CAC CHUYEN DPE BOI DUONG HOC SINH GI Ol

Chuyénbé: UNG DUNG CUA PINH Li LAGRANG
. Ly thuy ét: ,
1. Dinh li Lagrang: Cho ham & y=f(x) lién tuc trén [a;b] va khvi trén (a;b), khiid
f(b)- f(a)

)4 I4 b B a
Hé qua 1:Neu ham 8 y=f(x) lién wa trén [a;b] , khz vi trén (a;b) va f(a)=f(b) thi
Pt: f'(x)=0 c0 it nhit mgt nghiém trén (a;b)
Hé qui 2:Cho ham 8 y=f(x) cddao hamdén cip n. .Nu pt f (V(x) =0 c6 k nghgm thi
Pt ™ (x) =0 cé nhiu nhit (k+1) nghigm
[I. Cacwng dung:
1.Ung dung d/l Lagrang dé gidi pt: , -
Phurong phap BE giai pt f(x)=0 ta s dung Fe¢ qua 2 chrng minh $ nghém nhicu nhit
cua pt co tk coduoc, saudod ta ch raduoc cac nghim aia pt
Bai 1:Giai pt: 2003* +2005* =4006x +2 (HSG Ngh¢ an 2005)
Giai: Xét ham § : f(x) =2003" +2005" —4006x -2
Ta co: f'(x) =2003" In2003 +2005" In 2005 — 4006
f"(x)=2003" In?2003 +2005 In?2005>0 Ox = f"(x)=0 vO nghi€ém
= f'(x)=0 c6 nhiéu nhat 12 mot nghiém = f(x)=0 c6 nhi€u nhat 12 hai nghiém
Ma ta tHiy f(1)=f(0)=0 nén ptta cho c6 hai nghin x=0 va x=1
Bai 2: Giai pt: 3%% = 2°°*+ cosx
Giai: bat t=cosx;t 0[-1;1] khi d6 pt t thanh: 3'=2' +t = 3 - 2 —t = (, ta thiy pt
nay c6 hai nglim t=0 va t=1 ta&c/mdoé la $ nghiém nhiéu nhit ma pt cé th co:
Xétham é: f(t)=3 -2 -t v6i tO[-1;1] tacof'(t)=3In3-2 In2-1
f"(x) =3'In?3- 2 In? 2> 0= f(x)=0 c6 nhiéu nhit 1 nghém nén f(x) =0 cé nkdi nHit
hai nghém tir d6 ta codpcm

tom tai sb thuc cO(ab) : f'(Q) =

Vay pt ¢6 hai b nghim: x = k27 : x:g+ o

Bai 3: Giai pt: 3° =1+ x +log;(1+2x) (TH&TT)

Giai: bk: x>-1/2

pt = 3 +x=1+2x+log;(1+2x) = 3" +logy 3" =1+2x +log;(1+2x) (1)

Xét ham é: f(r)=t +1log, ¢ ta c f(t) |a handong bén nén

(1) = fG)=f1+2x) = 3" =2x+1 = 3 =2x-1=0 (2)

Xétham é: f(x)=3"-2x-1= f'(x)=3"In3-2= f"(x)=3"1n*3>0

= f(x)=0 co6 nhéu nht 1a hai nghtm, ma f(0)=f(1)=0 nén pta cho c6 hai nghin
x=0 va x=1
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Bai 4: Giai pt: 5 +12= 6+ 1¥
Giai: pt < 12°-1%= 6~ 5. Gia st m la nghém cia pt, xét ham&
f(t)=t"—(t-1)™ ta c6 f(12)=f(6) nén theodtgua 1 thi Hn tai cO(6:12): f'(c)=0
haymcd™* - m(c-1)"™'=0e nMét-(e)™)=0- m0, m]
Thu lai ta thiy thoa man. \ay x=0 va x=1 |a ngléim cia pt
Bai Tap: Giai cac pt sau

1.3+ 5=24

2. 1+ x)(2+ &)= 34

3.9+ F= (x+ 12*
4.5+ 2= + &

2.Ung dung dinh li Lagrangdé cm pt c6 nghém:

Phwong phapbé cm pt f(x)=0 c6 nghéim trén (a;b) tati xét ham F(x) c6 tinh ¢h :thoa
man céatiéu kién d/I Lagrang , F'(x)=f(x) sad6 ta cm ham F(x) e mandk caa Hé
qud 1tir d6 ta codiéu phai ching minh

Bai 1: Cho cac & thuc a,b,c tha mandk: —— + b +£=0. cmrb? > 4ac(1)
m+2 m+l m

Giai: Ta c6 (1) chinh ldiéu ki¢n cin vadi dé pt: axX+bx+c=0 c6 ngtim nén ta chusn
viéc cm (1) & cm pt ax‘+bx+c=0 c6 ngkim
* Néu a=0 thi (1) lubrding

m+2 m+1 m

* Néu az0. Xét ham 6 f(xX) = a— + b+ c>— ta thiy f(x) c6dao ham trén R
m+ 2 m+1 m
vaf(l)=—2— + P 1+ ©_0=f(0) nén theo iqua 1 thi pt F(x)=0 c6 nghim (0:1)

m+2 m+l m
hay pt:ax™*+bx™ +cX™* =0~ ax+bx+c= (c6 nghém trén (0;1) & d6 ta cédpcm
Bai 2:Cho céac 6 thuc a,b,c vasnguyén n>0 thioman: 5¢c(n+2)+6(a+b)=0. Cmr pt

a.sin'x+ b cos x+ c.sinx+c= luén cb g trén (0;7—2T) (HSG Ngh¢ an 2004)
a b5 b

Gidi: Ta co:gt < + === *)
n+2 6 n+ 2
s n+2 +2 . .
Xétham é f (x) = a>— " - pCO% X, ¢ Sirv x, G Sirt x trén[0;2] ta tHy f(x) thoa
n+2 n+2 3 2
mandk d/l Lagrang trér{0; 7). Mt khéc tadi c6: f(0)=-—2— ;f (F)=—2_ +2C
2 n+2’' 2 n+2 6

= f(0)=f (7—2T) (do (*) ). Theod/l Lagrang thi pt f'(x) co nglém trén(0;7—2T)
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hay pt:a.sin™** x.cosx+co8"1x sinx+c.sfrx c. osx+c.sinx.cos:
= sinx.cosx(asifix+bc dsx+ cs inx+c)=6  a.sin¢ bc.'bst ¢ .sinx® (vi sinx,

Cosx >0 trén(O;g) ) ¢6 nghém trén(O;g) (dpcm)

Bai 3:Cho cac & thuc a, a,,...,3, thoa man:a, +%+ﬁ+...+i =0va

3 n+1

ao+a17k+82_;2+___+a”—ﬁ= 0 voi k >0. Cmr pt sau ludn c6 ngim
n

a +2a,x+..+ ng X =0

X X
o+t 1206 f(0)=f(1)=H()=0

Nén theo B qua 1 thi pt: f '(X) = &, + a x+ a2>? +...+ @ =0 c6 hai nghim phan bijt
X1, % = (%) = F'(%)=0=Pt f"(X) =& +28Xx+....+ ng X = 0c6 nghém

Giai: Xétham é f(x) = aox+%+

Bai 4: Pt: asinx+ p’bsinpx+d csingx= ( (v6i p,q la cac & nguyén dong k) cé it
nhat bao nhiéu ngkim trén[0;277]?

Giai: Xét pt: f(x)= asinx+bsinpx+csingx=0f.(0) = f (;7) = f (277) nén pt

f'(x) =acosx+ pb.cospx+ gc.cosgx CO21R X, % O0< X <7< X%< 2T

Vi p,q la cac & nguyén dong 16 nén ta cé f '(’—ZT) =0= f'0q)= f'(%)= f '(’—ZT): 0

— pt f'(x)= asinx+ p*bsinpx+d csinge (c62 R Yy, Ys:

Min{x , ’_ZT}<y < Max{x 4 %<y ,< X, Hon nira f"(0) = f"(7) =0
Vay pt: f(x)=0 c6 it nkit 4 nghgm trén[0;271].
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3. Ung dung @/l Lagrang dé chizng minh Bat Dang Thiic:

Phwong phap* Bé c/m Bdt c6 cing: m<Lg(b)< M ta xét ham&y=f(x) thoa
a_
A Lia An [ . N 1 C ) .
mandicu kién d/I Lagrang trén [a;b], knio cocl(a b): f (c)——b saudo ta
a_

ching minh: m<f'(c)<M ’ ‘

* Pé ¢/m Bdt c6 chng : m< f(a) - f(b < M ta xét ham & y=f(x) théa mandiéu kién
d/l Lagrang trén [a;b], khié cocl(ab): f(a— f(h= f'(9(a b

saudo ta clirng minh: m<(a-b)f'(c)<M

Bai 1: Cho 0<a<b. Cmr:b; a_p,P.,b-a

a a
Giai: Bdt da cho — L<NP~INa_1
, b b-a a ‘
Xét ham 8 f(x)=Inx trén [a;b]. Ta thy f(x) thoa mandk d/I Lagrang trén [a;b] néroi
tai s6 c: a<c<b: f '(c):}: ()= (&) _Inb-Ina y, cO(a; b):>l<}<—1
o b-a b— a b c¢c a
Dodé tace < MP-na_1 dpcm
b b-a a
-1 1
Bai 2: Cho 0<x<y va m la 6t s nguyén gong it ki. Cmr: y™ < X(x" m++T)7”_ )
x y" = x" -1
Giai: Bdt da cho < X <my™

Xétham § f(t) =t™ trén [x;y], ta thy f(t) thoa mandk d/I Lagrang trén [x :y] némh
tai so cO(x y): w= f(9= m& 1< mytdpem
Bai 3:Cmr:n"*!>(n+1)" On=3 (PH AN NINH 2001)

In(n+1) Inn<
n+1 n

Giai: Bit = (n+1)Inn>nin(n+1) = O= f(nt1)- f(n)<C

Véi f(x) _InX thiy f(x) thoa mandk d/I Lagrang trén [n;n+1] nén cd §: n<c<n+1
X
1-Inc
C2
Bai 4: CMR: sin€}/cos(e-1- singe ® cod co .co# -
sine _ sin(e— 1) -1

Jcose 3 cosg -1)

f(n+)-f(n) = f'(c)(n+1-n= f'(0Q=

< O=dpcm

Giai: Vi cose, cos(e-1)>0 néniB =
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r 1 +
Xét ham &: (9 =37 trén [e-Le], ta cdf () = 203LX43
cosx 3V cos'x

Ap dungd/l Lagrang thi c6& e-1<c<e:f(e) - f(e-1)= (9
Mit khac:cos’c+ codc+ & § codc= f '€y Z>dpcm
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