Cho 2 dudng tron (O) va (0°) ¢6 ban kinh khac nhau cit nhau tai A va B. Mot dudng thiang
tiép xtic vai (0) tai P, tiép xuc (0°) tai P’. Goi Q, Q’ lan luot 1a chan dudng thing AQ, AQ’ cit lan
thir hai 2 duong tron tai M va M. CMR M, M’, B théng hang.

Huwéng din hoc sinh:

Rl

* Xét phép vi tu VSR2 (S 1a tdm vi ty ngoai cia 2 dudng tron)

* Chtng minh t&r giac AQOA’ ndi tiép

* Chimg minh: Tong 2 goc bang 180° = B, M, M’ thiang hang

Loi gidi:

2 duong tron cit nhau, R # R’, Goi S 13 tAm vi tu ngoai cua 2 dudng tron
R,

vh: 00 )
PP—>P
Aa ¢ = GocA=Goc 0AQ
Q—-Q
J

Ta lai co: Sp? = @E, SP? = SA4.5A'
= @E = SAS4' = TG gidc AQOA’ ndi tiép dudng tron
= Goc A; = goc OA’Q (chin goc QO). Vay goc A, = goc A,
Do A MOA can va AM’O’A’ can = Goc MOA = goc AOM’
C6 Géc By =1/2 (360°— goc MO’A)
Goéc B, =1/2 go6c M'O’A’
= Goc B+ goc B, = M, B, M’ thang hang
HU

Bai tip 4: Cho 2 dudng tron (O) va (0’) tiép xtc v6i nhau tai A, (O’) nam trong (O) BC 1a 1
day cung cta (0) tiép xuc (O°). Tim tap hop tdm dudng tron ndi tiép AABC khi day BC thay doi.
Huwéng din hoc sinh

R

-Xétphép vity VE : 0’ -0 (M 1a tiép diém cua BC va (0))
M->M
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B—-> B’
- Tu d6 xac dinh phép vitu M — 1
Do M chay trén duong tron (O’) = I chay trén duong tron 1a anh cua (O’) qua phép vi tu

trén.

Loi gidi
R
VE . 050
M- M’
R

A0 = EA—O' ; M; e duong tron (O)

Ta thdy AM la tia phan giac ctia goc BACu
Vi Goc A = goc C; Goc A = goc By
O’M //NM’
OM vuodng goc BC
= OM’ la duong kinh chia doi day BC
= AM’BC can = Goc C; = goc B; = Gbéc A = goc A,
= I 1 tam dudng tron noi tiép A ABC thuoc MA
Theo tinh chét phan giac
MI BM AB BM AB Al
14 AB 4 Mi BM IM
PB/(0’)=BM?=BB’.BA
AB Al AB
- = =
BM IM \BB'BA

=>0OM’ vuodng goc BC

.
V}:B‘—)B
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18 =2 ap=% 4
R’ R

—>AB=kAB'(k=%>1)

AB' AB—-AB' 1-k
—> =

- =k
AB AB 1
BB=(-kyap—>—8 _ 4B 1
VBABB [(1-k)AB* 1-k
Ta co:
Al 1 — g —
e —g o Al=—1AM
IM  J1-k g l+¢g
4
>V M —>1

Vay I thudc duong tron 1a anh (O’) qua Vljiq
Bai tap rén ky nang

Bai 1: Cho A ABC, I 1a tam duong tron ndi tiép tiép xtic BC tai M. Goi N 1a diém dbi ximg
v6i M qua I, K 1a giao diém AN va BC. Ta ki hiéu H 1a diém d6i xtng voi riép diém (I) trén AC
qua trung diém canh AC. L 1a diém ddi xtng voi tiép diém cua (I) trén AB qua trung diém canh
AB, G la trong tam A ABC. P 13 giao HB va CL. Chtrng minh rang P, G, I thiang hang.

* Huwéng din hoc sinh:

* Goi A’ 1a trung diém BC

Phai chimg minh A’ 13 trung diém MK

Phép V) N> K

I->1

Chung minh K = K

* Chtng minh 3 phép ty vi: Vg2 : 1 — P

Vay chimg t6 G, I, P thang hang

Bai tip 2: Cho 2 dudng tron (C)), (Cy) cung tiép xtc trong véi duong tron (C) tai M véi tim
(C)) nam trén (C,) Day chung cta (C)); (C,) cit (C) tai A, B. MA, MB cit (C,) tai C va D.

CMR: (C)) tiép xac CD

Huéng din hoc sinh:

* Chimg minh bai toan phu: Cho duong tron (O;) tiép xtc trong (O) tai A, tiép tuyén cua
(O)) tai M cét (O) & B va C. AM ciét (O) & D. Khi d6 AD 1a phan giac goc BAC va AM.DP = DB

* Chtng minh B’ thudc truc dang phuong (C;) va (C,)

B thudc truc dang phuong (C;) va (C,)
Tedd=B=B;D=D’
« Ching minh: O,E=0,1=R,

Bai tip 3: Cho dudng tron (J) tiép xtc trong v6i 2 duong tron ngoai tiép AABC can ¢ A
dé)ng thoi tiép xUc véi 2 canh AB, AC tai M va N. Chung minh réng trung diém cua doan MN la
tam dudng tron ndi tiép A ABC.

Huéng din hoc sinh
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* Xét phép vi tu
Vi H->K
A—>A Véi k= AK/AH
B—>D
C—>E
Chung minh J 1 tim duong tron noi tiép AADE

D.PHEP NGHICH PAO

I. Pinh nghia: O cho trudce k = O.

Mbi M # O dung 1 diém M’ e dudng thing OM sao cho OM.OM'=k.

Day 14 phép nghich dao tam O, hé s6 k bién M — M’ Ki hiéu: I (0, k): M — M’

I1. Tinh chat

Cho phép nghich dao I (0, k) k=0

1. Tinh chét 1: Phép I (0, k) 1 phép bién doi 1-1

2. Tinh chat 2: 1a phép dong nhat

Tich 1 (0, k) .1(0, k)

3. Tinh chét 3: 1 (0, k): Ao A

B—-> B’
A — 4B vGi 4=
Thi A’B’ =A4Bv6i A =———
OA.OB

4. Tinh chét 4: anh duong thang d di qua tim nghich dao 1a chinh (d).

5. Tinh chat 5: anh 1 duong thang d di qua tim nghich ddo cta duong tron di qua tim
nghich dao.

6. Tinh chat 6: anh ctia 1 duong tron (C) di qua tAm nghich dao O 1 1 dudng thang (d) khong
di qua O va dudng thang d6 song song vai tiép tuyén tai O.

7. Tinh chat 7: anh cta 1 duong tron (C) khong di qua tdm nghich dao O 1a 1 dudng tron
(C”). Pudng tron (C’) ciing 1a anh cia dudng tron phép vi tw tim O. Ty s6 a. = k/p (voi p 12 Py /().

Bai tap ap dung:

Bai tdp 1: Cho 2 duong tron (O,R); (O°, R’) c6 khoang cach giita tim bang o (a > 0). Goi
(O, Ry) 1a anh caa (O,R) trong phép nghich dao I (O’, R’?), (O2,R,) 13 anh cua (O, R’) trong phép
nghich ddo I(O, R?). Tinh Ry, R, theo R va R’,a.

Huéng dén hoc sinh:

* Str dung tinh chét 7

Loi gidi:

1(0’,R):C(O,R) > C (O, R))

1(0,R%): C (0, R’) > C (O Ry)

= V,: C(0,R) > C (0O, R))

12

Vay Ry = |[4|R
2

R = ‘azliRz‘ R

94



R*.R'

Bai tdp 2: Cho A ABC khong can va duong tron tam O ndi tiép, tiép xuc voi cac canh BC,

CA, AB tuong tng tai cac diém A’, B’, C’. Goi P 1a giao diém thtr hai ctia 2 dudng tron ma céac
duong kinh 1a OA va OA’; Q 1 giao diém tht hai cta 2 dudng tron ma cac dudng kinh OB va OB’,
K 13 giao diém thtr hai ctia 2 dudng tron ma cac duong kinh OC va OC’. CMR: P, Q, K, O cing

nam trén 1 duong tron.

Huéng din hoc sinh:
* Xét phép I (O, R?)

* Phép nghich dao trén bién dudng tron qua tim nghich dao thanh 1 dudng thang.

Loi gidi:

Xét1(0,R*): A’ > AviOA’. OA’ =R’
BC — duong tron duong kinh C [OA’] va ngugc lai
I(O,R?): Co>C
B—->bB
duong thang B’C’ — C [OA’] va nguoc lai
=I1(O,R) O0->w
P—>P
= P’ la giao BCvaB’C’
Q’ la giao ACva A’C’
K’ la giao AB va A’B’
Q-
K—->K’

Chtrng minh P’, Q’, K’ thing hang theo dinh Iy Méné nauyt

= 0, Q, P, K cung thudc duong tron

Bai tdp 3: Cho duodng tron (0, r) ndi tiép trong tir gidc ABCD tiép xtc v6i AB, BC, CD, AD

tai M, N, P, Q. Biét tir giac ABCD ndi tiép trong duong tron ban kinh R va khoang céach giita tdm 2

dudng tron bang a. Tinh MP? + NQ?theo r, R.

Huwéng din hoc sinh:
* Xét phép nghich ddo 1(0,r%)
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* TG giac AB;C|D; 13 hinh chir nhat. Goi x 14 ban kinh dudng tron ngoai tiép tr giac
2
r R

RZ

A1B1C1D1 tinh x = 2
—a

* Chimg minh I 1 tim duong tron ngoai tiép tir giac ABCD
* Thiét 1ap phuong trinh 4n a (bac 2)
Loi gidi:

1 (0, RY): A A
B — B,
C—o>C
D — D,
Ay, By, C;, Dy 1a trung diém MQ, MN, NP va PQ.
= Tu giac A|B;C,D; la hinh binh hanh
Do AiB, // NQ; B,C, // MP
CP, // NQ; AD, // MP
Néu A, B, C, D cung thudc 1 duodng tron thi A;B;C,D; cling nam trén 1 duong tron = tr
giac A;B;CD; 1a hinh chir nhat.
Goi x la tam duong tron ngoai tiép A1BCD;
= NQ? + MP? = 4b” + 4a’ = 4 (b*+ a?) = 16x°
Goi duong tron ngoai tiép tr giac ABCD 1a (O1, R))
Goi duong tron ngoai tiép tir giac A;B1CiD; 13 (O, Ry)
Voki 01 —> 02
¢ (01) > C(0y)
Ri >Ry =R, =AR

2

»= %; P, /(01) = R*- a* ( O trong (O1))
r2 I"ZR

R e S

Goi A’, C’ 1a giao OA, OC va dudng tron ngoai tiép tir gic
OA.OA’=0C.0C’=R’-2’

OA = LA -0C = ’”C : sin2§+sin 2%:1

sin — sin—
2 2

Do goc A + goc C = 180°
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IR N e
04> 0C* r*
Xét A A’OC’ goi I 1a trung diém A’C’
* Ching minh I 14 ta, dudng tron noi tiép tr gidc ABCD
Vi S4 goc BA’ = S¢Goc DA’; Sqgdc = Sq C’D
= Sq goéc A’B’C’ =S4 goc A’DC’
C6 OA’ + OC’ = 20I° + 2R?

=2(@@ +R%
2 2 2 2
Mit khac: OA = X =9 . oc= K -4
04 oC

= Phuong trinh bic 2 4n a
Bai tap rén ky nang
Bai 1: Goi I 1a tam duong tron noi tiép A ABC khéng can. Gia str duong tron nay tiép xtc
véi BC, CA, AB tai A, By, C;...CMR tam cac duong tron ngoai tiép A AIAq; BIB,, CIC, théng
hang.
Huéng din hoc sinh:
XetI(I17): A — A
A— A,
C IAA - dudng thing A A
CIBB; — dudng thang BB,
CICC; —» CiC,
Ma A A,, B|B,, C:C, ddng quy = dpcm
Bai 2: Cho (O,R) va diém c6 dinh M khong tring véi tim O va khong nam trén dudng tron
(O,R). Mot duong thang d di qua M cit duong tron di cho tai 2 diém. Goi C 1a giao diém cac tiép
tuyén ctia duong tron tai A va B. Tim tip hop diém C khi d bién thién.
Huéng din hoc sinh:
I[(O,R):H—>C
* anh C [OM] 1a dudng thing (A) qua C qua I (O, R?)
* Chirng minh: P ¢/(O) =P ¢/[OM] = A = H;H,C

Phén III: KET LUAN
Trén day 1a mot hé thong bai tap khi day vé phép bién hinh trong mat phang. Vi luong kién
thirc néi trén con phai bd sung rat nhiéu, nhung phan nao ciing hinh thanh dwoc nhing ki ning co
ban trong viéc st dung phép bién hinh vao viéc giai toan trong hinh hoc phang. Bai viét con rat
nhiéu thiéu sét, rit mong duogc su dong gop cua cac thay co gido.
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NHIN “PE QUI” QUA LANG KINH “SONG ANH”

Bui Ti yd'n Ngoc
THPT Chuyén Tran Phu - Hai Phong

Xay dung song 4nh dé thiét 14p cong thirc truy hoi (dé qui) tir do dua ra két luan. D6 1a phuong
phép gidi cho mot so bai toan td hop sau day.

Bai 1: Chon € N*. Hoi c6 tat ca bao nhiéu tap con khac rong cia tap hop gdm n sb nguyén duong
dau tién ma moi tap khong chira hai s6 nguyén lién tiép ndo.
Loi gidi :

bat 4, ={1,2,...,n}

Sh={Mc Ayl M khéng chira hai s6 nguyén lién tiép nao}

P,= {(al,az,...,an) ’ {0;1} Vi =1,2,...,n,(al.,a[+1)¢ (1;1)Vi=1,2,...,n—1 }
+Xétanh xaf: S, —» P,

a, =1khiie M
M  (4,,4,,...,a,) € P, sao cho { .
a, = 0khii ¢ M
Vi fla song 4&nh nén : |Sn|:|Pn|Vn21
+Xétanhxag:P, > P UP, Vn2>3
(al,az,...,an)l—> (al,az,...,a_)eP_khia =0
(a,,a,,....,a, ,) € P_,khia, =1
Vi glasong anhnén : |P, +|P :|Snl|+|S 2|Vnz3
D@ thay : |S,|=3;|S,|=2.Dod6 : [S,|= Vn>1, ({Fy} 1a diy Fibonaxi)

n+2 n+2
Z%[(IJF\BJ —[—1_\6] } ma JcS nén sO tap con thoa min gia thiét la:

F

n+l

=15

n

2 2

(1445 n+2 —5 n+2 1
NI 2 )
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Bai 2: Véi mdi n € N*, ki hiéu H, 1a tap tat ca cac hoan vi (a,,a,,...,a,) cua n sd nguyén duong
dau tién. Xét cac tap hop:

S, ={(a1,a2,...,an)eHn 1a, Zi—IVi:1,2,...,n}

T = {(al,az,...,an) €S, ta <i+1Vi= 1,2,...,n}

n

Tim tit ca cac s6 nguyén duong n sao cho: >%
Loi giai:
bat P, ={(a1,a2,...,an)eSn a, =1}
0, = {(al,az,...,an) €S |a # 1}

Déco: P.NQ, =D,P,UQ, =S,
+Xétanhxaf: P - O,

(a,,ay,....a,) > (ay,q,,....,a,)

0,=1

S

n

P

n

Vi f la song anh nén:

+Xétanhxag: P —> S,
(a,,a,,...a,) > (a,—La,—1,...a,—1)
Vi g 1a song anh nén: |Pn| = |Sn—l|
Vay: |S,|=2[S, | Vn>2
Ma |S,| =28 |=1 =]s,|=2""
+Xétanh xah: T, > Ty U Tuo
(a,-1,a,-1,...,a,—-1)eT, khia =1
(a,,a,,...a,)
a,-2,a,-2,...,a,-2)eT ,khia =
( 3 2 4 2 n 2) T;z Zkh 1 2
Vi h 14 song 4nh nén |Tn| =T _,|+|T _,

n

) 1 1+\/§ n+l 1_\/5 n+l
S22 ) 2

L [1+\/§]n+]_[1_\/gjn+l
7| - J5 2 2 g

Vay: — > —<n<6.
dy ] > 3

+

T

n

ma |T2|=2;

Tl=1=

W | =

Bai 3: (IMO 1987)
Goi Py(k) 1a s0 céc hoan vi ctia thp A={L,2,...,n} (n €N*) c6 ding k diém ¢ dinh (0 < k < n).

Chimg minh rang: Zk.Pn (k)y=n!
k=0
Loi gidi:
bat: M ={(f, i)| f1a hoan vi ctia A giit nguyén k phén tir, i €A sao cho f(i) =i}
Ta co: |M|=k.P,(k)

Véi mdi 1< i < n: dit N; 1a tap tit ca cac hoan vi giit nguyén k -1 phan tir cta tdp hop B = A\ {i} thi
|Ni| =F,_ (k-1

+ Xétanh xa g: M —>UNZ.

i=1
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(f,0) H? (7(m)=f(m)‘v’m =1,...mm ;éi)

Vi g la song anh nén |M| =

ON,.‘ = Z":|Ni| = k.P.(k)=n.P_(k-1)
i=1 i=1

- Zn:k.Pn(k) =n.Zn:13,_l(k—1):>ik.g(k):n.fg_l(j)=n.(n—1)!:n!

Bai 4: (VMO 2002)

Cho tap S gom tat ca cac sO nguyén €[1;n](n e N*). T 1a tap tat ca cac tap con khac rong cua S.

V6i mdi A e T, ki hidu m(A) 1a trung binh cong ciia tat ca cac phan tir thuc A. Tinh:
z m(X)

m:XeT

7]
Loi giai:
+ Xétsonganh f: T > T
Xl—)f(X):{n+l—x|xeX}
Vi f la song anh nén
m(X)+m(f(X)=n+LLVX eT

> m(X) = m(f(X)) = D [mX) +m(f(X)]=|T|(n+1) =2 m(X)=|T|(n+1)
2 m(X)
Vay: m=2<L _n+l
72

Bai 5: (VMO 1996)
Cho n, k, m eN* thoa mén diéu kién 1< k < n, m > 1. Héi c¢6 bao nhiéu chinh hop chép k:
(a,,a,,...,a, ) ctia n s6 nguyén duong dau tién ma mdi chinh hop d6 déu thoa man it nhit mot trong
hai diéu kién sau:
1. 31,je{l,2,..k} saochoi<jvaa;> aj
i. 31 e{l,2,..k} sao cho a; — i khong chia hét cho m
Loi gidi:
bat A = {tap cac chinh hgp chap k cua ( 1,,2,...,n)}
A* = {tap céac chinh hgp thoa man gia thiét}
B={(q,,a,,....a,) eAlaj<ay<.<avaa—i:mVi=12,.k}
D@ thiy A* = A\B
+Xétanhxaf: B > B’
(a,,a5,....a, ) (a, =1+ m,a,—2+2m,...,a, —k +km)
Khi d6 f1a song anh tir B ¢én B’
V6i B> = {(Bbys.nby )|y <y <. <by,b, €{1,2,.on—k+hm} b imVi=1,....k}
Do d6 |B|=|B|=C!
|8]=[B] .
Vay |44 =[5 = 4 ~C!

B

*Mpt 56 bai luyén tdp:
Bai 6: Tim tit ca cac b sb nguyén (al,az,...,an) (n>1) sao cho
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la|<1L,Vi=1,2,...,n
la,—a,,|<1Vi=12,.,n-1

Bai 7: Ching minh rang Vn eN* ta co:
n \2

a. (én ::223((21)
i=0

S

n—k
-k 2n+l1

b. Zn“zk.c:.c,[
k=0

m

n
k m—k k n—k __ Am+n+l
c. Y CEL2"F Y 2 =2
k=0 k=0

Bai 8: (IMO 1996)

Cho bang 6 vudng nxn (n >1). Hoi c6 bao nhiéu cach danh ddu cic 6 vudng trong bang sao cho
trong mdi hinh vudng 2x2 ¢6 diing 2 6 vudéng duoc danh dau.

Bai 9: (VMO 2003)

V6i mdi n eN*, n > 2, goti S, 1a s6 cac hoan vi (al,az,...,an) cia n sd nguyén duong dau tién sao

cho 1< |al. —i| <2Vi=12,...n
Chimg minh rang: 1,755, , <S8, <2S, ,,Vn>6

Bai 10: Gia st Fy 1a tap tit ca cac bd (4, 4,,.... 4, ) trong d6 A; , i =1,2,....k 1a mot tdp con cia tap

k
hop {1,2,...,n}. Tinh: S, =

(Ay, Ay oo Ay )EF,

Ai
1

Bai 11: Trong cac xau nhi phan c6 d6 dai n, goi a, la s6 cac xau khong chtra ba s lién tiép 0,1,0. by,
1a s0 cac xau khong chira 4 s6 lién tiép 0,0,1,1 hoac 1,1,0,0. Chiing minh rang: b, = 2a,,.

Bai 12: Cho n €N, n>1 va 2n diém nam cach déu trén mot duodng tron cho trude. Hoi cod tat ca bao
nhiéu bo n doan thang ma moéi by déu thod man dong thoi:

a. Moi doan théng thudc bo déu c6 dau mat 1a 2 trong 2n diém da cho
b. Tat ca cac doan thang thudc bd doi mot khong c6 dieém chung.

PHEP V| TU' - QUAY
101



Trong bai viét nay, t6i sé trinh bay céc kién thirc co ban va can thiét vé phép vi tu — quay va viéc ap dung phép
vi tur — quay vao giai toan hinh hoc phang.

I. Cac kién thiic co ban va can thiét:

1. Dinh nghia:
Phép vi ty — quay la tich giao hoan ctia mét phép vi tu va mét phép quay cd cung tam.

Nhan xét:

+ Thir tu thuc hién cac phép bién hinh & day khong quan trong, vi Qg.Vc])‘ = VOk Q35

+ Ti s§ clia phép vi tu — quay c6 thé coi la mét sé duong vi Qlo800 .Vc'j =V, K

2. Cach xac dinh anh clia mot diém qua phép vi tu — quay:

Cho phép quay QY va phép vity V (véik > 0)

OA, =0A
Taco: QY : A A &< . 1

R ! (OA;OAI):OL()
OA'=kOA,

V5iAPA' S (O_Al.;@)zo(z)

0A'_
Tir (1) va (2) chota: . OA (3)
(0A:0K)=a

Nhu vay V(l)‘ .QJ la phép déng dang thuan Z(O; a; k) bién A thanh A’ xac dinh bdi (3). Khi d6 O dugc goi la
tam; o goi la goc quay; k 1a ti s6 clia phép vi tu - quay

3. Tinh chét:
A'B'=kAB
Dinhli: Z(O; o, k):A—> A" B—>B" thi< ,— — .
- (AB;A'B)=a
1) Phép vi tu - quay bién mot dudng thang thanh mot ducng thang va goc gitta hai dudng thang dy
bang goc déng dang

2) Phép vi tu - quay bién mot duong tron thanh mot dudng tron, trong do tam bién thanh tam va ti s6
hai ban kinh bang ti s6 dong dang.
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4. Cach xac dinh tam clia phép vi tu — quay:

Cho phép vi tu - quay Z(O; a; k). Hay xac dinh tam O khi biét:
Trudng hop 1: Mot cap diém tuong ng (A; A); o va k
OA'
= —k
Tace: { OA
(OA;OA') —a  (2)

(D

(1) < O thudc dudng tron Apoldnius (m) dudng kinh CD (C, D chia AA’ theo ti s6 k)
(2) < O thuéc cung (C) chira géc dinh hudng (mod 27) nhan AA’ lam day.

A cC A © D

Trudng hop 2: Hai cap diém tuong tng (A; A') va (B; B))
A'B'=kAB
(E;A'B') =

Vay O la giao diém clia (o) va (C)

Ta co: . TUr d6 ta bi€t dugc k va o va quay vé truon

Céch khac: Goi | 1a giao diém clia AB va AB’
(OA;O0A") =(1A;IA ) =a (1)
Taco:
(OB;OB')=(IB;IB')=a. (2

(1) < O thudc dudng tron (IAA)

(2) < O thudc dudng tron (IBB))
Vay O la giao diém cla hai dudng tron ngoai tiép AIAA’ va AIBB’

5. Mot két qua quan trong:

Dinh Ii: Moi phép vi tu - quay trong mat phang déu c6 mot diém bat dong duy nhat O va O chinh 1a tam
clia phép vi tu - quay do.

Tur tinh chat nay, cho phép ta chimg minh cac dudng tron ngoai tiép AABC, trong d6 A ¢6 dinh con B,
C di dong nhung luén 1a cap diém tuong tng clia mot phép vi tu - quay co géc quay o (khong déi) va ti s6 k
(khong déi) luon di qua mot diém c6 dinh 1a tam O clia phép vi tu — quay do.

Il. iting dung ctia phép vi tu — quay vao viéc giai toan hinh hoc.

1. M6t s6 vi du:

Vi du 1: Cho hai dudng tron (O) va (O’) cat nhau tai A va B. Mot cat tuyén di dong MAN (M € (O); N
(O’)). Tim quy tich tryc tam H cia ABMN?

Hudng dan giai:
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+ D& chiig minh dugc ABMN déng dang véi ABOO’ (1) va ciing huéng hay ABMN tu dong dang va gilr
BH e
nguyén hudng. Ké truc tam H clia ABMN va dat k = BM va (BM;BH) =

+ Do ABMN ty dong dang nén k, o khong déi va
phép vi ty - quay: Z (B, o, k) = V5.Q5: M > H (2)
= Tap hop cac diém H la dudng tron (0”) la

anh clia dudng tron (O) qua phép vi tu - quay

Z (B, a, k) ndi trén.

H
+TU (1) ta 6 O” 1a tryc tam ABOO' va tir (2) ta ¢6 B  (O) va B Ia diém bét dong nén B  (O) va ban kinh
clia duong tron anh bang O’B.

Vay tap hop diém H la dudng tron (0”; O'B)

Vi du 2: (D& thi chon doi tuyén HSG tinh Hung Yén nam 2007 — 2008)

Trén hai dudng thang a va b cat nhau tai mot diém C c6 hai dong tir chuyén dong thang déu véi van toc khac
nhau: A trén a véi van téc v,, B trén b véi van toc v,, v, # v,, ching khéng gap nhau & C.

a) Chimg minh rang & bat ki thdi diém nao, dudng tron ngoai ti€p AABC ciing ludn di qua mot diém ¢
dinh O nao dé khac C

b) Tim quy dao chuyén dong clia dong tir M ludn & vi tri trung diém clia doan AB.

Huéng dan gii:
a) Gia st A,, B, la 2 vi tri xuét phat tmg véi thoi diém t,
A, B, 1a 2 vi tri clia 2 dong tlr & thai diém t, > t,

BoBy _ ¥t =8) _ ¥ 4 (9<kkhong di)
A0A1 V1(t1 _to) Vo

Khi do

Goi O la giao diém thr 2 cla hai duong tron
(A,B,C) va (A,B,C)

Dé dang chimg minh dugc: AOA,A, dong dang
vGi AOB,B,. Tur d6 suy ra:

AOB,=A0B, =a
OB, OB, BB, v,

OA, OA, AA, v,

(0A;0B,)=(CA,;CB,)=a (1)

=1 OB, Vv 2)
OA, v,

ching té O thudc cung chira goc dinh hudng o. (mod 27t) dung trén A,B, ¢6 dinh (3)

(1
(2

—) @4

1

chitng td O thudc dudng tron Apdlonius dudng kinh CD ¢6 dinh (C, D chia doan A,B, theo i s6 khong déi
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Tir (3) va (4) suy ra O 1a diém c6 dinh.

b) Ki hiéu A, = A (khi t = 0); B, = B (khi t = 0); M, la trung diém clia doan A,B,. \71; V—2 la hai véc to van toc
claAvaB.

2 - 1 —_— —_—
Quy tich clia M la dudng thang Mym di qua M, va cé véc to chi phuong la v =5(V1 +V2) (suy ra tu

2MM = (v, +v, )t)

Nhan xét:
1) Néu khong ding goc dinh hudng thi phai xét hai truang hop.
2) O chinh la tam clia phép vi tu - quay ti s6 k = ﬁ; goc quay (C—AIC—BI) = o bién a thanh b,

Vi

trong d6 A, bién thanh B. Vi a, b ¢6 dinh, k, o khéng d6i nén O ¢ dinh

3) P& ching minh dudng tron (ABC) luén di qua mot diém c6 dinh, trong d6 A, B la hai dong tlr
chuyén dong, ta ¢6 dinh hoa hai vi tri nao d6 clia A, B va xét hai vi tri bat ki A,; B, clia hai dong tir d6. Sau d6
chitng minh giao diém ctia (ABC) va (A,B,C) Ia hai giao diém c6 dinh bang céch chi ra cc tinh chat dac trung
(1) va (2) clia nd ma ta c6 thé dung dugc.

Vi du 3: (D& dy tuyén IMO nam 1999)

Céc diém A, B, C chia dudng tron Q ngoai ti€p AABC thanh ba cung. Goi X 1a mot diém thay d6i trén cung
tron AB va O,; O, tuong Ung la tam dudng tron ndi ti€p cac tam giac CAX va CBX. Chimg minh rang duong
tron ngoai ti€p AXO,0, c&t Q tai mot diém cd dinh.

Hudng dan giai:
+Goi T = (X0,0,) M (ABC)
M = XO, N (ABC); N = X0, M (ABC)

+ Trén (ABO) ta co: XNT = XMT
Trén (X0,0,) ta c6: XO, T = XO,T

— TO,N =TO,N = ATO,N déng dang véi ATO,M

TN ON AN 3

= = =k (khong d6i) (1

= ™ OM _ BM (khéng doi) (1) N

(dé chimg minh dugc ANAO, va AMO,B can tai N, M) \

+ D& thély (TN; TM ) = (TO,; TO, | = (XN; XM ) = ax(mod 2r) A'@@’ 4,
AN

DNIBA
(khong ddi) (2) \V"\"
Tu (1) suy ra T thudc dudng tron Ap6lonius dudng kinh

E, F (E, F chia MN theo ti s0 k) (3)

Tl (2) suy ra T thudc cung chira goc o (mod 27) dung trén doan MN cé dinh (4)
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Tir (3) va (4) va do cung (o) di qua 1 diém nam trong va 1 diém nam ngoai dudng tron Apdlonius nén chiing
cat nhau tai mot diém c6 dinh T (khéc C)

= dpcm

Nhan xét: T chinh la tam cla phép vi tu - quay goc a, ti s0 k bién M thanh N

Vi du 4: du 4. Du’ng ra phia ngoa| mot AABC ba tam giac bat ki BCM; CAN; va ABP sao cho

MBC = CAN = 45°; BCM = NCA = 30°; ABP = PAB = 15" Chtng minh ring AMNP vuong can
dinh P.

Huéng dan gii:
+ Xét tich cla hai phép vi tu - quay Z,0Z,

trong d6 Z, = Z(B, % k) VaZ,=Z(A g k)

véi k| = BC = AC = 1 (vi ACAN dong dang vai ACBM)
BM AN 5
BC
o |BM S
+ Ta c6 ABMC ¢6 dinh, MBC = 1 nén
(BVi;BC) = =
4

dod6 Z, = Z(B, %, k,): M = C va P — P, (ABPP, déng dang véi ABMC)

AN

+ Lai c6 ACAN ¢6 dinh, CAN = Znen { AC
(AG:AN)=T
4

do d6 Z, = Z(A, %,kz):C —>NvaP, —P
suyraZ=2,0Z;:M > N.

Tich hai phép dong dang trén c6 ti s6 dong dang k = k,.k; = 1va o, + a, = g nén Z la phép dai hinh c6 mot

diém c6 dinh duy nhat P.

E PM = PN

Cuthéla Q2:M+— Nnéntaco<,— . Vay APMN la tam giac vudng can dinh P.
P (PM PN) - y g g

Vi du 5: Dung mot tr giac (I6i) noi ti€p ABCD biét do dai cac canh:  AB=a;BC=b; CD =¢; DA =
d, trong d6 a, b, ¢, d la nhitng d6 dai cho trudc.

Huéng dan giai
Phan tich: Gia s(r tr giac ABCD da dung dugc.
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ABCD noi t|ep khi va chi khi A +C = 180" (hoac B+D= 180°). Kéo dal canh BC vé phia Cuc dé xuét
hién DCx BAD va

ké bu véi DCB.

Trén tia Cx (tia d6i cla tia CB) lay diém

E sao cho ADCE dong dang véi ADAB.
Bai toan dung tr giac ABCD quay vé

dung ADCE.

Gia sir ADCE dong dang véi ADAB, hai
tam giac nay chung dinh D. B&i vay ADCE

duac suy ra tir ADAB bdi phép vi tu - quay Z(D, ¢ = (DA;DC), k= —)

<
d

BAi vay, dtk = %; (DA:DC)= ADC = 3.

Xét phép vi tu - quay Z(D; &; k)
Ta co Z: D —D; A= CvaB = E sao cho E e [BE]. Khi d6 ADCE dong dang véi ADAB va do do6
DCE DAB va B, C, E thang hang theo th(r tu do, déng thai ta dugc BDE = ADC 0.

Bai toan trg thanh dung ADBE c6 cac yéu t6 da biét: BC = b; CE = F do d6 BE = ac+bd; CD =¢;
DE_c
DB d

Ta cé&n dyng diém D la mot diém trong cac giao diém clia dudng trong v, (C; c) va duang tron Apolonius

(yz) c¢6 dudng kinh IJ ma |, J chia trong va chia ngoai doan BE theo ti s6 k = % Dinh A dugc dung sau

cung.
Bién luan: Bai toan o thé co 1 nghiém hinh hoac khong co nghiém hinh nao tuy vao (v, ) va (y,) co cat
nhau hay khong.
2. Mét s6 bai tap tu luyén.
Bai 1: (Bé thi HSG QG nam 1999 - 2000)
Trén mat phang choltruégz hai dudng tron (O;; ry) va (O, rp). Trén duong tron (Q1; r,) 1dy mot diém M1
va trén dudng tron (O,; r,) lay diem M, sao cho dudng thang O,M, cat O,M, tai mot diém Q. Cho M, chuyén

dong trén (Oy; r,), M, chuyén dong trén (O,; r,) cung theo chiéu kim dong hé va cung vai van téc goc nhu
nhau.

1) Tim quy tich trung diém doan thang MM,

2) Chimg minh rang giao diém thi hai clia hai duang tron ngoai ti€p AM,QM, va AO,QO, 1a mét diém
c6 dinh.

Bai 2: (Dé thi chon doi tuyén HSG tinh Hung Yén nam 2004 — 2005)

Cho dudng tron (0), dung dudng tron () ma O nam trong dudng tron (). Mot tam giac ABC can tai
A di ddng nhung ludn gilr nguyén dang va hudng A di dong trén (w); B, C di dong trén (0). Cac dudng thang
AB; AC céat () tai |, J.

107




1) Chimng minh réng | va J la céc diém c6 dinh
2) Tim quy tich hinh chi€u vudng géc M, N clia |, J trén BC. C6 nhan xét gi vé quy tich do.

Bai 3:

Dung mot tir giac 16i ABCD biét tng do I6n hai goc ddi dien A +C =0 va do dai cac canh AB = a:
BC=b;CD=c; DA=d

Bai 4:
Cho duang tron (O,; R,) va (O,; R,) cat nhau & A va B. Hai dong tir M, va M, xuat phat tir A 1an Iuot
chuyén dong tron déu trén (O,) va (0,) theo cung 1 huéng, sau mot vong trd lai A cung mét ldc.

1) Chitng minh rang trong mat phang c6 mot diém P duy nhat luon cach déu M, va M, 8 moi thai diém.
(dé thi IPQ, London 1979)

2) Tim quy tich trong tam G, tryc tam H clia AAM,M,

Bai 5: (Bai toan Napoléon)

L&y cac canh clia AABC bat ki lam day, dung ra phia ngoai AABC ba tam giac déu BCA’; CAB’ va
ABC'. Chitg minh rang cac tam A,; B; C, clia ba tam giac déu vira dung la cac dinh clia mot tam gia déu.
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