P-3 A /4
BO BE ERIQ VA UNG DUNG
TRAN MINH NGOC -THPT LE HONG PHONG
I. Phat biéu va chimg minh
Phat biéu:

44, BB,
A A

1473 13
ClAl _ CZAZ _ C3A3
ClBl C2BZ C3BS .

Cho hai bo ba diém thing hang (A1, Az, A3) va (By, By, Bs) thoa

Lan lugt l1ay C, € 4,B,,C, € 4,B,,C, € A,B,thoa

)

C
1~2
Khi d6: C;, C,, C; thing hang va ¢ C

13

=k

Chung minh:

T(AC,): Ay -> Ci, Ay > Ay, Ay -> Ay

Do A, A,, Az thing hang va 4 =k
A4,

CA'_,

1

Nén Cy, Ay, A3 thang hang va

173

T(B.C,): B; ->Cy, B, -> By, B; > B3’

) B A"
Tuong ty ta c6 Cy, B!, B3' thang hang va BIA -=k

173




Ta cb G4 _ 4,'4, _ G4,
ClBl BZ 'BZ CZBZ
=> A", B,)', C; thfmg hang
Tuong tu ta co: Aj', Bs', Cs théng hang
H(C;k): As'-> Ay, Bs' > By’
=> A3'Bs' -> A)'By
= C3->C;

> C), Cy, Cs thiing hang va <2 —
C1C3
Nhan xét
Khi A; =B; =1thi [A¥ :i: k => A,As // B,Bs.
I4, 1B,

Ta phat biéu lai trudong hop dic biét:

Cho tam giac ABC. By, C, trén AB, AC sao cho B;C, // BC. Ay, A, lan Iuot thuoc B;Cy,

BC thoa 28 = 45 whigs A, Ay, A, thing hang
Alcl AZCZ
II. Ap dung

ADI: Cho tam giac ABC. Trén canh AB lay D, D' sao cho BD = AD'. Trén AC 1Ay E, F
sao cho CE = AE'. Goi M, N, P lan luot 1a trung diém BC, DE, D'E'. Cmr: ANMP la hinh
binh hanh

B M C
Goi Q, R 1a trung diém AC, AB
Ta c6: RD =RD'; QE = QE'
Xét 2 b6 diém thang hing (R, D, D'), (Q, E, E'): thoa 20— 2E _
RD' OQE'

Theo b6 dé ERIQ: PN di qua trung diém RQ va b diém nay chia doi
Mait khac AM ciing bi trung diém RQ chia doi
=> ANMP Ia hinh binh hanh




AD2: Cho tam giac ABC. A, By, C, 1a céc diém trén BC, CA, AB. Goi G,, Gy, G¢ 1a
trong tam 9AAB1C1, ABC/A;, CAB;. Cmr Trong tam cua AABC, AABCj,
A G,G,G, thang hang

A

Ta chung minh bai toan qua cac bude sau: ‘
Buéce 1 GOI N1, Nz, N3 lan lu’(_)’t la trung diém BIQI, C]A], A]B]. M, P, Q lan hIO’t la
trung diém BC, G,G,, N|N;.. Chung minh M, P, Q thang hang

L, , B
Xét 2 b6 diém thing hang (B.Ge, Na,) v (C.Gy, Ns, C) thoa S2e = €% _ 2
BN, CN, 3
Theo b6 dé ERIQ: P, Q, M thiang hang va MP _2
MO 3

Budc 2: Qoi G, Gj, Gy 1a trong tdm cua AABC, AAB,C;, AG,G,G.. Chiing minh G,
G), G; thang hang

D¢ thay G, cling la trong tam N;N,;Nj3

Xét 2 bd diém thing hang (A, G,, Ny) va (M, P, Q) thoa 4G, _MP _2

AN, MQ 3

GA _GG, _GN, _,
GM GP GO
Theo b6 d& ERIQ: G, G, G, thing hang

Céc diém G, G,, G, thoa

AD3 (Dinh ly Gauss): Cho tir giac ABCD. AB N CD = {E}, AD N BC = {F}. Cmr:
Trung diem AC, BD, EF thang hang




1

Lan luot ldy H, I ndm trén DA, BC sao cho EIFH 14 hinh binh hanh
Khi d6 trung diém EF ciing 1a trung diém HI

St dung dinh ly Menelaus va dinh 1y Thales, ta dugc

AD AD AF BC ED AF CB IF AF1

AH AF AH BF EC AH CI BF AH
BF _AF _AF AF _BF (2)
Bl El HF 4H IF

AD CB
Tr(1);(2)=
;@= AH  CI
Xét 2 bo diém thang hang (A, D, F) va (C, B, I) thoa Q = 2
AH CI

Theo b6 d& ERIQ: Trung diém AC, BD, HI thang hang
=> Trung di€ém AC, BD, EF thang hang

AD4: Cho (0y), (02) bang nhau va cit nhau tai A va B. Hai duong thang d va d' qua A
1an luot cit duong tron (O) va (O') tai M, N, P, Q. Cmr: trung diém AB, MQ, NP thiang

hang




Xét tir gidc ANBP c6 AN N BP = {E}, AP N BN = {F}
Theo dinh 1y Gauss: trung diém AB, NP, EF thang hang (1)
Tir (O) va (O') bang nhau khong kho thiy ABEN ~ ABFQ va ABEM ~ ABFQ
_EM _EM EB _FQ FB_FQ
EN EB EN FB FP FP
EM _FQ

Xét 2 bd diém thang hang (E, M, N) va (F, Q, P) thoa
. g hang ( )va(F,Q,P) N - Fp

Theo bb dé ERIQ: trung diém EF, MQ, NP thang hang (2)
Tu (1), (2) = trung di€ém AB, MQ, NP thang

ADS: (Binh Iy Newton): Cho tir giac ABCD ngoai tiép duong tron (I). Cmr: doan thing
noi trung diém AC, BD di qua I

Ta s€ chirng minh bai toan qua cac budc sau:

Budc 1: Cac duong théng vuong goc voi OA, OB, OC, OD tai A, B, C, D d6i mot cat
nhau tai X,Y,Z,T. Chémg minh ttr giac XYZT ndi tiép va XZ, YT cét nhau tai O (Pay la
mat tinh chat quen thudc cia tir gidc ngoai tiép)

Budc 2: Dyng tam O cua (XYZT). O1 qét (XYZT) tai mot diém I'. Goi I, 14 hinh chiéu
Cﬁ? I' 1én a. GOl Ml, Mz, M3 la tI'LlIlg diém cua IxylZT, IXTIYZ, IXZIYT- Khi d@o Ml, Mz, M3
thang hang




Theo dll’lh l}” Simson: (IXY, Iyz, Ixz), (Iyz, IZT, IYT), (IZT, ITX, sz), (ITX, Ixy, ITy) 1a cac b6
diém thang hang

Xét tr giae IxylxzlzrlyT €6 Ixylxz ﬂ Izrlyr = {Ivz}, Ixvlyr N Ixzlzr = {I1x}

Theo dinh ly Gauss: M, M, M3 thang hang

Budce 3: Goi G 1a trong tam cua to giac XYZT. Chung minh EG, FG, IG lan luot di qua
Mla M2) M3



Goi P, Q,R, S, T, U lan luot 14 trung diém cua XY, YZ, ZT, TX, XZ, YT

=>PQ, RS ciit nhau tai G 14 trung diém mdi duong (1)
Ap dung dinh 1y Thales, ta dugc
SOOI OB

SL, oOI' 0I,

SD OB

Xét 2 bd diém thing hang (S, D, Irx) va (Q, B, Iyz) thoa =
S[TX QIYZ

Theo b dé ERIQ: E, G, M, thang hang (2) 7
Tuong tu ta c6 F, G, M, thang hang va I, G, M; thang hang

GE GF GI O]

Ciing theo b dé ERIQ: = = =
GM, GM, GM, OI'

=> H(G,%) M; ->E, M| ->F, M3->1

Ma M,, M, M; thing hang
Nén E, I, F thang hang

Nhan xét 1

DX ID.cotE)?I _ cotﬁ)\ﬁ _ cotEA\I

DT ID.cotDTI cotDTI cot DCI
BY cotgA\I

Tuong ty ta c6: — = —
BZ  cotBCI




Mic khic DAl = 51, DCI = BCI
Nen DX _BY
DT BZ

DX BY

Xét 2 bd diém thing hang (D, X, T) va (B, Y, Z) théa — = —
DT BZ

Theo dinh 1y ERIQ thi P, E, R thang hang (3)
Tir (1), (2), (3) => P, E, G, R, M, thing hang.
Tuong tutacod S, F, G, Q, M, thang hang

Nhan xét 2: ,
Trong qua trinh chimg minh budc 2, budce 3 ta phat hién két qua kha dep khong kem
duong thang newton sau:

Cho tir giac ABCD, V&i mdi diém P trong mat phang, dung
PX 1 AB,PY L BC,PZ 1 CD,PT L DA,PU L AC,PV L BD
Khi d6 trung diém XZ, YT, UV thang hang

ADG: Cho tir giac ABCD vira noi tiép (O) vira ngoai tiép (I). AB N CD = {E}, BC N DA
= {F}, IE N BC, DA = {M, N}, IF N AB, CD = {P, Q}. Cmr MPNQ 1 hinh binh hanh

F

Goi R, S lan luot 1a trung diém AC, BD

Theo dinh Iy Newton: R, S, T thang hang

Goi I' Ia trung diém PQ

Do IF 14 tia phan gidc AFB,CFD vi AAFB~ ACFD = 14 _f4_FC_0C
PB FB FD QD




Xét 2 bo diém thiang hang (A, P, B) va (C, P, D) théa — P4 QC
PB QD

Theo bd dé ERIQ: R, S, I' thang hang
VayI=T i
=> [ la trung diém PQ

Twong tu ta c6: I 14 trung diém MN
=> MPNQ Ia hinh binh hanh

AD7: Cho tam giac ABC. M la mét diém trén duong cao ké tir A. BM N (BC) = {K},
CM N (BC) = {L}. BM N (AMC) = {X}, CM N (AMB) = {Y}. Cmr diém chia doan BC,
KL, XY theo cting mdt ti s6 thi thang hang,

(BC) 1a duong tron duong kinh BC

A
X
Y
B
C
H
Do CAX = CMX = BMY = BAY nén BAX = CAY
Ap dung dinh 1y ham sin, Ta dugc
BK BK BC sinBCK _sin AMB
CL BC CL sinCBL sin AMC
BX _BX BA CA_sinBAX sinCYA BA _sinABM BA
CY BA CA'CY sinCAY sinBXA CA sinACM CA
__BK BX _sinAMB sinACM CA _BA CA _
CL CY  sin ABM sinAMC BA CA BA
BK _BX
CL CY
Xét 2 bo diém thiang hang (B, K, X) va (C, L, Y) thoa %:2
BX CY

Theo b6 d& ERIQ: Céc diém chia BC, KL, XY theo cung ti s thi thing hang




ADS: Cho tam giac ABC. M 1a mét diém trén duong cao AD. (D thudc BC). BM N AC =
{E},CM N AB = {F}. DE N (AB) = {K}, DF N (AC) = {L}. Cmr: doan ndi trung diém
EF, KL di qua A

Ta chimg minh bai toan qua cac budc sau: ,
Budce 1: Qua A ké duong thang song song v6i BC cat DE, DF tai X, Y. Chimg minh A 1a
trung diem XY

A
y X

D

Qua M ké duong théng song song v&i BC cit DE, DF, AC, ABtai P, Q, R, S
MQ MQ DC DB FM MR EB MS MR BC 4

MP DC DB MP FC MS EM BC MS MR

=> M la trung diém PQ

=> A la trung diém XY

Hon nita DA 1a duong phén giac EDF )

Budc 2: Chung minh: Poan n6i Trung diém LK, EF di qua A

A X

Ta co:

Y




Do@zl@:%—@:%—@:ﬁ:@nén BAL = CAK va
ALAC~AKAB
Ap dung dinh ly ham sin va dinh 1y Thales, ta dugc:
EK EK ED AK sinEAK AX AK AXsin EAK
EX ED EX AD sinEAD CD AC'  AD
FL AL AY sin FAL
FY AB AD
EK FL AK AB AXsmEAK
EX "FY AC AL AY sin FAL
EK FL
EX FY
EK FL

Xét 2 bd diém thiang hang (E, K, X) va (F, L, Y) thoa AT Theo bb dé ERIQ:

Poan nbi Trung diém LK, EF di qua A

AD9 (Viet Nam TST 2009): Cho AB cé dinh. Vi mbi diém M khéng nam trén AB, tia
phén giac trong AMB cét (AB) tai N, tia phan giac ngoai AMB cét NA, NB tai P. Q.
(NQ) N MA = {M, R}, (NP) N MB = {M, S}. Cmr duong trung tuyén ng v6i dinh N
cua ANRS luon di qua di€m c6 dinh khi M thay doi.

Loi giai 1 (Tac gid)
P

P

A B

R

Duong théng vuong goc MN tai N cit MA, MB tai E, F




=> N 4 trung diém EF

Ta ching minh bai toan qua cac budc sau:

Budc 1: NQ N MF = {T}, NP N MB = {U}. Chung minh: ATNE ~ ATRN,
A SNF~ASUN, ARQN ~ ASPN

Do TNE = NOM = NRT

=> ATNE ~ ATRN

Tuong tu, ta c6: ASNF ~ ASUN

— —— e~ -

Ngodi ra: NRQO = NSP = Eva NOR = NMR = NMS = NPS

= ARQN ~ ASPN , q
Budc 2: Chung minh dudng trung tuyén ting véi dinh N cia ANRS qua trung diem AB
AR _ NR.sin ANR _ TN.sin NMR

AE  NE.sin ANE TR.sin ANE

BS UN.sinUMR

BF _ US.sin BNF

_ AR BS TN US sin BNF _OR cosMNQ ON PN _

AE BF TR UN sin ANE PS cosMNP PN ON

Ap dung dinh Iy ham sin, ta duoc:

AR BS
AE BF
Xét 2 bo diém thang hang (A, R, E) va (B, S, F) thoa i g}i

Theo b@ dé ERIQ: Puong trung tuyén g voi dinh N cia ANRS qua trung diém AB, 1a
diem co dinh

Loi giai 2 (Bui Nhut Minh)



Goi H, K lan luot la diém déi xtmg ciia M qua NP, NQ. Khi d6: H e (NP),K € (NOQ).

Do NH=NM=NK, va HNM + KNM =2

Nén N 1a trung diém HK ()

Ta s& chirng minh bai toan qua cac budc sau:
Budce 1: H,A,S thang hang va K,B,R thang hang:

—

— —

Taco NHS = NMS = NMA = NHA

=>H,A,S thing hang

Tuong tu ta ciing c6. K,B.R thing hang

Buoc 2:
B Su
AH Sy
BR
Tacd: |=—==——22
BK SNKQ
= A_S.ﬁ_SNSP .SNRQ
AH BK  Sup Swo

Lai co:

(PNM +Q/NA7) =2.90°=180° = H,N,K



2
NPS = NMS = NMR = NOR = ANSP~AJ\/RQ(g.g):>M=N—P2
SNRQ NO

SNKQ _ SNMQ _ NP’

SNHP S NMP N Q2

(ANKQ = ANMQ; ANHP = ANMP; ANMQ ~ APMN (g.g))

AS BR _
AH BK
AS BR
AH BK
Xét 2 bo diém thing hang (A, S, H) va (B, R, K) thoa AS _BR
AH BK

Theo bé dé ERIQ: Pudng trung tuyén tmg voi dinh N cia ANRS qua trung diém AB, 1a
diém co dinh

ADI10: Cho tam giac ABC. (M, N), (P,Q) lan luot 12 hai diém trén AB, AC thoa

BM CP , A A \ \ X R R \
——==—=k Cmr: Cac trong tam, tdm duong tron ngoai ti€p, truc tdm va tam duong
BN COQO
tron Euler cia A AMP, AANQ, A ABC la cac bo diém thang hang

Ta chimg minh bai toan qua cac budc sau:
Budce 1: Goi Gy, Gy, G3 lan lugt 1a trong tam A AMP, A ANQ, A ABC. Chung minh Gy,

9 GG
Gy, Gs thing hang va —22L = k
2 D3 TAng Mg va =2

3%2

C

Goi X,, X5, X3 1an luot 14 trung diém PM, NQ, BC




Xét 2 bo diém thing hang (BM.N) va (C,P.Q) thoa S — £F
BN CO

XX, -k

Theo b6 d& ERIQ: X, X, X; thang hang va

302

H(A,%) X1 > Gy, Xy > Gy, X3 ->G3 =Gy, Gy, G3 thrfmg hz‘mg va i =k

3%2

Budc 2: Goi Oy, O,, O3 1an lugt 1a tim dudng tron ngoai tiép A AMP, AANQ, AABC.

Cmr: Oy, Oy, O3 thrfmg hang va ﬁ =k

3¥72

C

Tacé.ZSZl_AZl—AZ3_AM—E_W_EJ_E
'Z,Z, AZ,-AZ, AN-AB BN BQ Yy,

, 0.0
=> 0y, O, O3 thing hang va ==L =k
3¥2
Budc 3: Goi (Hy, Hy, H3), (N1, N3, N3) lan luot 1a true tam, tdm duong tron Eul@r cua
A AMP, A ANQ, A ABC. Ching minh H;, H,, H; thang hang va N, N,, N3 thang hang
HlGl _ HZGZ _ H3G3
HIOI HZ 02 H3 03
NIGI _ NZGZ _ N3G3
NIOI N202 N303
Xét 2 bd diém thang hang (O3, Oy, 01) va (Gs, G, G,) thoa: 6.6, _ 90,
G3G2 0302
Theo b6 dé ERIQ: Hy, Hy, H; théng hang va Nj, Np, N3 théng hang

Tir két qua dudng thing Euler, ta dugc:




ADI11 (Pinh 1y Froz -Farny mé rong): Cho hai dudng thing A, LA, tai tryc tam

AABC. A{NBC,CA, AB= {Xl,Yl,Zl} A>N BC, CA, AB = {X,,Y2, Z}. Cmr: Cac
diém chia X1Xa2, Y1Y2, Z1Z;, cung mot ti sb thi thang hang

Ta chung minh bai todn qua cac budce sau:

HY, 7,4

) ] . HX, Z,B
Buéc 1: Chungminh < _~  _©
HZ, YA

HX, Y,C

A Z,

Goi A1, Ay, By, By 1an luot hinh chiéu A, B 1én CB, CA va A,

D& thiy AHAY, ~ AHB,A;, AHBX, ~ AHBA,, AHAB, ~ AHBA,
. HY, ﬁlﬁﬁ _ HA, HB, HA, HA, Z,A
HX, HA HB HX, HB, HA HB HB, Z,B

HZ, _Y,A
HX, Y,C

Tuong tu ta co:

Budc 2: Chung minh 2 = 2
y,C ZC




Lay K, L sao cho HK // AB, HL // AC
Tacé HZ, L HY,,HZ, | HY,,HB | HL,HK | HC

. B2, = H(BKZ,Z,) = H(LCYY)—gY

2 2

Budc 3: Chung minh cac diém chia X1X2, Y1Y2, Z1Z, cuing mot ti sb thi thrflng hang
Ta co:

HY, | 2,4 _,
XY, HY-HX, HX, _ZB ZA-Z,BYC BAYC BAYC X},
Xz, HZ-HX, HZ | Y4 = YA-YC 'Z,B CA Z,B CA ZB X7,
HX, Y,C
s XY, X7,
Xét 2 bd diém thang hang (X1, Y1, Z1) va (X, Y2, Z;) thoa =L = =22
XIZI XZZ2

Theo bo dé ERIQ: cac diém chia X;Xa, Y1Y2, Z1Z> cung mot ti s6 thi théng hang

ADI12: Cho tir giac ABCD. (Ga,Gg, Gc, Gp), (04,08, Oc, Op), (Ha,Hp, He, Hp), (NN,
N, Np) lan luot 13 trong tim, tim duong tron ngoai tlep, truc tam, tam duong tron Euler
cia ABCD, ACDA, ADAB, A ABC. Ching minh rang giao diém hai duong chéo cta
cac tr gidc GAGpGcGp, OA0s0cOp, HAHgHcHp, NANgNcNp théng hang va chung 1ap
thanh mot hang diém diéu hoa

Sau déy 1a cac bude chirg minh, 101 giai chi tiét xin danh cho ban doc
Ta chung minh bai todn qua cac budce sau:



Budce 1: Goi P, G 1a giao diém 2 duong chéo cuia ABCD, GAGgGcGp Chung

GG, PA . GG, PB
va =

minh —4 =
GG. PC GG, PD

D
Goi M la trung diém CD
Ta co: MG, MG, _]

=—=>0GxGp// AB
MB M4 3

Tuong tu ta c6 GgGc // BC, GCGD‘// CD, GpGa // DA.
Vay tr gidc ABCD, GAGpGcGp dong dang véi nhau
GG, PA va GG, PB

GG. PC GG, PD

=>

Budce 2: Goi O 1a giao diém 2 duong chéo cia O,O0cOp. Chung minh

00, P8
00, PD

00, PA
=——va
00. PC




D

Ta c6: AOOAOp~ APBC, AOOOp~ APAB
_. 00, _00, PB _00, PA _PA
00. PB 00. PC 00, PC
00, PB
00, PD
GG, 00, PA . GG, 00, PB

Tuong tu ta co

=——Va
GG. 00, PB GG, 00, PD

Nhu vay

Budc 3: Goi H, N la giao diém 2 duong chéo cua HAHBHCHD, NaNgNeNp, Chirng minh,
O, G, N, H thang hang va chung 1ap thanh hang diém diéu hoa



D

Theo dinh ly Euler: Gy, Ox, Hx thrfmg théng hang, v6i X € {4,B,C, D}
OG N HaHc, HgHp = {Hy, Hy}

, . aeX B . . ., GO, G.O. 1
Xét 2 bo diém thang hang (Ga, Oa, Ha) va (Gc, Oc, He) thoa = =—

GH, G.H. 2

Theo bo dé& ERIQ: Go _1

GH, 2

, GO 1

Tuong tu ta co: =—

GH, 2
=H,=H,=H

Vay G, H, O thing hang
Tuong ty, ta c6: G, O, N thang hang
Va do (GxHxOxNx) = - 1 nén (GHON) = -1

Qua 12 bai toan ap dung bd dé& ERIQ, han céc ban phan nao thiy dugc tmg dung rong rai
ctia n6 trong cac bai toan hinh hoc: tir ching minh cac diém thang hang dén céc bai tinh
toan ti s ... Bai viét khong tranh khdi nhirng thiéu so6t, mong céc ban bo qua !



