LO1 GIAI CAC BAI TOAN HINH HQC PHANG
THI CHON PQI TUYEN QUOC GIA
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Bai 1: Hai dwong tron (C1) va (C;) cdt nhau tgi hai diém P va Q. Tiép tuyén chung cia hai
dwong tron gan P hon Q tiép Xuc véi (Cy) tgi A va tiép xuc véi (Co) tgi B. Cac tiep tuyén ciia
(Cy), (C2) ké tar P cat dwong tort‘)n Kia lan luot tai E va F, (E, F khac P). Goi H, K lan lugt la cac
diém nam trén cac dwong thang AF, BE sao cho AH = AP va BK = BP. Chi#ng minh rang nam
diem A, H, Q, K, B cung thugc mét dwong tron. ‘
(Pé TST 2000)

Loi giai. q

Goi H’ 1a giao diém cua PB va AE.
Ta s€ chung minh H=H".

Thég vay:

Do PE la tiép tuyén cua (C) nén
EPQ = PBQ ( cing chin cung PQ).
Mait khac:
EAQ = EBQ (g6c ndi tiép ciing chan
cung EQ cia duong tron (Cy)).
Do do: EA\Q: P/B\Q:Q/Aﬁ:Q/Bﬁ
Suy ra ta giac ABQH’ noi tiép.
Tirdé tacé: AH'B=AQP.
Ta lai co:

— e~ e~ -

AQB = PQA+ PQB = PAB + PBA =
=180° ~ APB = APH"

Két hop cac diéu trén, ta dugc : AH'P = APH ' hay tam gi4c APH can tai H’

= AP=AH'= H=H" ,

Tu day ta dugc tir giac AHQB la tir giac noi tiep.

Hoan toan twong tu : tr giac AQKB ciing ndi tiep.

Vay 5 diém A, B, Q, H, K cung thuéc mot duong tron.

Ta co6 dpcm.




Bai 2: Trén cé4c canh ciia AABC ldy cdc diém My, Ny, Py sao cho cdic doan MMy, NNy, PPy
chia déi chu vi tam gidc, trong dé M, N, P lan lwot la trung diém ciia cdc dogn BC, CA, AB.
Chirng minh réang:

1. Cdc dwong thang MMy, NNy, PPy déng quy tai mét diém. Gei diém dé la K.

2. Trong cactzSoﬁ @ K—Cco it nhat mgt ti sé khong nhé hon L
BC' CA AB @

(Dé TST 2003)
Lo giai.
1. Néu AABC déu thi cac diém My, Ny, Py lan luot tring véi cac dinh A, B, C cuia AABC nén rd
rang cac doan MMy, NN1, PPy ddng quy.
Xét truong hop AABC khong déu, khi d6 c6 hai
canh cua tam giac khong bang nhau, gia
st : AB < AC . Khi d6, do MM; chia d6i chu vi
1 AABC nén M; phai nam trén canh AC va :
AB+AM, =CM, = AB+ AC =2CM,
CM, AB+AC
= =
P AC 2AC
Mat khéc , goi AD la phén giac gdc A thi theo
tinh chat duong phan giac cua tam giéc, ta c6 :
DB AB DB+DC_AB+AC
P DC AC DC AC
B N b M ¢ _ BC_AB+AC_ MC_AB+AC

DC  AC DC  2AC
Tu do, suyra: i\l\gl = I\D/I—g theo dinh 1i Thalés dao, ta dugc : MMy // AD.

A

Do MP // AC va MN // AB nén: FZWFC/ATJ:%ETAE:%N/W hay MMy 14 phan giac NMP .

Tuong ty, ta €0 : NNj, PP; ciing la cac duong phén giac cua AMNP . Suy ra : MMj, NNy, PP,
ddng quy tai tam dudng tron noi tiép cua tam giac MNP. Ta c6 dpcm.
2. Goi G la trong tam cua AABC, tacé:

KA? + KB2 + KC? = (KG + GA)? + (KG + GB)? + (KG + GC)? =
3KG? + (GA? + GB2 + GC?) + 2KG.(GA+ GB + GC) = 3KG? +%(ABZ +BC? +CA?)

Suyra: KA* + KB* +KC? zé(AB2 +BC? +CA?).

Gia sir ca ba ti sb KA, KB, KC déubéhoni:KA2+KBZ+KCZ<3(ABZ+BCZ+CA2)
BC' CA' AB J3 3

Diéu mau thuin nay suy ra dpcm.




Bai 3: Cho tam giac ABC c6 H la trwee tdim. Puwong phan giac ngoai ciia goc BHC cit cac cgnh
AB, AC ldn lwot tai D va E. Pwong phan giac trong cia goc BAC cdt dwong tron ngoai tiép
tam giac ADE tgi diém K. ,

Chirng minh rang dwong thang HK di qua trung diém ciia doan BC.

(Dé TST 2006)

Loi giai.

Trudc hét ta s& chitng minh AADE can tai A.
That vay: Vi HD la phén giac goc ngoai cia BHC nén:

1

DHB - (HBC + HCB) [ (90" - ABC) + (90~ ACB) |~ BAC

Do dé: ADE = DBH + DHB = 90° - BAC +-- BAC =0° -~ BAC
Tuong ty, ta cling co: AED = 90° —% BAC, suy ra: ADE = AED , tirc la tam gidc ADE cén tai A.

Mat kh&c AK Ia phan giac DAE nén
cling la trung truc cua doan DE, do d6 AK
chinh 1a duong kinh cua duong tron ngoai
tiép AADE .

Tu do taco: KD L AB, tuong tu:
KE L AC.
Goi P 1a giao diém cua KD va HB, Q 1a giao
diém cua KE va HC.
Taco: KP L AB, QH 1L AB=KP // QH.
Tuong ty, ta cling c6: KQ // PH. Suy ra:
KPHQ Ia hinh binh hanh, tac 1a HK di qua
trung diém cua PQ.
Hon nira, theo dinh Ii Thalés: DP // HC’

PB DB QC EC

=>—=——,QE//HB’=> .
PH DC' QH EB’

DB HB EC HC

DC' HC'EB' HB' ,
ViB, C, B’, C’ cung thudc duong tron duong kinh BC nén theo tinh chat phuong

Theo tinh chat dudng phan giac:

tich: HB.HB' = HC.HC' = HB._ HC |
HC' HB'

Tir cac didu nay, ta duoc: PB_QC_, PQ // BC.
PH OQH

Vi HK di qua trung diém ctia PQ nén ciing di qua trung diém cia BC. Ta c6 dpem.



Bai 4: Trong mdt phédng cho goc xOy. Gei M, N ldn liwet la hai diém ldn Iwet nam trén cac tia
Ox, Oy. Goi d la dwong phan giac goc ngoai ciia géc x0y va I la giao diém cua trung truc MN
Véi dwong thang d. Gei P, Q la hai diém phan biét nam trén dwong thdng d sao cho IM = IN =
IP = 1Q, gid si K la giao diém ciia MQ va NP.
1. Chazng minh rang K nam trén mgt dwong thang cé dinh. .
2. Goi dy la dwong thang vudng goc véi IM tgi M va d; la dwong thang vudng goc véi IN tgi

N. Gid sit cdc dwong thang dy, d; cat dweng thang d tai E, F. Ching minh rang céc dwéng

thang EN, FM va OK déong quy.

(Dé TST 2006)

Loi gidi.

1. Xét truong hop cac diém M, Q va N, P ndm cling phia véi nhau so véi trung truc ciia MN.
Khi do6 giao diem K cﬁa?MP va NQ thudc cac doan néy.:,

Goi I’ 1a giao diém cua d vdi duong tron ngoai tiep AMON . Do d la phén giac ngoai cua
MON nén I’ chinh Ia trung diém cua cung MON , do do: I'M = I’N hay I" chinh la giao diém cua
trung truc MN véi d. Tt do, suy ra: | =1 "hay tir giac MION ndi tiep.
Ta duoc: l\ﬂb = N/I\/I\O . )
Mat khéc: do IM = IN = IP = IQ nén tir giac MNPQ ndi tiép trong duong tron tdm |, duong kinh
PQ = PIN = 2PMN (g6c ndi tiép va géc & tam cing chin cung PN ).
Tir cac didu trén, ta c6: NMO = 2PMN => MP Ia phan giac trong caa OMN .
Tuong tu, ta cling c6: NQ la phan giac trong cia ONM .
Do K la giao diém cua MP va NQ nén K chinh la tim duong tron noi tiep caa AMON , suy ra K
thuoc phan giac trong cia xOy , tic 1a K thusc mot duong thang ¢b dinh (dpem).




- Néu giao diém K nam ngoai cac doan MP va NQ: ta ciing c6 14p luan twong tu va c6 duoc K 1a
tam duong tron bang tiép MON caa tam gidc AMON , tuc la K ciling thudc phéan giac trong cua
X0y, 1a mot duong thing ¢b dinh.

2. Goi J 1a giao diém ciia d va dp. Ta thay tir gidc MINJ ndi tiép trong dudng tron duong
kinh 1J. Hon nira: MION ciing 1a tt gidc noi tiép nén 5 diém M, N, I, J, O cung thuéc mét duong
tron. Do d6: phan giac trong goc MON di qua trung diém cua cung MIN . ,,

RG6 rang M, N doi xing nhau qua trung truc cuia MN nén JM = JN, tuc 1a J ciing la trung diém cua
cung MON .

Tir d6 suy ra: J thugc phan giéc trong cua MON hay O, K, J thang hang.

Ta can chirng minh cac doan Ol, EN va MF trong AJEF dong quy.
.. . OE S, JOJESINOJE JE sinOJE
That vay: = = - =— . — .
OF S, JOJF.sinOJF JF sinOJF
JE _sinJFE OM _sinONM
JF sinJEF'ON sinOMN
Mit khéc : OJE = OIN = ONM ,OJF = OIM = OMN = SN OJE _ SInONM |
sinOJF  sinOMN
OE sinJFE OM sinOFN OM sinOFN OM
OF sinJEF ON sinOEM ON sinOEM ON
_ sinOFN  OM.sinMOE  ME
~ ON.sinNOF * sinOEM NF
Do d6 - OE.FN :1:OE.NF.MJ _
OF EM OF NJ ME .
Theo dinh li Ceva ddo, ta c6 OI, EN va MF dong quy. Pay chinh 1a dpcm.

Trong AJEF va AMON , ta co:

Két hop lai, ta duoc :




Bai 5: Cho tam giac nhon ABC ngi tiép dwong tron (O). Goi Ay, By, Cy va A, By, C; ldn lwot 12
cdc chan dwo‘ng cao cua tam giac ABC hg tir cdc dinh A, B, C va cdc diém doi ang vai A, By,
C1 qua trung diém cua cac canh BC, CA, AB. Goi A3, B3, Cs ldn lwet la cdc giao diém ciia
dwong tron ngogi tiép cac tam giac AB,Cy, BC2A,, CA2B; Vdi dwong tron (O).
Chirng minh rang: AjAs, B1Bs, C1Cs dang quy.

(Dé TST 2009)

Léi gidi.

Ta s& chirng minh cac duong thing AjAs, B1Bs,
C1C3 cung di qua trong tdm cua tam gidc ABC.
That vay: ‘ q

~ GoiM Ila trung diém cua doan thang BC, A’ la

diém doi xang vai A qua trung truc cua BC.

Ta s€ chung minh rang A’ trung voi As hay duong
tron (AB2C,) cat (O) tai A’.

Ta co: A, A’ doi xirng nhau qua trung truc cua BC
nén: AB=A’C, AC=A’B. )

Do A, B va Cy, C; cung doi xitng véi nhau qua
trung diem cua AB nén BC, = AC;.
Tuong tu: CB, = AB;. Suy ra:

BC, AC, AC A'B

CB, AB, AB AC
Két hop véi C,BA'=B,CA’ ( cling chin cung AA”), ta
duoc: A
AC,BA'~ AB,CA' (c.g.c)=BC,A'=CB,A’
—180° - BC,A'=180° —~CB,A'= AC,A'= AB,A".

Do d6, tir gidc AC,B,A’ Ia tir giac noi tiép hay A’

tring véi As. Goi G 1a giao diém cua trung tuyén AM 1

AG _ AA G
vai A Do AAz// A{M nén: =2.
1As. 1 oM ~AM

— G la trong tAm ciia tam giac ABC hay duong thang
A1A:; di qua trong tam G cua tam giac ABC. B 1
Tuong tu: B1B3, C1C;3 ciing di qua G.

Viay cac dudng thing AiAs, BiBs, C1Cs dong quy.

Ta co dpem.




Bai 6: Trong mdt phing cho hai dwong tron cdt nhau tgi hai diém A, B. Gei PT 1a mét trong
hai tiép tuyén chung ciia hai dwong tron trong dé P, T la cdc tiép diém. Tiép tuyén tai Pva T
ciia dwong tron ngoai tiép tam giac APT cdt nhau tgi S. Goi H la diém déi ximg véi B qua
dwong thang PT. Chiéng minh rang cdc diém A, S, H thang hang.

Loi gidi, o
Trudc hét, ta sé chirng minh bo dé:

A

E

*Tro lai bai toan:
Ta co:
BPT = BAP, BTP = BAT . Suy ra:

— e~~~

—180° — PHT = PAT + PHT =180°

Do d6 tir giac PATH noi tiép.

Goi | 1a giao diém cua AB véi PT. Theo tinh

chit phuong tich, ta co:

IP? = IB.IA, IT?=IBIA= IP=IT

hay | Ia trung diém cua PT.

Hon nira, ta ciing co:

BAP = BPT = HPT = HAT . ,
Suy ra AH doi xirng vai trung tuye

giac APT qua phan giac goc FTAH' .

Do S la giao diem cua tiép tuyen tai P va tai T

(Dé TST 2001)

“Trong mgt tam gic, dwong doi trung xudt phat tir mgt dinh
di qua giao diem cua tiep tuyen tai hai dinh con lai cua dwong
tron ngoai tiep tam giac.”
Churng minh:

Xét tam giac ABC noi tiep (O) ¢d phan giac AD, E la giao
diém cua tiep tuyen tai B va C cua (O) véi nhau. Goi AM la
duong thang doi xing véi AE qua AD (M thuoe BC). Ta s&
chirng minh rang M la trung diém cua BC.
That vay, do AM doi xtirng véi AE qua phéan giac AD nén:
BAM = EA\E,CAM - BAE . Theo dinh li sin trong cac tam
giac, ta co:

MB AM.sinBAM sinMBA sinBAM sinCBA

MC  AM.sinCAM sinMCA sinCAM sin BCA
_sin(TA\E sin CBA _ CE AE 1

sin BAE sin B/CTA AE’ BE
Vay M la trung diém BC. Bo6 dé dugc ching minh.

n Al cua tam

cua (APT) nén theo b dé trén, ta co: A, H, S thang hang.

bay chinh la dpcm.



Bai 7: Cho tam gidc A1AxAs Ndi tiép trong dwong tron (0). Mgt dwong tron (Ky) tiép xtc véi
cég canh A1A;, A1Asz va tiép xac trong véi dwong tron (O) lan lwot tai cdc diém My, Ny, Pl.?Céc
diem My, N, P, va Ms, N, P3 xdc dinh mét cach twong ty. Chirng minh rang cdc dogn thang
M;N1, M>N,, M3N3 cat nhau t{ll. trung diem moi dOan. .

(Pé TST 1999)
Loi giai. ‘ 7
Goi E, F lan luot la giao diém cua APy, CP,
v6i duong tron (Ky), goi D la giao diém cua
N;P; vai (O). Ta sé ching minh rang D la
trung diém cta cung A A, . That vay:
Goi P1x la tiép tuyén cua (O) tai P1. Ta co:
N,AE = A,AP, = APx=FPx = FN,P
Hon nira, tir gidc EN1FP; noi tiép nén
N,EA=N,FP,, suy ra: AAEN, ~ AN,FP,(.9)
— FPN, = AN,E = APN, = P;N; la phan
giac cua goc @3 hay D la trung diém cua
cung AA, .
T d6, ta ciing ¢6: A;D la phan giac goc
AA A, . Goil lagiao diém caa A,D véi MiN;.
Ta s& chirng minh rang | 1a tam duong tron noi
tiep AAAA,.
Taco: IM,P, = N,M,P, = N,Px = DPx = DA,P, = IA,P, = Tir giac IMyAzP; noi tiép.
Suyra: PIA, = RM,A, , ma PM,A, = RN,M, nén RIA, =RN,M, = DIP, = DN,I

DI DP
Do d6: ADIP, ~ ADN, I(g.g) = —— =—1 = DI? = DN,.DP.
1 1 (g g) DNl DI 1 1
TV o rorvs DA DN, 2
Taciing c6: DAN, = APN, = DPN, = ADAN, ~ADPlA1(g.g):>E=E:> DA? = DN,.DP,
1
Do d6: DI’ = DA’ = DI = DA hay ADIA can tai D.
~ BIA = BRI = AR1 + 154, = DA, +NAI = A% i, - A% ()

= @ = @ hay Al chinh Ia phan giac m :

Tir d6 suy ra | chinh 1a tam dudng tron noi tiép cia AAAA, .

Dé thiy AAM,N, can tai A; va Aql la phan gidc AJ/AA, nén | la trung diém caa M;Nj.
Hoan toan tuong ty, ta ciing cO: | la trung Qiém caa MzN2, M3Ns.

Vay céac doan thang M,N,,M,N,,M,N, cit nhau tai trung diém ciia méi doan.

Ta cd dpcm.




Bai 8: Cho tam gidc ABC déu va diém M nam trong tam giéc. Gei A’, B’, C’ lan lugt 1a dnh
Ciia cdc diém A, B, C qua phép doi ximg tam M. . . . i

1. Ch#ng minh rang ton tai duy nhat mgt diem diém P trong mgt phang cdach deu hai dau
mUt ciia cdc doan thing AB’, BC’, CA’.

2. Goi D la trung diém ciia dogn AB. Chieng minh rang khi M thay déi trong tam giac
ABC va khong trang véi D thi dwong tron ngogi tiép tam gidc MNP, trong dé N la giao
diém ciia DM va AP, luén di qua mét diém coé dinh.

(Dé TST 1995)
Loi giai. \
1. Goi G, G’ lan luot la trong tém’cﬁa
tam gidc ABC va A’B’C’. Qua phép doi
xing @, ttm M (twong duong véi phép
quay 180°) :
G—>G', AABC —AA'B'C'. Xét phép
quay @, tam G’, goc quay 120°, ta co:
®,:AA'B'C'> AB'C'A". Suyra:
AABC —25>AA'B'C'—225AB'C'A'
Tich cua hai phép quay @,, @, la mot
phép quay méi do tong géc quay cua ching
la: 180° +120° =300° = —60°(mod 360°)
Goi P la tm cua phép quay @ = ®,. D, , 10
rang P ton tai va duy nhat. Khi do, ta co:
®:G—->G', AABC >AB'C'A".
Do d6, diém P cach déu cac dau mat cua cac doan AB',BC',CA'. Pay chinh la dpcm.
2. Do D la trung diém cua AB nén (GA,GD) =60°.Goi ¥ 1a phép bién hinh hop bai phép

quay tdm G, géc quay 60° va phép vi tu tim G, ti s6 % theo thu tu do.

Tathdy: ¥:G >G,A—>D.
Theo cau 1/, ® bién G thanh G’ nén: PG = PG, (PG, PG") = —60° nén tam giac PGG’
déu. Hon nita, ®,:G — G'nén M la trung diém cua GG’. Suy ra: GM L MP,GM =¥.

Do do: W:P — M. Tudo,suyra: ¥:AGPA — AGMD.

Ta s& chieng minh rang cac diem G, M, N, P cung thuoc mot duong tron. (*)

That vay: Vi qua phép bién hinh ¥, duong thang PA bién thanh dudng thing MD nén
goc tao boi hai duong nay 1a 60°, tic 1 MNP =60° hoic MNP =120° (tdy theo goc nay nhon
hay t). Vi PGM = 60° nén néu MNP = 60°thi hai diém G va N cung nhin doan PM dusi goc 60°
nén (*) dang; néu nhu MNP =120° thi PGM + MNP =180°nén (*) ciing ding.

Do do, trong moi truong hop, 4 diém G, M, N, P cung thuéc mot duong tron hay (MNP)
lubn di qua diém G cé dinh. Ta cd dpcm.



Bai 9: Trong mat phdng cho hai dwong tron (Oy), (O2) cit nhau tai A va B. CAc tiép tuyén tai
A, B ciia dwong tron (Oy) cdt nhau tai K. Xét mét diém M khong tring véi A, B nam trén
dwong tron (Oy). Gei P la giao diém thir hai ciia dwong thdng MA véi dwong tron (O2). Goi C
la giao diém thir hai ciia dwong thang MK véi dwong tron (O1). Goi Q la giao diém thir hai cia
dwong thiang CA véi dwong tron (Oy). Chizng minh rang:
1. Trung diém ciia doan thing PQ mim' trén dwong thang MC.
2. Pwong thing PQ luén di qua mét diém cé dinh khi M di dong trén (O,).

(Dé TST 2004)

Lo gii.
1. Khéng mét tinh téng quat, gia st M thuoc cung lon AB, truang hop con lai M thuac cung
nhé AB duoc chirng minh tuong tu.

Goi H 1a giao diém cua doan PQ
v6i MC. Ta can chirng minh
rang: PH =QH .
Do BK Ia tiép tuyén ké tir K cua
(01) va KCM Ia cét tuyén tuong
ung nén:
ABCK ~ AMBK(g.9)
BC CK
: —_—
BM BK
Hoan toan tuong tu:
AC _CK
AM  AK~
Ma AK =BK (do KA,
KB la céc tiép tuyén cua (O1))
nén tir c4c ti s trén, suy ra:
AC BC

AM BM '
Ta co:
Tt giac AMBC noi tiép (O1) nén: AMB = BCQ = PMB = BCQ.
Tt giac AQBP noi tiép (O2) nén: BPM = AQB = BPM =CQB.
MP  BM
Suyra: ABMP ~ ABCQ(9.9) > —=——.
y Q(9.9) cQ_ BC
Xét tam giac APQ véi céat tuyén CHM, theo dinh Ii Menelaus:
CAHQMP_, _ HP_AC MP_BC BM _,
CQ HP MA HQ AM CQ BM BC
Suy ra H la trung diém caa PQ (dpcm).
2. Xét cac goc noi tiép cung chan cac cung, ta c6: BMC = BAC = BPQ va

BCM = BAM = BQP, do d6: ABMC ~ ABPQ(g.g).

10



Do do, ton tai mot phép dong dang f bién ABMC thanh ABPQ .

R6 rang néu mot phép dong dang bién ba diém khong thang hang thanh ba diém khong
thang hang tuong ng thi no cing bién duong tron ngoai tlep cua tam giac tao boi ba diém ban
dau thanh dudng tron ngoal tiép cua tam giac tao boi ba diém sau do.

Ta thiy: cac diém B, C, M thudc (O1), B, P, Q thudc (O2) nén tir nhan xét trén: f bién

(Oy) thanh (O,).
Goi N 1 giao diém thi hai cia AK véi dudng tron (O,).

Taco: BAC = BNQ (cuing chan cung BQ cua (Oy).

Do d6, f bién C thanh Q nén ciing bién A thanh N.

Suyra, f bién giao diém K cua tiép tuyén tai A, B cia (O1) thanh giao diém L cua tiép
tuyén tai N va B ciia dudng tron (O,).

Hon nita, A va K ¢ dinh nén N ¢6 dinh, suy ra L xac dlnh nhu trén ciing ¢ dinh.

Phép bién hinh f nay bién M, C tuong (ng thanh P, Q va K nam trén doan MC nén diém L ciing

phai nim trén doan PQ.. ‘ ’
T d6, suy ra: duong thang PQ lubn di qua diém L co dinh. Ta c6 dpcm.
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Bai 10: Cho tam gidc ABC c6 O la tdm dwong tron ngogi tiép. Gei H, K, L ldn Iwet 1a chan cac
dwong vudng goc ké tir cac dinh A, B, C cia tam giac ABC. Goi Ao, By, Co ldn luot 12 trung
diém ciia cic dwong cao AH, BK, CL. Puwong tron ngi tlep tam | ciia tam giac ABC tiép xdc vdi
cdc dogn BC, CA, AB ldn lwot tai D, 'E, F. Charng minh rang AoD, BoE, CoF ciing di qua mgt
diém va diém d6é ném trén dwong thd’ng Ol.
(Néu O trung I thi coi Ol & dwong théing tiy y qua O).

(Dé TST 2003)
Loi giai.
Truéc hét, ta s& ching minh bé dé:
““Cho tam giac ABC nhon ngoai tiép durong
tron (1) va (J) 1a dwong tron bang tiép goc
A. Goi H la chan dwrong vubng goc ké tur A
dén BC va M la trung diém AH. (1) tiép xtc
voi BC tai D.
Khi dé: M, D, J thang hang.”

*Chtng minh: Goi E la tiép diém
cua (J) trén BC va F 1a diém d6i xtrng véi E
qua J, goi B, C’ Ian luot 1a giao diém cua
tiép tuyén tai F cua (J) véi cac tia AB, AC.
D& thdy BC // B’C’ nén AABC ~ AAB'C",
tuc 14 ton tai phép vi tw T’ tdm A sao cho:
I':AABC - AAB'C".
¢ > Do D la tiép diém cua (1) trén BC, F 1a tiép
diém cua (J) trén B’C’ nén theo tinh chat

Bl

cua phép vi tu, ta co:

I':D— F,suyra: A, D, F thiang hang.

Goi J’ la giao diém cua duong thing DM véi EF thi:

JE_DE _DF_JF ,ma MA=MH nén J'E=J'F=J'=J,tacla M, D, J thang hang.
MH DH DA MA
B dé dugc ching minh.

*Tro lai bai toér]:
Goi A”, B’, C’ lan lugt la tam duong tron bang tiep cac goc A, B, C cua tam giac ABC.
Theo b6 détrénthi: A,D,A'; B,,E,B"; C,,F,C" la cac bo ba diém thang hang.

D& thiy: DE // A’B’ (cuing vudng gdc véi phan giac trong cua goc ACB ).

Tuong tu: EF// B’C’, FD // C’A’. Tur d6 suy ra: ADEF ~AA'B'C".

Do do, ton tai mot phép vituy Q tdm J thoa man: Q: ADEF — AA'B'C".

Tir d6 suy ra cac duong thang A’D, B’E, C’F dong quy tai tdm vi tu J ndi trén hay AoD, BoE, CoF
ddng quy tai J.

Ta chi con can chirng minh J nam trén duong thang Ol.

Tathiy:

O la tdm duong tron Euler cua tam gidc A’B’C’.

I 14 tryc tdm cua tam giac A’B’C’.
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Suy ra: tdm duong tron ngoai tiép O’ cua tam gidc A’B’C’ dbi xang vai | qua O va hién nhién né
nam trén duong thang Ol.

Hon nira: | 1a tm duong tron ngoai tiép cia tam giac DEF nén theo tinh chat caa phép vi tu:

Q:1 -0, tic lal,J, O’ thing hang.

Tur d6 suy ra bon diém 1, J, O°, O thang hang hay J nam trén duong thang Ol.

Trong truong hop | tring vai O thi tam giac ABC déu va bon diém 1, J, O, O’ triing nhau, khi d6
bai todn van dtng.

Vay ta c6 dpcm.
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Bai 11: Cho tam giac ABC la tam giac nhen, khdng can, ni tiép trong dwong tron tam O ban
kinh R. Mgt dwong thang d thay déi sao cho d ludn vudng géc véi OA va ludn cdt cac tia AB,
AC. Ggi M, N ldn lugt la giao diém ciia dwong thang d va cdc dogn AB, AC. Gid sik cdc dwong
thang BN va CN cdt nhau tai K; gid si¢ dwong thang AK cir dwong thidng BC.

1. Goi P la giao ciia dwong thang AK va dwong thang BC. Chieng minh ring dwong tron

Ngoai tiép ciia tam gidc MNP luén di qua mét diém cé dinh khi d thay déi.

2. Goi H la truec tam ciia tam gidc AMN. Pt BC = a va | 1a khodng cach tir diém A dén
dwong thang HK. Chizng minh rang dwong thang HK Iuén di qua triec tam cia tam
giac ABC.

Tir d6 suy ra: | </4R*-a*. Bﬁng thac xdy ra khi va chi khi nao?
'y
(Dé ST 2006)

Léi gidi.

a. Khdng mét tinh téng quat, gia sit AB < AC (truong hop con lai hoan toan tuong tu).
Do tam gidc ABC khéng can nén AO khdng vuéng gbc véi BC va MN khéng song song véi BC,
do d6 MN phai cit duong thang BC tai mot diém, gia sir 13 Q; goi | 1a trung diém BC.

Theo dinh Ii Menelaus cho ba diém Q, M, N thing hang: NA MB QB _,
NC MA QC
Mt khéc, theo dinh 1i Céva cho cac doan AP, BN, CM dong quy, ta co: M.@.E =1.
NC MA PC
\ ’, PB QB \ A \ =R = A \ . 2 2
T o6, suy ra: BC ZQ_C hay Q, B, P, C la mot hang diem dic¢u hoa, suy ra: IP.IQ =1B° =1IC

Do I 1a trung diém BC nén Ol L BC = QI?-BI? =0Q? -0B?, do d¢:
QI.QP =QI?—QI.PI =QI2 - IB? =0Q? ~OB? = QB.QC
(do theo tinh chit phuong tich cia Q di vai (O) thi 0Q? —0B? =0Q? -R?* =QB.QC).
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Ma tt giac BMNC ciing ndi tiép vi co NCB = xAB = AMN (v&i Ax 1A tia tiép tuyén caa (O)). Suy

ra QM.QN =QB.QC .

Tir d6 suy ra QM.QN = QP.QI , suy ra tir giac MNIP ndi tiép hay duong tron ngoai tiép tam giac

MNP luén di qua diém | ¢b dinh. Ta c6 dpem.

b. Goi BD, CE la hai duong cao cua tam giac ABC, L Ia tryc tdm cua tam giac ABC; goi MF,
NG la hai dudng cao cua tam giac AMN, H 4 truc tdm cua tam giac AMN. Ta can ching
minh rang H, K, L thing hang.

Xét duong tron (O;) duong kinh BN va (O;) duong kinh CM.
Ta thiy: KM.KC = KB. KN nén K c6 ctng phuong tich d&én (01), (Oy), tirc 1a K thudc truc diang
phuong cua hai duong tron nay.

Ddng thoi, d& thiy rang cac diém D, G thudc (O1) va M, F thudc (Oy).
Do H, L Ia tryc tdm cua tam giac ABC va AMN nén LB. LD = LC. LE, HN. HG = HE. HM; tic
la H, L cang thudc truc didng phuong caa hai duong tron (Oy), (Oy).
Tur d6 suy ra H, K, L cuing thugc truc dang phuong caa (Oy1), (O2) nén ching thiang hang.
Tudosuyra | <AL.

2
Mit khac do tam giac ABC nhon nén AL =20l = 1/RZ - BZ: =+4R*-a° .

Do d6 AL =1 <+/4R?-a* . DPay chinh la dpcm.
Pén day, ta s& tim vi tri cua d sao cho dang thic xay ra.
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Gia sir d cat AB, AC tai M va N théa mén AN _AM _ — MN =k.BC.
AB AC

Goi R, S lan luot 1a trung diém caa BN va CM; suy ra R, S ciing chinh 1a tdm cua hai
duong tron (0y), (Oy).

Ta thay khi dang thuc xay ra thi AL vudng goc vai truc dang phuong cia (04), (Oy), tuc la
AL song song vé&i dudng ndi tdm RS caa hai dudng tron ndy, ma AL vudng goc véi BC nén RS
phai vudng géc vai BC.
Tac6: 2RS =BC + NM , ma RS.BC =0= (BC + NM).BC =0. Do gdc tao bai MN va BC chinh

—_ L — — o — —

la MQB = ANM — ACB = ABC — ACB nén tir ding thic trén suy ra:

BC2 =BC.MN = BC.kBC.cos(B—-C)=k _r
cos(B-C)
Vay dang thac xay ra khi va chi khi k = ; tuc la duong thing d cit AB tai M,
cos(B-C)

AN AM 1
AB AC cos(B-C)

AC tai N sao cho
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Bal 14: Cho dwong tron (O) dwong kinh AB va M 1a mér diém bdt ki nam trong (O), M khong
Nam trén dogn thang AB. Goi N la giao diém ciia phan gi&c trong géc M cua tam giac AMB

véi dwong tron (O). Puong phan giac ngoai goc AMB cét cde dwong thang NA, NB Ian luot
tai P, Q. Puwong thang MA cdt dwong tron dwong kinh NQ tai R, dwong thang MB cir dwong
tron dwong kinh NP tgi S va R, S khac M. .
Chitng minh rang: dwong trung tuyén irng véi dinh N ciia tam gidc NRS luén di qua mét diém
Cé dinh khi M di dong phia trong dwong tron.

(Pé TST 2009)
Lai giai.

Qua R ke duong thang song song v6i PQ cit NA tai C, qua S ké duong thang song song véi PQ
cit NB tai D. Goi | 1a trung diém cua CD .
Ta s& chirng minh rang CD // AB.

That vdy, do N ndm trén dudng tron duong kinh AB nén: ANB =90° = AN L BN, suy ra
BN la tiep tuyén cua duong tron duong kinh PN.
Do d6: ABMN ~ ABNS(g.9)

Vi PQ la duong phén giac géc ngoai cia AMN nén SMP = AMP = Q/IWQ = m :
Mat khac: SMP = SNP (g6c noi tiép cung chan cung PS caa dudng tron duong kinh PN),
QMR = QNR ( gdc noi tiép ciing chin cung QR cua dudng tron duong kinh QN).

Do d6: SNP =QNR = SNP + SNR = QNR + SNR = CNR = SNB..

— e~ -~

Xeét hai tam giac ABNS va ARNC co: CNR =SNB va RCN = MPN = NSM = NSB
nén: ABNS ~ ARNC(g.9).

Suy ra cac tam giac ddng dang: ABMN ~ ABNS ~ ARNC .
Twong tu, ta ciing c6: ADSN ~ ARAN ~ ANAM .
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NB _ NS

* Tathdy, tir: ABNS ~ ARNC = — = NB.NC = NR.NS

ADSN ~ ARAN = — NS _ND = NANND =NR.NS.
NA NR
Suyra: NAND =NB.NC :M:&:AB I CD

— Trung diém caa AB, trung diém ciia CD va N 1a ba diém thang hang.

Tuc 1A N, O, | thing hang. (1)
Hon ntra: ABMN ~ ARNC = MN _BN — =RC= NB.NC .
NC " RC MN
ADSN ~ ANAM :ﬂzD—S: DS = NA'ND.
NA MN

Két hop cac diéu trén, ta duoc: RC = DS, ma RC // DS (cuing song song vai PQ) nén ti giéc
RCSD Ila hinh binh hanh. ‘
Do d6, hai duong chéo CD va RS cua ti gidc cat nhau tai trung diem ctia mdi duong.
Suy ra I 1a trung diém ciia CD ciing la trung diém cua RS.
Khi do: NI chinh la duong trung tuyen cua tam giac NRS. 2
Tur (1) va (2) suy ra: trung tuyén NI cua tam giac NRS luén di qua O.
Vay trung tuyén ng voi dinh N cua tam giac NRS ludn di qua I 1a diém cb dinh khi M di dong
khap phia trong duong tron (O).
Pay chinh 1a diéu phai ching minh.
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Bai 12: Cho tam giac ABC c6 (1) va (O) lan lwot la cdc dwong tron ngi tiép, ngogi tiép tam
giac. Goi D, E, F ldn Iwot | tiép diém ciia dwong tron (1) trén cac canh BC, CA, AB. Goi
0., 0, 0 ldn luwgt 1a cac dwong tron tiép xAc Véi hai dwong tron (1) va (O) lan lwoet tai cac
diém D, K (véi dwong tron o, ); tai E, M (Véi dwong tron o, ) va tai F, N (véi dwong tron o, ).
Chirng minh réang:
1. Cac dwong thdng DK, EM, FN dong quy tgi P.
2. Truc tAm cia tam giac DEF nam trén doan OP.
(Dé TST 2005)

Loi giai.
1. Trudc hét, ta s& ching minh bd dé sau:

Cho ba dwong tron (O4), (0,), (O3) c6 ban
kinh d@6i mgt khac nhau; A, B, C lan lwot 1a tam vi
tur cua cac cap dwong tron (0Oy) va (Oy), (0,) va
(Os), (O3) va (Oy).
Chitng minh rang néu trong céc tam v; tw do, c6 ba
tam v;i tir ngoai hogc hai tam v; tw trong, mot tam vi
ti ngoai thi A, B, C thang hang.

*Chtrng minh:
Goi R,,R,, R, lan luot 1a ban kinh cua cac duong
tron (O,),(G,),(0,), cac giatri R, R,, R, nay doi
mot khac nhau.

Theo tinh chat vé tam vi tu, ta co: A, :(—1)3&.

AQ, R,

Tuong ty: BO, =(-1)"=2 R, £9 =— = (- 1) , trong
BO, R,’ CO, R1

d6, mdi sd a,b,c nhan gia tri 12 0 (khi n6 1a tam vi tu ngoai) hoic 1 (khi né Ia tdm vi tu trong).

Theo gia thiét trong a, b, ¢ c6 ba gié tri [a 0 hoac hai gia tri 0, mot gid tri 1. Tur do:

AO, BO, CO,
AO, BO, CO,
B dé dugc ching minh.

*Tro lai bai toan: o q ,

Goi P’ la tdm vi tu trong cua hai duong tron (O) va (1). Dé thay: D la diém tiep xdc ngoai
cia w,Vva (1) nén ciing chinh 1a tdm vi tu trong cta hai duong tron nay; K 1a diém tiép xdc trong
cua hai dudng tron o, va (O) nén 1a thm vi tu ngoai cia hai dudng tron nay. Theo bo dé trén thi
P' D,K thing hang hay duong thing DK di qua P’. Tuong tu, cac duong thang EM va FN ciing
di qua P'; tic 1a ba duong thang DK, EM, FN dong quy va diém P chinh Ia diém P cua dé bai.
2. Taching minh bo dé sau:

Cho tam giac ABC c6 (O), (1) lan Lot 1 tam duwong tron ngogi tiép, ngi tiép cua tam giac
ABC. Duong tron (1) tiep xtc véi cac canh BC, CA, AB lan luot tai D, E, F. Ching minh rang
tryc tdm H cua tam giac DEF nam trén dwrong thang Ol.

=1 , theo dinh Ii Menelaus d4o cho tam giac 0,0,0,, ta cd: A, B, C thang hang.
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* Chtrtng minh:

Goi M, N, P lan luot 14 trung diém cua cac
doan EF, FD, DE. Dé thay Al 1a trung truc cua
doan EF nén M thudc duong thang Al hay A, M, |
thang hang. Tuong tu: B, N, I va C, P, | ciing
thang hang. Xét phép nghich dao ® tam I, phuong
tich r® véi r la ban kinh duong tron (1). Dé
thdy: tam giac IEA vuong tai E c¢6 EM la dudng
cao nén: IM.IA=1E*=r” ,suyra: ®:M — A.
Tuong ty: ®:N > B,P—>C.

Do d6: @ : AMNP — AABC . Goi E la tdm
duong tron ngoai tiép cua tam giac MNP thi
®:E —O0,suyra: E, I, O thing hang.

Hon nira, | 1 tdm dudng tron ngoai tiép tam

gi4c DEF, E la tam dudng tron ngoai tiép tam giac MNP ciing chinh 13 tam dudng tron Euler cua

tam giac DEF nay nén E, 1, H thang hang.

Tur d6 suy ra H, 1, O thiang hang. B6 dé duoc chang minh.

* Tro lai bai toan:

A M

Goi H 1a tryc tdm tam giac DEF thi theo bd dé trén:

H, I, O thing hang.
Theo cau 1/, diém P nam trén doan Ol.
Suy ra: 4 diém H, 1, P, O thang hang. ‘ ’
Tir d6 suy ra tryc tam H ciia tam giac DEF namtrén N e
duong thang Ol.
Ta cd dpcm.

O

K
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Bai 13: Cho tam giac nhen ABC véi dwong tron tam | ngi tiép. Gei (Ko) la dwong tron di qua
A, AK, vudng goc véi BC va (Ky) tiép xuc trong véi (1) tai Ay Céc diém By, Cy xdc dinh twong
towr .
1/ Ching minh: AA;, BBy, CC; déng qui tai P.
2/ Goi (Ja), (Jv), (Jo) twong teng la cdc dwong tron doi ximg Véi cde dwong tron bang tiép cac
g6c A, B, C ciia tam gidc ABC qua trung diém BC, AC, AB.
Chitng minh P la tam ding phwong ciia 3 dwong tron (Ja), (Jp), (Jo).
(Dé TST 2007)

Loi gidi.
1/ Truée hét, ta s& chirng minh bd dé sau: |

Cho tam giac ABC ngogi tiép duong tron (1) c6 D Ia tiép diém cua duong tron bang tiép
g6c A 1én BC. Goi M, N 1a giao diém cia AD véi (1) (N nam giza A va M). Gid six IM cat dwong
cao AH tgi K. Chitng minh rang: KA = KM.
* That vay:

Goi E la tiép diém caa (1) 1én
BC. Gia str IE cit (1) tai diém tha hai 1a
N’ khac E. Qua N’ v& dudng thing song
song véi BC ciat AB va AC lan luot tai
B’ va C’. D& thay ton tai mot phép vi ty
bién tam gidc AB’C’ thanh tam giac
ABC. Phép vi tu do ciing bién tiép diém
N’ cua dudng tron bang tiép (1) cua
AAB’C’ 1én B’C’ thanh tiép diém D
cua duong tron bang tiép (J) cuia AABC
lén BC. Suy ra A, N’, D thang hang hay
N’ trung va&i N. Khi do, tam gidc IMN
ddng dang véi A KMA (do IN // AK),
ma A IMN can tai | nén A KAM can tai
K hay KA = KM. Ta c6 dpcm. Tt day
suy ra: duong tron c6 tam thuoc duong
cao goc A, di qua A va tiép xdc véi (1)
tai M thi M nam trén AD. D& thiy
duong tron do 1a duy nhat.
*Tro lai bai toan:

Goi D, E, F lan luot I tiép diém
cua duong tron bang tiép cac goc A, B,

C cua tam giac ABC Ién cac canh BC, CA, AB.
Theo b dé trén, ta thiy: A € AD,B, e CF,C, € BE.

Suy ra: AA, BB,, CC, dong quy khi va chi khi AD, BE, CF dong quy. (1)
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2/ Goi A’, B’ lan luot 14
trung diém cua BC, CA; A,
B2, C; lan luot 1 thm duong
tron bang tiép cac goc A, B,
C cua tam giac ABC.

Goi D’, E’ lan luot 14 tiép
diém cua (1) 1én BC, CA.
D& thay D ddi xting véi D’
qua trung diém A’ cia BC,
A, d6i xng véi J, qua A’
nén J.D’ // A;D, ma
AD1BC=J,D'LBC.
Do d6: (Ja) tiép xtc vai BC
tai D’. Hoan toan tuong tu:
(Jp) tiép xdc véi CA tai E’.
Tacd: CD'=CE'nén
phuong tich tir C dén (Ja) va
(Jo) bang nhau, tac la C
thudc truc dang phuong cua
hai duong tron nay.

Mat khac: néu ta dat

BC=a,CA=b,AB=c,

AB+BC +CA

— 2 °

thi c6 thé dé dang tinh duoc:

DB=EC=p-c,

DC = AF = p-b,

AE =BF = p-a.

Suy ra: %.E.ﬂ =1,
DC EA FB

theo dinh li Ceva ddo, ta co

AD, BE, CF dong quy. (2)

Tu (1) va (2), tacéd

AA, BB,, CC, dong quy.

Ta cd dpcm.

A;

Ta s& ching minh rang CP, ciing chinh 1a CF, vudng goc véi doan ndi tam JuJp cua hai

duong tron (Ja), (Jp).
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Theo cach xac dinh cac diém J,, Jp, ta thay A’ 14 trung diém caa AJa, B’ 14 trung diém cua BaJ p.
Do do: 2A'B'=A,B,+J,J, hayJ J, =2A'B'- A,B, = BA— A,B, . Taciing co:
CF=CC,+C,F.
Tacé: J,J,.CF =(BA-A,B,)(CC, +C,F)=BACC, + BAC,F —AB,CC,-AB,C,F =
=BACC, - A,B,.C,F (do C;F vudng géc véi AB, A,B, vudng goc véi CCy). 1)
Mt khéc, ta thay A, B, C chinh 1a chan c4c dudng cao cua tam giac A;B,C; nén rd rang:
AC,AB ~ AC,B,A,, ma C,F la duong cao cua AC,AB, C,C la duong cao cua AC,B,A, nén:
C,F C.C
AB  AB,
(BA,CC,) = (A,B,,C,F). Do d6: BACC, = AB,C,F. )
Tir (1) va (2), suy ra: J,J,.C,F =0hay C,F L J_J,.
Do d6 C,F chinh 13 truc dang phuong cua hai dudng tron (J2), (Jp), tie 1a P thudc truc dang
phuong caa hai duong tron (Ja), (Jp). q
Hoan toan tuong tu, ta cting c6 P thugc truc dang phuong cua hai duong tron (Je), (Jo)-
Tir d6 suy ra P chinh la tdm dang phuong cua (Ja), (), (Jo)-
bay chinh la dpcm.

= C,F.AB, = AB.CC, . Ciing tir hai tam giac AC,AB, AC,B,A, dong dang; ta co:
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Bai 15: Cho tam giac ABC c6: AB =c¢,BC =a,CA=b. Ldy sdu diém A, A,,B,B,,C,,C, phan
bigt khdng tring vdi A, B, C va cic diém A, A, thuge dwong thang BC, B, B, thugc dwong
thdng CA, cdc diém C,,C, thugc dwong thang AB. Goi a, 8,y 1a c&c sé thue xdc dinh béi:
AA =2BC, BB, =§C—A, CC,=LAB.

a C
Xét cic dwong tron ngogi tiép cac tam giac AB,C,, AB,C,,BC,A,BC,A,,CAB,,CA B, va goi
d,,dg,d. ldn lwet 1a cAc truc ding phwong ciia cdp dwong tron di qua A, B, C. Chirng minh
rang: d,,d,,d. dang quy khi va chi khi ac +bg+cy #0.

(Dé TST 1995)

Lai giai. , q , ,

Trudc hét, ta néu dinh nghia sau: Cho tam giac ABC va diém M bat ki, khoang cach dai so
ta M den BC la khodng cach tir M den BC nhan thém dau + néu M cuing phia vei A so véi BC va
nhan thém dau - trong truong hop nguoc lai. Tuong tu véi khoang cach tr M den CA va AB.
Dé thay cac so a, 3,y da cho khéac 0 do céc diem
A,A,B,B,,C,,C,laphan biét.

Xét cap duong tron ngoai tiép tam giéc
AB,C,, AB,C, ; ta s& chirng minh rang truc dang
phuong cia ching chinh 12 tap hop cac diém c6
khoang cach dai so den BC va CAti I¢ voi y, 5.

*That vay: ,

‘ Trong hé truc toa do vudng goc Oxy lay
diém A(0;0), B thudc chiéu duong cia Ox va
(AB,AC) =, 0° < <180°. Khi do:

AB AC :
—=(1 0)’TC =(—sing,cos @) .
C

bat B, (b, cote,b), B,(b,cote,b,), C,(c,0), C,(c,,0), b,b, #0,b, #b,,c,,c, #0,c, #cC,.

Ma ﬁ:%c—A: (b, —b,)cotp;b, —b) = B(—cose;singp) = b, —b, = Bsing

CC, =%E:>(cz—cl;O)=;/(1;0):>cz—01=;/.

Puong tron (ABC,) di qua hai diém A va Cy nén PT ¢6 dang la: x* +y* —¢cx—4y=0,4 €R,
2= b —c1§i2¢005¢ .
ST
Hoan toan tuong tw, duong tron (AB,C,) c¢6 PT la: x*+y*—cx—A,y =0 véi
b, —c, singcose
sin’ g '

né ciing di qua By nén

A=

,B+;/c05(py:0

Truc dang phuong cua hai duong tron nay 1a: (¢, —¢)x+(A4, —4)y=0< yx— sin
%
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y Y
xsinp—ycosgp
Hon nira, y chinh 1a khoang cach dai sb tir M (x, y) dén AB; con xsing —ycose chinh la khoang
céch dai s6 tir M (x,y) dén AC. Tuc la quy tich cac diém c6 khoang céch dai s d¢én AB va AC ti

=

1é voi L truc dang phuong ciia AB,C,, AB,C,. Nhan xét trén dugc ching minh,

V&i mdi diém M trong mat phang, ki hiéu X,Y,Z la khoang céach dai s6 tir M dén cac
canh BC, CA, AB thi dé thy rang, ta ludn c6 aX +bY +cZ = 2S (v6i S la dién tich tam giac
ABC) va nguoc lai, mdi bo (X,Y,Z) thoa mdn aX +bY +¢Z = 2S xac dinh duy nhat 1 diem M.
Theo chitng minh & trén, truc dang phuong cia cac cap duong tron Ia:

Y Z Z X X Y
d)i—=—, (dg)i—=—, (d.):—=—.
(A)ﬁ 7 (dg) T (c)qa 5
Suy ra, diem chung cua ba duong thang d,,dg, d. (néu cd) la nghiém cua HPT:
aX +bY +cZ =2S

x Y 2 =
a B 7
Hé nay c6 nghiém khi va chi khi ac +bg +cy =0 hay ba duong thang d,,d,d. dong
quy khi va chi khi ac +bpg +cy #0. Ta c6 dpcm.

Y _<Z 2S

X
a pf y_aa+bﬁ+07/'
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Bai 16: Cho tam giac ABC nhon, khong céin c6 O la tdm dwong tron ngogi .tié'p. Goi AD, BE,
CF lan lwet 14 cdc dwong phan giac trong cia tam gidc. Trén cdc dwong thang AD, BE, CF
AL BM CN
AD BE CF
Goi (01), (02), (03) ldn lwet la cdc dwong tron di qua L, tiép x0c véi OA tgi A ; di qua M tiép
xUc vdi OB tgi B va di qua N tiép xdc véi OC tgi C.

ldn lwet ldy cdc diém L, M, N sao cho =k (k 1a mgt hang sé dwong).

1. Chang minh rang véi k = %, ba dwong tron (01), (02), (O3) ¢6 diing hai diém chung va

dwong thang néi hai diém dé di qua treng tam tam giac ABC. ]
2. Tim tat cd cac gia tri k sao cho 3 dwong tron (O;), (O,), (O3) ¢6 ditng hai diem chung.
(Dé TST 2008)

Loi giai. o

Trugc hét, xin néu 4 bo deé sau: ,,
@ Cho ba duong thang doi mot phén biét a, b, ¢ va hai dwong thang phan bi¢t d, d’. Cac
dwong thang d, d’ theo thir tir cat a, b, ¢ tai A, B,,C,; A, B,,C, théa man diéu kién:

AB _ ABy v Cae diém As, B3, Csthudc a, b, ¢ sao cho: Ah _BB _CGC,
A1C1 AZCZ AIAS Bl BS C1C3

Khi dé, As, Bs, Cs thang hang va 2:53 k.

3

(2)  Cho ba dwong thang phan biét a, b, ¢ va ba dwong thang phan biét khac a’, b’, ¢’ . Cac
dwong thang a’, b, ¢’ theo the tw cat a, b, c tai A,B,,C,;A,,B,,C,; A, B,,C, (cdc diém nay déi

mét phan bice). Khi a6 néu 2258 = 2B _ A8y yipose A BB CCo i a b c dsi
A1C1 AZCZ A3C3 A1A3 Bl BS C1C3

mot song song.

(3)  Cho tam giac ABC va M bat ki. C4c tia AM, BM, CM lan luot cat BC, CA, AB ¢ Ay, By,
C1. Cdc duong thang A;By, B1C1, C1A; cdt cde dwong thang AB, BC, CA lan luot 6 As, By, Co.
Cdc diém As, Bs, Cs theo thir tu nam trén cdc duwong thang BC, CA, AB sao cho

A BB GG k,k = 0. Khi dé, As, Bs, C3 thang hang khi va ch/ khi k =1 hogc k =£.
AIAZ BlBZ C1C2 2

(4)  Cho tam gi4c ABC khong can ngoai tiép durong tron (1). Puwong tron (1) tiép xic véi cac
canh BC, CA, AB lan luot tai D, E, F. Puong thang EF cdt BC tai M, duwong thang AD cat (1) tai
N (khac D). Chitng minh rang: MN tiép xdc véi (1).

Cac bo dé (1), (2) ¢6 thé chirng minh dé dang béng céc biu dién theo vecto. Dudi day
trinh bay cac chirng minh cho bo de (3), (4).
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* Chitng minh bé dé (3):
+ Piéu Kién du:

- Vaik =1, ta cd As, Bs, Cs theo thir tu trung véi
Ay, By, Co. Vi AA;, BB,, CC; ddng quy nén theo dinh Ii

AB BC CA

Menelaus thi == .==.=1_=_1. Vi A, By, C; thing
C BACB
hang nén i %C_A =1. Suy ra: i:-i.
AC BA CB AC AC
BC B,C CA_ CA

Tuong ty: = , = .
B,A B,A CB C,B

Nhan ting vé cac ding thic trén,

AB BC CA_( AB)(_BC)(_GCA)__,
AC'B,ACB | AC)| BAJ| ¢cB)

B2 Tuc 1a Ay, By, Cathing hang hay Ag, Bs, Cs thing hang.

Voi k :%, Az, Bs, C3 Ién |IIQt la trung dlém A1A,, B1B), C1C2.

Theo chirmg minh trén, ta da co: i = —i :
AC  AC

Theo tinh chét ti 1& thic thi:

AB__AB_AB+AB _AB-AB_ AB_2AB_AA
AC AC AC-AC AC+AC AC AA 2AC

Suy ra:

AB = 2A3B. atal :[ABJZ. Tuong ty:
AC  AA 2AC (AC '

BC (BC) C,A (CAY

B,A (BA)'CB (CB)

Nhan turng vé cac déng thire trén, ta duoc:
2 2 2

AB BC CSA:[ABJ .[Blcl .[ClA) =1. Do d6, As, B, Cs th dng hang.

AC B,ACB (AC) |BA) |CB
+ Diéu kién can: Khi k =1, ta ki hiéu Ay, By, Cy thay cho Ag, Bs, Cs. Gi sir ton tai

so k dong thoi khac 1 va rl ma Ay, By Cag thang hang. Khi do, cac diem: A, B, Cy, Va

AZAS(]JZ) — BZ B3(1/2) — CZCG‘)(I/Z) — 1/ 2-1
AZAS(k) Bz Bg(k) C2C3(k) k —1

Aywazyr Bswzy Cawsy 461 mot khac nhau. DE thay:
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Theo ching minh & diéu kién dii thi hai bo diem Ag, Bz, C2Va Ayyyy, Byyayr Cyn thang
hang, ma theo diéu gia sir & trén thi Ay, By, Cyy, Cling thang hang nén theo bo dé (2), hodc
A,B, _ A3(1/2) Bs(1/2)

AC, A3(1/2)C3(1/2)

+Néu 2B _ Ao Bawa thi chd y rang: Ahwy _ BBy _ Gl , theo bd dé (1) thi

AC, A3(1/2)C3(1/2) AA, B,B, CGC,
Ay, By, C; thiang hang, mau thuan.

duong thang AzB,Cz Va Ay, By Cazy SONG sONG hozic

+ Néu A;B,C; va Asw2)Bsw2)Caz) SONY
c,  song vai nhau thi chd y rang

Ay1r2) Bywzy Caary theo thir ty fa trung

diém cia AA,,B,B,,C,C,. Taco:

A3(1/2) B3(1/2) = %(AiBl + Az Bz) )

Csw

C3r2)

1
A3(1/2)C3(1/2) = E(Aicl +AC,) . Suy ra:
AqB; song song véi ABava Ay B
A;Cy song song ve6i ACo va Ay, Cyyp) -

Tir d6 suy ra, Ay, By, C; ciing thing
hang, mau thuan.

Do dochicd k=0va k =%th6a man.

Vay bd dé (3) duoc chieng minh.

*Chirng minh b6 dé (4):
GoiH Ia,giao diém cua

EF va Al. Tathay: IA L EF .

Tam giac AIF vubng tai F ¢

duong cao FH nén :

IF? =1H.IA= ID* = IH.IA.

Suy ra: AIDH ~ AIAD(c.g.c).
Do d6: IHD = IDA.

Mat khac: tam giac IDN can tai

I nén IND = IDN = IDA. Tr

do, ta duoc: IND = IHD.

= Tu giac IDNH néi tiép. Hon nita, tr gidc IDMH ciing noi tiép vi co IDM = IHM =90°.

Do d6: 5 diém, I, D, M, N, H cung thuéc mot duong tron. Suy ra: IMNH ndi tiép hay

INM = IHM =90° = MN L IN . Vay MN Ia tiép tuyén caa (1). B d& (4) duoc ching minh.

B D C M
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*Tro lai bai toan da cho:
1. Khi k :%th‘l L, M, N lan luot 1a trung diém cua cac doan AD, BE, CF.

Goi H la tryc thm cia AABC va s 1a phuong tich cua H ddi véi duong tron Euler di qua chan 3
duong cao cia AABC . Goi K 1a giao diém caa dudng thang AO; véi duong thiang BC.

Ta s& chirng minh rang K nam trén (Oy).

That vay:

Do AABC la tam giac nhon nén O nam trong tam gic. Ta co:

AOB=2ACB=OAB=90°-ACB.
Khong mat tinh tong quét, gia st tia AD nam gitra hai tia AO va AB. Khi d6:

BAC

m=@_m=9oo_@_#:ngoo_m:/@+7.

Mit khac: A/D\B=|3/A\C+D/C\A=%B/AE+A/C\B nén KAD = KDA.

Ta ciing c6 O,A=0,L = AAO,L cn tai Oy nén O,AL =O,LA.

Tir d6 suy ra: O,LA= KDA hay O;L // KD, ma L la trung diém céia AD nén O Ia trung diém cia
AK hay K thudc duong tron (O1). Do d6 (O1) cit BC tai chan dudng cao cua AABC . Tir d6 suy ra
phuong tich cua H dbi véi duong tron (Oy) chinh 1a 5 .
Hoan toan tuong tu vai cac duong tron (Oy), (Os).
Do H c6 cing phuong tich dén cac duong tron (O4), (O2), (O3) nén H chinh 1a tam ding
phuong cta 3 duong tron (O;), (02), (03) .
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Hon nita: do OA la tiép tuyén cua (O1) tai A nén phuong tich ciia O ddi véi (O1) chinh 1a
OA?. Twong tu nhur vy, phuong tich ctia O ddi véi dudong tron (O,) va (Os) lan luot la
OB?,0C?, ma O 1a tam dudng tron ngoai tiép cua AABC nén OA = OB = OC hay O ¢ cling
phuong tich dén cac duong tron (O1), (O,), (Os), suy ra: O ciing 1a tam diang phuong cia 3 dudng
tron (O1), (O2), (Os).

Gia sur cua 3 duong tron (0y), (O2), (O3) ¢ 3 truc dang phuong khac nhau thi ching phai
ddng quy tai tim dang phuong, ma O va H cung 14 tAm ddng phuong ctia chiing nén O phai triing
v6i H hay AABC déu, mau thuin véi gia thiét AABC khong can.

Do d6, diéu gia sir trén 14 sai va 3 duong tron da cho phai c6 1 truc dang phuong chung,
tryc ddng phuong do chinh la duong thang di qua O va H. Ta cling thdy rang O niam ngoai ca 3
duong tron, H thi nam giita cac dudng cao caa AABC nén nd nam trong ca 3 dudng tron. Suy ra
duong thang OH cat ca 3 dudng tron tai 2 diém nao do.

~ Vay 3 duong tron (Oy), (O2), (Os) c6 diing 2 diém chung, hon nita, duong thang di qua hai
diém chung d6 chinh la duong thang OH va do d6, né ciing s& di qua trong tdm cua tam giac
(duong thang Euler). Ta cd dpem.

2. Ta s& chirng minh rang ba dudng tron (1), (O2), (O3) ¢ dung hai diém chung khi va chi
khi k =0 hoac k :%. That vay:

*Piéu kién di:

- Khi k =%, khang dinh da ching minh ¢ cau 1/.

- Ta s& tiép tuc ching minh rang vai k = 1, ba duong tron (0,), (02), (Os) lan lwot di qua
L, tiép x0c véi OA tai A ; di qua M tiép xdc véi OB tai B va di qua N tiép xtc véi OC tai C ciing
c6 dung hai diém chung. That vay:

- Khik = 1, cac diém L, M, N tuong wng tring véi cac diém D, E, F.

Theo chiing minh ¢ cau 1/, duong tron (K, KA) diqua D va tiép xdc véi OA tai A nén
chinh 1a duong tron (O1) dang dugc xét. Goi di, dy, ds 1 tiép tuyén caa duong tron (O) lan luot tai
A, B, C. Goi X, Y, Z theo thi tu la giao diém cua da, ds; d, da; di, do.

Vi 0; thugc duong thang BC va OA tiép xdc véi (Oy) tai A nén Oy thudc dy, tir d6 suy ra
O, chinh 1 giao diém cua BC va d;. |
Tuong tu: O,, Os lan luot chinh 1a giao diém cua CA va d,, AB va ds.

Qua céc diém Oy, Oy, O3 V& c4c tiép tuyén tgi duong tron (O) lan luot 1a O,T,,0,T,,0,T,
(trong d6 Ty, To, T 12 cAc tiép diém).

Taco: OT, =0OA, O,T, =0,B, O,T, =0,C, ttc la T4, T, T3 ciing tuwong tng thudc cac duong
tron (Oy), (O2), (Os). ) i

Theo bo d¢ (4) o trén, (xét tam giac XYZ co6 (O) la duong tron ni tiép) cac duong thang
AT;, BT, CTstuong &ng triing véi cac dudng thing AX, BY, CZ.

Hon nita, XB = XC, YC = YA, ZA = ZA nén:

i i 2 ~1= AX, BY, CZ ddng quy (theo dinh Ii Ceva dao trong tam giac XYZ).
AZ BX CY
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‘ Do do: ATy, BTz, CTs dong quy. Pt diém chung ciia ba dwong thang d6 12 S, rd rang S
nam trong (O). Do Ty, Ty, T3 nam trén (O) nén theo tinh chat phuong tich:
SAST, = SB.ST. = SC.ST, = Ry 0y = Py/0,) = Pesoy -
Tuong tu cau 1/, taco: Py, = Fyj0,) = Poso,)» tiC 12 OS la tryc dang phuong chung cia ba
duong tron Oy), (O2), (Os). ‘ q
~ Mt khac, S nam trong ca ba duong tron, O nam ngoai ca ba duc‘yngqtrc‘)n nén duong thang

OS cat ca ba duong tron tai hai diem, tirc la (O), (Oz), (Os) c6 ding hai diém chung.

_ Vaytrong truong hop k = 1, ba duong tron (04), (O2), (O3) cting ¢6 dang hai diem chung.
bieu kién du cua khang dinh trén dugc chirng minh.
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*Pidu kién can:
V6i mot gia tri k> 0,k =1, goi Oy, 0y, Oz 12N luot 12 tam cia cac dwong tron di qua
L, tiép xtc véi (O) tai A; di qua M, tiép xdc véi (O) tai B, di qua N, tiép xdc véi (O) tai N.
Gia str cc duong tron
0 (O )+(Osney ) (Osy ) NG trén o
dung hai diém chung, tic Ia ba
tam cua ching 1a Oy, 0,0y,
thang hang. (1)
Goidy, do, ds la tlép tuyén
cua duong tron (O) lan luot tai A,
B, C. Goi X, Y, Z theo thu tu la
giao diém cua dy, ds; ds, di; dy, da.
Churng minh tuong ty nhu trén,
AX, BY, CZ ddng quy. (2)
bat 0,4, Oy, O3 la giao
diém cua BC véi YZ, CA vaéi ZX,
AB véi XY. D2 thiy rang:
Oyy+ Oy Oz 12N lurgt thudc cac
doan thang AO,, BO,,CO,

va AOl(k) B AL BOZ(k) B BM

AO, AD' BO, BE
cO
CO, CF

AO,, BO, CO, _
A0, BO, CO,
(3)

Tir (1), (2), (3), &p dung bé d& 3, ta c6 k = 1 hodc K =%.

k.

Do d6, néu cac duong tron (O), (O2), (Os3) c6 ding hai diém chung thi k = 1 hoic k = %
Diéu kién can cua khang dinh dwgc chieng minh.
Vay tat ca cac gid trik cantimlak = 1 va k =%.

Bai toan duoc giai quyét hoan toan.
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