Mot sé ing dung sai phan
dé tinh tong

- Dinh Cong Hudng
Truong Dai hoc Quy Nhon

1 Giéi thiéu

Bai toan tinh tong, tong riéng ctia chudi sb thudng xuit hién trong cac ky thi hoc
sinh gi6i qubc gia va qubc té. Deé giai quyét bai toan niy, ngudi ta thudng sit dung céc
phuong phéap truyén théng nhu quy nap toan hoc, sit dung dao ham, tich phan, bién ddi
dai s6, sit dung céac tinh chat clia sb phiic,... Trong bai bao nay, chiing t5i gidi thiéu mét
phuong phap khéic dé gidi quyét bai toan trén dé 1a phuong phéap sai phan.

2 Mot sé6 khai niém co ban va tinh chat ctia sai phan

Dinh nghia 2.1. Ky hiéu R 13 tap hop s6 thuc. Gid sit f : R — R 13 mot ham sé cho
trudc va h = const # 0. Ta goi sai phan cip 1 cia f 13 dai luong

Af(z) = f(z+h) = flz).

Gia sit da dinh nghia dugc sai phan cip n — 1 ctia f. Khi dé, sai phan cép n cua f duge
dinh nghia nhu sau:

A™f(z) = A[A™ f(@)](n > 1),A%f(z) = f(x).

Vi du 2.2. Asin(a + bz) = 2sin £ cos (a by bx);

A cos(a + bz) = —2sin 2 sin (a, + 2+ b:c);
Az! = zz!;
A(a + bz)™ = bn(a + bx)™ 1), dic biet Az(™ = nz-1);

A"™sin(a + bx) = (2 Sin %)n sin (a + bz + E(b;-ﬂl) ;
Am™cos(a + bx) = (2 sin g) COS (a + bz + ﬂg}ﬂ)

Dinh 1y 2.3. a. Sai phén ciua hdng sé bang 0.
b. Sai phan moi cap la todn ti tuyén tinh.
c. A"(z") =nlh™"; A™(z") =0, (m > n)n,m nguyén duong.
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d. Néu P(z) la da thic bac n thi theo cong thitc Taylor

AP := P(z + h) — P(z) = z —i!—iP(i)(:c).

e. f(x+nh)= ;()C"A‘f(x)

fAMf(z) = 3 (-1)'CLf(z + (n—9)h).

1=0
g Gid st f € C™a,b] va (z,z + nh) C |a,b]. Khz dé

Aﬂ}{,f“:) = f™(z +6nh), 0€(0,1).

he Afege = f2Agr + gz11Afz ( Cc‘mg thitc sai phan ting phan).
k. E Afz = fo41— Fim, (m<n)

=T

. Néu f. la mot da thitc bac n cia z thi né co thé biéu dién dudi dang
(2) (3)  (n)
T T T
fo=fo+zWAf)+ — A2f0 + Asfo + -+ "—“A"fo

Pinh nghia 2.4. Ta goi
g™ =z(z-1)(z—-2)---(x—n+1)
la da thitc giai thia.
Nhan zét 2.5. Y tudng cta da thic giai thita c6 thé md rong cho trudng hop n khong phai

13 s6 nguyén duong. Xuit phat tir cong thikc gt = (g — n):r:(”) _ta c6 z(™ = L_gn+l)

va dimg n6 d8& dinh nghia (™ véi n = o, ~1,-2.-.. o
Pinh Iy 2.6. a. 20 =1,z = y vdin=0,-1,-2,-
b. Az™ =nz(® D ygin=0-1,-2,---
Dinh nghia 2.7. Da thiic giai thita tong quat:
™ = z(z — h)(z —2h)--- (z — (n — 1)h).

Dinh 1y 2.8. a. Az(™ = nz(~"Vh A-1z() = (T::;L

n) _. n+1 n) — 1
b. Az = —nhz= 0, trong d6 o = pEETET -

3 Tinh tong bang phuong phap sai phan
Trudc tién ta xét bai todn sau: Xéc dinh g, sao cho Ag, = fz, v6i f. la ham da
biét. Nhan xét ring, néu g, 13 mot 13i gidi cla bai toan trén thi g, + C v6i C 13 hing s0
bat ki cing l1a 101 gidi cha né. Trong tai liéu nay ta sé ki hiéu
gz +C = A_lf:ca C eR
Ta d& dang kiém tra duge cac tinh chét sau day cia A~
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Dinh Iy 3.1. o. A"10=C, Ce€R
b. A=Y (fo £ g.) = A~lf, £ Alg, +C, CeR
c. Akf, = kA-Yf,+C, k,C€R.
d. A7 fzAg:) = fz9: — A7 g 1A S]] +C, C€R.

Vidy 3.2. a. A™a* =2 +C, CeR.
b. A~1z(") = “’;T;) +C, CeR.

c. ANa+bz)W = EHEID L 0 CeR

d. A-'sin(a + bz) = ——gcos(a—-+bm)+C, C e R.

e. A~lcos(a + bzx) = E;ﬂ—gsm (a---+b:1:) + C, C eR.
2
f. A~Yzz!) = 2!+ C, CeR.
g AT =2+C=% +C, CeR.

h. 23 - 222 + T2 — 12 = :r,(’-") + 2?2 4+ 621 — 12,

A7 z® + 2B 4 621 — 12)
A~1,(3) + A~1,(2) + 6A" 12 _ 19A~1,(0)

A~Nz® — 2z° + Tz — 12)

= %4) + %3—)—]-33:(2) -122W +C, CeR.
k.
Al z(z+1)(z+2)] = A Y (z+2)®
_ (@ +42)(4> C
_ (z+2)(@= +41)(33)(-’B “Y.c cer
. A~} (z3%).

bat f, =z, Ag, = 3% Khidb

3 3=+t 3
== —— —lgz — — —_ = .'.I:.
Afr=1, g.=A4""3 5 9z+1 9 23

Do d6 ta nhan dudc

A 1x3® = z. %——A' [23“-1]+C
33: M
= I- ?—%%"}'C 33[5“%]"!-0 C e R.

Tlep theo ta dé cap dén viéc tinh tong bing phuong phap sai phan. Gia sit ta phai
tinh tong Z ax khi d6 ta tim day {z;} sao cho z;;; — z; = a;. Tic 1a Az = a;. Khi dé

ta co

n—-1 n—1 _
— A . o _ |'n. __ A—l' In
adr — T = Tn L1 = Tri{1 = Akl -
k=1 k=1
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Vi du 3.3. Tinh téng
1-24+2-3+---+n-(n+1).

Tacod fr=z(z+1) = (z+1)@.

21
1

A-—-I(x + 1)(2)‘?'['1

=3 U =T3 "3 3
Vi du 3.4. Tinh tong
12422+ +n?
Tacd fo=22=z(z —1)+z =@ + .

S fe = ATE® 42O
1 - .

& z2 1)3) @ (n+1)nn-1 n+ 1)n
— [L+L]|T+1=(_n.+_)__+@_i)_=£__l(__).+£____)_
3 2 3 2 3 2
- n(n+1)(2n+1) -
=

Vi du 3.5. Tinh tdng cia n s6 hang dau tién cta chudi véi sé hang téng quat 1a
T3 + Tz.
Ta cb f, = 2° + Tz = 2®) 4+ 32 4 8z,

Zfa: —
1

|
>
.
&3
C
_l_
o
=
O
+
Q0
£
G
=3
+
ik

|
_l_
a.-—-.
&
_|_
M
8
C)
=3
.|.
-

= in(n +1)(n* +n + 14).

Vi du 3.6. Tinh tong

- 1
S=N"a, Gp=—-—o
;a" Tk OVE+EVE

Ta ¢cb
B 1 B ]
" T Gkt )VE+EVEFL  VEVEFL(WE+VEF D)
_ ________M__l__ 1 _ ALl
T ViVEFL  VE O VE+T  VE
Do dé

- o1 1 | 1
S*'—“—Zak:_;A-ﬁ:—(ﬁ_{__l—l):l— ,....__.._...n+1

k=1
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Vi du 3.7. Tinh téng ctia n s6 hang dau tién ctia chudi véi sb hang tdng quat 1a

Ta phai tim g(z) sao cho

St dung dinh nghia sai phan ta c6 thé gia su

f(z)
(z + 1)'

g(z) =

trong d6 f(z) la mot da thite cua . T

Ag(z) = g(z +1) — g(z) = f(=),

- ta cb

hay |
2f(z+1)—(z+2)f(z) ==z.

Vé phai cla phuong trinh nay Ia tuyén tinh. Do d6 vé trai phai tuyén tinh, nén f (z) pha.l
13 ham hing. Gid st f(z) = k. Khi d6

|
-

f(z)
flz+1) = k%

va

Tu dé ta cb k—-—l—f(:c)

1 1
— A-L T2° 41 2% a0
(z+2)!" (z + 1)! L
n+1
I
(z + 2)!



Vi du 3.8. Tinh tdng cla n sb hang diu tién clia chudi véi sb hang tong quat 1a 22=1.
Ta phai tim g(x) sao cho

Ag(z) = f(z) = 2;:11- L

Gié si '
_ g(z) = ’;ﬁﬂ

i

Dg(z) = (=) = 2
s f+l)  f@) _ f@)

) 2::-1 2:1:—1

hay

f(x+1)—2f(x) =4z — 2.

Vé phai ctia phuong trinh nay 14 tuyén tinh. Do d6 vé trai phai tuyén tinh, nén f(z) phai
c6 dang f(z) = az + b, kéo theo f(z+ 1) =az + a+b. Do dé

(ax + a+b) — 2(ax + b) = 4z — 2.
Can bing hé s6 ta nhan dugce
ar — 2ax =4z, a+b—2b= -2

Suyraa=—4,b=-2va f(z) = -4z — 2. Tt d6

4z —2 2z +1
g(a:) = 2z—1 - 2z—2

i@ = Y

- A_12$_1n+1__2$+1n+1
o 2z—1 1 - VT—2 1
2n + 3

= 6 o 2n—1
Vi dy 3.9. Tinh tong cla n sb6 hang diu tién cla chudi véi s6 hang tong quét la
(2% sin® £)2.

Dé tinh dudce ) )
A"I(Z"" SiIl2 5;)2 = (2::—1 sin '2—:::)2
Do dé . :
2(2‘” sin? ;)2 = (2 !sin 25_1)2“”‘1 = 2°" sin? -2-9; — %é- sin® 6.



Vi du 3.10. Tinh tong sau

G _olg 2011 . 2011,\2 52 g 2011 o . 2011\2 on 2011 . 2011\2
= 2" sin > (sm 21+1) 4-2¢ s1n 52 (sm 22+1) + -4 27 sIn o (sm 2n+1) :
Dé tinh dudc
2011 201142 2011
—-loz _: : — T
A™"2%sin s (sm 23_*_1) = 2" %sin ey
Dodé -
o . 2011 _ ., . 2011 1 .
S = 2*"?sin = 1""1 = 2" !sin o 551112011.
Vi _du 3.11. Tinh tong sau gm Ta c6 Ai-1 = m Do dé
- n-1 . 1
== ey - LA =1
—~ (i+1) z—l—2) — n+1
Vi vay chudi ¢6 tong bing 1.
Vi du 3.12. Tinh tong sau Zz e
S dung da thic giai thua v6i s6 mil am, ta dugc
1 | 1 B 1
2i(i+1) 26+1)(E+2) iGE+1)E+2)
Do d6 tong trén la , ,
4 2(n+1)(n+2)
va chubi Z Z(n)m h61 t'l_l, co t(%ng bﬁng i .
Vi du 3.13. Tinh tong 1
1 + 1 -+ +———-——-————-—-—1--—-—-——--—-
1-3-5 3:5-7 2n—-1)2n+1)(2n+3)
Ta c6
1 1
(z — h)3 =

(z—h+h)(z—h+2h)(z—h+3h) z(z+h)(z+2h)
V6i h = 2 ta cé

r=2n—1
—2)=2) (2n—1)-2 (=1)=2)
Y (z— 29 = Al(z — I = @27 gy _ 20179 (1)

-1 1 117 1 1
B [T (ZnM]_[Tg]— 12 4(2n+1)(2n+3)
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Vi du 3.14. Tinh tong
124+4%24+72 4.4+ (3n—2)~

Ta c6 2@ = z(z — h) = 2° — zh hay ¥ + hzV) = 22, véi h = 3.

T=3n—2 z=3n—2 T (3) 3 11(2)

(2) (D) — 3n+1
;x ;(x +z\V) = 3 3) 2. 3)|
Bn+1)@Brn—-2)3n—-5) (Bn+1)Bn—-2) (=2)(-5) 2)( 5) (=2)7 n(6n®—3n—1)
= [ e - - B
9 2 2 2
Vi du 3.15. Tinh tong
S U SO U
1-4 2.5 3-6 n(n+3)
Téng da cho cé thé viét dudi dang
p— z(z + 3)

Trudc hét ta dé ¥ ring |
1 (@+l@E+?  _ (#+1)E+2)
z(z + 3) - z(z+ 1D (z +2)(z+3) (z+3)®

va tim cac hé sb ¢y, ¢, ¢z sao cho
(z+1D(z+2)=co+a(z+3)P + oz + 3)@ = ¢4 + c1(x + 3) + c2(z + 3)(z + 2).

Ddng nhit ta tim duge ¢ = 2,¢1 = —2,¢c2 = 1. Vi vay,

1 2-2(z+3)+ (z+3)(z+2)
z(z+3)  z(z+1)(z+2)(z+3)
2 2 1

_M—w

S, 1 2z — 1) 2(z-1)2  (z-—-1)CV
A z(z+3) -3 ~ 2 -2 -1
= 12— 2= (z-DEY L,
;x($+3) == -t h
I B U S SEN S
~ 3(n+1)(n+2)(n+3) (n+1n+2) n+l +_ 3(1)(2)(3) (1)(2) T
11 1 1 2

"8 ntl @miDn+2) 3m+D)n+2)(n+3)
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