SU* DUNG ANH XA TRONG CAC BAI TOAN TO HQP

LOI NOI PAU

C6 thé ndi tu duy vé to hop ra doi tir rat sém, tuy nhién Iy thuyét to hop
dugc hinh thanh nhu mét nganh toan hoc méi vao khoang thé ky 17 bang mot
loat c&c cong trinh nghién ciru ctia cac nha toan hoc xuit sic nhu Pascal, Fermat,
Leibnitz, Euler... Mic du vay, trong sudt hai thé ky rudi, to hop khong dong vai
trd nhiéu trong viéc nghién ctu ty nhién. Bén nay vai su hd trg dic luc cia may
tinh, t6 hop di chuyén sang linh vuc toan ung dung vai sy phét trién manh mé,
c6 nhiéu wng dung cho con ngudi.

Nhan thac duoc vai tro cua ly thuyét to hop d6i vai doi séng hién dai, Iy
thuyét t6 hop di duoc dua vao chuong trinh toan trung hoc phd théng. Cac bai
toan t6 hop ngay cang chiém maot vi tri hét stc quan trong trong céc ki thi hoc
sinh gioi toén, olympic toan, vo dich toan... Toan to hop 1a mot dang toan kho,
doi hoi tu duy 16gic, tu duy thuat toan cao, tinh hinh tugng tot, phtl hop véi muc
dich tuyén chon hoc sinh c¢6 kha ning va niang khiéu todn hoc. Hon nita, noi
dung céc bai toan kiéu nay ngay cang gan véi thuc té, va diéu nay hoan toan phu
hop vai xu hudng cua toan hoc hién dai.

Giai mot bai toan to hop khong hé don gian. Khi méi 1am quen voi giai
tich t6 hop, ching ta van lién tuc dém nham vi nhitng vu dém lap, dém thiéu,
khdng phan biét duogc cac ddi tuong to hop can &p dung, khéng biét nén st dung
cong cu gi dé giai quyét bai toan. Khi da vuot qua nhitng khé khin ban dau nay,
ta lai gap nhitng bai todn ma viéc &p dung truc tiép cac quy tic dém co ban va
cac dbi twong to hop khong dem lai két qua mong mudn ngay lap tic. Vi nhitng
bai toan nhu vy, ta cAn dén cac phuong phap dém nang cao hon.

Bai viét nay dé xuit phwong phap sir dung anh xa dé giai mot sé 16p bai
toan té hop quan trong.

Trong bai viét nay, dé c6 tinh hé thong, truéc hét ching tdi sé trinh bay
mot cach vin tit phan ly thuyét co ban cia phuong phap anh xa, sau do, chung
t6i S& tap trung vao gidi thiéu vé st dung phuong phap anh xa théng qua cac vi
du cu thé.

Pong Héi, ngay 24 thang 4 nam 2013
Tac gia

Nguyén Chién Thang
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NOI DUNG

l. KIEN THUC CO BAN
1. Anh xa

1.1. Pinh nghia. Mét anh xa f tir tdp X dén tdp Y 1a mét quy tdc dét tiong img
méi phan tiz x ciia X véi mét (va chi mét) phan tiz cia Y. Phan ti nay dwoc goi la
anh cua x qua anh xq f'va dwroc ki hiéu la f(x).

(i) Tap X duoc goi la tap xac dinh cua f. Tap hop Y duoc goi la tap gia tri
cuaf.

(i) Anh xa f tir X dén Y duoc ki hiéu 1a
f: X->Y
x>y =f(x)

(iii) Khi X va Y 1a céc tap sé thuc, 4nh xa f dugc goi 1a mot ham sb xéc
dinh trén X

(iv) Cho ae X,yeY. Néu f (a)=y thitanoiy la anh cua a va a la nghich
anh cua y qua anh xa f.

(v) Tap hop Y ={yeY[axe X,y = f(x)} goi la tap anh cua f. N6i cach khéc,
tap anh f(X) la tap hop tat ca cac phan tir cua Y ma c6 nghich anh.
2. Pon anh, toan anh, song anh
2.1. Dinh nghia. Anh X :X —Y dwoc goi la don dnh néu Véi aeX,be X ma

a=bthi f(a)= f(b), tirc 1a hai phan ti phan biét sé c6 hai anh phan biét.

Tur dinh nghia ta suy ra anh xa f 1a don anh khi va chi khi véi ae X,be X
ma f(a)=f(b), ta phaico a=b.
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2.2. Pinh nghia. Anh xg f:X Y duwoc goi la toan anh néu véi mai phan ti
yeY deéu ton tai mgt phdn tix xe X sao cho y= f(x). Nhuw vdy f 14 toan anh néu

vachinéu Y = f(X).

2.3. Pinh nghia. Anh xg f:X Y duwoc goi la song anh néu né vira la don dnh
Vira la toan dnh. Nhw v@y &nh xa f:X —Y 1a song anh néu va chi néu véi mai
yeY, ton tai va duy nhdt mét phan tir xe X dé y=f(x).

3. Anh xa ngwoc ciia mdt song anh

3.1. Pinh nghia. Anh Xa nguoc ciia f, dwoc ki hiéu béi £, 1a &nh xg tir ¥ dén X
gan cho mai phan tix y ey phdn ti duy nhdt xe X sao cho y= f (x). Nhuw vdy

f(x)=ye f(x)=y

3.2. Cha y. Néu f khdng phai la song anh thi ta khdng thé dinh nghia dugc anh
xa nguoc cua f. Do d6 chi néi dén anh xa nguogc khi f 12 song anh.

4. Anh xa hop
4.1. Pinh nghia. Néu g:A—B VA f:B—C Va g(A)<B thi anh xa hop
fog:A—C duoc xac dinh baoi

(fo9)(a)="f(g(a)).

Ki hiéu p"=popo..op.
[

n

II. PHUONG PHAP ANH XA

Nguyén Iy 4nh xa. Cho A va B 1a c4c tap hitu han khac rong va f :A— B

la mét anh xa. Khi do,
a) Néu f 1a don anh thi | A|<|B|

b) Néu f Ia toan &nh thi | A2 B
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c) Néu f lasong anh thi | Al B]|.

Phuong phéap anh xa dya vao y tuong rat don gian:

- Néu ton tai mot song &nh tir tap hitu han A vao tap hitu han B thi |A] =
IB|. Do d6, mudn chang minh hai tap hop c6 cuing s phan tir, chi can xay
dung mot song &nh giita chung. Hon nita, ta c6 thé dém dugc sé phan tir
ctia mot tap hop A bang cach xay dung song anh tir A vao mot tap hop B
ma ta da biét cach dém hoac d& ¢ém hon.

- Néu ton tai mot don &nh (t.ur toan anh) tr A vao B thi

Al<|B| (tu
| A]>|B|). Do d6, don anh va toan anh chu yéu duoc s dung dé chung
minh cac bai toan lién quan dén bat dang thuc to hop. Chuyén bai toan
can ching minh vé viéc so sanh sd phan tir cua hai tap hop, trong d6 co
mot tap hop da biét cach ¢ém hozc dé dém.

Tuong tu nguyén Iy Dirichle, vé mit y tuong thi hét sac don gian tuy nhién
thuc thé thi khdng phai don gian nhu thé. Pé sir dung phuong phap nay ta can
x4c dinh duoc mot song anh giira tip can dém vao mot tap da biét cach dém viéc
lam nay khong phai lic nao ciing thuc hién dé dang. Sau day 1a mot s6 bai tap &p
dung phuong phap trén.

Pinh ly. (Bai toan chia keo ciia Euler) Cho k, n 1a cac s6 nguyén duong. SO
nghiém nguyén khong &m ctia phuong trinh x; + X, + ... + x¢=nla Cc¥. .

Chéng minh: Ta cho tuong (tng mdi nghiém nguyén khong &m cta phuong
trinh x; + X, + ... + x¢ = n (1) voi mot xau nhi phan d6 dai n+k-1 trong d6 c6 n
bit 1 va k-1 bit 0, cu thé xau gom X, bit 1, sau d6 1a 1 bit 0,tiép theo 1a x, bit 1,
sau do6 1a 1 bit 0, ctr nhu thé, cudi cuing la x, bit 1. D& dang chimg minh dugc day
la mot song anh tur tap A cac nghiém nguyén khong &m cua (1) vao tap hop B
cac xau nhi phan d¢ dai n+k-1 vai n bit 1 va k-1 bit 0. Tur do, theo nguyén 1y
song anhtacd | A5 B|=Ck} ,.(dpcm).

n+k-1*

Page 4



SU* DUNG ANH XA TRONG CAC BAI TOAN TO HQP

Vi du 1. Cho cac sb tu nhién k, n. Hay xac dinh s6 cac anh xa f :{1,2,...,n} >0

thoa man Y’ (i) =k.

k-1
n+k-1"*

Loi giai: DAy chinh 14 bai toan chia keo Euler. Pap sé: C
Vi du 2.(IMO 1989).

MG&i hodn vi (X, X,,...,X,.) cia 1,2,...,2n goi la c6 tinh chat P néu |x —x_, |=n

Vvéi it nhat mot gia tri i €{1,2,...,2n}. Chang minh rang véi mdi sé n, s6 hoan vi
c6 tinh chat P 16n hon s6 hoan vi khdng c6 tinh chat P.

Loi gidi:

Céach 1: Tachia 1,2,...,2n thanh n cap (Ln+1),(L,n+ 2),...,(n,2n). Bay gio ta
thiét 1ap mot anh xa f tir tap cac hoan vi khéng cd tinh chat P vao tap cac hoan
Vi €0 tinh chat P. Gia st (X, X,,...,X,,) 12 mot hoan vi bat ki khong cd tinh chat
P va gia sir x,_ 1as6 cling cap véi x,,,k <2n—2, khi d6 anh xa f xac dinh nhu

Sau

(Xl’XZ""’XZn) _)(Xl’XZ""’ Xk’XZn’X2n—1’X2n—2""’Xk+l) b

Ta chang minh f 1a don anh nhung khong toan anh. Suy ra diéu phai chiing
minh.

Vi du 3. Vi s6 nguyén duong n, ching minh rang sb cach biéu dién n thanh tong
c4c s6 1é nhiéu hon s6 cach bidu dién n thanh tong cac so nguyén duong doi mot khac
nhau.

Lo giai: Giasir A 1 tap tat ca cac cach biéu dién n thanh tong cac sb 1é va B la tap
tat ca cac cach bidu didn n thanh tong cac sé nguyén duong d6i mét khac nhau. Tic 13,

A={(@)la, odd,Zai =n} va
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B={(b)lb,#b, i=j,>b=nb el }
={2"r -i|s, €0, r, odd, > b =n}

Ta xay dung toan anh f tr A vao B.

Véimdibo (a)e A, giasitco k séle b, k, sbléh,,..., k sbl1éb,. Taclataco

Biéu dién k,,i=1,2,...,t theo hé nhi phan

K= T 0l =280+ 25, 4+ 2, + 20,

S, s-Li" 0,0 S,

Ta thay
S0+ 27, 4 2+ 20,8 =kl =n

Va céc s6 hang trong biéu di&n nhi phan cuaa k; trir truong hop |

nhau. Do d6

# 0do6i mot khac

si—Ji

@1, 0,25, By 2%l by, 201D, 257 b, 2%l b) € B

§-117t0 0,t™t

Khi d6 4nh xa f : A— B dugc x4c dinh nhu sau

(0,000,000, 0,0 b))
21, 5,25, by, 2°0 by, 20 0,257, b 201 )

0,t™t

Ta chimg minh duoc f 14 toan anh. Do d6 ta c6 diéu phai ching minh.

Vidu 4. (APMO 1998). Gia s F latap hop tat ca cac bo gom n tap
(A A,...,A), trongdo A latap con cua tap {1,2,...,2012}. Tinh
> JAUAULUAL

(AL Ay Ay )EF

Loi gidi. V6i i phanta n,n,,...,n €{1,2,...,2012}, ta &&m xem c6 bao nhiéu ¢

(A A,...,A) thtaman A UA U...UA ={nn,,...n} (*)
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Ta cho c4c phan tir n,,n,,...,n, dang ki c6 mat trong tap A_bang cach véi mdi phan tir

Oif n ¢ A vi—in

n. tagancho1 bosb (a,a,...,a ) saocho a =<1 Vt=1n.

Mot bo diang ki 1a hop 16 néu c6 it nhat 1 s6 1 (néu khdng thi phan tir trong tng khong
co mattrongtap A WA U..UA).

V6i i phiéu ding ki n,n,,...,n. (ta goi 1a nhom phiéu ding ki), ta s& lap duoc bo
(AA,....A).

Nguoc lai, vdi 2 nhom phiéu dang ki khac nhau ta s& ¢6 2 bo tap hop
(A,A,...,A)khac nhau, do d6 s6 bo (A, A,,...,A) théa man (*) bang sé6 nhém phiéu
dang ki hop I€.

Vi phiéu ding ki cua n,j=12,.,n gom n chir s6 0 hoac 1 va phai c6 it nhat 1 s6 1
nén c6 2" —1 cach ghi phiéu cho n, suy racé (2" —1)' nhém phiéu ding ki hop 1€

khac nhau.

, i , - A N A
C6 C,,,, cach chon I phan tir nén suy ra

2012

Y IAUAULUA=DIC, (2" -1) =2012(2" ~1)2"

(ALA L A )eF i=1
= 2012(2" —1)2%

Binh luan: Bai toan nay khong dung phuong phap song anh theo nghia
thuong, & day s€ khong c6 anh xa nao ca. Nguyén ly anh xa ¢ day dugc dung
bang céach, thay vi tinh tong nay ta tim céch tinh mét tong khéac dé hon va c6 gia
tri bang tong da cho. Vi mdi {1,2,...,2012} ta goi S.1a s6 cac bo trong F ma i
thudc hop cac phan tir ctia ho. RS rang trong S thi i duoc dém S, lan, do do6
S=>'S,. Dé thiy cac S, bang nhau va bang (2" —1)2°""" va tong can tinh bang
2012(2" —1)27"",
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Vidub5.Cho n>3va X <{1,2,...n°}=E gom 3n’ phan ta. Ching minh rang c6
ax+ay+az=0

thé tim dugc 9s6 a,,a,,...,a, € X d6i mot khac nhau sao cho hé {a,x+a,y+a,z=0
ax+ay+az=0

c6 nghiém nguyén (x,,Y,,z,) théamaén x,,y,,z, #0.

Loi giai.

Sap xep cac phan tir cha tap X theo thir tw X, <X, <..X_,. Dt

Xy =% X, 1 XK =X, X, e X X =X, X e X )
Xét anh xa

f:i X xX,xX, >ExE
(a,b,c)—~>(b—a,c—b)

Taco | X, x X, x X, |5 X, || X, || X,|=n°. Do

ae X, beX,,ceX,néna<b<c,suyra

b-a>1c-b>1va(b-a)+(c—b)=c—a<n’. Vivaytap anh caa f latap con
cuatap A véi A={(m;n)|m,ne X,m+n<n’}. Mataco

n1 3(n3 6
(AR Sk=0 =D n

k= 2
Do d6, theo nguyén ly Dirichle ton tai 3bd s6 (a,b.,c.),i=1,2,3 cho cling mot anh
(%,,Y,) nghialataco b —a =x, vac,—b =vy,,i=12,3. Chon z,=-x, -y, thi
z,=a —cC,i=12,3. Do vay voi mdi i=1,2,3 thitaco

cX, +ay,+bz,=c(b—-a)+a(c —b)+b(a —c)=0. Ching to hé¢ phuong trinh

cX+ay+bz=0
cX+ay+b,z=0
c,x+ay+hbz=0

C6 nghiém nguyén (x,,Y,,Zz,) théamén x,,Y,,z, #0. Do
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aeX,beX,ceX,néna #b =c,V1l<i, j,k<3.

Giasr 1<i< j<3:a =a, thido b —a =b,—a nénb =b,suyrac =c,, do dé

(a.b,c)=(a;,b,c,),voly. Vay a #a,Vl<i<j<3.
Tuong tu, b ;«f&bj,ci #C,, V1< I < j <3. Vay bai toan dugc chang minh.

Vidu 6. Co n ngudi xép hang doc. Hoi c6 bao nhiéu cach chon ra k nguoi sao
cho khong ¢ hai nguai lién tiép duoc chon.

N "

Loi gidi: Ta danh sé n nguoi bang cac sé tha tu 1, 2, ..., n. Mot cach chon thich
hop chinh [A Mot bo s6 1 < a; < a, < ...< a < n thoa man diéu kién a, —a; > 1

(tac 1a > 2). Vay ta can tim s6 phan tir cia

A={(aga,....a)|l<a<a<..<asn a.-—a=2Vvoii=l,2, ...,
k-1}
Xét anh xa f(ay, ay, ..., ax) = (by, by, ..., by) v&i by=a;— i+ 1third rang taco

1) blzalzl;

2) bi+1—bi:(ai+1—(i+1)+1)—(ai—i+1):ai+1—ai—1>0

3) by=ar—k+1<n-k+1.
Suy ra (by, by, ..., by) 1a phan ti caa tap hop B:

B= {(bl, bz, ...,bk) | 1< b1< b2< L<bi < n—k‘l‘l}
D& thay f 1a mot don anh.
Ngoai ra, anh xa g(by, by, ..., by) = (ay, a, ..., ax) vai a; = b; + i — 1 cho chung ta

mot don anh tir Bvao A. Vay |A|=|B|=c¥, ..

Vi du 7. (Putnam 2002). Cho n>1 1a mét s6 nguyén duong va T, 14 s6 cac tap
con khac rdng cua tap {1,2,...,n} sao cho trung binh cong tat ca cic phan tir cia

n6 1a mot s nguyén. Ching minh ring T —n 1a mot s6 chén.

Page 9



SU* DUNG ANH XA TRONG CAC BAI TOAN TO HQP

Huwéng din. CO ntap con 1phan tir va cac tap ndy déu thoa méin diéu kién trong

dau bai.

Vay ta chi cAn ching minh s6 cac tap con nhiéu hon mot phan tir ¢6 tinh
chat d6 1a mot s6 chan 1a xong. Ta hay ghép cac tip con nay thanh ting cip nhu

sau: Céc tap c6 trung binh thudc né di v mdt tap co trung binh khong thude nd.

Vi du 8. C6 20 nguoi xép thanh mot vong tron. Hoi ¢6 bao nhiéu cach chon ra 5

ngudi sao cho khong cé hai nguoi ké nhau dugc chon.
Loi giai. Ta giai cac bai toan tong quéat sau

Vi du 8.1. C6 n nguoi xép thanh mét hang doc. C6 bao nhiéu céch chon ra k
ngudi, sao cho khong co hai ngudi ké nhau duoc chon?

Cach 1. (Phwong phdp song danh) BDatE, = {1, 2, ...,n}. Goi 1< U, < ...<ug la
s6 thir ty cua nhitg ngudi dugc chon thi ta cod Uiy — Uy > 2 v6i moi i=1, ..., k-1.
Dat A = {(u, U, ..., w) € E | Ui — Ui = 2 v&i moi i=1, ..., k-1}. Xét anh xa f:
A = B, trong do

B={(vy, Vo, ..., vy € Ekn_k+1| Vi <V <...<vi} xac dinh nhu sau
f(ug, Us, ..., u) = (Vq, Vo, ..., Vi)

véi Vi = u;— (i-1). Takiémtra (vi, Vy, ..., vi) € B :
1) RO rang Vi1 —Vi=(Uisr — 1) — (Ui — (i-1)) = Ujp — Ui — 121
2)vi=up 21, vw=uk—(k-1)<n-k+1.

Ta kiém tra f 1a mot song anh. Néu (ug, Uy, ..., w) # (U, uz’, ..., u’) thi rd rang
anh cua ching khac nhau. Suy ra f 1a mot don anh. Nguoc lai, vai (Vq, Vo, ..., Vi)
thuoc B, ta chon u; = v; +i-1 thi (uy, U, ..., uy) thuoc A va f(uy, ..., uy) = (v, Vo,
..., vi). Suy ra f la toan anh.

Vay |A| = |B|. Ma |B| thi rd rang 1a bang sé cac tap con k phan tir cua Eqysq, do
d6 bang ck ..
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Cach 2. (Sir dung bai toan chia keo cua Euler). Gia st ta chon dugc k nguoi.
Goi X 12 s6 nguoi tinh timg nguoi dau tién dén trude ngudi thir nhat duoc chon,
X, 1a s6 nguoi nam gitra ngudi thir nhat va nguoi tha hai, ..., x, 12 s6 ngudi nam
gitra ngudi thir k-1 va ngudi thir K Va X, 12 $6 nguodi ndm sau nguoi thir k dén
cudi. Khi d6 ta c6

X1+ Xo+ ...t X1 =N—K (1)
VA X1, Xie1 12 C4C 56 nguyén khdng am, con X,, ..., xy la cac s6 nguyén > 1.

Nguoc lai, néu (X4, ..., Xks1) 12 mot nghiém caa (1) Vi X1, X1 = 0, Xo, ..., x> 1
thi ta cho tuong tng vai cach chon ngudi thir 1+X;, 2+X;+Xo, ..., k+xi+.. . +X
thirdrangdo (i + X; + ...+ x5) — (I-1 + Xy + ...+xi1) =1 + X; > 2 nén khdng c6 2
nguoi lién tiép dugc chon.

Dé hoan tat 11 giai bai toan, ta ddt yq = X1, Vier = Xeer VA Y = Xi — 1 V61 =2, ...,
k thi duoc

i+t Yy =n—2k+1 (2)
Vvéi y; 1a cac s6 nguyén khong am.

Theo két qua cua dinh ly chia keo cua Euler, ta c6 s6 nghiém cua (2) bang ck

n—k+1*

D6 ciing chinh 1a két qua cua bai toan ban dau cua ching ta.

Vi du 8.2. C6 n ngudi xép thanh mot vong tron. C6 bao nhiéu cach chon ra k
nguoi, sao cho khong ¢ hai ngudi ké nhau duoc chon?

Bai toan nay c6 thé giai bang két qua cua bai toan trén va phuong phap « cat
duong tron ». Gia sir n ngudi d6 duge danh sb 1, 2, ..., n. Ta xét cac trudong hop
Sau

1) Nguoi s6 1 duge chon. Khi d6 ngudi s6 2 va sé n khong duoc chon.
Nhu vay ta phai chon thém k-1 nguoi tir 3 dén n-1 sao cho khong ¢ hai nguoi
ké& nhau dugc chon. Vi n-1 khong ké 3 nén c6 thé coi ddy 1a n-3 nguoi xép theo
mot hang doc. Theo Kkét qua cua bai todn trén, s6 cach chon bang
Ck—l — Ck—l

n-3-(k-1)+1 n—-k-1"*
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2) Nguoi s6 1 khong duoc chon. Khi d6 ta can chon k nguoi tir s6 2 dén n
sao cho khong c6 2 ngudi ké nhau dugc chon. Vi 2 va n khdng ké nhau nén co
thé coi ddy 1a n-1 nguoi xép theo mot hang doc. Theo két qua cua bai toan trén,
s6 cach chon bang ¢,

Vay dap s6 cua bai toan la

T oS L oL N (LI G o L O O
(k—1)!(n—2k)!  KI(n—2K)!  K!(n—2k)!

-1
Ckl

z-l::

Vidu 9. Cho k,nell” val<k <n. Héi co tat ca bao nhiéu cach chon ra k s6 doi
mot khac nhau tir n s6 nguyén dwong dau tién sao cho trong mdi bo k sb duoc
chon ra, khong c6 hai s nao 1a hai s6 nguyén lién tiép.

Loi giai. Goi m 1as6 can tim. Tacd m=| A|, véi A l1a tap gom tat ca cac bo
khong cé tha tu (a,a,,...,a,) théamén a €{1,2,...,n} vai
i=12,..,k vala —a, |g{0,1} véi moi i = je{l,2,...k}.

Khong mat tinh tong quat, véi moi (a,,a,,...,a,) € A, ta co thé gia sir

a<a <..<a.
Xeét twong tng
(a,a,,..,.a)eA—>(a,a,-1..,a —k+1).

D& thay, twong (ng ndi trén xac 1ap mot song anh tir A dén B, voi B 1a tap gom
tat ca cac bo (b,b,,...,b,) khdng cd thir ty thoa man

b e{l2,.,n-k+1},Vi= wkvab#b,vizje{l?2,.. Kk}

Tur day suy ra | A|=|B|=C*

n—k+1"

Vi du 10. (VMO 2012)
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Cho mét nhém gom 5 ¢6 gai, ki hiéu 12 G,, G,, Gs, G4, Gs va 12 chang trai. Co
17 chiéc ghé duoc xép thanh mot hang ngang. Nguoi ta Xép nhom ngudi da cho ngdi
vao cac chiéc ghé do sao cho cac diéu kién sau duoc ddng thoi thoa man:

1/ Mdi ghé c6 diing mot ngudi ngoi;

2/ Thi ty ngdi cua cac ¢d géi, xét tir trai qua phai, 13 Gy, G,, Gs, G4, Gs;
3/ Giita G, va G, c6 it nhat 3 chang trai;

4/ Giira G, va Gs c0 it nhat 1 chang trai va nhiéu nhit 4 chang trai.

Hoi ¢6 tat ca bao nhiéu cach xép nhu vay? (Hai cach xép dugc coi la khac nhau
néu ton tai mot chiéc ghé ma nguoi ngdi ¢ chiéc ghé do trong hai cach xép 1a khac
nhau).

Loi gii.
Céch 1. Trudc hét ta chirng minh bo dé.

Bo dé. (Bai toan chia keo ciia Euler) Cho k, n 1a cac s6 nguyén duong. Sé nghiém
nguyén khdng &m cuia phuong trinh x; + X, +... +X¢=nla CX .

Chirng minh: (Xem dinh ly).
Tré lai bai toan.

Danh sb th tu cac ghé tir trai sang phai 1a 1, 2, ...,17.
Goi x4 1a s6 chang trai dugc xép bén trai Gy, X, 1a s6 chang trai ¢ gitta G, va G,, X3 1a
s6 chang trai ¢ gitta G, va Gg, X4 12 56 chang trai & gitra G va Gy, Xs 12 s6 chang trai &
giita G4 va Gs, Xg 12 56 chang trai dugc xép & bén phai Gs. Khi d6 bd 6 (Xq, Xa, ..., Xe)
hoan toan xac dinh vi tri cac cb gai va ta co
DX+ X+ ... +x4=12
2)3<x;
3)1<x5<4
Doi bién y, =X, —3Vvays = Xs—1taduoC X; + Y, + Xz + X+ Y5+ Xg = 8
Véi cac 4n khong am va co thém diéu kién ys < 3.
Tiép theo, sir dung bai toan chia keo cua Euler ¢ dang
X1+Y2+ X3+ X4+ Xe =8~ s
ta dugc sd cach phan ghé cho cac co gai 1a
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C,, +Ca +Cy +Cq =1161.
Vi ¢on ¢d 12 chang trai c6 thé hoan doi vi tri & 12 chiéc ghé danh cho ho nén sé céch
xép thoa man yéu cau bai toan 1a 12! 1161.
Céch 2. Ciing danh s thir tu cac ghé tir trai sang phai 14 1,2,...,17. Goi

d,, 9, s, 9,, 9. 12 vi tri chd ngdi cta cac cd gai G, G,, G,, G,, G, tuong ung.
Khidétacol < ¢g,< 09,< 09,< 0, < ¢, < 17. Ngoai ra ta con co
3<g,—g,val<g,—g,<6.
bat

A=1{9.9,09.9,9)l 1<9,<9,<0,<0,<9,<17,3<9,-9,1<g,— g, <6}
thi ta can tim |A|.
bat

B=1{0.90,09,.09)1<9,<0,<09,<0,<09<17,3<g,- 0,1 <99,/
C=1{9.9,9.9,.9)1<9<9,<9,<0,<09,<17,3<0g,- 0,6 <g,— g}

thirdrangtaco A = B \ C(vs6iC = B), suyra |A|=|B|-[C|.
Pé tinh [B|, ta dt D ={(h,h,,h,,h,,h)|1<h <h <h <h, <h <13} vaxétdnh xa
f: B—>D, f(9,.09,,0:9,.9:)—(9..9, -39, 3,9, —3,9, —4)thi dé dang kiém
chung duoc f la mot song anh.
Nhung |D| bang sb cach chon 5 phan tir ra tir 13 phan tir nén ta c6 [D| = C5. Vay |B| =
ID|=C;.
Mot cach hoan toan tuong tu, ta tinh dugc | C | = C2. Vay sb cach xép chd cho 15 co
gai bang C5—C?=1161..
Vi con ¢6 12 chang trai c6 thé hoan doi vi tri & 12 chiéc ghé danh cho ho nén sb cach
xép thoa man yéu cau bai toan 1a 12! 1161.
Binh luan.
e Bai toan chia keo Euler 1a mot tng dung truc tiép cia phwong phap song anh hét
strc quan trong dé giai cac bai toan t6 hop.
e Day la mot bai t6 hop co ban. Cac van d& nay da duoc trinh bay kha k¥ trong
c4c tai lidu boi dudng hoc sinh gioi.
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e Ngoai cic phuong phép trinh bay & trén, con c6 thé trinh bay theo 16i ham sinh,
da thirc. Chang han sé cach xép 5 co gai thoa man yéu cau dé bai chinh 1a hé sé
caa x° trong khai trién (1+x+x%+...)°(1+x+x%+x5).

e Mot sai 1am pho bién cé thé gap 1a quén nhan 12!,

e Trong loi giai, nén chung minh chat ché f (trong loi giai 2) 1a &nh xa, sau do
chirng minh né la song anh.

e Néu khong ching minh lai dinh 1y bai toan chia keo cua Euler thi it nhat ciing
can phét biéu 13 rang dinh ly nay.

e Bai tap twong tu: C6 bao nhiéu cach chon ra k ngudi tir n ngudi xép thanh mot
hang doc sao cho khong ¢ hai nguai lién tiép duoc chon?

Vidu 11. Cho n,k,mel]” théa man diéu kien m>1va 1<k <n. Hoi co tit ca
bao nhiéu chinh hop chap k (a,a,,...,a)cua n so nguyén duong dau tién ma

mdi chinh hop (a,,a,,...,a,) déu thoa man it nhat mot trong hai diéu kién:
() Ton tai hais6 i= je{l,2,...kK}saochoi<jvaa >a,
i) Ton tai i €{1,2,...,k} sao cho a —i khong chia hét cho m
Lo giai. Truéc hét ta chitng minh bo dé sau
Bo dé 3: Cho cac sé nguyén diwong kvan. Néu A la tap gom cac so
nguyén duwong a khong virot qua n vathoaman n:k thi |Al= [E}

Chitng minh: D& thady A={k, 2k,...,mk}, voi m1la sé thoa man diéu kién
mk <n<(m+1k. (D

T do suyra A~{L,2,...m}. Vithé | Al=m= [H (do (1)).

Tro lai bai toan,

Goi A la tap gdm tat ca cac chinh hop chap k cta n sb nguyén duong
dau tién. Goi A" 1a tap gom tat ca cac chinh hop thoa man yéu cau bai toan, va
goi B 14 tap gom tat ca cac chinh hop khéng thoa man yéu cau bai toan. Hién
nhién ta co
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A =A\B @
Xéttap B. Taco
B={(a,a,,...,a)eAla <a,<..<a;a-i:mVie{l?2,...,k}}
Xet tuong tng
(a,a,...,a)eB—(a+(m-1),a, +2(m-1),...,a +k(m-1)).

Ta chig minh dugc tuong wng trén 1a mot song anh tir B dén B, trong d6 B, la
tap gom tat ca cac bo khong co tha tu (b,,b,,...,b,) théa man
b e{L2,...,n+k(m-1)}va b:m,Vie{l2,...,k}.

Tu dosuyra | B|=| B,|. Mat khac, theo bo dé ta co | B, |:C["n;k] - Vivay, tir (1)

ta duoc | A'|l=n(n-1)...(n—k +1) - C*

Sy

m

Chay: Trong bai toan trén, khi cho m=2 ta s& c6 bai 3 caa dé thi quéc gia
chon hoc sinh gioi toan THPT nam 1996 (bang A).

1. BAI TAP TU LUYEN

Bai 1. Cho n,k,mel]” thoa man diéu kién m>1va 1<k < n. Hoi c6 tat ca bao
nhiéu chinh hop chap k (a,a,,...,a )cua n so nguyén duong dau tién ma moi

chinh hop (a,,a,,...,a,) déu thoa man dong thoi hai diéu kién sau:
i) Ton tai haiso i= je{l,2...k}saochoi<jvaa>a

i) Ton tai i €{1,2,...,k} sao cho a —i khong chia hét cho m

Bai 2. Chocacso nkel” val<k<n,n>3. Choda giacldi A,A,...,A. Hoi
cO tat ca bao nhiéu cach td mau k dinh cia da giac d6 sao cho trong mdi cach to
khong c6 hai dinh ké nhau nio ctng duoc td mau.

Huwéng dan:
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Goi T latap gom tat ca cac cach t6 mau thoa man yéu cau dé bai. Goi T,
la tap gom tat ca cac cach t6 mau thudc T ma trong mdi cach to, ta déu thay dinh
A khong duoc t6 mau. Dat T, =T \T,. Hiénnhién T =T, UT, va T, \ T, =¢. TUr

4 N\ 14 A r . n
do, theo bai toan trén, ta chung minh duoc|T |=—kan_k.
n —

Bai 3. Cho m,n la cac s6 nguyén 16n hon 1. Cho S 12 mot tap hop c6 n phan tir,
A,A,,..,A lanhiing tap con caa S . Gia thiét rang bat ki hai phan tir x va y
trong S bao gio cling c6 mot tap hop A sao cho x dtrong A va y khong ¢

trong A hoic x khong & trong A va y & trong A . Ching minh rang n< 2",

Hwéng din: Xétdon anh f:S T ={(X,X,,....X.)|X; €{0,1}} trong d6
f(X) = (X,;,X,,...,.X,,) thoa man x, =1 néu x &trong A va x =0 néu x khdng &

trong A .

Bai 4. C6 mot nhom ngudi ma trong d6, mdi cip khong quen nhau c6 dung hai
ngudi quen chung, mdi cap quen nhau thi khong c6 ngudi quen chung. Chiing
minh rang sé nguoi quen cta mdi ngudi 13 nhu nhau.

Huéng dan: Gia s a,b 13 hai ngudi tuy y.

e Néu a quen b thi a,b khong co ngudi quen chung. Goi A, B la tap cac
ngudi quen cua a,b twong ng. Ta chi ra mot twong ung 1-1 gitta A, B
nhu sau: V&i mdi ngudi tuy y a'e A thi a' khéng quen b nén a' va b c6
dunghai nguoi quen chung. Mot trong hia nguoi d6 1a a nguoi con lai la
c, mot nguoi quen cua b (hay ¢ € B).

e Néu a khong quen b thi ho co ngudi quen chung la ¢ . Khi d6
| AlHBIHC| (dpem)

Bai 5. Goi C_ laséhoanvi f cuatap S={1,2,...,n} thoa man
f(i)>i-1i=12,..,n.Goi E_ lasbhoanvi f cia S sao cho
f(i)<i+1i=12,..,n. Chimg minhrang E, =C_ .
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Hwéng din: Thiét 1ap song éanh f >g:g(i)=n+1-f(n—i+1).

Bai 6. Goi M 14 s6 nguyén duong trong hé thap phan c6 2n chit sd, trong d6
c6 n chitsé 1 va n chirsd 2. Goi N 14 s6 nguyén duwong trong hé thap phan cé
n chir s, trong d6 chi cd ncéac chirsé 1, 2, 3, 4 va sé chir s 1 bang so chit s6
2. Chirng minh M = N.

Huwéng dan: Thiét lap twong ing nhu sau f :a,a,..a bb,..b > cgc,..c, . Trong

do, aa,..a bb,.b eM vac =a +b, theo quitic

1+1=1

1+2=3
2+1=4
2+2=2

Khi d6, f 1a mot anh xa tr Mvao N. That vay, dat

X ={i|(a,b)=(21),1<i<n}|X|=x
Y ={il(a,b)=@2)1<i<n}| Y|y
Z={i|(a,b)=L1),1<i<n}|Z|=z

T={i|(a,b)=(22),1<i<n},|T|=t

thi s6 s6 1 trong a,a,...a_b,b,..b 1a x+y=2z,cons6s6 2 1a x+y=2t. Suy ra

z=t. Vay c,..C, chtrasd s6 1 va s sé 2 bang nhau hay cc,..c, € N. Hon

ntra, f:aa,..a,bb,..b, >cc,...c, 1a mot song anh vi phép toan quy udc xac
dinh twong tng 1-1 gitta (a,b) va c. Vay |M|4 N|.
Bai 7. Cho n nguyén duong va r nguyén duong thoa man r<n—r+1. Gia s
X ={1,2,...,n}. C6 bao nhiéu tap con ctia X cd r phan tir ma khong co6 hai s tu
nhién lién tiép nao.
Hwéng dan: Goi A latap céc tap con cia X, ¢6 r phan tir va khdng chtia hai
s6 tu nhién lién tiép va B 12 tap c4c tap con ¢ r phan ti caa tap hop
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Y ={1,2,...n-r+1}. Thiét 1ap song anh

f:S :{Xl’XZ""’Xr}H T :{X11X2-11X3-2'"1Xr'r+l}.

Trong d6 S X, X, +1< X,,X, +1<X,,...,X, ; +1<x_ (vi S khong chira hai sb

nguyén lién tiép).

Dé& thiy Y e B va tuong tng trén 12 mot song anh. (Tap T 1a tap c6 r phan tir va
c6 thé c6 hai sb tu nhién lién tiép). Vay |A|4B|=C!

n—r+l
Bai 8. Chotap S gom tat ca cac s6 nguyén duong ¢ trong doan [L,n]. Goi T 1a
tap hop t ca céc tap con khac rong caa S. Vi mdi X thuoc T, goi m(X) 14

2, m(X)

trung binh cong cac phan tr caa X . Tinh m= —XET|T |

Hwéng dan: Ta thiét 1ap mot anh xa

F:T>T
X f(X)={n+1-x,xe X}

>~ (m(X) +m(f (X))
Khi d6, f la song &nh nén m(X) =m(f (X)), do d6 2m = XL 7]

ma m(X)+m(f(X)=n+1. Vay m:nTJrl.

Bai 9. Tinh trung binh céng cac s6 ty nhién N gom 2013 chir s6 thoa man N
chia hét cho 999 va cé4c chix s caa N nam trong tap {1,2,3,4,5,6,7,8}.

Hwéng din: Goi X la tap cac sb ty nhién thoa man dé bai. Ta thiét 1ap mot
song anh

f:X—>X
X=a,,.a,—~>f(X)=09-a,)9-4a,)..9-4a,)

R rang X +f(x) =99...9 nén trung binh cong cac phan ti cua X 1a 99"'9.
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KET LUAN

Bai toan to hop 14 bai todn c6 noi dung thyc té, Iy luan hap dan va ly tha,
nhiing diéu nghe nhu 1a don gian nhung giai duoc né 1a mot qua trinh tu duy su
sic, trng dung &nh Xa s& 1am rd hon cach giai toan roi rac cho hoc sinh gioi toan
& trudng Trung hoc phd théng, chuyén Toan.

Do thoi gian va niang luc ban than con han ché nén bai viét khdng thé
tranh khoi nhitng sai sot. Rat mong sy nhan xét, gop y cua cac thay co, dong
nghiép va tat ca hoc sinh dé bai viét cd thé hoan thién hon va trd thanh tai liu
tham khao tét cho hoc sinh yéu toén.

Xin chan thanh cam on.
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