2\Jab —c 2ab C a+b+c
CD=I.= p(p=c) = cos — . Trong d6 p = ——— la nta chu vi.
a+b a+b 2
e Tam gidc CAB x4c dinh, mot diém M x4c dinh trén duong thang (AB) ta luon tinh dugc do dai
CM theo céch tuong tu.

e Diéu nay khién ta lién hé véi két qua quen thuodc trong duodng tron:

Cho mot duong tron (C) tam O bén kinh R khi d6 ta c6:

M & trong dudng tron khi chi khi M — R<0;

M & trén dudng tron khi chi khi MI — R=0;

M & ngoai dudng tron khi chi khi Ml — R > 0.

Nhu vay néu mot duong tron (C) ¢6 phuong trinh: f'(x, y) =0 va mot diém M (x,,, V) .
f (X, Ym)=MI?> —R?> =P M /(c) 1a phuong tich clia diém M d6i véi dudng tron (C)
Trong d6 I 1a tam duong tron va R 1a béan kinh cta n6; thé thi ta co:

f (X, Vi) <0 tuong tng ta c6 diém M (x,,, ¥,,) nam trong dudng tron.

f (X, Vi) >0 tuong tng ta c6 diém M (x,,, ¥,,) ndm ngoai dudng tron.

f (X, V) =0 tuong tng ta c6 diém M (X,,,y,,) nim trén dudng tron.

Dac biét v6i hai duong tron: (C)): f1(x, 1) =0;(C,): f>(x,y) =0; khong dong tam thi dudng
thang:

(A): fi(x,y) = f>(x,y) Chinh Ia truc dang phuong ctia hai dudng tron dé.

e Dai vé6i cac duong Conic ta cling c6 két qua tuong tu:

Néu goi phuong trinh Elip 1a: f'(x,y)=0 va diém M (x,,,,,) thi:

f (X, V) <0 tuong tng ta c6 diém M (x,,, ¥,,) nam trong mién chia tiéu diém.

f (X, Vi) >0 tuong tng ta c6 diém M (x,,, ¥,,) nam trong mién khong chia tiéu diém.
f (X, ¥m) =0 tuong ting ta c6 diém M (x,,,,,) nam trén Conic.

M2

8
a

e Dai vdi cdc do thi ham so cling vay (xem hinh vé sau):
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Goi (C) 1a do thi ham s6: y = f(x). khi d6 trén mat phang toa do tap hop cac diém M (x,,, Vi)
thoa man: i) y,, — f(X,,)>0  la mién trén d6 thi —mién gach (vi du M2)

i) ¥, — f(x,)<0 lamién dudi d6 thi —mién khong gach (vi du M*)

i) Y — f () =0 1adéthi (C) (viduMI)

f(x) = (x®+3x)-1

duoi do thi
ViduL3:
e Trén mot doan thang AB ta 14y mot diém M bat ky khi d6 véi moi I trong khong gian ta cé:
IM < Max{IA, B}
I
A M *B
That vay do t6n tai cp (p,q) €R*;p+q=1;:p,q€[0,1]

sao cho:

IM = pIA+ qIB nén: IM = IM |< pIA + qIB < (p + q)Max{IA,IB} = Max{IA, IB}.
Diéu nay dan dén bai todn cuc tri trén da gidc 16i:

Chang han:

Trén mat phing toa do Oxy cé tam gidc ABC xdc dinh bdi giao cdc dudng thang:
(dl):Al.X'l‘Bly'l'Cl =0; (dz):A2X+Bzy+C2 :O;(d3):A3X+B3y+C3 =0.
biém M (x,,,y,,) thuoc mién trong tam gidc ABC khi chi khi dong thdi c6:

fi(A) fi(M)>0; f2(B) /(M) >0; 5(C) f3(M)>0. 6 day ta ky hiéu:

ﬁ(M) = ﬁ(xmaym) = Aixm + Bzym +C.

Theo trén véi moi diém [ trong mat phiang Oxy (ké ca trong khong gian):
IM < Max{IA,IB,IC} .

e K&t qua nay con c6 thé mé rong cho n-gidc bt ky (tam gidc chi la mot vi du).
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e K&t qua nay ciing c6 thé dung tot cho viéc phan biét dudng phan gidc ting v6i géc nhon hay t
clia cdc géc do hai duong thang cat nhau ma thanh, ciing nhu viéc phan biét phan gidc trong hay
ngoai cua tam
giac.

(d1)

o Sau ddy dé lam ré vin dé duoc dé cdp ta xét mot so bai todn cu thé:
Bai toan 1:
Tim gid tri [on nhdt va nhd nhdt ciia biéu thite: f(x,y)=x*+y?> —4x-2y.
Xet rénmien: D ={(x,y):—-1<x<5;3<y<6}.
Loi giai:
Xét bai todn trén mat phang c6 hé truc Oxy, khi d6 mién rang buoc 12 mién hinh chit nhat c6 céc
dinh A(-1,3); B(~16);C(5,6); D(5,3). Viét f(x,y)=(x—2)* +(y—1)* =5
Néu dat M (x,y) va 1(2,1) thi f(x,y)=IM?—5.Do d6

Minf (x,y)=IM?—5=—1° Maxf (x,y)=Max{I4? ,IB* ,IC? ,ID* }—5=34—5=29
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Bai toan 2:
Tim a dé moi nghiém bdt phuong trinh: | x|+ |y |<1. (1) ciing la nghiém bdt phuong trinh:
?+y*<a (2).

e

MB&i cap s6 thuc (x, ) thoa man bat phuong trinh (1) tuong tng duy nhét véi mot diém
M (x, y) nam trong hinh vuong ABCD. R& rang can ¢6 a > 0 va trong diéu kién ndy Mdi cap so
thuc (x, ) thoa man bat phuong trinh (2) tuong tng duy nhat véi mot diém M (x, y) nam trong

mién hinh tron tam O ban kinh R =~/a Do viy acén tim la: Jazlea>1,
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Bai toan3:

Tim gid tri lon nhdt nho nhdt:

P=+x?—2x+5+Jx2 +2x+10.

Loi giai:

Tac6: P =J(x—1)2 +4 +J(x +1)2 +9

Trén mat phéng toa do ta xét cac diém: M (x,0); A(1,2); B(—1,—3).Thi gid tri P=AM + BM .
Khi x thay ddi thi diém M chay trén truc hoanh; hai diém A; B c¢d dinh, khic phia so véi truc

hoanh nén: MinP = AM * +BM*; M* = (AB) N x'Ox tic phai chon x =x*= % :

Bai toan4:
Tim nghiém nguyén duong cuia phuong trinh:

\/xz—xy+y2 +\/y2—yz+z2 =+ xz+ 22 x+y+z<1l1.,

c
Loi gidi:
bat OA=x; OB=y; OC=zvd AOB = BOC =60".
Khi d6 theo dinh ly Cosin trong tam gidc ta c6:
AB=\/x* —xy+ y?;BC=/y?> —yz+z2; AC =~/ x* + xz + z°.
Theo hinh hoc ta luon c6: AB + BC > AC', diu bang chi c6 khi chi khi A, B, C thang hang. ké
BE CE z— 1 1 1
BE//OA thi: 22 === X 227V o 20 02wy i gid thiet
04 OC «x z y X z
X+ y+z<1l;x,y,z€ N * biang phuong phép liét ke dé dang c6 cdc nghiém la:
(2,1,2);(4,2,4);(3,2,6);(6,2,3).

Bai toan 5:
Cho ay,ay,...,a,;b,bs,....b,. la cdc s6 thuc tuy y.

Chiing minh rdng: Zn: Ja? +b > \/(Zn:a,-)z + (Zn:b,-)2 (1)
i1 i=1 i=1

Loi gidi:

- n_ __, n n
Xét cdc véc tor x; = (a;,b,);i =1,2,...,n. Khidé: Y x; =(D_a;, ) b;) hién nhién c6:
i=1 i=1 i=1

Z| x; | > Z;; |<<> (1) Bpem. Dau bang xdy ra khi chi khi céc véc to duge xét cling phuong cing

chiéu, tic ton tai t € R : a; =tay;b;, =th;;t > 0Vi=2,3,...,n.
e Bing cich nay ta cling nhan dugc dang hinh hoc clia bat dang thitc Bunhiacopki
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e (6 thé thdy ngay 10i giai c4c bai toan sau:
1. Cho céc s6 thyc thoa man @ + b + ¢ = 2;ax + by + cz = 6. Chiing minh réing:

V16a? +a2x? +4J16b* + b2y? +~/16¢2 + 222 > 10.
2. Chiing minh rang v6i moi o, ta co:

\/cos“oc +cos*B + sin*o+ sin?P =2

3. Cho céc s6 thuc batky: a;,a,,...,a, Ching minh rang:

Z\/Cl +(1 az+l)2 2 n\/_

Bai toan 6. (Dé thi HSG Duyén hal Bdc bo ldn thit nhdf)
Cho mot 2008 [ gidc c6 tinh chdt: tdt cd cdc dinh ¢é toa dé nguyén va do dai cua tdt cd cdc

Ay =4a;.

canh la nhitng sé nguyén. Chitng minh rdng: chu vi ciia da gidc la mot sé chdn.
Loi giéi
Gid sit AA. (al,b ) v6i i =1;2008 (Quy u6c A,y = 4,), trong d6 a;;b; 1a cdc s6 nguyén

i“H+l T

va \/ai +bl. ciing 1a s6 nguyén v6i moi i=1;2008. Ta c6: Gia st AA7+1 (a b) voi

=1;2008 (Quy u6c A,y0 = 4,), trong d6 a;;b; a céc s6 nguyén va \/ai +bl. cling 1a so
nguyén véi moi i =1;2008.

Ta c6:

2008 ~ 2008 2008

ZAinH:O:Zai:Zbi:O. Do dé
=1 =1 =1

2008 5 2008 5 2008 5 2008 5

dai=-2 > ala],Zb =—2 > bb; ticla D a’; ) b’ lacicss chin.

i=1 1<i<j<2008 1<z<]<2008 i=l1 i=l1

Ki hiéu N 1a chu vi tam gidc, ta ¢c6 N 1a mot s6 nguyén duong va:

[%ﬁgmj 2008(a w02)+2 Y JaP+b7 a4 b2

1<i<j<2008

Tic 12 N? 1a s6 chan va do d6 N cling 1a s6 chan.
Bai toan 7 (Dé do Hung Yén dé nghi — ky thi HSG Duyén hai Bac bo 14n thit nhat)
Cho tam gioc ABC c6 dinh. MNPQ U] hénh chit nhdt thay déi sao cho M,N thuéc duong thcfng
BC . P thuéc canh AC, Q thuéc canh AB. Tém tap hop tom coc honh chir nhat .
Loi giai:
Chon hé Oxy sao cho O 1[1 chon duong cao ké tir 4 cua tam gioc ABC, 4 € Oy. B,C thudc

truc hoanh, chiéu duong cua truc hoanh tr B dén C.

Gia st A(0;a) a>0, B(b:0), C(c:0). Y
AQ AP S
e === O0<p<l.
4B ac P P Q P

AQ = p.AB = AQ(pb;—pa) = Q(pb;a — pa)




CN CP — —
e =" =—1-p=CN=(1-p)CO
o Cd p (I-p)

= a\f(cp —¢;0) = N(cp;0)

pib+e) (- pa, () Dope(l)=y =12 0:3).

2 2 2

I 1a trung diém ON = I(

: . . 1- . .
e Néu tam gidc ABC cin tai 4 = (0:\ 2” )4y | € [KO] véi K 1a trung diém OA: I = K1 # O.

e Néu tam giac ABC khong cantai 4. Tir (1) taco I thudc dudng thang A c6 phuong trinh:

b+c

;0).

1 , . ,
5 TP oA truc tung tai K(O;g)( K 1a trung diém OA4), A cat truc hoanh tai J(
+c a

I e[KO]vé6i I #K;I#J.
KL: Tap hop tdm I cua hinh chir nhat MNPQ 1a doan KJ bo di hai ddu mat, véi K 14 trung diém

A0, Jthude BC duoc xéac dinh cu thé nhu sau:

4 N . B 4 N .
) Néu €290°; J nim gita 0,8:01=22 9% N&u B290°: J nim gt
0.c:01= 2819,
2
% 0 S OB-0C _ ., 0 S
+) Néeu B<C<90"; J nam gitta O,B:0] =—— ;Néu C<B<90"; J nam gitta O;C :
- OB
OJ=¥;

e Cic két qua néu trén gidp ich rét 16n trong céc bai todn cuc tri dai s6 hay hinh hoc ké cé trong
mat phang hay trong khong gian, xir Iy c4c bai todn bién luan dinh tinh trong van dé phuong
trinh, bat phuong trinh, hé phuong trinh, hé bat phuong trinh, dai hon la cac bai toan cuc tri va
toi uu .

e  Sau day ching ta xét mot s6 tim toi trong linh vuc rat duoc quan tam: Bat dang thic.

Bai todn 8 (D¢ do Qudng ninh dé nghi thi HSG Duyén hdi Bac bg lan thi nhat) ’
Cho nwra dwong tron tam O ban kinh bang 1. Trén nita dwong tron nay nguoi ta lay n diém:
B,P.RB,...,P,, nlamét sé tw nhién 1é khong nhé hon 1.

Chirng minh rang : | OB + OP, + OB, + +0—B; >1.
Loi gii:
+) bt n=2k-1. Chon truc OF; va véc to O—Pk 1a véc to don vi cua truc. OF, =1.
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+) Chiéu céac véc to OP;i =1,2,...n 1én tryc ta nhan dugc cac hinh chiéu 1a OP, va chu ¥ rang

— /N - n
hinh chi€u cua véc to tong v = Z OP, chinh1a OP = Z OP.
i=1 i=1
Goi AB 1a dudng kinh cta ntra dudng tron, A4, B, 1a cac hinh chiéu ctia A,B trén truc.

+) Tacd OB > OA;Vi=1,2,....k —1.Va: OP, > OB;;Vj =k + 1,k +2,...,2k 1.

Honntta O4;, <0< OB;;04,+ OB, =0.
L 2k
+) Tu | v[2| OP || Z OP, |2 (k—1)(O4, + OB;)) + OF, =1. (bpcm).

i=1

Bai toan 9
Cho nla mét sO'tu nhién khong nhd hon 3. chitng minh ton tai mot tdp hop gom n diém thod man
dong thoi cdc diéu kién:

i) Ba diém bdt ky trong chiing khong thang hang;

ii) Khodng cdch giita hai diém bdt ky trong chiing la mot s6'vo ty;

iii)  Dién tich ciia tam gidc bdt ky thanh ldp tir ba diém bdt ky trong chiing la mot s6'vé ty.
Loi gidi:
Trén mat phing toa do Oxy xét cac diém A;(i,i);i =1,2,...,n.Ta s& ching minh day 1a bo diém
thoa man yéu cau dat ra.

i) Gia str c6 ba diém thang hang A, 4, A,,;k <[ < m khi d6 ta cé:

A A ==k, 1> =k*); 4 A, = (m—1,m? —[?); do tinh thing hang ta c6:
m—1 _m*—1I*

S m=k didunay volyvi k<m.

I~k P—k
ii) Tacé Ay A = \/(k —1)?> + (k*> —1?)? gia sir khoang cach nay 12 mot s6 hitu ty thi s&
ton tai
P

“—t0i gian sao cho: A; 4 =\/(k—l)2 +(k* = 1%)? =£<:>p2 =(k-1)*A+ (k+1)%);
q

!

déyla p?ig*;(p,q) =1= g =1va plasénguyén duong, bing cich phan tich tiéu chudn ra

cac thlra sO nguyén to ta suy ra:

dae N*:a’> =1+ (I+k)? =1=(a-k-D(a+k+)>0nena+k+1>24=1>4vo

71

13]1) Xét mot tam gidc bat ky ¢ cac dinh 1ay tir cac diém do:
A(a,a?); B(b,b*);C(c,c?*);a<b<c;a,b,c e N*. Goi
E(a,c?);F(b,a%);K(c,c?);Khi dé ta co:
[ABC|=[AKCE|-[AEC]—-[ABF|-[FBCK] taky hi¢u [Q] Ia dién tich mién
Q.

1v) Vay ta co:

[ABC]=

=(c—a)(c* —a*) —%(c—a)(c2 —a?) —%(b —a)(b?* —a?) —%(C—b)(c2 +b%*—2a?)

=s € do a,b,c déula cic s6 nguyén duong.
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LOI KET:

Phai thuc su thita nhan ring ton tai méi lién hé 4n tang gitta hinh thitc Pai s6 va ban chat hinh hoc,
PP hinh hoc hod céc bai todn Pai s6 1a dac biét hitu hiéu. Ching ta c6 thé ké ra day ngoai PP toa do
rat nhiéu PP khéc nita dé tiép can y tudng ndy, chang han mot trong ching 12 Ly thuyét do thi, [1Va
duong nhién khong thé ké hét céc ing dung, cdc bai toan, diéu quan trong 12 vai trd ngudi thay trong
viéc din dat cdc em ti€p can PP nhu thé nao, nham khoi day trong chiing kha niang tu duy sdng tao
niém say mé tim tdi khdm ph4 vé dep trong todn hoc. Do kha nang va kinh nghiém con han ché bai
viét khong tranh khdi sai s6t toi chi dam hy vong bai viét nay 1a mot chia sé nho véi cac dong
nghiép.

Cu6i cung dé két thiic t6i xin dugc nhéc ra day 10i ctia gido su George Polya, nha todn hoc va gido
duc My néi tiéng danh cho cdc ban yéu Todn:

“[1 Co thé rdng bai todn kia chdng khé, nhung néu né thdch thirc tri to mo ciing nhu phdt huy
duoc khd ndng sdng tao ctia ban va néu nhu ban gidi né chi bang phuong tién riéng cvia ban, thi
ban sé trdi nhiéu cam go cdng thdng cung bao niém vui kham phd. Vao lita tuéi nhay cdm,
nhiing kinh nghiém nhu thé sé tao nén diéu thii vi cho hoat dong tinh thdn va la ddu son dnh
huong mdi tuong lai...]

Ha long ngay 9-10-2008

MOT SO BAI TOAN VE HAM SO

y=ax +b va y=ax’+bx + ¢ =0

PO VAN DUC
Tb trudng t6 toan tin
Truong THPT Chuyén Luong Van Tuy - Ninh Binh

Trong chuong trinh 16p 10, hoc sinh da dugc hoc vé cac ham s bac nhat va bac 2. bay 1a 2

ham sb co ban trong chuwong trinh ph théng va c6 rat nhiéu ing dung trong ki thi cac cép.
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Sau day t6i néu 1én mot s6 vi du ap dung hai ham s trén (ké ca truong hop suy bién) dé giai
toan.
I) Ta chi y dén mdt sé két qua sau:
1. Ham s6 f(x) ludn dong bién, hodc ludn nghich bién, hodc khong ddi trén [o, B] thi:

Max [f(x)| = Max {[f(o)], [f(B)[}

[o, B]

2. f(x) = ax’ +bx + ¢ (a=0)

Max {If(a)l, If(B)I} Khi =2 & (o, B)
Max If(x)| = 2a

[a, B] Max {If(o0), B)l, fo )} Khi 5 < (a B)
’ > 2a a ’
3. Max [f(x1, X2, ..., Xp)| = Max( Max... ( Max f(xi, X2, ..., Xp))...)
XieDi(1=1,2,..n) x1eD; x2eDs XneDy
IT) Cac bai toan dwgc chia l1am 3 loai
A- Céc bai toan img dung ham bac nhit va suy bién
B- Céc bai toan g dung ham béc hai va suy bién
C- Céc bai toan tng dung phdi hop hai ham s trén.
A Cdc bai todn wng dung ham y= ax +b
Bai todn 1 (dé thi vo dich KIEP)
Chimg minh rang véi bt clr a, b nao ciing tim duoc x, y € [0,1] dé

|xy—ax-by|2%

Gidi: Bai nay di c6 nhiéu sach dua 10i giai nhung cac 10i giai déu mang tinh chit ap dat. Véi cach
giai nhu vay 1a khong cho ta cach mo rong dugc bai toan, dong thoi ciing khong cho ta cach tim
A A 1 A A ’ o 5 7 A \ \ I3 A
thay so 3 Sau day to1 dua ra cach giai st dung tinh chat ham y= ax +b, va qua d6 cho ta ra thém

hang loat cac bai toan dang nay.

Max [xy-ax-by| > Max {|a|, |b|. |a+b-1|}> §|a+b-a-b+1| = %

Bai todn 2: Cho sb thuc o, B, b (a<p) Tim a dé
Max |ax+b|  Cé gia tri bé nhat
xe [a, B]
Gidi: Max |ax+b| = Max {|aa +b|, |a} +b|} >
xe [a, B]
S |aaf+bf|+|aaf +ba|_|b||f-al|

la|+| B lal+] B
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laot +bl = laf} +bl (1)
Cu [lIng thllc

of} (ao +b) (-aB -b)>0  (2)

F)NeuoaBp>0 (2) < (aa +b)(-aP -b)>0 khi d6
-2b
a+pf

*)Néuap<0 (2) < (ao +b)(-ap -b)<0 Khi d6

(1)>aa+b=af+b>a=0

(1) = aa +b =-ap -b<> a=

-b

_ Khiaff >20vaa=
[b]|B-a| | Khiap20via="""

Vay Max |ax+b| bé nhét bang
la |+ 81| s
khigf <0vaa=0

bl -]

Max |ax +b| bé nhit bang———

(.. ] la|+]B]

Bai todn 3: Cho hai s6 o va B xét cac ham s6
f(x)=a’x + aa+ B
Xac dinh a dé Max |f(x)| nho nhat
xe[-1,-1]
Gidi:

truong hop 1: B> 0

A) Néu o —2 B> 0 ta chon k > 0 sao cho

a(l-k) __ B ol a’ +2p -0
2+h)  « o’ -28

Max |f(x)| = Max {Ja+oa+p|;[a*—ca—B|} >

x € [-1,1]

ZL|ka2+koca+kB+a2—oca—B|=
k+1

2 2 2

a a a a a
c6 dang thirc < a= - I
a

B)néuo’—2P<0

— Max [f(x)| = Max {|a’+ ca + P, |2’ — ca— |}

o, . z a2 o
Ta chirng minh Max [f(x)| bé nhat1a p - e Sa=- By
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That vay véia=- % = Max {|a’ + aa + B, | a® — ca — B[}

2 2

a® | 3a a
=M -2 - =B- 22—
ax{p 4,I 2 Bl}=B 2
2B-a% >0
do(B-2 )-132 _Bl= B2
4 4 2,
2

Mgt khéc Max {|a’+aa +B|, |’ —oa— |} > | a’ + aa+ | =
2 2
Y a a” a
=l@a+ =) +P-—|2P-—c6 & a=- —
| ( 2) p 4IB 2 5
2
'B—zkhiaz—ZﬂZO,ﬂzo Vi a- P
Vay >0 thi Max [f(x)| bé nhdt={ ¢ a
ﬂ—aTkhiaz—ZﬁSO,ﬂZOVdaz%

truong hop 2: B <0
B <0 do Max|f(x)| = Max|a(-x) + (-t )a + (-B )

. [- -1€-x <L ala—a
Ap dung két[qulé’ (lzgla truc‘ylnTg h)é)’p_llvdi (%
Pla—p>0

Vay ta c6 két luan chung

2
P khia2—2|,6’|>0vda=—%

-

Max|f(x)| bé nhat = ,

[- 1.1] B1-“khia®-2|Bl<0via=—Llg
4 23

Bay gid ta lai xét bai toan 2 & trén véi diéu kién
o’ —2p >0, p >0 nhung a = — A ( v6 nghiém) (xét bai 4)
(04
Hoac o’ — 2B <0, B >0 va phuong trinh a= 0 v6 nghiém (xét bai 5)

2
Bai todn 4: Cho 0<a <B vi oL+ < ?5

Xét cac ham sb f(x) = (a® + 2a+ % )x +1

Tim a dé Max [f(x)| nho nhét
[, B]

2, s g A1 2
Gidi: D¢ y rang véi dieu kién 0<o < va o +3 < ?5 thi

(v6 nghiém 4n a)

Phuong trinh a + 2a + R
25 a+p
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Nén két qua bai 2 khong thoa man

*) Néu a” +2a + %=0®ae {-%,-%}:f(x)zl

*) Néu a” +2a + %> 0= f(x) >1

*) voi a’+2a + %<0©_ 2<a<- l

5 5
9 9 .25
H)fla) =@ +2a+——)a +1>(@° +2a+—— )= +1=
) fla) =( 5s) ( 516
16 . 25 a+f_25

=[(a+1)- — 12 +1>0doa <
@t 25]16 16

= fla)=fla) = [(a+1)2-£]oc +12>1- ga

C6 dang thirc < a= -1

, 25 25
HnéuB< = = fP)2H)20
ynéup < =1(P) = ()

= flo) > () > 0 = Max [f(x)| = f(a) > 1- 16 a
(o] >

dat < a=-1
+H) Néu f(B)<0=p > f—z = [f(B)l=-1f(P)=

— 1 [a+1- 10 5=
I-lathy->2 IB=1h

25 25 2 16 . 25
do 2<B< 2 a=fi<l-[(at])-— (22 -a) =
e R e O

16 2,25 16
=]1-—a-(@arD)(—-a)1l- —a<fla
> ( )(8 ) > (o)

Vay Max [f(x)| =1 - % o c6 dang thirc < a=-1

[o,B]
Bii todn 5: f(x) = (a*+1)x— 1 cho & <o <pf
Tim a dé Max|f(x)| bé nhat
[a, B]
Gidi: Truong hop nay a’+ 1 = 0 v6 nghiém nén giai nhu bai 2 khong duoc
M =Max [f(x)| = Max{|f(« )|; [f( #)]}=Max {[@*+D)a -1|; [(a*+1) B-1]}
[a, 5]
N f(a)=|+)a -1|=1- a(@+)=1+(+])|a|> 1+ «a|
Néu M= [f( B)|=|(a*+1) B- 1| =M > 1 +|a | nén
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ve . b
Bai todn 6: Cho 0<a; <a, <as; —-<

Giai:

M=|@+]) B- =@+ B-1> f-1>21+Ha|o B 22+ |a|
Viy f>2+a|=>Mbénhitla f-1 < a=-1
Con f <2+ a|=Mbénhitla|a|+1<a=-1
Vay M bé nhit=Max {f - |; |a |+1} < a=-1

b b
a a, da
f(x) = Max {|aix — by|; |a;x — ba|; [azx — bs]}
x €eR
tim Min f(x)

x € R

b +b
*) Phuong trinh — a3x +b; =a;x —b; & x=x= —2 (1)
a, +a,
* ok _ _ . b, +b,
) Phuong trinh — asx + by =ax — by, < x=x; )
a, +a,
b, . b
ﬁ<x1 <=V nc’><:>ﬁ<—3
v 4 a, a, a, a,
Khi @6 b X . , 3)
2, <E2Vnoeo -2
a, a, a, a,
Ta xét 2 truong hop

I) x, > x; Ta chiing minh Min f(x) = |a;x; — by|
X eR
a) Ta chung minh f(x;) = |a;x; — by|
Do (3) = |ajx; — bj| =a;x; —b;=- azx; + bz = |azx; — by|
Ta chiing minh |a;x; — by| > |axx; — by
b, +b, - b, +b,
a, +a, a +a,

<& apby + ajbs> ajbytasbi+ asbs

*)a1X1—b1 > -32X1+b2 < X1 =

= (a1b3 —azb; +asb; — albz) + (azb3 — a3b2) >0 dung

b b _ b b a
S A2 0 o aib; — azb; > —3(31b2 - azbl) >a1by — axby
a; a4, q a,

Do

*) ’8.1X1 — bly =a;X;j—b; =-azx;t by = - asxp+ by =axo — by > ax; —b;

Vé.y f(Xl) = |a1x1 — b1|
b) Ta chimg minh f(x) > f(x;) V x € R

*) X<X] = -a3x+tby>azx;+bs=a;x;—b; = f(X])
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*)x>x; = a;x—b; >ax; — b =1(x))

V@y Min f(X) = |31X1- b1| = (
X eR

ab; — azblj
al + a3

I) x; > x;

a) Ta chung minh f(x;) = |ax; — by
|azx2 — ba| = axp — by = - a3xp + b3 = [azx, — by
|axx, — ba| > | a;x2 — by| ding do

|axxy — ba| = axXp — by = - asxa + b3 > - azx; + by = a;x; — b;>a;xp — by>

>aq ﬁ -by>0
a

= f(Xz) = |aX2 — b2|

b) Ta chung minh f(x) > f(x;) Vx € R
Néux > x; = f(X) > |azx — by =ax — by > |azx; — by
X <x; = f(X) > |-a3x+ b3 =-asx + by >-asxy + b= |ayx, — by

|a1b3 —a;b, |; |a2b3 —a;b, |}

‘ a, +a, H a, +a,

Vay Min f(x) = Max {f(x)); f(x2)} = Max {
X eR
Bii todn 7:ux,y)— x y + Xy> —ax —by. Tim a, b dé Max [f(x, y)| bé nhét
x,y € [0,1]
Bai nay co thé yéu cau cao hon céc bai trén 1a phai tim gia tri bé nhat ctia ham sb |[f(x,y)|
1 2
Max [f(x,y)| = Max {|a|; |b|; |2-a-b|} > §|a+b+2 —a-b| = 3
X,y € [0,1]

L. 2 2
Voia=b=2 = fftuy)] = xy) (xy - 2)
I 2 N 2 2
a) Néu xy > 3 do x,y € [0,1] nén |(x+y)(xy- §)| = (X+Y)(XY-§) <

< (1+1)(1 -

[SSHN )

2
) 3
£ 2
b) Neuxy<§ = (1-x)(1-y) 2 0 &xty < 1 +xy

= 0> (xHy)(xy - %) > (1+xy) (xy - %)
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= |(xHy)(xy - §)| < |1+ xy) (xy - §>| ~ (1+xy) <§- xy) =

(SSH )
1

() < % — Max [f(x,y)| bé nhit 1a§ X,y € [0,1]

W | —
e

SAU DAY LA CAC BAI TOAN TUONG TU

Bai todn 8: Ching minh rang vdi bit ¢t a, b, ¢, d, p, q nao ta ciing tim dugc x,y,z thudc doan [0,1]

dé [Xyz —axy —byz—czx —dx —py—qz| = 7

Bai toan 9:Chung minh rang véi moi muoi bon so thuc aj, a,, ... aj4 nao ta cling tim dugc x, y, z, t
thuoc [0,1] dé

|Xyzt — AXYZ — apXyt — azyzt — a4ZtX +asxy - aXzZ — a7;Xy — agyz — agyt — ajozt +
-apX—apy—apz—aut > —
15

Bai toan 10: Cho 0<a<b,m >2 m € Z

Céac sb ay, ay, ... a, khong am va khong thudc khoang (a, b) cac s by, by, ... by déu thudc

n k
doan [a, b] thoa man Z a; _ Z bj
i=1 j=1
n k
a) Ching minh ring ; v a < JZ_; n\a/a

b) Chiing minh rang Z a; Z b] (O 21

Bai toan 11: Cho a; <a; <...<a,
f(x) = Max {[x-ai|, |x-a|, ... [X- an|}
Tim Min f(x)
x € R

Bai toan 12 cho 0<a ;< a,< ..<a,

bl b2 bn
— <<, <
Cll a2 a

f(x) = Max {Jaix — bi| (1= 1,2,...,n)}
Tim Min f(x)
x € R
Trén day 1a mot s6 bai toan p dung tinh chat ciia ham y = ax + b dé giai. Con 2 phan nita
xin duoc trao ddi cing cac ban & chuyén dé sau.

Ninh Binh, Ngay 10 thang 10 nam 2008
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PHEP BIEN HINH TRONG HINH HOC PHANG

TRUGNG THPT CHUYEN HA NAM

Phin I: Pit van dé
Trong chuyén dé hinh hoc phang sir dung phép bién hinh trong hinh hoc phang 1a mdt phan
kién thirc rat quan trong. Sau day 1a noi dung bai soan cua t6i khi day vé cac phép bién hinh trong
mit phang.

Phan II: Ndi dung
A. Phép d6i xtrng tam, doi xirng truc, tinh tién.
I. Phép doi xirng taim
1. Pinh nghia: By : M - M’
OM =-OM’

2. Tinh chét:
a. Do bién 3 diém thiang hang thanh 3 diém thang hang.
b. Py bién duong thang thanh duong thang // hodc trung v6i dudng thang ban dau.
c. Bién doan EF thanh E’F’: EF = E’F’
d. Goc xSy thanh goc x’S’y’ va goe x’S’y’ = gbe x’S’y’.
e. Do 1a phép bién doi 1 - 1
h: Po: A > A’

B —»>B’

AB=-A'B
I1. Phép débi xirng truc
1. Binh nghia:

P& M —> M’

MM’ L dtai H

MH =—HM'
2. Tinh chit
Gidng nhu phép dbi xtmg truc
II1. Phép tinh tién:
1. Dinh nghia:

Cho V% 0

T,:M—>M

-

MM' =v
2. Tinh chét:- Gidng nhu phép d6i xing tam, ddi ximg truc

-Phép T, khong cé diém bét dong.

IV. Bai tap ap dung
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Bai tdp 1: Cho tam gidc ABC va duong tron O. Trén canh AB lay 1 diém E sao cho BE =
2AE goi F 1a trung diem AC va I 1a dinh thir 4 cua hinh binh hanh AEIF. V41 moi diém P trén
dudng tron (O) dung Q sao cho PA+2PB +3PC = 610 . Tim tap hop Q khi P thay déi.

* Hwéng din hoc sinh

+ X4c dinh diém K cé dinh t/c: KA+ 2KB +3KC=0

+ Chimg minh K =1

+ D P —> Q vay Q thudc duong tron 1a anh (O)

* Loi gidi:

Goi K 1a diém thoa man:

KA+2KB+3KC =0

RN

6KA=—(2A4B +3A4C)
Al = AE + AF

Ta co
<64 =2AB +3AC
(—)ﬁ=2f—)]£K

PA+2PB+3PC=6I0
Tu
6Pl +I4+2IB+3IC =610
< PI+0I=0 —> 1a trung diém PQ
->Db:P—>Q
OP thudc duong tron
— Q e duong tron 1a anh cua (O) qua by
Bai tdp 2: Cho hinh binh hanh ABCD va dudng tron (y) bang tiép cua tam giac ABD tiép
xuc v6i phan kéo dai AB va AD tuong tng tai M, N. Poan thang MN cit BC, DC tuong tng tai P
va Q. Chirng minh dudng tron noi tiép tam giac BCD tiép xtic BC, DC tai P va Q.
* Huwéng din hoc sinh:
+ Chtirng minh BH = DK
Cobr:B—>D
+ Chirng minh DQ = DN = BH = BM’
— b (C) > (C1)
Vi (C) 1a duong tron qua M’, N°, H ; (C1) 1a duong tron qua D, Q, P

N

Loi gigi:
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Goi K 1a tiép diém (y) va BD

(C) 1a duong tron noi tiép AABC tiép xtic AB, AD,BD tai M’, N°, H
Do: MM’ = NN’

MM’ = MB + DN’ = BK + BH

NN’ =ND + DN’ = DH + DK

= BH + BK = DH + DK

= BH + BH + HK = DK + DK + HK

< BH =DK

= 3 Phép d6i xtmg tiam D;: B — D
H—->K
A—-C

AAMN can tai A => gbc AMN = goc ANM
DQ // AM => goc DQN = goc AMN
=> gdc DQN = goc ANM
=> ADQN céan tai D=>DQ =DN=DK =BH =BM’
Dob;:B->D
=br M ->Q
Tuong ty AMBP can
bi: N ->P
H-> K
(©)->(CI)
(C) 1a duong tron qua M’, N°, H va (C1) 1a duong tron qua D, Q, P do M’, N’ H 1a diém
chung duy nhat ctia AB, AD, BC va (C)
Va khi d6 K, Q, P 1a diém chung duy nhat (C;) va BC, CD, CB
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Bai tap 3:

Cho duong tron (O, R) AABC c6 3 goc déu nhon ndi tiép trong duong tron. Goi A, B’, C’
lan luot 1a giao diém tha hai cia cac duong cao ké tir A, B,C véi duong tron. Hiy xac dinh kich
thude 3 canh AABC theo R dé dién tich luc giac AB’CA’BC’ 16n nhat.

* Huéng din gidi

CMinh: dt BHC = dt BCA’
dt AHC =dt ACB’
dt AHB =dt ABC’

+ Tu d6 dt AB’C.A’BC’ max khi Sppc max

+ Dua vao cong thuc hé rong tim max Sapc

* Loi gidi:

B’

A
C’
H
\ -
A

Pgc: H-> A’ => Sguc = Spca:
Dac: H->B’ => Sanc = Sacw
Pag : H->C => Saus = Sasc’
bat Sapc =S => Sap'ca'Bc = 28
Vay max Sap'ca'sc khi S dat max
* Ta ching minh két qua quen thudc
a’+b*+c’

43

+) a’ +b” + ¢ <9R? (R la ban kinh dudng tron ngoai tiép AABC)

That vay:

+)S <

a’+b*+c?
S ———

43
a’+b>+c%)?
Sp(p-a)(p-b)(p—c) < - )

(a2 +b* +c2)2

(a+b+ce)a+b—c)b+c—b)(a+c-b)<

o3@+b) —c*le? - (@-b)|< (@ +b + )
<=>a'+b*+c*>a’b” + b’c? + c’a’ (BDT ludn ding)
Chimg minh: a* + b* = ¢* < 9R?

<=>sin’A + sin’B + sin’C < 9/4 (d& dang chimg minh)

2 2

9R
Vay S < S maxS=——=
SN 43
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2

R
43

max S = khi A ABC déu

Bai tap 4:
Cho lyc giac 16i ABCDEF c6 AB = BC = CD; DE = EF = FA Va G6¢cBCD goc EFA = 60°.
gia sir G va H 12 hai diém nam trong luc giac sao cho goc AGB = goc DHE = 120°. CMR
AG + GB + GH + DH + EF > CF
* Huwéng din gidi
+) Dgg bién & nao:
A->D
c>C
D->A
F>F
+) CM: GA + GB =GC’
+) V& thém hinh phu cho bai toan dé quan sat
* Gidi:

Ta co: BD=AB
AE =DF
Dge: A -> D vi (ADBE = ABAE
=> Goéc B, = goc B, => BE 1a phan giac va BE L AD)
CcC->C CO
D->A
=>CD=C’A = AB=>AABC’ déu
E -> F -> ADEF déu

* ABCD; AAEF dung phia ngoai tir gidc ABDE BO
C’, G khac phi v6i AB 600
H, F’ khac phia voi DF B

60°1 60°

=> Tt gide AGBC” ni tiép goc BGA + géc B’CA = 180° = (120° + 609}
= BC’2=C"G? + BG*-2BG. C’G.12
CA?=CG*+GA* - 2AG.C’G.12
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=BG’ -BG.CG=GA’-AG.CG
<=>(GA -GB)(GA+GB-GC)=0

* NéuGA =GB =>GC> L AB=>CK = af;GK - BK 1g30° = “*6/5
4a./3
GC'= a3 _2a3
6 3
a
Cos 30° = —2_ 5 BG =i—>GA+GB=2“*/§
GB J3 3

Vay c6 GA + GB =GC’

Trong ca 2 trudong hop - GA + GB = GC’

HE + HD = HF’

Vay c6 C’G+ GH + HF’ > C’F’

Ma C’F’ 1a anh CF qua phép BE —» C’F’

Vay GA + GB + GH+ HE + HD > C’F

Dau = khi G, H nam trén [ C’F’]

Bai tip 5: Cho AABC. Tir dinh A ta ké trung tuyén AM va phén giac trong AD. Phép dbi
BK AB’

xtmg qua dudng thing AD bién duong thang AM thanh AK (K € BC): CMR: C_K= 1

Huwéng din hoc sinh:
+ Goi P 1a diém ddi ximg ctia A qua M’
+ Tir C ké dudng thing // PB’ cit AK tai Q. Tir do6 co tir gidc AC’PB’ 14 hinh binh hanh.
+ ap dung dinh ly talet ta c6 dpcm.

Loi gidi:
Cl-.
P
Q &
Psp: BB
C—o>C
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M—>M
M la trung diém B’C’, B’ € AC, C’ € AB, M’ e duong thing AK
Goi P 1a diém d6i xtg ctia A qua M’
Tir C ké duong thang / PB’ cat AK tai Q
M’ C’=M’B’ = T giac AC’PB’ 1a hinh binh hanh
M’A=M’P

= AB//PB’// QC

Theo dinh ly ta 1ét: %: AB (1)
KC CQ
CQO CQ CQ PB AC _AC
PB CA AC AB AB AB
2
CQ:AC PN AC:AB P AB _ 4B
AC AB CQ 4C CO AC?
BK AB*
=>Tu(l)va2) —=
(H)va(2) CK AC?

Bai tdp 6: Cho hinh binh hanh ABCD. T B ta ké cic duong thang BE vudng goc CD va
BK vuong goc AD (E € CD, K € AD). Biét KE = a va BD =b (b > a). Tinh khoang cach tir B dén
truc tdm A BEK.

Huéng dén gidi

+ Xac dinh phép tinh tién

T;: K—>D

Ta co:

A

Vay

(2)

H—-E (H 1a truc tam A BKE)
B—-> B’
2 B _ _ 2 2

+ChiraB'E=BH=,/b"—a B
Loi gidi:
Goi H 1a truc tam A BEK
Do EH vuong goc BK, EK vudéng goc BH
— DE=KH; EH=KD &
Tm : K—D A )

B’ C

H—->E
B—->B
BH —» B’E
Vi BH vudng goc EK nén B’E vudng goc KE
A B’EK vuédng tai E = B’E* = B’K* — KE?
Mait khac B’K = BD (do tir gidc BB’DK 1a hinh chit nhat)

Do d6 B’K =b vidy B’E —BH = 4/b* —a’

* Cac bai tap rén luyén ky nang:
Bai 1: Cho A ABC va diém O nam trong tam giac. Tim tap hop diém M va N thudc cac canh
tam giac sao cho O 1a trung diém ctia doan MN
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Goi y hoc sinh:

+ Thyc hién phép ddi ximg tam O.

D,: M —>N

A->A

M la diém chung AB va A’B’ (A’B’ 12 4nh ctia AB qua D)

N 1a diém chung AC va A’C’ (A’C’ 1 anh ciia AB qua D,)

+Tir d6 suy ra cac diém M, N phai thude doan AB, AC ¢6 thé ca cc dinh tam gjéc.

Bai 2: Cho hinh binh hanh ABCD. V&i mdi diém M trén canh AB ta lay diém M, d6i ximg
v6i M qua dinh D, M, dbi xtmg véi M, qua trung diém canh CD va M; ddi ximg v6i M, qua B. Tim
tap hop cac diém Mj; khi M thay ddi trén canh AB.

Goi y hoc sinh:

bp: M->M,

Pu:  M;—> M, (H 14 trung diém CD)

bg: My > Ms

bx: M — M3 (K xac dinh HK = HD + HB)

Tur d6 suy ra tap hop M3 1a doan AB.

Bai 3: Cho duong tron (O) va hai dudng tron bang nhau (O,); (O,) cing tiép xtc véi (O) lan
luot tai cac diém A, A,. Trén duong tron (O) ta léy diém M. Cac doan MA;, MA, cit lan luot thir
hai cac dudng tron (O)), (O,) twong mg tai diém By, B,. Ching minh BB, // A A,.

Goi y hoc sinh:

+ Goi duong thing x 1a trung tryc cia 0,0, = O € x

+P: 01 >0,

+ Ta chimg minh dé dang:

AB, OB, A4,B, A4,B,
AM OM OM A,M

Bai 4: Goi I 13 tim dudng tron ndi tiép hinh tam gidc ABC khong can. Puong tron ngoai
tiép A BIC cat phan kéo dai ctia cac canh AB, AC tuong tng tai B’ va C’. Ching minh BB’ = CC’.

Goi y hoc sinh:

+ Ta chimg minh Al di qua tim dudng tron ngoai tiép A BIC vi vay tdm cua duong tron do
cach déu hai day cung BB’ va CC’.

B) Phép quay

I. Pinh nghia: Qo™ M > M’ M
Sao cho (OM, OM’) =«

OM =OM’
O: tam quay ‘
a: Goc quay
/o € [O° 180°] M’
I1. Tinh chat
1. Q.*c6 mot diém bat dong duy nhat
2. Q™ A->A
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B—->bB
Thi AB=A’B’; (AB, AB’) = o (0 < a. < 180"
3. Phép quay bién 3 diém thang hang thanh 3 diém thang hang.
H¢ qua: + Phép quay bién duong thang thanh duong thang
+ Bién tia S, thanh tia S’ va goc tao bdi hai tia 46 bang a.
+ Bién doan thiang PQ thanh doan P’Q’: PQ = P’Q’
+ Bién goc thanh goc bang nd
+ Bién duong tron (IR) thanh (I’,R) - ; T
I11. Mé rong phép quay tim O géc quay o:: 180° < o < 360" /B ; ’
1. Dinh nghia: s
Cho truge diém O va goc o v6i 180° < o < 360°. Phép bién dbi B

01
02

Q= 0" 0! 1a phép quay tm O v&i goc quay a ki hidu 1a Q™.
2. Tinh chit:

a. Tinh chat I: Qo® v6i o €(180°, 360°)

Q*: M — M’ thi 027%": M -> M’ va (OM, OM”) = a - 360"

b. Tinh chdt 2:

Cho 2 phép quay Qo1 Qo2” vé6i 2 thm quay phan biét (0,20,) va thoa man diéu kién 0° < o

<360% 0° < B < 360", “;ﬂ #180°

Khi 46 Q = Q02" . Qoi“ 1a 1 phép quay vdi goc quay ¢ = a + B va tdm quay O dugc xac

dinh: QO]T 1010, >x
B2 . . .
QO2 :0,0,—y vaxcatytaiO

IV. Bai tap ap dung

Bai tip I: Cho A ABC trén cic canh AB, AC va vé phia ngoai ta dung cac A déu ABC,
ACB;, ACB;. Goi G la trong tim A ABCy; M 1a trung diém BC, Chimg minh rang A MGB, vudng
va MB= MG +/3

Huwéng din hoc sinh

- Hoc sinh ¢6 thé chirmg minh dua vao tam giac dong dang

- Sir dung tinh chat trich hai phép quay

Loi gidi:
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60°

le :A—>C

60° 120°

le .QG :B—>C
180° 60° 120°
g;?ﬁl ‘B — (j::>'£;21;1 'Q;?G

Theo tinh chit trén = Goc (GB;, GM) = - 60°
= Goc (GM, GB)) = 60°; Géc (B,G, BiM) = 30"
— G6c GMB; =90° = MB; = MG /3

Bai tip 2: Cho A ABC can (AB = AC). Trén canh AB lay diém M sao cho MA = BC. Tinh
gbc BMC.
Huwéng din hoc sinh:
A C’

80° .

N
30°

B C
+ Xét phép quay tdm A gdc quay la bao nhi¢u

+ Xét cac tam giac bang nhau.
Xét Qu%’: C - C’; B, C’ ndm v& 2 phia AC
Xét AMAC’ va A ABC ¢6 MA = BC
AC=AC’
Goc MAC’ = 60° +20° = 80° = Goc ACB
= AMAC’ =A ABC (c.g.c)
= C'M=CA=CC’ (vi A ACC’ déu)
= AMCC’ can tai C’
Ma C’M =C’A = A AMC’ cén tai C’
= Goc AMC = goc MAC’ = 80" = Goc AC’M = 20°
= Gbéc AC’C = 40°
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v A . , . ,  180°—40° o
Do AMC’C can tai C’ = Goc CM’C = goc MCC =T=7O

= Géc BMC = 180° — 70° — 80°= 30°

Bai 3: Cho luc giac 16i ABCDEF ndi tiép trong dudng tron (O) c¢6 AB, CD, EF bang ban
kinh dudng tron. Goi M, N, P lan lyot 13 trung diém cua BC, DF, AF. Ching minh ring A MNP
déu.

Huwéng din hoc sinh

+ Xét Q*°

+ C6 phép quay Qp®: N — M khi d6 c6 A MNP déu:

Giai:

- Goi P 1a trung diém cta AF
- K 14 trung diém BE
I 14 trung diém EF
Q" B> A
F—>E
— BF —BE = (ﬁ,A—E)= 60°= AE cit BF theo gbc nhon 60°
Do tur giac ABEF 1a hinh thang can
= AE = BF = PI =K theo tinh chit dudng trung binh
— PI cit IK theo mot goc nhon 60° = A PIK déu

Q06OZ F—>E
D—>C
=  (FD,EC)=60"ma IN' 1 FD

KM ™ EC

=> goc (IN,KN)=60° (1)
Ma IN = KM = %FDZ %FDz%EC
>0 15K

NN

= (IN,KN )= 60° tir (1) -> (IN, KN )=60° = KN = KM = M = N'
= 0% : N > M = APMN déu
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Bai tap rén ky nang
Bai 1: Cho hinh vudng ndi tiép trong hinh binh hanh MNPQ, A € MN,
B € NP, C € PQ, D € QM. Goi M’ 14 chan dudng vudng goc ha tir M xudng AD, N’ 1a chan duong
goc vuong ha tir N xudng AB, P’ 1a chan dudng vudng goc ha tir P xubng BC, Q’ 1a chan duong
vudng goc ha tir Q xudng CD. CMR tir giac M’N’P’Q’ 13 hinh vudng.

Goi y hoc sinh
—90°

+ Xét phép quay QO : A—>B T d6 = AQ; qua truc tam H ctua A
M - M, ABN
Do A
Q—->Q

Q;% : M—H — [MM’] = [HN’]

AD — AB M >N’

Bai 2: Hai A vudng ABC = A vudng A’B’C’ (Goc C = goc C = 90°) duoc dat trong mit
phang va cac dinh cta 2 tam giac dugc danh s theo cung chiéu dudng thang. Goi D 1a giao diém
ctia cac duong thang BC va B’C’; E 1a giao diém cac duong thing AC, A’C’. CMR 4 diém C, D,
M, E cung thudc mot duong tron.

Goi y hoc sinh

Ta thuc hién phép quay tdm M bién C — C’

A->A
B—->B’
+ Chi ra goc CMC’ = goc CA’C’ = goc CDC’

C- PHEP TU VI
L. Dinh nghia:
Vo' M > M’
OM'=kOM 7Z
O: tam tu vi
k # 0: ty s6 tu vi
k> 0: Vokphép tu vi duong
k < 0: Vo*phép tu vi 4m
Dic biét k = 0 = anh thudc diém M déu 13 0
IL. Tinh chit
1. Phép Vo (k # 1) ¢6 1 diém bt dong duy nhét 13 0
2. Vo': M > M’ = O, M, M’ thing hang
3. Vo A A
B> B’ A'B'=kAB
(A#B)
4. Phép vi ty bién 3 diém thang hang thanh 3 diém thang hang
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Hé qua: Phép Vo*bién

* Bién duong thang (d) thanh dwong thing (d’) va d’//d hodc d’ =d

* Tia Sx thanh tia S’x’ va hai tia d6 hodc trung nhau

* Poan PQ thanh P’Q’: P’Q’ =/k/ PQ

* A ABC thanh A A’B’C’ va hai tam giac ndy dong dang ty s6 dong dang bang /k/.
* Goc xSy thanh goc x’S’y’: goc xsy = goc x’s’y’

* Bién dudng tron (I,R) thanh dudng tron (I',R”) va R’ = /k/R

Bai tip 4p dung
Bai I: Cho A ABC bén trong A dung 4 dudng tron (0,); (0,); (03); (O4) bang nhau sao cho
3 duodng tron ddu tién cung tiép xuc véi 2 canh A. CMR tdm dudng tron ndi ngoai tiép A ABC va
tam duodng tron (O4) thing hang.
Goi y hoc sinh
* Xét phép vi tu tam I ty sd k
* Dya vao tinh chit Vo*: M — M’ chimg to O, M, M’ thing hang

o

Vs

03
02

BL
Loi gidi:
Ta cé 1A, IB, IC chtra Oy, O,, O;
- 0,0, //AB
0,053 //BC
050, //AC
10, 10, 10, 1
4 1B IC k
VS 0> A
0,—>B
0;—>C
Do Oy 14 tim dudng tron ngoai tiép A 0,0,0; (vi cach déu 3 diém).
Tt la: Vlk: 0, —>0=1040 th'fmg hang

Dit
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Bai 2: (Bé thi HSGQG 2003).

Cho 2 dudng tron c¢b dinh (01, Ry); (02, Ry); (Rz > R)) tiép xuc nhau tai M.
Xét diém A nam trén (O,, Ry) sao cho 3 diém A, O;, O, khong thang hang. Tir A ké cac tiép tuyén AB,
AC voéi duong tron (O, Ry), (B, C 1a tiép diém). Cac dudng thang MB; MC cit lan thir hai dudng tron
(0,, Ry) twong tmg tai E, F. Goi D 14 giao diém EF va tiép tuyén tai A cua (O;, R;). CMR diém D di
dong trén 1 dudng thing cb dinh khi A di dong trén (Os, Ry) sao cho A, O, O, khong thang hang.

Huwéng din hoc sinh:

* Goi D’ 1a giao 2 tiép tuyén tai M va A’

Chtrng minh D’ thudc truc déng phuong BC cta 2 dudng tron (O;) va (O3).

Ry

* Xét phép vi tu VA;T‘ : (01, R1) = (02, Ry)
B—>E
C—>F
BC —» EF
D A
E/
\(5 \ 02
01

M &

Loi gidi: ) )
* Ta thay tir giac ABO;C noi tiep duong tron (O3)
* Goi A’ 1a giao diém thir hai cia AM véi (01, R))
* D’ 1a giao 2 tiép tuyén tai M va A’
- Chiing minh D’ thudc truc ddng phuong ciia BC ciia (0;) va (O3)
& Chung minh: PD,/(OI,’ RI) :,PD’/(O3)
Vay D’ di dong trén ti€p tuyén cta duong tron (O;, Ry) tai M
= D’ e duong thang cb dinh
R,
Xét V. (O, Ry) > (05, Ry)
B—>E
C—>F
BC — EF
Tiép tuyén tai A* — tiép tuyén tai A
= D nam trén duong thang MD’ 14 tiép tuyén véi dudng tron (Oy, R)).

Bai 3: (Dé thi HSGQG nim 2000)
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