)= &-1- X=X, X
2 6 2 6

= f(x)=3/%3+o(x3)=3—\/1€x+ )

Vay f(x) khi Vi tai x=0 va f'(0) = —

76
Céau 31 ‘ , ‘
Chirng minh &ing reu ham f(x) kf vi vo han lan trénR thi ham

£(x)- f o
FO9= ) 406 dinh nghia themdé lien tuc ti x = 0 cing khi vi v han

‘ X
lan.
Giai
Vé6i x#0 ta co:
f(x)-f(0) _+
f d -~ 71=| f d
)=[ F(t)at=] () xau L2202 uy

1
Vi [ f'(ux) dukha vi vo han lan véi moi xOR.
0

f - f .
Vay M duoc dinh nghia thémde lién tuc tai x = 0 kha vi vO han
X

lan.

Cau 32

Cho f (x) kha vi 2 lan thai f (0) =
Chirng minh &ng: rrmm[oaﬁ(f( X) = 8.
Giai

f lién tuc trén[0;] = BO[ 0;] :f(a) = xrg?oij? f( ¥ = - 1.Suy radugc

f'(a)=0, ad(0;1).
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f(a+6(x- a))

Khai trién Taylor ti a: f (x)=-1+ (x-a)° ,0<@<1
+ Voi x=0,tacc’>:0=—l+%a2 , 0<c <a.

+Voi x=1, ta cc'>:02—1+ﬂ(1—a)2 ,a<c <1,

2

2 1 2 . 1

Dodé: f"(c)=—=8ncuas= ; f’ =——==28nua=—.
odo: f"(c) 28 neuass (c,) (1—a)2> neu az

Vay ﬂﬁﬁ(f"(x)z 8.
Cau 33

2011; 1
Giasr f(x)={" " x 0

0 , X =

va hamg(x) kha vi tai x = 0. Ching minh éing g( f(x)) codao ham ling
0 tai x=0.
Giai

2011 1
F() = of g(h smj— 9(0)
Tacé:ig(f(x)) =Iimg( ()9 (O))=|I h
dx " h n-0 h
g(hzollsini)— g( 0) 1 g( pfoLt simij_ Q( Q
=I|ing 1 h**sin== Ihing 1 [Ihing h**sin
- h20115in*_ h - h2011 SirF_ 0 -
h h
Vi 0< | sin <|h**} - 0(h- Q nénlim hsin = 0,
h h-0 h

.. d
Do do: OIXg(f(x))
Céau 34
Ham f xaadinh, khi vi trén (0;+), AOR. Ching minh &ng ham
f'(x)+ A f(x) khong giam khi va chikhi f'(x)e™ khéng gam.
bat h(x)= f'(X)+Af(x ; g(x)=f(x) €~

=[9(0)] 0=

x=0
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Suy ra:e”h( ¥ =( & f( >)) ;e g(X=f(X.

Khi do:

0(9=e (Y= H)=2¢ ()= b )af( e ()f ar ©
x)—AEe“I‘(Q d-A £(0).

h(x)= F(X)+Af(3)= e >)+;|E i(} de-A {0)

= e™g(x +/lje”t ) dt-1 {0).

(=)Gia sir h( x) khong gim
Khi d6 wi b >ata co:

a(b)-a(@=(¢ { h- & 6 P-1] & ()t &
Theodinh Iy trung binh ﬁa tich pha?u‘in tai
cO(ah): jé‘r(pdt—wjédt h) &= '8 (2)

Thay (2) vao (1) tduoc:

g(b)-g(a=eHB- € [ p- & h)e "e(h)
=e”(h(B-Hg)+ &( K - H §=0 wvsib>c>a

Do d6 g(x) khdong gim.

(O) Gia sir g(x) khdng gim

Khi @6 voi b > a ta co:

n(B)-H(d=(e" d b & § §+A] € B)t. ®
Theodinh ly trung binh @a t|ch phanén tai

cO a;b-fe-*t Ddt-g(ﬂ g dt——g)(( Rl) (4)
Thay (4) vao (3) tduoc:

h(b)-h(a=e” B~ € ¢ p~ ¢ @)e € (g)
=e”(g(b- 9 9)+ & ( g - ¢ B=0 vsi b>c>a.

Do d6 h(x) khéng gim.
Vay bai toanda chrng minh xong.
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Cau 35

Gia st f OC(R). Liéu c6 Hn tai cac ham & g(x) va h(x) sao chaxOR
thi f(x)=g(x)sinx+ H X cos» hay khéng?

Giai

Co. CHing han xét cac haméssau:

g(x)= f(x)sinx, A Y= f( ¥ cos

Taco:g(x)sinx+ h Ycosx= f( } sii x { Xcos = { k.
Cau 36

Gia st f:R - R c6dao ham ép 2 thai méan: f (0)=1, f(0)=0va
f"(x)=5f(x)+6f(x)= 0 OxO[ Oi+e0) . Ching minh &ng:

f (x)=3¢” —2€", OxO[0;+w).

Ta co:

f"(x)=5f'(x)+6f(x) =0 OxO[ 0w)

= £7(x)=2f(x) = 3( f'(x)~2f( %)= 00 X[ O;+eo)

biat g(x)= f'(x-2f( X , xO[ 0;+w).

Khi d6 g'(x)=3g(%) 20, xO[ Ow) ~ (€ d }) 2 0 X[ Op)
= e g( X tang trén [0;+w)

- (€ £(X) 2-2¢ , xO[ 0j+w) ~ (& f( }+ 2&) = 07| Op)
= ™ f(X) +2¢€ ting trén[0;+)

—e” f(X)+2e= & f(0)+28=3,[ Oy)

= f(x)236" -2€", Ox0[0;+c).

Céau 37

Cho f :(0;+») — R cddao ham @p 2 lién tic thaa man:

£(x) +2xf'( ) +( ¥ +1) f( >§|s 2011 véi moi x. Chirng minh &ng:
lim f(x)=0.

Ap dung quy &c Lopitan, ta co:

im 1 (x) =tim &) =

X 00 X— 00 z
e2
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!

IO ey LT ”)}I

= lim =lim - =lim
X X o 00

X0 2 ! X— 00 > 2

XZ

et (F(9+2xt (A +(3+) 1)) 1(x)+2x (3 +(x+1) (3 _

I

=lim 5 =im z
) e? (% +1) ) X+l
Cau 38
Gia sir ham é f lién tuc trén[0;+e0), f (x)= 00x= Cva Im@ =a<l.

Chirng minh ng ©n tai ¢=0 sao chof (c)=c.
+ Néu f (0) =0 thi ket luan trén hoan toaduing.
+Néu f(0)>0

bat g(x)= f(x) - x
Vi flién tuc trén[0;+w) g ding lién uc trén[0;+w).
Taco:g(0)=f(0)-0=f(0>00x C

1[n2°¥:a<1:> Db>0:%<1<: Ob>0: f(b< k.

Khi @6: g(b)= f(b)- b<0.

9(0)g(b)<0=0cO[0;O[ 0j+w) : §= 0= O 0: { §= .
Cau 39

Gia sir f cdao ham trén it khaing chra[0,1], f'(0)>0,f()<C.
Chirng minh ing ©Hn tai x,0(0;1) : f (x)< f(%) OxO[0;1.

Giai

f c6dao ham trén it khaing chra [0,1]

= %, 0[0;1] : f(X)< f(%)= Eg(ﬂ]xf(x).

Ta € ching minh: x, 0, X, # 1.

That vay!

liﬂwz f'(0)>0= ChO(0;) :fo(o)> 00 x( Oh|
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= f(x)> f(0) OxO(0;h] = f(0) khong phii la gia ti I6n nhat caa f (x)
trén[0,1] = x, # 0.

Ixirpl%= /(1) <0= Ck0(0;1) ;w< 00 xa[k )

= f(x)< f(1) OxO[k;) = (1) khong plii la gia ti 16n nrit cua f (x)
trén[k;1) = x, # 1.

Cau 40 ,

Cho ndt ham ¢ f xacdinh trénR thoa man

f(0)=0, f(x)=|sinX O xJR. Ching minh &ingdao ham @a f tai O
khoéng bn tai.

Gia sir f'(0) ton tai.

DXD(O;]—ZTj ta co:

> lim——=1.
x-0 X x-~0' x—0 x-0" X

Tuong ty ta ding ching minhduoc f'(0%) <-1

Diéu nay cting © f'(0) khong on tai.

Cau 41

Gia sir f(x) kha vi trén (a;b) sao chdim =+e, lim f (x) =-e va
f'(x)+ f?(x) = -10x0( a;b). Ching minh Eng b—ax 7. Cho vi ai dé
b-a=rr.

Giai

Céch1

f(x)_f(o)zsinxzf’(U):Iim (x)- f(0) sinx

Taco: f'(x)+ f?(x)=-10x0(ab) - F(x) +1= 00x0( &b

1+ f2(x)

~ (arctanf (x)+x) = 00 x0(a = arctarf( ¥+ x tang trén(a; b)

Chuyén qua géi han taduoc: 7—2T+ as< —7—2T+ b b-axrr.

Vidu: y=cotx,a=0,b 7.
Céch 2

Taco: f'(x)+ f?(x)=2-10x0(ab) = 1:;(:(())() >-10x0( ab
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L4y tich phan hai &

b f'(X) b b
j 2 dXZj—ldX® arctan f( >§| >a be -71> a b b arr.
"1+ f (x) 4 a

Cau 42
1
Cho f la ndt ham lién tc trén[0;1]. Tim . Timlim [ f (x") dx
— 00 0

Giai
ChoO<e<1. Khldotacojf( X") dx= j f( )dx+j f( %) d.
+ Theodinh Iy gia ti trung blnh @a tich phandn tai

CD[O:l-flrff( ) dx= f(¢)(1- ):Jtrpf f( x) e {0)(1-¢).
jf % Hf X) dxs M.

+ Pat M —sup| | ta co:
x]0.]]

Vay nmjf( x")dx= f(0).

n- oo

Cau 43

Cho f la ndt ham lién tc tren[a b] vajf dx 0. Chang minh &ng Hn
tai cO(ab): j f(X) dxe f( 9.

Xét ham: g j

g lién uc tren[a, b|, kha vi trén (a; b)

g(a)=g(b=0.
Theodinh Iy Rolle tn tai cO(a b): d(g=0.

Ma g'(x) ( (%- j l)dtj vithé f(c)=] f(1)d =] 1(x) o
Cau 44
Gia sr f OC([a; b)), a>0vajf x)dx=0. Ching minh &n tai cO(a; b)

sao chojf x) dx= cf( 9.
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Giai
Xét ham 6: g(x —j f(t

g lién uic trénfa;b|, ke vi trén (a; b)

9(a)=g(b)=0.
Theodinh Iy Rolle tn tai cO(a b): d( g =0.

Ma g'(x) ( jf j

Do d6 ton tai cO(a; b) saochojf x) dx= cf( g.

Céau 45

Gia sir f, g0C([a b]). Ching minh &ng ©n tai c0(a; b) sao cho
jf X) dx=_ @j

Gial

Xét F(x jf t)dt, G(X fg(t)dt

Suy ra:F'( ) f(x) ,G(x)
Ap dungdinh ly Cauhy ta c6:

9( ¥

) _
G(b)-G(g G(9

b b

= Ccl(ab): g(c)f f(x) dx= f(9[ f( 3 .

a a

C cl(ab): F(b)=F(a)_F(9 _ C cl(a;b): % =

Cau 46

Gia sir f, g0C([a b]). Ching minh éng ©n tai c0(a b) sao cho
jf X) dx= @j

Giai

Xét ham: F (x j f(t dtf g(t) dt

F lién tuc tren[a; b|, kha vi trén (a;b) va F (a)
Vi thé theodinh Iy Rolle ta coc0(a b): F( o

F(b).
0
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Ma F'(x) = f(x)jjg(t) dt- df >§Jz () d

Dodo: eO(a;b): g(c)[ f(X) dx= f( g f( 3 d.

Cau 47
Gia sir f va g 1a hai hamdsduong, lién tic trén[a;b]. Ching minh ng ©n

(o) __ald _,

f (x) dx jg(x) dx

tai cO(a; b) sao cho

o

D Sy

Giai
X b
Xét ham: F (x j dlj o ) d

F lién uc tren[a, b|, kha vi trén (a;b) va F (a) = F(b).
Theodinh ly Rolle ta c6:c0(a b): F'(c)=0.

wa: £ (x)=e| -f (9 of dh oo () ¢) e gH O d

Do do: CcO(a; b): jf dxjg ) dx+ f( &jq ) dt ¢ )(j () deo

= CcO(ab): f(c) _bg(c) =1.
f (x) dx {g(x)dx

D ———y 0

Cau 48
Cho f OC'([0;1]). Ching minh &ng ©n tai c0(0;1) sao cho:

jf x)dx= (0 +%f’(c).
Glal

Tacojf x) dx= jf A x-1)=( 1) { F -[( x) § ¥ d

= f(O)—j(x—l) f'(x) dx.
Theodinh ly gia t|i trung binh @da tich phén:

tontach(Ol)f( ~) F (X dx= c)j x—])dx:—% f( .
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Do d6: tn tai ¢(0;1) sao cho:

f () dx= f(0)+% (9

Oty

Cau 49
Cho f 0C?([0;1]). Ching minh &ng ©n tai c0(0;1) sao cho:
1 1
f( = f(0)+= f = f'( o).
[f(xax= 1(0)+L r(0)+2 7 (g
Gisi

Tacé:if(x)dx:j: £ d x-1)=( % 1) f(>)|;—i( 1) K X d

:f(O)—(X_Zl)zf’(x) +i(x_1

Ap dung dinh ly gia ti trung binh da tich phan:

X) dx.

ton tai c0(0;1) :i@f( dx— f( (jj x-1)° dx=} f( 3.

Do d6 ton tai c0(0;1) sao chojf X) dx= f(0)+% f’(0)+% f( ).
Cau 50
Gia ar f DCI([O;]]) va f'(0)# 0. V&i x0(0;1], cho&(x) thoa méan

[ (t)dt= f(8(x) x. Tim Lim@.

COEifli

bat F _Tf

Suy ra.F(O) 0, F( X)=f(x),F(x=f(x.

Ta co:F"(0)=f'(0)# Q.

Theo khai trén Taylor ta co:F (x) = F'(0) x+

= F'(x)=F (O)+F (0)x+ o[ ¥ = F'(8) =
= 1(8(x))x= F(0)+ F(0)6+ |6)]

'(0)+F"(0)8+0(6)

X=X
Khi d6: F’(O)x+% F (o) % + o X) = x| F(0) + F"(0)6+ o(6)]
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X)

Ilm— =
x-0" X

Cau 51
Cho f la mot ham liénac trénR vaa<b, ky hiéu

N

=T f (2011x+ t) dt. Tinhdao ham @a g.

Gial
b+2011x

Ta co:g(x jf (2011x+ ) dt=" [ f(u) du

a+2011x
=g'(x) 201][f (b+ 201 - f(a+ 2018].
Cau 52
A " N
Cho f lién tuc trenIR{.TlmImE (f(x+h)= f(x)dx

a

Gial
Ap dungdinh ly gi& ti trung binh ﬁa tich phan, ta co:

J(FOrm) =19 = ] H(3 o] oy o

a ath
b b+h h

= | f(xaxr | f(x)dx—afa f gdwa{h ( xd

a b+h

= jf dx+j X dx=~-hf{ a8 h+ h{ b | , 6,6 0[0,1.

.1tk
:lmﬁi(f(w h)- f(X)dx= f(§- f( 3.
Cau 53
Cho f 1a mjt ham lién tc trén[0;+e0) thod mén |XI[T°1°(f( )+j f(t) dt) co
gioi han hiru han. Ching minhlim f (x)=0.
Giai

pat F(x) =] f(t)dt= F(x)= ().

f(t)dtjzlim(F’(x)+ F(X)=L

X — 00 X — 00

Khi d6 gia sir Iim(f(x)+

O gy <
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Ap dung quy &ic Lopitan ta co:

lim F(x)=|imexF—x(X)=Iim (eXF( )) =lim é( il )2; i ))) =lim (F’(x)+ F(x))z L

X — 00 X— 00 e X— 0 (ex) X— 00 X — 00
Suy ra:lim f (x) =lim F'(x) =0.
Cau 54

Chang minh &ng réu f kha tich Riemann tréfie;b] thi

Uf(x)sinxdxj2+@ f( @cosxd%zs( b- 31? f( x d.

Giai
Ap dung kit dang thrc Schwarz, tadugc:

2

@ f (x)sinxdx}l@ f( ﬁcosxd% <

b b b b b
<[ f2(x)dxsin® xdx+ [ (3 dcos xd=( b H H )x
Cau 55
Chirng minh #ing réu f duong va Kk tich Riemann tréfia; b] thi
& dx

(b—a)zsif(x)dif(x).

b b 2
Hon nta rtu 0<ms< f(X)< M thijf(x)dxf f(](l);)S(rréllJrrnl\l\;ll) (b- a)z.

Giai
+ Ap dung hit dang thic Cauchy Schwarz, ta co:

(b_ay:@m'ﬁ dx} SE f( % dié%.

+Vi0<ms f(X)< M nén

Ta co:

.T(f(x)_m)( f(x)_M)dXSO @jlf(x)dx—(mi- M)_f dx ml\j’i dx <0
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- 1% :f (b g s(m N b R

b

Do d6: mMjf

(me w5 3 (3 ox(] € o

a

Xét ham 6: y = g( )——t2 + kt.

2

Ham $ dat cyuc dai tai t =g Véi gia tri cuc dai la kZ

b

V6i k=(m+ M)(b- g ,t=] f( ¥ ditaco:

(m+ M)(b- a)i (% dx—@ (3 d%zs (m+M)"(b-4)"

4

Dodé:mMT f(X) d>§b de s(m+ M) (b- )

o [ (x)ax fdx !

Cau 56
Cho flién tic trén[a; b] sao cho i moi [a; 8] O[a;b] ta co:

x)d%s M|B-al™ véi M >0, 5>C.

Ching minh &ng f (x)=0 trén[a;b.
Véi moi %, O[a b, chon h thipe R du bé sao chog, +hO[a .
Khi d6 theodinh ly trung binh @a tich phan:an tai ¢ ¢ gitta x, va x, + h

T #4 = 1<

X
Choh - 0 taduoc |f(x,)<00x,0[a;b]. Suy ra: f (x) =0 trén[a;h].
Cau 57

Cho flién tic trén[a; b] . Dat c—b—j f (x) dx. Ching minh &ng:

sao chd f (c)h=

j| x—q dxs”f —t dx O R.
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Giai
b b
Xét gt Hx t* dt=(b- a)f—z(jf d% t+j f( X d.
g(t) 1a tam thkc bac hai theo t, g(tfat cuc tiéu tai t, ——jf dx C.

Vayﬂf X —o| dxs” fi( —t dx O OR.
Cau a58 ) o ‘
Cho f la nt ham thrc kha vi dén cap n+1 trénR. Chirng minh &ng Wi
! (n)
mdi s thuc a,b , a < k thaa manin f(b)+ #'(b)+..+ £7(b) =b-a
f(a)+ f'(a)+..+ (4
ton tai cO(a b) sao chof ™ (c)= f(c).

Giai ’
Véia, bla s thuc, a<b ta co

In(f(b)+f )+...+ £ J .

f()+f +...+ f0
Q(f()+f ++f )e‘a f(g+.. +f(l))
Xétham 6: g(x)=( f(x)+ f(X+.+ f”(>§)éx

Ta c6 g(x) ki vi trén R va g( a)=g(b.
Theodinh Iy Rolle tn tai cD(a, b): d(g=0.
Ma g'(x)=e*( (- f(3).

Do d6: f™(c) = f(c).

Cau 59

Cho f:R - [0;+w) [a mbt ham lién tc kha vi. Chiing minh &ng:

o)f #(9 akema (3] 1) of
Giai

Dit M :rx%ﬁf’(x)y

Khi do | f (x)<s M Ox0[0;1] = -M < f(x)< M Ox0[ 0;. Nhan f (x) =0
vao trng ¢ cua bit dang thirc nay tatugc :

-Mf (x) < f(x) f'(X)< Mf(X) , xO[0;]]
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x

Suy ra:—Mjf (t)dt<

O =y %

f(t) £'(t)dt< M| f(t) dt

; f2(0) < MI f (t) dt. Dén day ta tép tuc nhan
0

—Mjf dt<§f (x)-
f( )>0 vao trngvécﬁa kit dang thic naydé duoc:
~Mf ( jf dt<—f (%)- %fz(o)f(x)s mif( [ (o xo[o:d].

Lay tich phan 2 @/tren[O 1 coa bit déng thic nay:
—MUf( J jf x)dx— £2(0)  £() dxs M(jlf %
[ #2(x)dx= 12(0)] #(% + (j ) d%

0 0

jf x)dx— £2( o)i f(%) + max f( >)|U f(>)d%
Cau 60
Chof :[0;+c0) — R kha viva thai man f (1) =1, f(x) =

<~

hay

1
X*+ f2(x)
Ching minh &ng ©n tai gigi han hiru han lim f (x) va bé thuaL+7ZT.
Giai
1

F(X)=—

(X) X2+ f2(x)
f(x) dongbién= f( x)>f(1)=1 Ox>:

>0 Ox0[ 0j+e0)

Tur do ta co: f ( 1+jf’(t dt<j—dt 1+ arctant, < }Z

Vay tn tai giéi han hiu ban lim f (x) va bé thue1+’z’.

Cau 61

Tim tt ca cac hamf (x) thad méndicu kién: f (x+1) - f(x)= 2" DOR.
Nhan xét; 2% =2.2* - 2*= 2*x- 20

Ta co: f (x+1)- f( )_2' O0R « f(x+1)+2™9 = f(x)+ 2> OxOR
bat g(x)= f(X)+27= g(x+1)=g( ¥ OxOR. Vay f(x)=g(x)-2",
vé6i g 1a ham tén hoan cé chu KT =1.
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Cau 62
Cho f 1a ham liényc trén[0;+e0) va tha man0< 3xf (x) <1 OxO(0;+w).

Ching minh &ng ham é g( x jt3f t) dt- SU tf(t dtj la ham $ dong

bién trén(0;+).
Giai

Ta c6:g'(X) = X () -9 xf( (j t( pd) = x( y{ 3(—@3t() d]z_

Lai c6: 0< [ af (t)dt<j1dt:x:>(j3tf(t) dtj <%= %—(f 3ti( ) ] > ¢

Két hop v6i xf (x) >0 OxO(0;+w0), ta suy ra:g’(x) >0 Ox0( 0;+oo).
Vay g(x) 1a ham & dong bin trén(0;+o).

Cau 63

Cho ham &: f 0C*([0,2]) va f(0)=2010, f(3= 2011, { p= 201
Ching minh &ing ©n tai ¢0(0;2) sao chof"(c) =0.

Giai

+ Ap dung dinh Iy Lagrange cho hané  trén [0 ,[14

f(1)-f(0) _2011- 2010

(a0(0;2): f'(a) = =0 =0 =1
L f(2)-f(1)  2012- 2011
b0(02) - ()= (2~ 118 2002 200

+ Vi f' kha vitrén[0;2] va f'(a) = f'(b) nén thealinh ly Rolle bn tai
c(0;2): f"(c)=0.

Cau 64

Ton tai hay khdng ham liérut f :R* - R* thaa man céaaliéu kién:

() f(201d)<f (2013 (i) f(f (x)):i.
Giai ,

+ Truéc het ta chrng minh f ladon anh.

[Ox, x, OR" , ta co:

f(x)=f(x)= f(1(x))= f(f(x)=="= x=x.
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+ f lién tuc vadon anh suy ra &on diéu. Két hop vai diéu kién (i) suy ra f

ddng bén trenR". Khi d6 f (f(x)) -1 ciing 1a hamidng bén. Diéu nay
X

v Iy Vi y=2 13 ham ngich bén.
X

Vay khéng tn tai ham f tha man yéu &u bai toan.
Cau 65
Cho f xacdinh trén[0;1] thoa méan: f (0)= (1) =0 va

f(";yjs £(x)+ f(y) Ox, yo[ 0,4

Chirng minh #ng: phrong trinh f (x) =0 ¢6 v6 $ nghiém tréndoan [0,1].
Giai

Cho x=y, tir gia thi¢t ta c6: f (x)<2f(x)= f(x)=00x0[0,].

Ta co:0< f(%js f(0)+f()=0= f(—;j: C.

Ta € chirng minh f(z—lnj =0 OnON (1)

+ (1)ddng Wi n=0, n=1.
+ Gia sr (1) dungdén n=k, tuc la: f(ikao.
2

+Taco:0< f(ziljs f(0)+ f (?{j= 0= f(zklﬂjz 0. Dod6 (1)dung

dén n=k.

Vay phurong trinh f (x) =0 c6 v6 $ nghém tréndoan [0,].

Cau 66

Cho ham & f(x) lién tuc trénR thod mandieu kien:

f(f(x)) f(x)=10x va (1000 = 99¢. Hay tinh f (500).

Véi x=1000, ta co: f (f(1000) f (1009= % f ( 99)3:%.

Xét ham 6: g(x)= f(X)-500

flién tuc trénR = f lién tc trén[999;100¢= g lién tuc trén[999;1000.

1
999)= (999 - 50— - 50&
9(999)= 1(999 - 506- -
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g(1000 = f(1009- 506 999 509

Suy ra:g(999) g( 1000 < @= Ox 0( 999;1000 d( %) =
= % 0(999;100Q :f(x,)= 50t

Thayx=>gtaduqcf(f(x))f(&)=1:>f(SOQ::géé.

Cau 67 ’ ‘
Chohamsé f:R - R thoa mandiéu kién:

HCIRIC){CS) y+2 Ox, yOR (1) . Hay xaclinh gi ti c6 thé

3
c6 aia f(201]).
Cho x=y=0 thay vao (1) tauoc:
2(0) - f(0)=-2
-1 -5, f2(0)- 1(0)- 6= 0 | ¥
3 f (O) =3

+ Xét f (0)=-2. Khi do: f(x) f(0)- () =x+2= f(x)=——32)x— 2.
Thay vao (1) thy khéng tha.

+ Xét f(0) =3, khidd f(x)=x+3. Thay vao (1) thy thoa man.

Vay f(2011)= 201% 3 201.

Cau68 ‘

Chohameé f:R - R thoa mandiéu kién

f(x*+2y)= f(y+2x Ox, ydR.Ching minh éng f 12 ham ng.
V61 moi a, b thic R, ching minh 6n tai x, yOR sao cho:
X+2y=a,y+ 2x= L.

RO rang f (a) = f(b)= f la ham king.

3 _ _a- X 2
X3+2y_ a@ y_T :(—a_xaj +2x-b=0.
y'+2x=b V' +2x=b 2
Pay |a phrong trinhda thrc bac I¢ ( bac 9)ddi véi x nén ludn c6 nghim
trén R. Suy ra @ trén luén c6 ngkim (X, y).

Vay f la ham fang.

Xeét h¢ phrong tr‘mh:{
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Cau 69
Tim gié ti caa k sao chodn tai ham liénuc f :R - R thoa man:
f(f(x))=k< DxOR.
- Truong hop: k = 0 thi hamf (x) =0 OxOR thoa mé&n yéu &u bai toan.
- Truong hop: k#0

+ fdon diéu

+ fla ndt don anh. Tit vay! [Ox, yOR ,
f(x)=f(y)= f(f(X)= f(f(y)=> K= ki= %= §= % .

Vi flién tic va ladon anh nén fion di¢u thuc ar

* Néu f tang thrc ar.
Khiio:
x<y= (< f(y)= f( f(R)< f( f( )= f f( §) tang thrc .
o Néu f giam thuc ar

x<y= (x> f(y)= f( f(X)< f( ()= f{ f 3) giam thyc sr.

Vay f(f(x)) lahamsng thyc, vi thé y = kx'ciing la hamang thrc sr.
Do do k>0.

Ngroc lai véi k > 0, ta ludn timiuge ham f (x) =¢kx¥ OxOR.
Cau 70 ,
Ton tai hay khdng hamés f : R - R sao cho &i moi X, y thwc R ta co:
f (xy) = max{ £(x) o} + mi 1() ).
Thay x=y=1 tadugc
f)=ma{f() I+ mAf() p=f()p+ & & (Voly).
Vay ham f khéngan tai.
Cau 71
Tim K :rpuijnl(l+ x*)£?(x) dx, & day O ={f oc([o.1) :! f(x) dx= 1}.
Giai Ap dung kit dang thrc Schwarz ta co:

1=@f(x)dx}2:@\/>€'—ﬂf(>§\/)§_ﬂ dszsi(ﬁ %) f( X di(lf;: <

2 2 ﬂ
(1+x°) £2(x) dx= —

Suy ra:K =min

fm

Oty
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Cau72 Gia st ring f va g 1a cac ham khvi trén [a;b]; trong do

g(x)#0,d(x ;tCChxngmthingt()ntal cO(a;b) sao cho:
(a) f f(c) a(9
{ @ s s s
o )—g g( 9
<l f(x) 1
Xét hai ham & h( )_W ,k(x)=@ kha vi trén [a;b].

Ap dung dinh ly Cauchy ta co:

. N(b)—h(a) _ K( g
O (5) k(a) (9
f(b) f(a) f'(C)g() (c)d(9)
g(b (9)
11 'C)

g(b) o3 (9(9))

Cau 73Ching minh &ng: f (x ) =arctan x thad mén phrong trinh:

(1+ %) (x)+2(n=D f"?(x) +(n= (- I £ ( N = Cvsi xOR va
Cniﬁiz.
f (x) =arctan x

~
Q

—~
SO

= eO(a;b) :

f’(x):1+1X2:>(1+x2)f’(x):1 (1)

Lay dao ham hai ¢ cua (1) suy ra{1+ x*)f"(x) + 2xf'(x) =0.

Bang quy rap ta clirng minhduoc:

(1+56) 1 () + 2(n-2) 1 (x) + (n- (1= £ =
(OxOR, nz 2)

+ Ménh dé dung trong teong hop n = 2.

+ Gia sk ménh dé dungdén n=k

tic 1a: (1+ %) £4 (x) + 2(k=1) xt*? (x) + (k= 2) (k= 1) f*?(x) = 0 (*)
L4y dao ham ham hai dvcaa (*) taduoc
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2xF (x) + (14 x°) £49 (x) + 2( k= 1) £ (x)

+2(k=1) xf" (x) +(k-2)(k-=1) f*“?(x)=0

= (14 %7) £ (x) + 2kxf ¥ (x) + (k ~1) kf*? (x) =0

Cau 74Cho f 1a ham khvi &én dp n trén(0;+). Ching minh &ng Wi
x>0,

Led) ()

Giai
+ Ménh dé dung trong trong hop n=1.
+ Gia sr ménh dé dang trong teong hop n< k, tic la:

(el

+ Ta $ chirng minh nénh dé trénding Wi n=k +1.
That vay!

) s (e (e

o)) e )]
(e (e ()
o (o2 (wor(2)))

Theo gh thiét quy rap véi truong hop n = k-1 taduoc:

X—lkf Y Gj = (—1)H(xk‘2f ' GDM .

(k+1)
Tur d6 suy re(—l)kﬂ(xkf(ln = izf(k*l)(—l).

X X X
Vay bai toanda dugc chrng minh xong
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Cau 75Cho f khi vi trén (a;b) sao cho ¥ x(a;b) ta co:
f'(x) =g(f (x)). trongd6 g0 C" (a;b). Ching minh fC" (a;b).

Taco:f'(x) =g(f (x))=1"(x) =g'(F (x))f '(x ) =g"(F (x))a (f (x))
£ (x)=g'(f (x))(a(f (x))) *(9'(f (x))) o f (x))
Dodo f", f" deu lién uc trén(a;b).
Ching minh laing quy np tadugc f™ (n>3) déu 1a 6ng cacdao ham
g% () véi k =0;n— 1. Tir d6 suy radiéu phii chang minh.

Cau 76Chof: [—Z—ZT; 7—21 N [—1;1] la mot ham Kkt vi cd dao ham liéndc va

khong am. Cing minh 6n tai x, D(—i—;;i—g sao cho

g la ham liénuc trén

_ F'(x)
JL-H(f (x))
. f =1
Neu ton tai X, D(J—ZT;]—Q sao chg{ (XO) thi x, la arc tri dia phrong

f(x,)=-1

cua ham f nén thedinh Iy Fermat ta suy rduoc f'(x,) =0. Vi thé ta co:
(16c)) +(F(c.)) =1

Néu f(x) # +1 [X D(J—ZT;]—Q thi 4p dingdinh ly Lagrange cho ham g trén

dOan[ i—T]—T}:
2 2
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> m[-g;gj : g@ i g(_i_g i \/1_f (E=><(x))) (7—2‘(‘@] |

X s f'(x,)
Dé thay: 0< TTISTT.
\/:I'_(f(xo))2

Viy ta ching minhdugc (f (x,))" +(f'(x,)) <1.
Cau 77
Chof kha vi trén[a;b] va tha man:

a)f(a)=f(b)=0 b)f'(a)=f(a’)>0, f(B=f(b)>C
Ching minh &ing ©n tai cO(a;b) sao chof (¢)=0 vaf ( ) 0.
Gial
Tir gia thiét suy ra f ing O ti it nh&t mot diém trong khang (a;b).
Pat c=inf{xO(a;b) :f(x)= G, ta cof (c) =
Vi f'(a) >0 nénf (x)>0 OxO(a;c). Hon nta f'(c) ton tai nén
f’(c):Lime(C+hI2_f(c)=li f(ch h)<O

h- O

Chof (x) la ham 6 codao ham #i diém x, =2011vanON. Ching minh
rang: Iimn{f (1+ 2011nj—f (2011)} =f'(201)).
n-e n

Giai

Vi f c6 dao ham 4i diém X, = 2011 nén thealinh ngha ta co:
. f(2011+AXx)—f
lim ( ) (X"):f’(xo)

AX -0 AX
Xét rieng: Neu lay Ax :1, ta COAX — 0 khin - o,
n

Ta co:
f(2011+1)—f(2013

mnn{f(1+201bj—¢(201n}:IM1 n
n-o n n-oo 1

n

=f'(201).
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