Chuyén d& 7 |
Don bién va bai toan hoi

N6i mot cach don gidn thi don bién (monovariant) 13 dai lugng bién ddi theo
mot chiéu nhét dinh (ting hodic gidm). Cling nhu bat bién, don bién c6 vai trd
quan trong trong toan hoc. Ta sit dung don bién dé chitng minh mot qua trinh
nao d6 hoi tu (ditng) hay phan ki (khong ding).

7.1 Ham don bién

Cho A # @ la khong gian cac trang thai va thuat todn 7 : A — A, Anh xa
H : A — R goi Ia ham don bién trén A néu H thod man mot trong hai diéu
kién sau:

a) Ya,be A:bea= H(b) < H(a).

b) Va,b€e A:bea= H(b) > H(a).

(K hiéu @ 1a tap cac trang thai nhan dugc tir a sau khi thuc hién thuat
toan T hitu han 1an). ,

7.2 Bai toan hoi tu va bai toan phan ki

Bai toan hoi tu. Cho thuat toan T trén khong gian céc trang thai A va trang
thai ban didu o. Chitng minh r3ng sau hitu han 1an thyc hién thuat toan T, ta
nhan dugc trang thai xac dinh 3 va khong thé thyc hién 7 theém nita (tro choi

dimng lai).

Bai toan phan ki. Cho thuat toan T trén A va trang thai ban diu a. Ching
minh ring ta c6 thé thyc hién thuat toan T vo han 13n (trd choi khong ding).

Dé gii c4c bai toan hoi tu vA cac bai toan phan ki, ta sit dung ham don bién.
"Ta c6 cac dinh li sau:
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Dinh 1f 1. Néu t6n tai hAm don bién H : A — R trén khong gian c4c trang
thai A hitu han thi trd choi ding lai sau hitu han buéc.

Dinh 1i 2. Néu ton tai ham don bién H : A — Z ting va bi chin trén thi tro
choi ding lai sau hitu han buéec.

Dinh 1i 3. Néu tdn tai hAm don bién H : A — Z giam v bi chin dudi thi tro
chai dirng lai sau hitu han budc.

Xét cac vi du sau:

Vidu 1. Xét bing 6 vudng m x n (m,n > 2). Trong mdi 6 ciia bang ta dién
mot s6 thye. Thue hién thuat toan sau: méi 1an 14y ra mot hang hodc mot cot
c6 téng cdc s6 nhd hon 0 va ddi diu tit ca céc s6 trong hang (hodc cot) dé.
Chitng minh réng sau hitu han buéc ta nhan duge bang ma téng cac sb trong
md&i hang va tong cac s trong mdi cot 13 sb khong am.

Loi gidi. Goi S(n) 1a tong tit ca cac s6 trong bang sau budc thi n. Ta c6,
S(n+1) > S(n),Vn > 0. Do d6, S(n) 14 mot ham don bién. Mit khac, sb
trang thai c6 thé nhan dugce 13 hitu han nén chi ¢6 thé thuc hién thuat toan
hitu han 1an va ta nhan duge bang théa man yeu ciu bai toan.

Vi du 2. Cho mot day phong dai vo han, duge danh s6: 1,2, 3, .... C6 mot sb
hitu han ngudi séng trong day phong. Mai ngay c6 hai ngudi sdng & hai phong
canh nhau chuyén sang hai phong khac theo hai hudng nguge nhau nhung
khong dugc trdo ddi vi tri cho nhau. Ching minh réing viéc chuyén phong dé
ditng lai sau hitu han ngay.

L&t gidi. Ta dua cho méi ngudi mot chia kho4, trén d6 ¢6 ghi sé phong minh
dang &. Goi S(n) la tich céc sb viét trén cdc chia khod & ngay thit n. Ta c6:
S(n+1) k(k+1)

Sm) = Dik+a LWzl

trong d6 k va k + 1 1a cac phong c6 ngudi chuyén.

Do d6, S(n) 1a mot don bién. ;
Do S(n) gidm va S(n) € N* nén viéc chuyén phdng phai dimg lai sau hitu han
ngay.
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Dinh 1i 1. Néu ton tai ham don bién H : A — R trén khong gian céc trang
thai A hitu han thi trd choi ding lai sau hitu han bugc.

Dinh 1i 2. Néu tdn tai ham don bién H : A — 7 tang va bi chin trén thi trd
choi ding lai sau hitu han buéec.

Dinh 1i 3. Néu ton tai hAm don bién H : A — Z gidm va bi chin dudi thi tro
choi dimg lai sau hitu han buéec.

Xét eac vi du sau:

Vi du 1. Xét bang 6 vuong m x n (m,n > 2). Trong mbi 6 ciia bang ta dién
mot s6 thue. Thuc hién thuat toan sau: mdi lan lay ra mot hang hodc mot cot
6 toéng cac s6 nhé hon 0 va ddi dau tét ca cac sb trong hang (hoic cot) do.
ChUng minh rang sau hitu han budc ta nhan dugc bang ma téng cac sé trong
mdi hang va téng céc sé trong mbi cot 13 sb khéng am.

Loi gidi. Goi S(n) 1a tong tit ca cac sb trong bang sau bude thit n. Ta cé,
S(n+1) > S(n),Vn > 0. Do d6, S(n) 12 mot ham don bién. Mat khac, sb
trang thai ¢6 thé nhan dugc 1a hitu han nen chi ¢6 thé thuc hien thuat toan
hitu han l1an va ta nhan duge bang thoa man yéu cau bai toan.

Vi du 2. Cho mét day phong dai vo han, duge danh sé: 1,2, 3, .... C6 mot sb
hitu han ngudi sbng trong day phong. M&i ngay c6 hai nguoi séng & hai phong
canh nhau chuyén sang hai phong khéac theo hai huong nguge nhau nhung
khong duoc trdo ddi vi tri cho nhau. Ching minh riing viéc chuyén phong dé
dung lai sau hitu han ngay.

Lot gidi. Ta dua cho mbi ngudi mot chia kho4, trén dé c6 ghi s6 phong minh
dang 8. Goi S(n) la tich cac s6 viét trén cdc chia khod & ngay thi n. Ta c6:

Sin+1)  k(k+1)
Sn) — (k-1)(k+2)

<1,Vn > 1,

trong d6 k va k + 1 1a cdc phong c6 ngudi chuyén.

Do d6, S(n) 1a mot don bién. .
Do S(n) gidm va S(n) € N* nén viéc chuyén phong phai ding lai sau hitu han
ngay.
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7.3 Bai tap

7.3.1 Bai tap luyén tap

1.

Tren mit phng cho mot sé diém doé va mot s diém xanh. Mot s6 cip
diém trong ching dudc ndi véi nhau. Mot diém dude goi 1a ki di néu c6
qué nta s6 doan thing xuit phat tit diém nay va c6 diu mit con lai
khac mau vdi n6. Thuc hién thuat toin sau: mdi 1an chon ra mot diém
ki di vd ddi mau né. Ching minh riing sau hitu han budc sé khong con
didm ki di nao.

Trong mot qubc hoi, mbi nghi si c6 khong qua ba ddi tha (néu A 1a dbi
thii ctia B thi B ciing 14 déi thii cia A). Chitng minh ring ta cé thé chia
qudc hoi thanh hai vién sao cho mdi nghi si ¢c6 khong qua mot dbi thu
trong cung vién.

. Tai m6i dinh Ay, Ag,..., A, (n > 3)>C1”1a da gidc déu A;A,... A, ta viét

mot s6 thie. Thue hién thuat toan sau: Néu bén s a, b, ¢, d ditng 6 bon
dinh lien tiép A;, A;41, Aire, Airs(1 < i < n) théaméin (a—d)(b—c) <0
thi ta ddi chd b va ¢ cho nhau. Chitng minh ring thudt toan chi c6 thé
thyc hién hitu han lan.

(Quy udce An+lc 1a Ak vii 1 < k < 2)

. Ban dau ta c6 bo s6 By = (1,2,3,4). Thyc hién tro choi sau, néu ta c6

bo 86 B = (z,y, z,¢t) thi thay bdi bo T(B) = (z — y,y — 2,2 — t,t — x).
Ching minh réing sau mot s6 budc ta nhan duge bo s (z,y, z,t) ma

|z| + |y| + |2] + |t| > 2009.

Ban dau ta c6 bo sb (a,b,c,d), trong d6 a,b,c,d 1a cac s6 nguyén doi
mot khde nhau. Thyc hién thuat todn sau: Néu ¢6 bo s6 B = (z,v, 2, t)
véi ,y, z,t nguyén thi dugc phép thay thé bdi bo sb

T(B) = <

r+y y+z z+t t+x
2 7 27 27 2 '

Ching minh ring viéc thyc hién thuat todn trén sé phai ding lai sau
hitu han buéec.
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7.3.2 Bai tap tu giai

1.

Cho day s6 nguyén dudng ai, @y, ...,an (n > 2). Thyc hién thuit toan
sau: M&i 1an l4y ra hai s6 a,b & hai vi tri lién tiép sao cho b khong chia
hét cho a va thay a bdi udc sd chung 16n nhit cla a va b, thay b boi

boi sd chung nhé nhét ciia a va b. Chitng minh ring sau hitu han buée

- ta nhan dugc day mdi ma s6 hang ding sau chia hét cho s6 hang ding

trude.

. Trong mot cude hop ¢6 2n ngudi (n > 1), mbi ngudi quen khong it hon n

ngudi khac. Ching minh ring c6 thé xép 2n nguvi d6 vio mot ban trdn
sao cho hai’ngudi ngoi k& nhau thi quen nhau.

Trén mit phing cho 2n diém (» > 1), trong d6 khong c6 ba diém nao
thing hang. T6 mau n diém mau dé va n diém mau xanh. Chitng minh
réng c6 thé néi cac diém d6 véi cac diém xanh bdi n doan thing sao cho

khong c6 hai doan nado giao nhau.

C6 n hoc sinh ding thanh mot vong tron. Gia sit mbi em c¢6 mot sb keo
sao cho s6 keo ctia cac em khong biing nhau tit ca. Thuc hién tro choi
sau: Sau mdi hiéu lénh clia ngudi chi huy, méi em déu l4y mot nita s6 keo
ctia minh dang c6 va dua cho ban bén canh, tinh theo chidu kim déng
hé. Néu em ndo c6 mot sb 1é chiée keo thi duge nhan them mot chiée
tru6e khi chia. Chitng minh rdng sau mot s6 1an thyc hién trd choi thi
s6 keo clia tat ca cac em bing nhau.

Cho bo 4 sé duong (a,b,c,d) khong dong thdi bing nhau. Thyc hien
thuat toan sau: Néu c¢6 bo s6 B = (z,y, z,t) thl thay bing bo sb

T(B) = (zy, yz, #t, tx). Ching mlnh ring khong bao glo ta gap lai bo sb
(a,b,c,d) da cho hodc bat ki mot hoan vi ndo clia bo sb nay.

. Xét bdo n sb (x1,%e,...,Ts), trong d6 n c6 dang 2% véi

k € N* va z; € {1;—1},Vi = 1,n. Thyc hién thuit toan sau: Néu c6 bd
s6 B = (ay,az,...,a,) thi thay bing bo s6 T(B) = (aias, azas, ..., a,01).
Chitng minh ring sau hitu han budc ta nhan duge bo C = (1,1,...,1).

Tai méi dinh ciia ngii gidc déu A;A;A3A4As ta mot sd thuc sao cho tdng

‘cac sb dugce viét 13 mot s6 duong. Thyc hién thuat toan sau: Néu ba sb

z,y,2 G ba dinh lién tiép ma y < 0 thi thay bo ba (z,y,z) bdi bo ba
(r +y,—y,y + 2). Chitng minh r3ing viéc thyc hién thuat toan trén sé
phai dimg lai sau hitu han buéc.
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7.4 Hubng dan giai bai tap

1. Goi S, 1a s6 doan thing dugc nbi bdi hai diém khac mau sau bude thi
. Ta ¢6: Spy1 < Sp,¥n > 1. Do sb gi4 tri ma S, c6 thé nhan dugc 1a
hitu han nén khong thé thyc hién thuat toan vo han lan. Vay sau hitu
han budc ta sé phai nhan dudc trang thai ma khong con diém ki di nao.

2. Trudc tién ta chia qudc hoi thanh hai'vien V; v V; mot cach tuy §. Ta

tim céch chuyén céc nghi si sao cho s6 d6i thii ctia cic nghi si trong cling
mot vién giam di.
Xét nghi si A, néu A c6 khong qua mot déi thi trong cling vién ctia minh
thi ta dé yen con néu A c6 khong it hon hai déi tha trong cung vién cla
‘minh thi ta chuyén A sang vién con lai. Goi S, 1a s6 cap d6i thi trong
ciing mot vién sau lan chuyén thit n. Do méi nghi si c6 khong qué ba
dbi tht nén Spy1 < Sp,Vn > 1. Do sb gi4 tri ma S, c6 thé nhan dugc la
hitu han nén qué trinh chuyén sé phai dimg lai sau hitu han budc va ta
nhan dudc trang thai théa man yéu ciu bai toan.

3. Xét cac tong
' Sn = a1a9 + asas3 + ... + aay,

trong d6 ay, ag, ..., a, 12 céc sb duge viét tai Ay, A, ..., A, sau bude thit
n.

Ta c6: ,
(a—d)(b—c)<0& ab+bc+cd < ac+ cb+ bd.

Suy ra, Sp41 > Sp,Vn > 1.

Do sb gia tri ma téng S, c6 thé nhan 13 hitu han nén S, khong thé tang
vo han 1an. Do d6 thuat toan phai dimg lai sau hitu han budc.

4. Gia st sau budc thit n ta nhan duge bd s6 (an, bn, ¢n, dn). Dat
Su=al 4+ b4 +dl.
Ta tim quan hé gita S, 4, va S,. Ta c6:
Snt1 = apq + by + iy +dny A
= (an — bp)2 + (b — )2 + (e — dp)? + (dn — @n)® 7
= 25, — 2(anbn + bpcy + cndn + dnay).”

-
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Mit khé.c,. do a, + b, + ¢, + d,, = 0 nén

2(anbn + bpcn + cndn + dpan) = —(an + ¢p)* — (by + dy,)? < 0.

Do dé
Sn+1 > QSn,VTL Z 1.
Suy ra
TS, >2"ls.
Do ,
(lan] + o] + [eal + [dn])? > a2 +b% + 2 + d2.
nén ‘

@]+ [ba] + lea| + |dn| > 277 /3.
Véi n dd 16n ta cod .
2°71/S; > 2009.

Khi d6 |
an] + |bn| + [cn| + |dn] > 2009.

5. Lot gids 1. Gia st trai lai, ta ludn nhan duge bo sé véi cac thanh phin
la s6 nguyén. Goi '

Sn = max{lan - bnla Ibn - Cn|7 lcn - an) ldn - an{a 'an - Cnla Ibn - dn'}a

trong d6 (an, ba, ¢, dy) 12 bo s6 nhan duge sau budc thit n.

Ta c6 Sy < S,,Vn > 1.

Do S, € Z,Yn > 1 nén ton tai N € N* sao cho Sy = 0. Khi d6 ta c6
. aN:szcN:dN.

Dat CLN:bN:CN:dNZm, ta co

an—1+by_y _ by-1+en _ vt dyv-1 _dy-1+an_;
2 2 2 2

Suy ra
an-1 =cn-1,by-1 = dn_1.

Datay_1 =cy-1 =p,bnv_1 =dy_1 =g, taco

an—_2 + by _ Cn-2 +dn_2 _ by—2 +cn_2 _dn_o +an—2
2 2 b 2 2
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an-2 +bn_o+ N2+ dn_2

5 Do dé

Suyrap=gq=

an—1 =cy_1 = by_1 =dn_1.

Tiép tuc 1ap ludn nhu trén taddn tdia=b=c=d, vo li.

Lai gidgi 2. Gia st (an, by, Cn,dy,) 12 bo 86 nﬁén dugce sau bude thi n.
Xét tdng |
Sp=a%+b2+c+d2.

Ta ¢6: Spp1 < S,,Vn > 1. Dau bing x4y ra khi va chi khi
an, = b, = ¢, =d,.

Vi S, khong thé gidm mai nén tdn tai n sao cho a, = b, = ¢, = d,,. Lap
luan tuong ty nhu cich gidi thi nhat ta c6 diéu phai Ching minh.




8.1 Phuong phap truy hoi

Trong nhiéu trudng hgp, viéc dém tryc tiép cac dbi tugng la rat khé. Néu
ta thiét lap dugc mdi quan he truy hdi gitta sé lugng ddi tugng can dém trong
nhém n d6i tuong véi s6 lugng dbi tuong can dém trong cac nhém it hon n
ddi tuong thi c6 thé dua v& dém sé déi tuong trong nhém véi sé dbi tuong nhod
ma viéc dém trong nhém déi tugng nay khong miy khoé khan.

Vi du 1. Trén mit phing cho n dudng thing Ay, A, ...,‘An (n > 1) doi mot
khong song song va khong c6 ba dudng nao dong quy. Tim s6 mién ma n dudng
thang nay dinh ra trén mit phing.

Lai gidi. Goi S(n) 12 sb mién ma n dudng thing da cho dinh ra trén mit

phing. Tit gid thiét ta c6 A, cit n — 1 dudng thing Ay, Ao, ...,Ap_; tain—1

diém. Do d6 A, bin —1 dudng théng con lai chia thanh n phin. M&i phin

trong s6 d6 sinh ra mot mién méi. Do d6 S(n) = S(n — 1) + n. Tt d6 ta c6
1

S(n) =1+ nn+1)

2

Vi du 2. (Bai toan chia keo Euler). Cho m va n 1a cac sb nguyén duong. Xét

phuong trinh nghiém nguyén z; + x5 + ... + £, = m. Hoi phuong trinh néi trén

c6 bao nhiéu nghiém nguyén khong am?

Lai gidi. Ki hieu S(n,m) 1a sb nghiém nguyén khong am clia phuong trinh

da cho. Phuong trinh da cho tuong duong véi z; + x5 + ... + Tp_1 = m — T,,.
Do d6

m)=zm:S(n—1,m— iSn—lk (1).
_ k=0

Tn=0

Thay m bdéi m — 1 ta ¢6

3
L

Smm-1)=% Snm-1;k)  (2).

a
Il

Tit (1) va (2) ta suy ra S(n;m) = S(n;m — 1) + S(n — 1;m). Tt cong thic
trén vi bing phuong phip quy nap ta chting minh dugc

S( ) Cm+n 1

122
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8.2 Phuong phap st dung song anh

Ta biét ring, néu c6 song anh f : A — B thi |A| = |B|. Do d6, thay vi
dém s6 phin tit cla A ta cé thé dua vé dém s phan tit cia B.

Vi du 1. (Bai toan chia keo Euler). Cho m va n 1 cac s6 nguyén duong. Xét
phuong trinh nghiém nguyén

1+ 2o+ ...+, =M.

Hé6i phuong trinh néi trén c6 bao nhiéu nghiém nguyén khong am?

Lai gidi. Goi X 13 tap cac nghiém nguyén khong am cta phuong trinh da
cho vA Y 13 tap cac sdu nhi phan c¢6 d6 dai m + n — 1, trong d6 ¢c6 m ki
tyl van—1kity0 Xét anh xa f: X — Y, cho tuong dng mdi phan ti
T = (T1; To; ...; Tn) € X vOi phan t 4 '

y=11..1011...10..011...1.

T T2 Tn

D& thay f la song 4nh. Do d6 | X| = |Y|=Cr2}

m+n—1-*

Vi du 2. Cho m, n 1 c4c sb nguyén duong. Xét mang ludi 6 vudng kich thuéc
n X m nhu hinh vé

Y
n A(m;n)
0(0;0) m z

Hoi sb dudng di ngén nhét (theo mang ludi) tit diém O(0;0) dén diém
A(m;n) la bao nhigu?

Loi gidi.-M&i dudng di ngén nhét (theo mang lu6i) tt O dén A gébm m budc

di ngang vA n budc di 1én. Goi X 13 tap c4c dudng di ngin nhét (theo mang
1u6i) tit O dén A va Y 13 tap céc bd sb (a1;as;..; Gmen) € {0;1}™F", trong c6
n toa do bing 1. Xét 4nh xa T : X — Y cho tuong ting mbi duong di z € X
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v6i bo 86 (a1; as;...; Gmin), trong d6 a; = 0 néu bude thit 4 di ngang va aZ =1
néu budc thit ¢ di len D& thay, T 1a mot song anh. Do d6 |T| = V| = m+n

Vi du trén day la dinh If co ban ctia mot phuong phap rat hieu qui dé gii
céc bai toan t6 hgp, d6 14 phuong phdp quy dao.

8.3 Phuong phap quy dao

Noi dung clia phuong phdp qug dao 14 quy bai toan da cho vé viec dém sb
duong di (s6 quy dao) c6 mot tinh chit xac dinh nao dé.

Vidu 1. Cho n la mot s6 nguyén duong. Chitng minh riing
Co = (C9? + (CL)? + ... + (CM)2.

Loi gidi. Xét mang lu6i 6 vuong n x n. Khi dé sb duong di ngén nhat tir
0(0;0) dén A(n;n) 1a C3,.

Yy .
M(0;n) ‘ A(n;n)
0(0;0) N(n;0) T

Bay gio ta dém s6 dudng di ngdn nhét tix O(O 0) dén A(n n) theo mot
cach khac. Dé di dugce tir O(0;0) dén A(n;n) ta can di_qua diém P(k n—k)
trén dudng chéo M N, trong d6 M(0;n) vh N(n;0). S6 duong di ngén nhat tir
O(0;0) dén P(k;n — k) la Cr=k = C*. 36 ‘dudng di ngan nhat ti P(k;n — k)
dén A(n;n) 1a C*. Suy ra, s6 dUOng di ngin nhét tit O(0;0) dén A(n;n) va di
qua P(k;n— k) 1a (CF)%. Do d6, s6 dudng di ngdn nhét tir O(0;0) dén A(n;n)
la

. (C)* +(CR)* + ... + (C)*.

Tu dé ta c6 C3, = (CR)? + (C1)? + ... + (CP)2.
Vidu 2. Chon > m > 0. C6 m + n ngudi sip hang mua vé, trong décé n

ngudi mang tién loai 5000 déng vA m ngudi mang tién loai 10000 dong. Mbi vé
gid 5000 dong. Trudc ltc ban, ngudi ban vé khong c6 tién. Hai c6 bao nhiéu
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cach sip xép m + n ngudi dé khong c6 ngudi nao phai chd tra tién thia?

Loi gidi. Gia st m + n ngudi mua vé da dugce sdp hang theo mot cich nao d6.
Dit &; = 1 néu ngudi thit 7 ¢6 5000 dong va &; = —1 néu ngudi thit i ¢6 10000
ddng. Khi d6, hiéu s gitta s6 ngudi c6 tién 5000 dong va sb ngudi ¢6 tién 10000
ddng khi ¢6 k nguoi sép hang 13 Sy, = Zf:i g; Trén mang ludi 6 vudng, vé cac
diém A, = (k; Sy). Xét dudng gip khiic ndi O(0;0) v6i Apyn = (M~+n;n—m)
va di qua céc diém Ag, k = 1,2,...,m +n — 1. M&i dudng gip khic nhu vay
ta goi 12 mot quy dao. S6 cac quy dao 1a C2 .. D& thiy, quy dao tuong tng
v6i cach sip hang ma khong ai phai chd tra tién thira 1a quy dao khong cét
duong thing d : y = —1. Ta di dém s6 quj dao cdt dudng thang nay. Véi mbi
quy dao T c&t dudng thing d : y = —1 (bao gdm c3 quy dao c6 diém chung
véid:y = —1), ta xay dung quy dao 7" tit quy dao T theo cach sau: dén giao
diém dau tién v6i d : y = —1 ta git nguyén phan quy dao 7. Phéan con lai,
ta lay déi xing qua dudng thing d : y = —1. Tir do6, ta dua viec dém sb quy
dao T cét dudng thing d : y = —1 vé& dém sé dudng gip khiic ndi O(0;0) véi
Al in = (m+n;m—n—2). Gid st 6 dudng gap khic nay c6 = doan huéng
len trén va y doan huéng xubng dudi. Ta cé

rT+y=m+n, y—xrx=n+2—m
hay  =m — 1,y = n+ 1. Do d6, s6 quy dao cit duong thang d : y = —11a

Cm-}—l
m+n'/ . . .
Vay sb cach sip hang cdn timla S =C»_ — C"t!

m-+n m-tmn.

8.4 Phuong phap sit dung da thitc va sé phiic

Y tudng ctia phuong phép nay 1a dua viéc dém s6 tap X c6 tinh chit T
nao dé vé tinh tdng S ciia céc hé sé a tng véi cac luy thita bac k c6 cling
tinh chit 7" ndo d6 clia mot da thite f(x). Sau d6 sit dung s phitc dé tinh S.
Xét vi du sau:

Vi du. Tim s6 tap con A cla tap X = {1;2;3;...; 2010} sao cho tdng cac phin
tir cia A chia hét cho 5.

Lai gidi. Xét da thic f(z) = (14 2)(1 + 2?)...(1 4+ 2%°1%). Khai trién da thic
f(z) ta duoe f(z) = 3. 25 trong d6 S(C) 1a tdng cic phin tit cua C.

cCcX »
Do d6, s6 tap con A chia X c6 tong cac phan tit chia hét cho 5 13 tong cac hé
s6 clia cdc luy thita dang x5 véi k € N.
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2 2 .
Dit € = cos ?ﬂ + 7sin —571 (¢ 12 mot cin bac 5 ctia don vi). Ta c6, v6i moi k
khong chia hét cho 5 thi

k Nk | (. 3\k A4k_1_(55)k__
T4+ + (%) + ()" + (¢%) =T =0

~ va néu k chia hét cho 5 thi

1+ &%+ (%)% + (%)% + (eY)* = 5.
Goi S 12 s6 tap con A can tim thi

S=2(f(1)+ fl&) + £ + f(e%) + f(eY)).

Cﬂll—-—A

Vi da thtc g(z) = 25 - 1 c6 chc nghiém 131, ¢, €2, €3, ¢* nén

g9(z) = (= N)(z ~ e)(z —&*)(z — £°)(z — €*).

Suy ra - .
1+e)I+e*)(1+e)(1+eh)(1+6°) = —g(-1) =2.
. Vay

22010 +4'2402 22010 + 2404

5= 5 - 5

8.5 Bai tap

8.5.1 Bai tap luyén tap A
1. C6 bao nhiéu s6 nguyén duong c6 5 chit s6 ma tdng céc chit sb cha né la

mot s6 chin?

2. C6 bao nhiéu s6 ty nhién c6 4 chit s6 ma téng cac chit sb clia n6 1 boi
cua 47

3. Cho n 1a mot s6 nguyén duong. Xét bang 6 vudng n x n. Hoi trong bang
da cho c¢6 bao nhiéu hinh vudng? -

4. (Baltic 1995) Cho tap X = {1,2,3,...,1995}. Héi c6 bao nhieu céach chia
tap X thanh 3 tdp con khéc réng sao cho trong mdi tap khong co6 hai
phan ti lién tiép nao?
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5. Hinh luc gidc déu A;A,A3A4AsAg duoc chia thanh 6 tam gidc OA; A,,
OAyA;, OA3Ay, OA4As, OAsAg va OAgA,, trong d6 O 1a tam cia luc
giac da cho. Ta t6 mau cdc mién tam gidc déu bdi mot trong 3 mau:
xanh, do, vang sao cho méi hinh tam giac déu chi dugc t6 bdi mot mau
va hai mién tam gidc déu k& nhau thl c6 mau khac nhau. Héi ¢6 bao
nhiéu cich t6 mau nhu vay?

6. Cho n 1a s6 nguyén duong. Xét bang 1 x n. Dién vao mdi 6 mot trong
hai s6 0 hodc 1. Hoi c6 bao nhiéu cach dién sb sao cho khong c6 hai 6 ké
nhau nao cling chia s6 1.

7. Cho n la s6 nguyen duong. Héi tit tap hgp X = {3,4,5,6} ta c6 thé lap
duge bao nhiéu s6, méi sb c¢6 n chit s6 va chia hét cho 3.

8. C6 n ngudi xép thanh mot hang doc (n > 1). Héi ¢6 bao nhiéu cich chon
ra k ngudi sao cho trong s6 d6 khong c6 hai ngudi ndo ding lién tiép
trong hang?

9. St dung phép dém, hay chting minh ding thic sau
Z k.(CF)? =nCr,.

10. Cho n la s6 nguyen duong (n > 3). Ki hiéu
Z,={0;1;2;..;n—1}.
Xét cac tap
A, ={(a,b,c) | a,b,c €Zp, a<b<c, a+b+c=0 (modn)},
B, ={(a,b,¢) | a,b,c € Zp, a<b<c, a+b+c=0 (modn)}.
bDit a, = |Anl, bn = |Bal-
a) Tim mbi quan hé gita a, va b,.
b) Ching minh ring an43 = by.
¢) Tinh a,.
11. (Balkan 1997) Cho m,n la cac s6 nguyén duong (m,n > 1). Xét tap X
gdm n phan tt v Ay, Ay, ..., A, 12 m tap con cia X thod man: vdi moi

T,y € X (z # y), ton tai tap Ax (1 <k < m) sao cho x € A,y & Ay
hodc z ¢ Ag,y € Ax. Ching minh ring n < 2™.
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12.

13.

14.

15.

Chuyén dé 8. Mot s6 phuong phép\('iém khéc

(IMO 1989) Cho n 1a sb nguyén duong. Mot hoan vi (zy; zo; ...; Top) CUA
tap {1;2;...;2n} dugc goi 1a ¢6 tinh chat 7 néu ton taii € {1;2;...;2n—1}
sao cho

|z — {Uz‘+1| =n.

Chitng minh réng véi moi n nguyén duong, sé cac hoan vi c6 tinh chét
T 16n hon s6 cac hoan vi khéng c6 tinh chét 7.

St dung phuong phap quy dao, chiing minh déng thic
Cp = CPl + Oyl + .+ Ol
Trong mot 1an bau cd, tng ctt vien A duge a phiéu bau, ing cit vien B

duge b phiéu bau (a > b). Cit tri b phiéu lien tiép. Héi ¢6 bao nhiéu
cach bd phiéu dé ing ctt vien A luon din dau vé s phidu bau cho minh.

(Du?a theo bai thi IMO-95) Cho p 1a s6 nguyén td 1é va tap

={1,2,...,2p}. V6i mébi tap con X ctia M, ki higu S(X) la téng cac
phan tit cua tap X. Dt

A={XCcM||X|=p}

va

Ai={XCM: |X|=p, S(X)=¢ (modp)} (i=0,p—1)}.
a) Chitng minh ring
|Ar| = [Ao] = ... = [Ap | = |Ao| — 2.

b) Tim s6 tap con C cia tap M = {1,2, ...,2p} sao cho |C’| p VA tong
cdc phan ti cia C chia hét cho p.

8.5.2 Bai tap tu giai

1.

Xét bd bai gdbm 52 quan. Ta rit ra 13 quan bai tit bo bai néi trén

a) Hoi ¢6 bao nhiéu cach?

b) Héi ¢6 bao nhieu cach ma trong 13 quan bai dé ¢6 "t quy"?

C6 bao nhiéu cach xép 8 con xe lén ban c& vua sao cho khong c6 con xe
nao ndm trén dudng chéo chinh (dudng chéo néi géc tren ben trai va goc
duéi bén phai) va khong ¢6 con nao an con nio?
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(2]

10.

(VMO-1996) Cho n sé (n > 4) déi mot khac nhau ay,as, ..., a,. Hdi cé
bao nhiéu ho4n vi ctia n s6 d6 sao cho trong mdi hoan vi khéng c6 ba sb
nao trong 4 sb ai, as, az,as nim & ba vi tri lién tiép.

Xét lu6i 6 vudng n xn (n > 2). Ta t6 mau cic nit ludi béi mot trong hai
mau: xanh ho#ic dé. Héi ¢6 bao nhiéu cich t6 sao cho mdi hinh vudng
don vi ¢6 hai dinh mau do6 va hai dinh mau xanh?

. Cho m,n la céc sb nguyén duong. Xét bang m x n. Dién v3o céc 6 cua

bang mot trong hai s6 0 hosic 1 sao cho trong méi hang, médi cot s6 sb
khong 13 mot s6 chdn. Hoi ¢6 bao nhiéu cach?

Cho n dudng tron trén mit phing (n > 1). Héi n dudng tron dé chia
mit phing thanh nhidu nhit bao nhiéu mién?

Cho 7 nguyén duong. Hoi c6 bao nhigu c4ch ndi 2n diém trén vong tron
bing n day cung khong cit nhau?

. Goi a, 13 sb cac xau nhi phan d6 dai n khong chita chudi con 010, b, 12

sb c4c xau nhi phan do dai n khong chita cic chubi con 0011 va 1100.
Chitng minh ring
b1 = 2ay.
Xét tap X = {1;2;3;...;2010}. V6i mbi tap con A clia X,
A = {ay;a9;...; a1},
trong d6 a; > ay > ... > ai, ta dit
S(A)=a, —az + ... + (=1)*q.

Tinh téng
S=Y " S(A).

ACX

Véi méi s6 nguyén duong n > 2, ki hieu S, 12 s6 cac hodn vi (ay; ag; ...; an)
cda bo (1;2;...;n) sao cho

1< lag — k| < 2,Vk =T, n. ,

a) Tinh Sl, 52, 53, S4.

9A- CRToantchop
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11.

12.

13.

14.

15.

16.

b) Béng c4ch lap song 4nh, hiy ching minh ring

Sn+1 = Sn + Sn—l + Sn—2 + Sn—3 - Sn—-4,vn > 4

¢) Chiing minh ring

1,75.5,-1 < Sp < 2S,_1,Vn > 6.

(VMO-1996) Cho céc sb nguyen duong k va n véi k < n. Hdi c6 bao
nhiéu chinh hop (ai;ay;...; ax) chap k ctia n s6 nguyen duong dau tién -
thod man it nhit mot trong hai didu kién sau:

a) Ton tai s,t € {1;2;..;k} sao cho s < t vi a, > a;.
b) Ton tai s € {1;2;..;k} sao cho a, ~ s khong chia hét cho 27

C6 bao nhiu c4ch 1at bang 3 x 2n bing cic quan domins 1 x 2?

Cho n diém A;A,...A, trong khong gian, trong dé khong c6 4 diém nao
dong phang (n > 2). M&i cip diém A;, A; dugc ndi véi nhau bdi mot
doan th&ng. M&i doan thing dugc t6 bdi mot trong hai mau: xanh hoic
dé. Tim n 16n nhét sao cho cac didu kien sau dude thod man:

a) V6i mbi 1 < i < n, s6 doan thing c6 mot diu mit 13 A4; dude td mau
xanh khong vuot qua 4.

b) V6i mbi doan A;A; duoc t6 mau dd, tdn tai diém A khac A, A, sao
cho cdc doan AxA; va AxA; déu dugce to6 mau xanh.

Xét phuong trinh nghiém nguyén duong

Ty +ZTo+ ...+ 29 = 2009.

Mbi nghiém x = (21;3;...;z¢) clha phuong trinh trén goi 13 nghiem 18
néu zy, sy, ..., Ty 1a céc s6 18. Hoi phuong trinh trén c6 bao nhisu nghiém
167

Cho n > 2. Hoi ¢6 bao nhiéu sé chia hét cho 5, mbi s6 ¢6 n chit s6 va hai
chit s6 ké nhau bat ki déu khac nhau?

(Rumania -2003). Cho tap X = {2;3;7; 9} va n 1a sb nguyen duong -Héi
tir tap X ta c6 thé lap dugc bao nhiéu sb nguyén duong, mdi sb c6 n chu’
sb va chia hét cho 37

98 . CHToantohop
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17.

18.

19.

20.

21.

22,

23.

Xét tap X = {1;2;3;...;n} v6i n > 4. Hbi c6 bao nhiéu tdp con A cia
X thod man :
Va,be A:a—-b¢ {1;3}.

St dung phuong phap quj dao, chitng minh cic ding thitc sau
a) CO.C* —i—C1 Ckl4 . +CECY =Ck, (k<m,k<n).

m+n

b) Cp. CO + ot Ck+1 + ...+ C’?n—n‘ck+m = CrT+k+1-

Cho n > m > 0. C6 m + n ngudi sip hang mua vé, trong d6 c6 n ngudi
mang tién loai 5000 ddng v m ngudi mang tidn loai 10000 déng. Mbi vé

gia 5000 ddng. Trudc lac ban, ngudi ban vé cé p ddng tién 5000 ddng.

Hdi ¢6 bao nhiéu cach sip xép m + n ngudi dé khong c6 ngudi ndo phai
chd tra tién thia? .

Cho z,y la céc s6 nguyén va = > 0. Ta goi qu dao ndi diém O(0;0) véi
diém M (z; y) 1a dudng gip khic néi cac didm 0(0;0), 41(1; Sy), ..., Az (z; Sp),
trong d6 ‘

S‘ i Si—l :51 € {1—1} S = 1.

Kf higu S(z;y) 13 s6 quy dao ndi diém O(O 0) véi diém M (z;y). Ching
minh ring y

z+
- S(x; y) = 971 néu z,y cung tinh chin 1¢,
0 néu z,y khac tinh chin lé.

Cho A, B 13 hai diém nguyén nim trong géc phin tu tha nhit. Goi A’
1a diém d6i xding ciia A qua truc hoanh. Chimng minh ring sé quy dao
tit A dén B c6 diém chung véi truc hoanh bing sé quy dao tir A’ dén B.

Cho z > 0,y > 0. Chitng minh r3ng sd quy dao tit O(0;0) dén M(z;y)
khong c6 dinh trén truc hoanh (trir O) bing %S(m; ).

Ki higu B, = 1C§‘n. Chitng minh r3ng trong s6 CZ, quy dao néi
0(0;0) v6i M(2n;0) c6° |

a) B,_1 quy dao ndm trén truc hoanh va khéng c6 diém chung véi truc

[

- hoanh, trit cic diém O va M.

b) B, quy dao khong c6 dinh ndm dudi truc hoanh.
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24.

25.

26.

27.

28.

29.

30.

Ki hiéu B(k,n) 1a s6 quy dao ndi O(0;0) v6i M(2n;0) c6 2k canh n¥m
trén truc hoanh va 2n — 2k canh con lai n¥m dudi truc hoanh. Ching
minh ring

a) B(k,n) = B,.

b) B(k‘,n) = BO.Bn_I + B].Bn-z +...+ Bn—l-BO-

(VMO-2003) Cho cac s6 nguyén duong m,n,p,q véi p < m, g < n. Trén
mit phing toa do liy 4 diém:

A(0;0), B(p;0), C(m;q), D(m;n).

Xét cac dudng di f ng{in nhat tit A dén D va cac duong di ¢ ngin nhit
tit B dén C. Goi S 14 s6 cap dudng di (f;g) md fvag khong c6 diém
chung. Ching minh ring

S C::H—n Czl+q —p C;In+q CT7711+n -p*
Cho n, m, k 1a cac s6 nguyén duong van > 2k. Xét tap X = {1;2;3;...;n}.
Ta goi tap con A clia X gdém k phin tit 1a mot k—tap. Xét tap S ma
mdi phan t ca né 13 mot k—tap ctia X sao cho moi k + 1— tap ciia X
déu chita ding m phin td thuoe S. Stt dung phép dém, hay

a) Tinh |S| theo m,n, k.
b) Chitng minh S gdm tét ca cac k—tap cla X.

Cho n la sb nguyén duong va S 13 tap cac diém nguyén (z;y) trén mit
phing toa d6 sao cho 0 < z < n va 0 <y < n. Goi T la tap cac hinh
vudng c6 dinh thude S. V6i mbi k € N, ki higu ay 13 s6 ciip diém trong
S ma la dinh cda ding k hinh vudng thude T'. St dung phép dém, hay
ching minh ring

ag = az + 2as.

Tim s6 tap con A cha tap X = {1;2;3;...; 2009} sao cho téng cac phin
tit cia A chia hét cho 7.

Cho p 1a s6 nguyen t6 va tap M = {1,2,...,m} (m > 1). Tim s tap con
C ciia tap sao cho |C| = p vA téng cac phan tit ciia C chia hét cho p.

Cho p 1a s6 nguyén t6 18 va n 1a s6 nguyén duong nguyén té cliing nhau
v6i p. Hay tim s6 bd (a1; as; ...; ap_1), trong d6 ay, as, ey Gp_1 12 cac s6 tu
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31

32.

33.

34.

36.

nhién khong vugt qua n — 1, sao cho
Z kary =0 (mod p).

Cho hai sé nguyén duong m,n sao cho n + 2 chia hét cho m. Hay tinh
s6 cac bo ba sd nguyen duong (z;y; z), trong d6 z,y, z khong vugt qua
n, sao cho téng x + y + z chia hét cho m.

Cho n 1a s6 nguyén duong. Ching minh riing sé cach phan tich n thanh
tong clia cac sd nguyén duong 1é bing sé cach phan tich n thanh tdng
clia c4c s6 nguyén duong khac nhau.

Cho m,n,p la cac s6 nguyén duong sao cho n + 2 chia hét cho m va
m > p. Hay tinh s6 b0 (z1;29;...;2,) gdm p s6 nguyén duong, mdi sb
khong vuot qua n va tong =, + z2 + ... + z, chia hét cho m.

(IMO Shortlist - 2007) Cho n 13 s6 nguyén duong. Xét tap X = {1;2;...;n}.
T6 mdi phan tit cia X bdi mot trong hai mau, trong dé p sé dude t6
mau do6 va g sé dugce t6 mau xanh. Hay tim sb cac bo (z;y;2) € X3 sao
cho z,y, z dugc t0 cing mot mau va x + y + 2z chia hét cho n.

. (Viet nam TST - 2008). Cho tap M = {1;2;3;...;2008}. T6 mdi phin

tir cia M bdi mot trong ba mau: xanh, do, vang sao cho mdéi mau c6 it
nhit mot s6 duge t6. Xét hai tap

S1={(z;y;2) € M},
trong d6 z;y; z cing mau vd z +y + z = 0 (mod 2008),

S = {(z;y;2) € M°},
trong d6 x;y; z d6i mot khac mau va z + y+ z = 0 (mod 2008).
Chitng minh ring 2|S;| > |Sa|.

Mbi dinh ctia mot hinh cttu giac déu ta t6 bdi mot trong hai mau: xanh
ho#c d6. Ching minh ring
a) C6 it nhét 10 tam gi4c c6 tit ca cac dinh cliing mot mau.

b) Trong s6 10 tam gidc c6 tit ca cic dinh cling mot mau, c6 it nhat hai
tam giac dong dang.
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8.6 Hudng dan giai bai tap
1. (Sit dung da thitc). Goi S 12 86 6 6 5 chit s6 thod man yéu ciu bai toan.
Xét da thic ‘
Pl@)=(@+a"+..+2°) 1 +o+2"+ .. +2°)"

Khai trién P(z) ta duge P(z) = 31>, apz*. Khi d6

(P(1) + P(~1)) = 45000.

05}
M
&)
B4
|
DO =

2. (St dung da thitc va s6 phuc). Got S 1 s6 s6 c6 4 chit s6 thod man yéu
cau bai toan. Xét da thitc

Pl@)=(z+2"+.. +2")(1+z+2"+... +2°)

Khai trién P(z) ta dugc

36

P(z) =Y azt.
k=1
Khi d6

18
S = E Q4
k=1

2 2
Goi € = cos —42 + ¢sin —471 (can bac 4 cla don vi). Ta c6

1
S = Z(P(l) + P(g) + P(e?) + P(e%)).
Dé ¢ ring % = —1, ta dugc
3 _
NSV,

3. (Phuong phap song 4nh). Day 1a bai todn kha don gian nhung khong it
ban ling ting. Goi T 1& tap cac hinh vudng trong bang, T} 13 tap céc
hinh vudng canh k trong bang (1 < k < n). Ta cé: T, T, ..., T, d6i mot
dai nhau va

T'=Tulhu..UT,.
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Do d6 .
|T| = |T\| + |T2| + ... + |Tn|.

G&n vao bang hé toa d6 nhu hinh vé.

Y .
nf _ (mn)
bt kb - N/P
b —M' IQ
|

{
O a a+k n g

Khi d6, mbi hinh vuong M NPQ canh k trong bang tuong tng vdi cap
s6 ty nhien (a;b) € A x B, trong d6

A={0;1;2;.;n -k}, B={0,1;2;..;n—k}.
S6 hinh vudng canh k trong bang la ‘ |
Til = |4 x B| = |A|B| = (n— k + 1)

S6 hinh vuong trong bang da cho la

T = i T = i(n k1) = n(n+ 1)(2n + 1)'

k=1 k=1 6

4. Goi S(n) 1a s6 cach chia tap {1,2,...,n} thanh 3 tap théa man yéu cau
bai toan. Ta ¢6: S(n+1) =2S(n) +1,Vn > 3. Ta d6 c6

S(n)=2"353)+ (1+2+2°+.2") =272 -1,
Vay sb cach chia can tim 1a $(1995) = 21993 — 1,

5. Ta st dung phuong phap truy hoi. Goi S(n) 1a s6 cich t6 mau thod man
yéu ciu bai toan dbi véi n—gidc déu A;A,...A, (n > 3). Mién tam giac
déu OA A, c6 3 cach t6 mau. V6i mbi cach t6 mau clla mién tam-giac
OA; A, thi c6 2 cich t6 mau mién tam gidc OA;A;. Tuong tu, cac mién
tam giac OA3Ay, ..., OA,_1 A, ciing c6 2 cach t6 mau. Trong hai cach to6
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mau mién tam gidc OA, 4, tring véi cach t6 mau mién tam gidc OA4,A;
tring véi cdch t6 mau mién tam gidc OA; A, thi s cach t6 mau ngiac 1a
3.2"1, Ta di tinh s6 c4ch t6 mau ma mién tam gidc OA,A; cing mau -
v6i mién tam gidc OA;A,. D& thiy, s cach t6 mau néi trén 13 S(n — 1).
Nhu vay ta ¢6

S(n) =3.2"1 - S(n-1).

Tit d6 ta co
S(6) = 66.

Ban doc hay néu va giai bai toan tdng quat véi da gidc ddu n canh va sb

mau 13 k.

Goi S(n) la 6 cach dién s6 thod man yeu cdu bai to4n. Ta di thiét lap
hé thic truy hdi. Xét cach dién s6 nhu hinh vé

a; | as Un—-1j Qp

Néu a, =1 thi a,—; = 0. S5 cach dién s6 nhu vay la S(n—2).
Néu a,, = 0 thi sb cach dién 1a S(n — 1).

Suy ra
Sn)=8Sn-1)+S(n-2).

Tu d6 ta co

S(n)

_5+3/5 <1+\/3>n+5—3\/5 (1—\/5)"

10 . 2 10 2

Cach 1 (Phuong phap truy hdi). Goi A4, 13 tap gdm cac sb ¢6 n chit sb
va chia hét cho 3, B, 1a tap gdm cac sé c6 n chit sb va khong chia hét
cho 3. Dat a, = |A,|, b, = |B,]. Ta c6

On+1 = 20, + by, bn+1 = 2a, + 3b,.

4" + 2

. 3 . s
Cach 2 (Phuong phap sit dung da thitc va s6 phitc). Goi S(n) 1a sé cac
$6 c6 n chit s6 thod méan yéu ciu bai toan.

Tu dé ta c6 a, =
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Xét da thic
flz) = (@* + 2* + 2° + 2°)".
Khai trién f(z) ta dugc

6n
f(z) :Z az"
k=1
Dé thay
2n
S(n) = Zag,k.
k=1

2 2 ) .
Gol £ = cos ?ﬂ + 7sin ?ﬂ (can bac 3 cua don vi), ta cé

Stn) = 5(F() + F(6) + F(7) = “5—

8. Gia st n ngudi da cho lan luot 1a A;, As, ..., A, (xép hang theo thi tu
d6). Gia st chon dugc k ngudi A;,, Ai,, ..., A;, thod man. Ta co

1< <ip< .. < <M, G541 —1,>22,Vs=1k—1

Dat X 1a tap cac bo (z1;xg;...;2%) thodmin 1 < z; <79 < <Te<n
VA Typ1 —Zs > 2,Vs =1,k — 1, ta c6 s6 cach chon k£ ngudi thod man yéu
cau bai toan la |A|.

Xét tap

Y ={(ysy2-u): 1<y <ypp<..<yp <n-—-k+1}.

Ta thiét lap anh xa T : X — Y nhu sau:
V6i mbi phin ti x = (z1;29;...;7x) € X, cho tuong ting vdi phan ti
(Y1592; s Yk) € Y, trong d6
’ *
Ys =Ty — S+ 1.
Dé thay T 1a mot don anh nén | X| < |Y].
Bay gio ta xay dung &nh xa S: Y — X:
V6i mbi phan tu (yi;y2;...;9x) € Y, cho tuong tng v6i phan tt z =

(x1; 225 ...;x) € X, trong d6 .

rs=1ys+s—1.
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D& thay S la mot don anh nén | X| > |V
Vay
(X =1Y]=Cp_sp1-

9. Dé chitng minh dang thitc bing phuong phap dém, ta dém mot d6i tuong
nao dé bang hai cich khéc nhau, cho hai két qua bang nhau ta duge ding
thitc cin chitng minh.

Xét bai toan: C6 n ban nam va n ban nit. Cin chon ra mot nhém n
ngudi, trong d6 nhém trudng 1a mot ban nam.
Ta sé dém bing hai cach khac nhau:
Céch thit nhat: Trudce tién ta chon ra nhém trudng: Cé n cach. Véi méi
cach chon nhém trudng c6 C3!, cach chon n — 1 thanh vién con lai. Sé
cach lap nhém 1a nC31,. ‘
Céach thit hai: Chon k ban -nam va trong d6 chon ra mgt nhém trudng:
C6 k.Cy cach. V6i mdi céch chon k ban nam, ¢6 C™* csch chon n — k
ban nit. S6 c4ch lap nhém 1a
Z k. Ck Cn k Zk(ck)2

So sanh hai két qua trén ta c6 didu phai ching minh.

10. a) Dat

Co={(a,b,¢): 0,b,c€Zy, a=b<c, a+b+c=0 (modn)},
Dn ={(a,b,c): a,b,c€Zy, a<b=c,a+b+c=0 (modn)}.

Ta c6
|Bn| = |An I+|C U Dyl

Vi Z,, 1a hé thing du day’da (mod n) nén méi s6 y € Z,, tén tai duy
nhit z € Z, sao cho z + 2y = 0 (mod n). Do dé

|ICrUDy| =n.

Vay b, = a, +n.

F

b) Ta xay dung song &nh h : A, 13 — B, nhu sau: Xét (a;b;¢c) € Apys.
Doa+b+c=0 (mod n+3)nén a+b+c=n+3hoica+b+c=2n+6.
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11.

12.

Néua+b+c=n+3vac<n+2th dit h((a;b;¢)) = (a;b~ 1;¢— 2).
Néua+b+c=n+3vac=n+2thia=0,b=1, ta dit

h((0;1;n +2)) = (0;0;0).

Néua+b+c=2n+6thia>1,tadit h((a;bc)) =(a—1;0—2;¢c—3).
D& dang kiém tra 4nh xa h 12 mot song anh. Do d6, |An43| = |B,| hay
Un43 = by. v

¢) Tt hai phén trén ta suy ra a,,.3 = a, + n. Tt d6 ta c6:

Néu n = 3k (k > 1) thi

. _n*-3n+6

n = 6 -
Néun =3k +1 (k> 0) thi

. _n?—-3n+2
Néu n =3k +2 (k > 0) thi

. = n? —3n+ 2

n = 6 .

Ta ¢6 2™ la sb phén tit ciia tich Décac Y = {0; 1}™. Thiét lap anh xa
f:X =Y nhu sau: véi mdi z € X ta cho tuong ing véi

y = (Z1; %9} ...; Tmm) SAO chd néuz €Ay thizy=1vaz ¢ Ai thi zx = 0.
D& thay f 1a don anh nén |X| < |Y|, ta ¢6 didu phai ching minh.

Goi A 1a tap cac hoan vi ¢6 tinh chat T va B 1a tap cac hoén vi khong
¢6 tinh chat T. Dé chitng minh |A| > | B| ta ching minh tdn tai don 4nh
f:B — A va f khong la toan anh.

Xét quy téc f : B — A xac dinh nhu sau:
V6i mdi phan ti b = (b1;b;...; bk; ... b0,) € B, |ba, — bx| = n ta cho
tuong dng v6i phan ti a = (a1; az;...; ax; ...; az,) € A, trong dé

4 =b,Vi=1;2 .k ’

a; = bon_ipk+1, Vi =k + 1,..., 2n.
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(f 1 (013025 .o ba; by o3 bon) = (b1 boeos b bans oo bsr))
Dé thay f 1a mot don anh. Hon nita, phén tit
b= (1;n+ Li2in+2;3;4..5nn+ 3;n+ 4;...;2n)
khong c6 tao anh. Do d6 f khéng 1a toan anh. O
13. Xét cac dudng gap khic ngdn nhit ndi diém O(0;0) véi didm
M(m;n — m). S6 dudng gap khic nhu vay 1a C™.
2z ] 1
V6i méi £k =0,1,2,..,n—1, ¢6 Crol | dudng ct dudng thing z = 3

2 1 Y
tai diem P (5, k) Tt d6 ta c6 diéu phai chitng minh.

14. D&t €; = 1 néu phiéu bau tha ¢ bau cho A, ¢; = —1 néu phiéu biu thu
i bducho BvA Sy =€, 4+63+... + €k Trén mang ludi 6 vudng, xét quy
dao di qua céac diém

0(0;0), Ai(1;Sy), ..., Aa+b(a +b; Sa1p).

M&éi cach bé phiéu tuong tng véi mot quy dao. Méi quy dao gobm a + b
doan thing, trong d6 c6 a doan huong len trén. Tong sb cac quy dao la
Cayp- Ung ctt vien A luon dan ddu néu quy dao tuong dng di qua A(1;1)

a

va khong cdt truc hoanh. S6 qui dao nhu vay la

a a a—b a
Ca+b1 17 Matb-1 T oy T p ot
15. a) Dé ching minh |A,| = |4,| = = |Ap_1| = |Ao| — 2 ta chitng minh

hai da thitc sau c6 cling tap nghlem (nghiém phic):

f(x) = (,Aol - 2) + |A1|x+ o+ lAp—]lpr_l va
g(x)=1+z+.. .+

Dé thay, g(z) c6 p~ 1 nghiem la ¢, €2, ..., £#~1, trong d6
2 27 , :
€ = Cos > + ¢sin — (cdn bac p cla don vi).
p

Ta chiing minh f(e) = f(e?) = ... = f(e?"1) = 0. Ta ¢6

fle)=0e i Alei=2 (1)
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VieP =1 nén néu X € A, thi
50 = ¢,

Do d6

e Y SM=2 (2.

XeA
_Déng thitc (2) goi ¥ cho ta xét da thitc
P(z) = (z —&)(z — €?)...(x — £%).
Khai trién f(z), ta dudc . '
P(z) = Z (—1)|X|.55(X).a:2”_|xl.
XcM

Hé sb clia 2P trong khai trién cia P(z) 1a

—1)? Z £S(X)

XeA
Mit khac
P P
= H(z ~ gk H — ePTR) = (2P — 1)2
k=1 k=1
Do d6, hé sb clia zP trong khai trién cta P(z) 12 a, = —2. Suy ra
—1)P Z SX) = _9
XeA
Do p 1é nén ta cé
XeA
Ol
b) S6 tap con C can tim bing s6 phan ti cia tap Ag. Ta c6
A A+ A H A -2 (A -2
|[Ao| — 2 = = :
p p
Vay
Al -2 cs -2 .
A =24 A2y Ca 2




