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BAI TAP LUYEN THI OLYMPIC TOAN HQC TOAN MIEN NAM LAN THU XVIII
Chia dé: TO HQP
( VAN PHU QUOC- GV. TRUONG PH QUANG NAM)
I. BAl TAP VE NGUYEN LY DIRICHLE

1. Bén trong mot tam giac déu canh bang 1 ta dit 17 diém. Ching minh rang ton tai hai diém ma
khoang cach giira chung nho hon % .

HD:

Chi mot tam giac d4 cho thanh 16 tam giac déu nho, canh c6 do dai bang % .

Theo nguyén tic Dirichlet thi ton tai it nhat hai diém cing nim trong mot tam giéc nho. Hai diém nay
c6 khoang cach nho hon % .

2. Trong mot cudc giao luu, mdi nguoi déu bit tay v6i it nhit mot ngudi khac. Ching minh ring co it
nhat hai ngudi cé cling sb 1an bét tay.

HD:

Gia sir cudc giao luu d6 co n ngudi. Vi sb lan bit tay ciia mdi ngudi nam trong khoang tir 1 dén n—-1
nén it nhat co hai ngudi c6 s6 1an bét tay bang nhau.

3. Chirng minh rang ton tai mot sd ty nhién gdm toan chir s6 6 va chia hét cho 2003.

HD:

Xét 2004 s6 co dang: 6,66,666,...,666...6 . Theo nguyén ly Dirichlet thi ton tai hai s6 c6 ciing sé du khi

chia cho 2003. Gia sir hai s d6 1a: A=66..6, B=66...6 (k<n).
n k

Khi d6: A—B =66...6.10% chia hét cho 2003.
—

n—-k

Vi (2003,1ok)=1 nén C =66...6 chia hét cho 2003.
n-k

4. Chtrng minh ring trong 27 s6 nguyén khéc nhau nhé hon 100 c¢6 thé chon dugc hai s6 ¢6 uée chung
I6n nhét khac 1.

HD:

Tur 1 d&én 100 co tat ca 26 sb nguyén td. Khi phén tich 27 sb da cho ra thira sb nguyén té c6 it nhit hai

s6 cling chira mot thira s6 nguyén t6 nao d6. Hai s6 nay co udc chung 16n nhat khac 1.
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5. Trong mot hinh vuéng canh bang 1 ( don vi dai) ¢c6 101 diém phéan bo tuy y. Chirng minh rang co it

nhat hai diém nam trong hinh tron ban kinh % .
HD:

Chia hinh vudng thanh 25 hinh vudng canh % Khi d6 ton tai mot hinh vudng nho chua it nhit 5 diém.

7 R \ M A N \ 7 e N l
Cac diém nay nam trong mét hinh tron ban kinh bang -

1<a <a, <...<q,y <200

6. Cho 40 s6 én duong: a.,a,,...,a, va b,b,...b thoa man:
0 nguyén duong: &, 2,,.... &, Va by 2 ORI {1§b1<b2<...<b21§200

a<a,
Chirng minh réng ton tai b6 s a;,a;,b,,b, (1<i, j <19,1<k, p<21) sao cho: {b, < b;

a,—a=b, Db,
HD:
Xét cac tong dang: @ +b;. CO tat ca 19.21=399 tong nhu thé. C4c tong ndy nhan gia trj tir 2 dén 400.
Néu cac tong trén nhan du 399 gia tri tir 2 dén 400 thi a, =b, =1 va a,, =h,, = 200 , nhu thé ta c6 diéu
phai chirng minh.
Néu cac tong trén khong nhan da 399 tir 2 dén 400 thi c6 hai tong bang nhau va ta ciing c6 diéu phai
chirng minh.
7. Cho tap X = {l, 2,3,..., 200}. Chirng minh rang v6i moi tap con A cia X ¢6 s phan tir bang 101
ludn ton tai hai phan tir ma phén tir ndy 1a boi cta phan tir kia.
HD:
Gia st A={a,,a,,....8,,}. Viét cac s6 a, dudi dang: a =2%h,, trong d6 b, 1a s6 1&. Xét cac sb 1
b,b,,....0, € X vatrong X chicé 100 s6 1 nén b =b, (i = j). Trong hai sé a,a; c6 mét so 12 boi s6
Kia.
8. Cho tap X ={1,2,3,...,81} . Ching minh rang trong 3 phan tir tly y cia X Iudn c6 hai phan tir a,b
sao cho : 0<%/a—4b <1.
HD:
Xét 3 phan tir x,X,, X, € X. Dat ¢, =4x, =123 ta c6: 1<c; <3. Chia khoang [L3] thanh hai

khoang [1,2] va [2;3]. Theo nguyén ly Dirichlet thi ba trong sé c,,c,,c, c6 hai s6 clng thudc mot
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trong hai khoang néi trén. Gia sir hai s§ do 1a: x=4%a va y=4%b thi a,b 1a hai sé thoa min yéu ciu

bai toan.

9. Chotap A= {l, 2,...,16}. Hay tim s6 nguyén duong k nho nhét sao cho trong mdi tap con gom k

phan tir cia A déu ton tai hai s phan biét a,b ma a®+b? 1a mot sb nguyén td.

HD:

- Néu a,b chin thi a®>+b? 1a hop s6. Do d6 néu tap con X ciia A c¢6 hai phan tir phan biét a,b ma

a? +b? la mot s6 nguyén t6 thi X khong thé chi chira cac sb chin. Suyra: k>9. Tachimgto k=9 la

gi4 tri nho nhat can tim. Piéu d6 c¢6 ¥ nghia 1a véi moi tdp con X gém 9 phan tir bt ky ciia A ludn ton

tai hai phan tir phan biét a,b maa?+b? 12 mot s nguyén td. Pé chimg minh khiang dinh trén ta chia

tap A thanh céc cap hai phan tir phan biét a,b ma a*+b? 1a mot sb nguyén td, ta co tat ca 8 cap:
(1,4),(2:3),(5;8),(6;11),(7;10),(9;16),(12;13),(14;15).

Theo nguyén ly Dirichlet thi 9 phan tir cia X ¢6 hai phan tir ciing thuéc mot cip va ta c6 didu phai

chirng minh.

10. Cho céc sb thuc a,b (i =1 2,...,2009) thoéa mdn: a’+h?=1 Vi=1,2,..,2009. Chirmg minh rang

2
T

tdn tai cip chi s (p,q) voi 1< p<q<2009 saocho a.a +bb >1-—— .

HD:
Viét cac s6 a,b dudidang: a =cosa,, b =sing, (ai € [0;27[)).
Ta co: a,q, +byb, =cos(a, —a,).

Chia khoang [0;27) thanh 2008 khoang, méi khoang c6 do dai d = —— :

1004
[0;27z)=[0; i ju[ T_. 27 )u...u[zomﬂ;Zﬂj.
1004 1004 1004 1004

Theo nguyén ly Dirichle thi c6 hai sb a,,a, cung thugc mot khoang. Ta c6: 0< ‘ap -a

T
< —.
1004
72_2

id >
1004 2(10042)'

Suy ra: a,a, +b,b, =cos(a, —a, ) > cos
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1. BAl TAP VE NGUYEN TAC CUC HAN

1. Trén bang c6 2012 cau khang dinh:

Céu 1: Trén bang co it nhit mot cau khéng dinh sai.

Cau 2: Trén bang c6 it nhat 2 ciu khing dinh sai.

Cau 2012: Trén bang c6 it nhat 2012 c4u khing dinh sai.

Hoi1 nhitng cau nao ding?

HD:

Goi A 1a tap hop cac chi sé k sao cho cau khing dinh thir k 1a cau dung. Vi cau thir 2012 khong thé 1a
cdu dung nén cau 1 13 cau ding, do d6 A= @ . Vi A ¢6 hitu han phin tir nén ton tai mot phan tir k 16n
nhat. Do ke A nén 12,...k—1e A. Do k la phan tir 16n nhit cia A nén k+1,..,2012 ¢ A.Suy
ra:| A=k

Goi B la tap hop cac chi sé k sao cho cau khing dinh thu k 13 cu sai. . Do khing dinh thir k 1a cau
dung nén |B|>k . Do cau khang dinh thtr k +1 sai nén |B|<k. Suyra: [B|=Kk.

Mat khac. |A|+|B| = 2012 nén k =1006.

Vay cac cu khang dinh ding 14 1,2,...,1006 .

2. Sau mot giai bong ban theo thé thire dau vong tron, mdi dau thu duoc goi tén nhitng ngudi thua minh
va nhitng ngudi thua nhitng ngudi thua minh. Chirng minh ring ton tai it nhit mot déu thu duge goi tén
cac dau thu con lai.

HD:

Xét dau thi A dugc goi tén nhiéu ddu tha khac nhat. Ta chimg minh A duoc goi tén cac ddu thu. Gia
sir trai lai, A duoc goi tén A, A,,..,A Vatontai B ma A khong goi tén. Khi d6 B dugc goi tén
AALA,, ..., A :trai voi cach chon A

3. C6 2012 diém trén mit phiang sao cho cac tam giac bat ky c6 3 dinh 1a 3 trong s6 2012 diém da cho
déu co dién tich khong vuot qua 1 ( don vi dién tich). Chirng minh ring c6 thé dat 2012 diém d4 cho
trong mot tam giac c6 dién tich khong vuot qua 4 ( don vi dién tich).

HD:

Vi s6 tam giac c¢6 3 dinh 1a 3 trong s6 2012 diém da cho 1a hitu han nén ton tai mot tam giac T c6 dién
tich 16n nhat. Gia sir 3 dinh ciia T 14 X, Y, Z. Xét tam giac ABC sao cho X, Y, Z twong ting la cac
trung diém cila cac canh BC, CA, AB.

Tacod S ,zc =4S, <4.Tasé chimg minh 2012 diém d4 cho nam trong tam gidc ABC?
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That vay, ton tai diém M nam trong 2012 diém da cho nam ngoai tam giac ABC. Khdng mat tinh tong

quat c6 thé gia sit M nam khac phia A d6i véi BC. Khidé: S ,,, > S, ., (VO I¥).

4. Mot tap M gém nhirng diém nam trén mot duong thing sao cho: mdi diém déu la trung diém cua
mot doan théng ndi hai diém nao do trong s6 con lai. Chtrng minh réng M c6 v6 han diém.

HD: Gia stt M ¢6 hitu han diém. Khi d6 ton tai hai diém A, B sao cho khoang cach AB 16n nhét. Theo
gia thiét A phai 1a trung diém ctua mét doan thing CD nao dé. Gia sir D nim khac phia v6i B so véi A.
Khi d6 BD > AB: trai véi cach chon hai diém A va B.

5. Trén mit phing toa do ¢6 3 diém nguyén nam trén mot duong trdn ban kinh r . Chimg minh rang ton
tai hai ¢iém ma khoang cach giita ding khong nho hon Ir.

HD:

Gia sir ba diém dd cho 1a A,B,C va a 1a do dai canh 16n nhat ciia aABC . Ta co: abc = 4rS . Hon nita
dé thiy 2S € Z nén Sz%. Suy ra: abcz2r=>a’>2r>r=a>ir.

6. Cho a,b 1a cdc s6 nguyén duong va b<a. Biét ring ton tai cip sb nguyén duong (u;v) sao cho
u?+v? —auv =b. Chimg minh rang b Ia s chinh phuong.

HD:

Chon cgp (u;Vv) sao cho u+v nho nhat. Gia stt: u>v.

Xem u?+v? —auv=b Ia PT bac 2 d6i v6i u va goi u’ 1a nghiém thir hai. Vi u'+u=av nén u'eZ.
Viu?+vi<a(uv+1) nén u'>0.

- Néu u’'=0 thi b=Vv? la s6 chinh phuong.

-Néuu'>0thiuu'=v—btasuyrau' <v<u.Suyra: u'+v<u+v voly.

7. Cho n 1a s6 nguyén duwong va n> 2. Ching minh ring tong sau khong thé 1a s6 nguyén:

11 1
S=—+—+.+—.
2 3 n

HD:
Xéttap A={xeN:2°<n}. Vi A bjchan trénnén A c6 phan tir lon nhét. Gia st M = MaxA. Goi a

|4 tich caa cac sb 16 khong vuot qua n. Xét b=2""a. Taco b la boi cua tat ca cac phan tir clia tap

hop {2;3,4;..;n}\{2"} . Do d6 bS =%+%+...+21M+...+%gz. Viy S ¢ 7.
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. 3 X +y +6 4 A , s -
8. Cho x,y la cac so nguyén sao cho A=X Y *0 mot sO nguyén. Chirng minh rang A la mot
Xy
lap phuong dlng.
HD:

Giasir x,y>0.Cb dinh A, choncip X,y sao cho x+y nho nhit vd x>y.Coi x>+ y?+6—Axy =0
1a phuong trinh bac hai dbi véi x va goi x' la nghiém con lai. Ta c6: X' +x=Ay , Xx=y?+6 nén
X' €Z va x'>0. Do cach chon cac cip X,y nén x'>x va x> <y’ +6.

Suyra x*—y* €{0;1,2;3;4;5;6} .

Néu x=y thido A 1a s nguyén nén X2‘6 hay x=1.Khid6 A=8 la lap phuong ding.

Néu x>y thi bang cach giai truc tiép phwong trinh nghiém nguyén ta suy ra khéng ton tai X, y .

9. Cho n, p 1a céc sé nguyén duong va n>3. Tim nghiém duong cta hé phwong trinh sau:

X1+X2:X3p
_ P
X, + X, = X}
Xn 1+Xn:X1p
_ yP
Xy +X =X,
HD:

Gid st M =Maxx; , m=Minx;.

1<i<n 1<i<n
Vi M,me{X;%;..;X} néntacé: MP =x +X.;,MP =X +X

s+1°

Do X, %, <M va x,X,,>2m nén M? <2M, m? >2m.

g1 X =
Do do: M<®J2, m>"J2.Do M >m nén M =m="J2.Vay x, =x,=..=x, = V2.

10. Ching minh rang phwong trinh nghiém nguyén x® = 2y® +4z° khong c6 nghiém nao khac nghi¢ém
x=y=2=0.

HD:

Gia sir ngoai nghiém x =y =z =0, phuong trinh con ¢ nghiém (x,y,z) #(0,0,0).

Trong c4c nghiém nhu vay, chon ra dugc nghiém (X,, Yo, Z,) €0 tong [X,|+|yo|+|2,| nhé nhét,

Vi (X, Yo, Zo) 1a nghiém ctia phuong trinh nén x; = 2y, +4z; .

Suy ra x, chia hét cho 2. Pt x, = 2x, ta dugc: 4x% =y +2z2.

Suy ra y, chia hét cho 2. Pit y, = 2y, ta dwoc: 2x° = 4y> + 2%,
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Suy ra z, chia hét cho 2. Pit z, =2z, ta dugc: x° =2y> +42].

Suyra (X, Y,,2) ciing la nghiém cua phwong trinh dé cho.
Hon nita (X, ¥;,2,)#(0,0,0) V& |x,|+|y,|+|z,| <[X,|+|Vs| +|2o| trai véi cach chon (Xq, Yy, 7).

Vay ngoai nghiém (x,y,z)=(0,0,0) phuong trinh khdng con nghiém nguyén nao khac.
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