. www.MATHVN.com - Toan hoc Viet Nam
HINH HOC HOA BAT DANG THUC QUA BA BIEN p, R, r

Dat a, b, c la do dai 3 canh cua mot tam gidc. Conp, R, r lan luot la nua chu vi, ban kinh duong
tron ngoai tiép va ndi tiép ciia AABC.
1/ Mt s6 ding thirc lién hé giira 3 canh tam giac vap, R, r.
a) ab+bc+ca= p®+4Rr+r?
b) 2(ab+bc+ca)=a*+b*+c’ +16Rr +4r?
c) a®+b?+c®=2p°*—8Rr—2r?
2

d) 2Rr—r? —%:—ﬁ(b+c—2a)(c+a—2b)(a+b—2c)
2
e) 4Rr —r? —pT:—%(b+c—3a)(c+a—3b)(a+b—3c)

2/ Mot S(f) bf) dé quan trong sir dung nhiéu trong ching minh BDT.
% Bo dé 1: Cho tam giac ABC, D la mot diém bat ki thuoc BC. Khi d6:

nc? + mb? :(d2 +mn)a trong d6 AD =d, BD =m, DC =n.
Chtrng minh:
Taco: m?+d?—c? = 2mdcosADB (1), n® +d? —b? = 2ndcosADC (2).
Nhan ca hai vé cta (1) v6in va ca 2 vé cta (2) véi m ta duoc:
n(m?+d*—c*)= 2mndcosADB (3), m(n?+d*—b*)= 2mndcosADC (4)
Cong vé theo vé cua (3) va (4), ta duoc dpem.

% B6 dé 2: Néu tam giac ABC c6: Hai goc > 60° thi p> \E(R+ r), hai géc < 60° thi
p S«/§(R+ r), mot goc bang 60° thi p :x/§(R+r) .
Chtrng minh: Ta c6:

—J3(R ' i '
p—/3( +r):a+b+c_£(1+£j:smA+smB+5|nC_ﬁ<cosA+cosB+cosC)
2R 4R 2 R 2 2

:sinKA—%jHin(B—%jHin[C—%) @

bit x=A—£;y=B—£;z=C—£, tacO x+y+z=0.
3 3 3

Khong mat tinh tong quat ta gia sit x>y >z thi

L)

(@) =sinx+siny+sinz =sinx+siny —sin(x+y) = Zsin%cosx;zy—ZSinxLzycostzy

=2$inxer Cosx_y—cosm :4sinusinzsinz
2 2 2 2 2 2

\ \ . X+Y . X
Do x+y+z=0va x>y>z va x>0, x<z, X+y<sz Suyra 4S|nTyS|n§20.

: L —3(R+r ) 3 ]
- Néu y20<:>Bzz thi smizo,dod() M:%musmismlzo
3 2 2R 2 y 2

tiic 1a p>+/3(R+r) khi AABC c6 2 gc z%.

; . —N3(R+r ] ] .
- Néu y <0 thi smzso,do do : M:%mﬂsmfsmlso.
2 2R 2 2 2
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tirc 1a p<+3(R+r) khi AABC c6 2 goc s%.

-Néu y=0 thi p:\/§(R+r) do sin%:o.

Bo dé 3: ta luon c6 BPT sau : p? < 2R?*+10Rr —r?+2(R-2r),[R(R-2r).
Chung minh: Gia st a, b, ¢ thod man a>b>c>0 la 3 nghiém ctua phuong trinh:
f () =x*~2px* +( p* +4Rr +r*)x—4pRr =0
Diéu kién dé a, b, ¢ 1a 6 dai 3 canh cia mot tam giac 1a:

b+c>a p>a

= =p>a=b>c>0 (1.

c>0 c>0
< Phuong trinh f(x) =0 c6 nghiém thoa (1).
Taco: f'(x)=3x"—4px+p’+4Rr+r’ c0 A’ =(2p)° —3(p*+4Rr+r’)=p* —12Rr—3r’.
f(x)=0 c6 3 nghiém = A >0.

Hai nghiém cua f'(x)=0 la: &:#; XZZZDJ;\/A_.
f(0)<0
= F4)20 . han thi f(0) <0 va f(p)>0
N . Tanhan thay nga < >0.
f(x,)<0 an (ay Ao p
f(p)>0

ANA > 2 _18Rr+9r?
{f(Xi)ZOQ \/A_>p(p ror’) @A'\KZ‘IO(PZ—BRHQF)‘

f(x,)<0 A'\/Ez—p(pz—18Rr+9r2)
<:>(A')3 > p?(p? —18Rr+9r2)2 & p*—2p*(2R* +10Rr —r?)+r(4R+1)’ <0 (2)
A, =(2R?+10Rr —1?) —r(4R+1)’ =4R(R-2r) 20
= (2) & 2R* +10Rr —r? ~2(R-2r) [R(R—2r) < p? <2R? +10Rr —r* +2(R-2r),[R(R-2r)

Bo dé 4: p?>2R?+8Rr+3r? trong moi tam giac nhon. Tt d6 ta cling suy ra duoc:
a® +b*+c?>4(R+r)° va ab+bc+ca>2R? +12Rr +4r?.
Vj}éc f:htrng minh kha 1a don gian nén danh cho céc ban ty chirng minh.
Bo dé 5: a®+b*+c °<8R*+4r”,
Chtng minh: Tac6: R(R—2r)<R(R-2r)+r? :(R—r)z. Do dé:
p? <2R*+10Rr —r?+2(R-2r)(R-r) < p* <2R*+10Rr —r’ +2(R* —3Rr +2r°)
& p? <4R?*+4Rr +3r? < 2p® <8R*+8Rr +6r?
& a’+b®+¢*+8Rr+2r° <8R*+8Rr+6r° < a*+b’+c* <8R*+4r> (dpcm)
2
r*(R-2r) *)
Chtrng minh: Goi I 1a tAm duong tron ndi tiép, O 13 tAm dudng tron ngoai tiép, G 1a

trong tam tam giac ABC.
theo cong thic Euler ta ¢6 : O = \/R(R-2r), va ta cling tinh duoc ring :

Bo dé 6: Trong tam gi4c ta lubn c6: p? >16Rr —5r2 +
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0OG = é.JgRZ —(a2 +b? +cz) ]

Ta ludn cé: 1G>0l -0G < IG 2,/R(R—2r)—%\/9R2 —(a®+b*+c?)

S a’+b*+c®—18Rr
©316>3JR(R-2r) - [9R*~(a? +b" +¢?) < 31G >
3R(R—2r)+,[9R? —(a” +b* +¢?)
Do 9.1G? = p> —16Rr +5r% nén p®>16Rr —5r?
=a’+b*+c? =2p* —8Rr —2r° > 24Rr —-12r* (2)
Tu (1), (2)
e & _12r2 X r’(R—2r
L (TN 6Rr —12r LWORF=T2r R 2r39.|622¥
3,[R(R-2r)+9R*—24R+12r* 6,R(R—2r) R R
Vay BDT (*) duoc ching minh. Dang thic xay ra <> AABC déu.
< Bo dé 7: Cho tam gidc ABC thoa min a>b>c va a+b>3c. CMR: %sg

Chirng minh: Ta co: - (a+b_c)(b+0—a)(c+a—b).
R 2abc

bat

f(c)=

(a+b-c)(b+c-a)(c+a—b) = 0= (a+b)c?-2¢® +(a+b)(a—b)’ 1 (a+b-2c)

@

C2

2abc 2abc? 2abc’
Do d6 f(c) dong bién theo c. Thay ¢ = aTer vao f(c) ta duogc:

2
f(C)Sf(a+bj:4(2b—a)(2a—b)=ﬂ_2(a—b) 4
3 9ab 9 9ab 9

Vay %sg Piang thirc xay ra Qa:b:gc.

3/ St ly s0 liéu dé chuyén mét BDT dai s0 qua BDT hinh hoc voip, R, r.
T 3 bién a, b, ¢ > 0 da cho trong bat dang thirc dai so, ta dat x=b+c; y=a+c;z=a+b, thi
X,Y,Z trd thanh d6 dai 3 canh 3 canh ctia mot tam giac. Ta s€ chuyén mot sb dai lugng trong dai
s6 vé hinh hoc théng qua p, R, 1an luot 13 ntra chu vi, ban kinh dudng tron ngoai tiép tam giac
XYZ. Ta s& biéu dién a, b, ¢ theo p, R, r nhu sau:
Taco: x*+y* +12° :(a+b)2 +(b+c)2 +(C+a)2 = 2(a2 +b*+c? +ab+bc+ca) ()]
xy+yz+2x=(b+c)(c+a)+(c+a)(a+b)+(a+b)(b+c)=a’+b’+c’+3(ab+bc+ca) (2)
Tr(l)va(2)suyra:
a) 4(a’ +b? +¢%)=3(X* +y* +2°) = 2(xy+ yz+2x) = (X+y + 2)2—2[2(xy+ yz+zx)—(x2+y2+zz)J

< 4(a’+b° +¢*)=4p° —2(16Rr+4r’) < a” +b* +¢* = p* —8Rr —2r’
b) 4(ab+bc+ca)=16Rr +4r* < ab+bc+ca=4Rr+r?

) a’+b’+c®> p’-8Rr-2r*  p’

ab+bc+ca  4Rr+r’  ARr+r’
d) abe _(x+y-z)(y+z=x)(z+x=y) _(P=x)(P-y)(P=2) _ pr* _r
(a+b)(b+c)(c+a) 8xyz Xyz 4Rrp 4R
) a+b+b+c+c+a:(a+b+c)(1+1+1j_3:(a+b+c)(ab+bc+ca)_
c a b a b c abc
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B p(4Rr+r?) ) _p(4Rr+r2)_ _4Rr+r . 2(2R-T)
R G A

f) a®+b%+c :(a+b+c)[(a2 [ +c2)—(ab+bc+ca)]+3abc: p(p*—12Rr)

r r

g) a*+b*+c :(a2+b2+cz)2—2(ab+bc+ca)2+4abc(a+b+c): p“—16Rrp2+2(4Rr+r2)2

h) atb+c _ p /pz

3/abc \/pr

2 2

i) Buge b C :(a+b+c)( e 1 j—Bz—p SR

b+c c+a a+b a+b b+c c+a 4Rr
1 1 1 a+b+c p 1
J) —t—t—= — )

ab bc ca abc s

K) - . a?h’ +b’c’ +c%a? (ab+bc+ca) —2abc(a+b+c) (4R+r) —2p?

a®> b* c? a’b?c? a’b?c? = S

il 1 1 1 1 1 p’+4Rr+r?

1) + + =L o — =" A " W

a ENMDESGRNEEE,  yiNG 4Rrp
)a_b ac, ERSEL" -+ bc’ o cfa _(ab+bc+ca)2—2abc(a+b+c)_(4R+r)2—2p2
b . abc 1 abc * 0 '
n) a’b®+b’®+c’a’® = (ab+bc+ca)’ —3abc(a+b)(b+c)(c+a)=r*(4R+r)’ ~12p*r'R..
! 1 ! p*~8(2R+r)rp? +5r2 (4R +r)’

0) 5ol 2 4,2 3 L g
a+b? bP+c’ cita’l 4r(4R? +6Rr +1?) p? —2p*r? —2r° (4R +r)

1.1 _(Xy+yz+zx) —2xyz(x+y+z) (p LARr 412 ) B
2 2 Xzyzzz 16R2 p -

p) (a’b+b’c+c’a)(ab® +bc’® +ca’)= [ (4R+rY +3pr? + p4—24Rrp2]

1 1 1 1

7t 7t 7=z 71

(a+b)” (b+c)” (c+a) Xy
4/ Bai tap @ng dung.

@Bai 1: (Iran 1996). Cho a,b,c>0, CMR:

N

1 1 1 9
=+ =+ =2 :
(a+b)" (b+c)” (c+a)” 4(ab+bc+ca)
Giai: Ap dung cong thirc b va q trong phén 3, ta can chirng minh :
(p2+4Rr+r2)2 1 9 (p2+4Rr+r2)2 1 9
-2 = -2 .
16R°r’p?  Rr  4(4Rr+r?) 16Rrp? R 4(4R+r)

(p2+4Rr+r2)2

16R?rp? . Ta s€ chiing minh f(p) dé)ng bién.

Xét f(p)=

4Rr+r2) 2(4Rr +r?
p2+(2)+2(4Rr+r2) 8p2+()+2(4Rr+l’2)
p 9 3
, ’ 16R°r 16R?r
bén day ta nhan thay ngay f(p) dong bién.
Ma p®—16Rr+5r? =9.1G* >0= p* >16Rr —5r. Do d6 :

(16Rr—5r2+4Rr+r?)"  (20Rr—4r?)"  (SR—r)®  25R?—10Rr+r’
16R’r (16Rr—5r*)  16R°r’(16R—5r) R?(16R-5r)  16R°-5R’r

That vay, taco: f(p)=

f(p)=
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Cong viéc con lai ta chi can chiing minh :

25R? —10Rr +r®> 1 9 9R? —5Rr +r? 9
—=2 = 2
16R°~5R’r R 4(4R+r)  16R*-5R’r ~ 4(4R+r)
< 4(4R+1)(9R* —5Rr +r®) > 9(16R° —5R"r )
PN 4(36R3 +9R?r —20R?r —5Rr? + 4Rr? + r3) > 9(16R3 —5R2r)

o r(R-2r)">0

r=0 a=b,c=0 (vacachoanvi
Dang thtrc xay ra c{ { ( ) :

R=2r a=b=c
©Bai 2: Cho a,b.c>0. CMR: a+b+b+c+c+az4( 4
C a b b+c a+c a+b

1 2. - 2
2(2R r)24. p*—8Rr+r®
4Rr
< 2R(2R-r)> p® —8Rr +r? < 4R? +6Rr —r’ > p* . Ap dung bo d¢ 3, ta can chirng minh:
2R? +10Rr —r? +2(R—2r) JR(R—2r) < 4R? +6Rr —r? < 2R (R—2r) > 2(R—2r) JR(R-2r)
D@ thay BPT trén luén ding, suy ra dpcm.
©Bai 3: Chirng minh rang Va,b,ckhong am ta c6 BDT : a* +b® +c?+2abc+1>2(ab+bc+ca)

Giai: Ap dung cong thirc e va i & phan 3, ta can chirng minh:

Giar: Néu trong 3 ) a,b,cco2 sO bang 0 thi ta c6 ngay dpem. .
Néu trong 3 s6 ¢6 2 s6 khac 0 thi 4p dung cong thiric a va b, ta can chiing minh:
p*—8Rr—2r°+2pr’ +1> 2(4Rr+r’) < p® +2pr’ +1>16Rr +4r’

Taco: 2pr® +1= pr’ + pr>+1> B.Q/pzr“ >3327r%r* =9r? (1), p?=16Rr-5r2 (2)
Tir (1) va (2) ta c6 dpem. Pang thic xay ra <> a=b=c=1.
a b c 3abc

@Bai 4: Choa, b,c>0. CMR: —t—t—t 24,
b ¢ a ab+bc+ca
b

Giai: bat %z X, ==Y, RPN xyz=1 (X,y,z>0). Bai toan tré thanh:
C a

Cho xyz=1, CMR : X+y+2+——> >4, Chuyén bai todn v& p, R, r ta dugc :
Xy + Yz + 2X

Cho pr’=1.CMR: >4
P p+4Rr+r2

Tacd: p? >16Rr—5r° 23(4Rr +1%)2 27r* = p° > 27pr* =27 = p>3.
9 p 9

p 2 , 5
>p+—=3.—+—>4.4—=>4.DPang thirc xayra < a=b=c.
ARr+r? P p’ 3 p? \'3 8 4

1

©Bai5: Choa b, c>0:a+b+c+1=4abc. CMR: a+b+c2§+%+g.

p+

Giai: Chuyén vé p, R, r ta dugc bai toan tuong duong sau:
Cho p+1=4pr?. CMR: p°r’>4Rr+r°.
3
Taco: p°=>27r’ :>42—F;2 p+1=p=3.
Ta can chimg minh: p(p+1)> 4(4Rr ¥ rz) :
Mit khac: p® >16Rr —5r* (1)
Do p>3nén 4p°>>9.4pr°= p=9r* (2).
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Tu (1) va (2) suyra p(p+1)> 4(4Rr + rz) , tirc 1a bai toan da dwoc chirng minh xong.

Ping thirc xay ra khi va chi khi a=b=c=1.

5/ Mot so bai toan danh cho ban doc tu luyén:

“cBai 1: Cho a, b, ¢ thyc duwong. CMR: a* +b® +¢* +2abc +3> (1+a)(1+b)(1+c).
YcBai 2: (USA 1979). Cho cac sb thuc duong X, Y, z thoa man x+y+z=1. CMR:

x3+y3+23+6xy22%.

¥cBai 3: (Italy 1993) Cho cac sb thuc X, y, z thoa mén 0<x,y,z<0. CMR:
X2+ Yy +22 <Xy + Yz +2°x+1.

YcBai 4: (Vietham 1991) Cho céc s6 thyc x>y >z >0. Chirng minh rang :

2
L) E+ Xs ¥ + Y2 + 72
Z X
%cBai 5: (Bearus 1996) Cho cac s thuc duong X, Y, Z thod min : X+Yy+2z = .fxyz :
CMR: xy+yz+xz=9(x+y+2).
¥cBai 6: (Albania 2002). Cho cac sb thuc duong a, b, ¢. Ching minh rang:
1Jr\/g(az+b2+c2)(1+£+lj2a+b+c+\/a2+b2+cz :
33 b ¢
%cBai 7: (Iran 2005). Cho cac so thuc a, b, ¢ > 0. CMR:

2
(E+9+Ej 2(a+b+c)(l+1+£).
b c a a b c

¥cBai 8: (Romani 2005).Cho céc sé thuc duong a, b, ¢ thoa a+ b+ ¢ = 3.CMR:
a’h’c’ >(3-2a)(3-2b)(3-2c).

Name : Mai Xuan Viét

Address : Pdi II — thon Dwong Quang — Xa Pirc Thing — Huyén M¢ Pirc — Tinh
Quang Ngai .

Email : xuanvietl5@gmail.com

Tel : 01678336358 — 0938680277 — 0947572201

Mai Xudn Viét — Email: xuanvietl5@gmail.com — Tel : 01678336358 — 0938680277 — 0947572201
www.MATg-IVN.com




