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.M QT SO KHAI NI EM CO BAN
1. Khoang céch gira hai diém
Gia st c6 2 $ phic z va z, biéu dién haidiém M, va M, trén miit phang foa do
Khi d6 khaing cach gia haidiém M, va M, duoc tinh theo cong it
MM, =|z,- z
bat d(z,z,) = |z - z| dugc xacdinh nhr sau:
a, d@z,z)=00z,z0C

d(z.z) =0 <1z=g7
b, dz.z)= d(z,z) 0z,z0C
¢, d(z,z)s d(z.,z) +d(z,z) Oz, 3z, 30C
2.Chiadoan thang theo 18 k#1 (kOR)
a. Cho 2fiém phan bt A va B trén nit phang bado dugc biéu dién bsi 2 s
phac avab . Gi M 1a diém tuy ydugc biéu dién bai sb phic z .Diém M chia
doan AB theo t 5 k#1 nhur sau:

MA= KMB
Pua V¥ 6 phactacd a-z=k(b-z)hay (1-k)z=a-kb.

a-kb

Tu do z=

Chay : \6i k=-1thi M la trungdiém AB.

b. . Cho 3iém khong tling hang A, B va C trén #hphing toado duoc biéu dién

boi 3 & phirc a, b va ¢. Gi G la trong tam tam giac ABC. Khi6 diém G duoc

biéu dién theo 8 phac la z, = a+?t:+ <




3Piéu kién dé 3 diém thang hang, haidwang thang vudng goc.
Goi 7, z,, z,, z, & cac 6 phic lan luot biéu dién cho caatiém M,, M,, M,,
M, trén miit phang phic.
Ménh @ 3.1 : Badiém M,, M,, M, thang hang khi va ahkhi:
ﬂDR*
5L—4
Chirng minh: That vay , badiém M,, M,, M, thang hang khi va ah
khiviM,M,0{0; 73 hay acgumenxLD{O m, ticla =2 L740R
5L-7
Ménh dé3. 2 Hai duong thing M,M,, M,M, vudng goc i nhau khi va chkhi
4750
5~ 7

Chitng minh: That vay, ta cOM,M, OM M, = (M,M,,M, M“)D{]ZT 3;1}

= acgumen{zl—D{” 3”} Tir d6 ta c62_20iR’.
2 2 z,-

Chd y: Néu M, =M, thi M,M, OM M, khi va chi khi 2= 2 0iR’
z,-2

4. Tam giacdong dang

Goi a, a,, a,, by, b, b, 1a cac 6 phic lan hrot biéu dién cho cadatiém A, A,
A,B, B,, B, trén miit phing phic.

Ménh dé Hai tam giacA A A va B B,B, dong cang Wi nhau khi va chkhi

a,-a _hb-h

a,-a b-h
Chérng minh

AA _BB |2,-a| _|b-h
[ W B < Tur dé =
AAATIBBE - S0 =pg VAAAA =BBE, Tido Lo =)

va acgumenim: acgume1%_—tl.8uyraaz a_b- Q'
a;— 8 b-0Q a-a b-h



Vidu : Trén cac enh AB, BC, CA d@ia tam giac ABC, ¥ cac tam giac ADB,

BEC, CFAddng chng wi nhau. Cling minh &ng 1 ABC va [ DEF c¢6 cling tong
tam.

Chang minh

Theo gi thiét cac tam gidc ADB, BEC, CF&dng cang Wi nhau nén ta co :

d—a:e—b: f- C:z
b-a c-b a-c

Trdétacéd=a+(b-a)z,e=b+(c-b)z,f=c+(@a-x)
Nén tinhduoc

d+e+f:a+b+c
3 3

Vay hai tam giac ABC va DEF c6 cungmg tam.

5.Phan thuc aia tich hai $ phirc

Cho a va b la haiésphic

binh nghia Phn thyc tich ¢ia hai $ phrc a va b 1a it sb cho i

ab=1(ab+ ap
2
Ta cf thiy %:%(a_bfab = al Véay a.b la 8 thuc

Ménh dé 5.1Cho a, b, ¢, z 14 caé phuc, khido:

1,aa=|qd’

2, a.b=b.a

3, a(b+c)=a.b+a.c

4, (aa)b=a(ab = qa h,0a0 F

5,a.b =0~ OAOOB, trongdd a va b la lu dién ciadiém A vadiém B trén
mit phing phic.

6, (a.2).(b.z2)47 (ab



Ménh dé 5.2
Cho 4diém phan bit A, B, C, D phan It dwoc biéu dién boi 4 & phic a, b, ¢, d
trong ung.Khidé cac kiingdinh sau lattong duong:
1, ABOCD
2, (b-a).(d-c) = 0
,g;_imm* (haic Re%ﬁ 0
Chang minh
(1)=(2)Lay diém M(b-a) va N(d-c).Khit6 OABM va OCDN la céc hinh binh
hanh.
Ta c6 AB O CDkhi va ch khi OM 0O ON, ngha la m.n=(b-a).(d-c)=0(theo n¢nh
dé 5.1)
(2) = (3) dugc suy ra thedinh ngha aia tich $ thuc
Il .UNG DUNG VAO Gl Al TOAN
Vidul
Cho tr giac ABCD. Clirng minh &ng AB? + CD? = AD?+ BC khi va ch khi
ACO BD.
Chirng minh
Goi a, b, ¢, d 1a cacdsphic biéu dién cho caalinh A,B , C, D @a tr gidc ABCD.
Theo gi thiét ta c6 AB? + CD? = AD?+ BC
= (b-a)(b-a)+(d-c)(d-c)=(d-a)(d-a)+(c-b)(c-b)
- ab+cd=b.c+da
~ (c-a).(d-b)=0- ACOBD
Nhan xét Rd rangrng ding $ phic dé ching minh thi bai toadon gian va ngin

3

gon hon nhiu so \i 1am hinh e théng throng.

Vi du 2
Cho tr dién ABCD. Goi E, F, G, H &n luot la trungdiém acia cac anh AB, BC,
CD, DA.Chrng minh &ng AB O CD khi va chi khi BC? + AD? =2(EG*+ FH?).



Chirng minh

Goi a,b,c,d,e,f,g,h [a cadphic biéu dién cho cadiém A, B, C, D, E, F, G, H.
Khi d6taco:

_b+tc _c+d d+a

e:a+b,f , g , h=
2 2 2 2

Tir gia thiét ta c6 BC?+ AD? =2(EG*+ FH?)
Tro thanh (c-b)(c-b)+(d-a)(d-a) = 2(g-e)(g-e)+2(Hfff
= (c-b)(c-b)+(d-a)(d-a) =

=%(c+d—a—b)(C+ d- a b+—;(& b Jadbd)

= c.Cc+bb+dd+aa-2b.c-2ad=a.a+bdecH+dd-2a.c-2bd

- ad+b.c=a.c+b.d.

= (a-b).(d-c)=0- ABOCD .(diéu phii chang minh).

Vidu3

Cho tam giac ABC c6 éng thm G. VaAA , BB, CC lan luot 1a cacdudng trung
tuyén xuat phat fr dinh A, B, C.Clirng minh &ng Wi moi diém M bit ki ta luén
Cco:

MAZ + MB? + MC?+9MG? = 4(MA*+ MB*+ MG (*)

Chang minh

Goi a, b, ¢, g,a, b, ¢ 1an lugt 1a cac 6 phic biéu dién cacdiém A, B, C,G,
A, B, Ctrén mit phing phirc.Khi d6 ta co :

_atb+c, __b+c . , ct+a,  _a+b
3 AT 2 AT
Vé tréi (*) =MAZ? + MB? + MC?+9 MG?

=(m-a).(m-a)+ (m-Db).(m-b)+ (m-c).(no}+ 9(m- g)(m- g

= (m-a).(m-a) + (m-b).(m-b) + (mie)-c) +9(m- 2= E)(m- 221G

=2m’ - 8(a+ b+ o).mr 2{ & +| B+| )+ 2ab 2be 2¢ (1)



Vé phai (*) = 4(MA? + MB? + MC?)
=4m-a,).(M-a )+(m-b).(m-b )+(m-¢,).(M-¢,)]

=4[(m—b+c).(m— 29+ (=8 (e (2 (w2 5’}

2 2

42\m’ - 8(a+ b+ o).m+ 2( K+| P+| E)+ 2ab 2be 2¢ (2)

So sanh (1) va (2), ta cé trai (*) = vé phai (*) .Bai toAnduogc ching minh.

Vidu 4

Cho 4diém A, B, C, D lit ki.Ching minh #&ng:
DABC+ DBCA+ DC AB=0

Chirng minh

Goi a, b, ¢, dan luot la toa Vi cua caadiém A, B, C, D trén it phang phic ta co:
Vé trdi = DABC+ DBCA+ DC AE= (a-d).(c-B+(b- d.(a 3+(e d(b }
=ac—ab—- dct db- ba be da de cb ea db
= 0 =vé phai (DFCM)
Vidu5
Chirng minh &ng diéu kién can vada dé tam gidc ABC vudngat A 1a:
BABC= AB

Chirng minh
Goi a, b, ¢ iin luot 1a ta Vi cia caadiém A, B, C trén nit phing phrc ta co:
BABC= AB - (a-b(c-h b (b }
- ac—ab-bcr B=6-2 ab 4
- ac—-a&+ab- b0
= ac—-a&+ab- b0



= (a-b).(c-a=0 = BAAC=0 hayABO AC, trc la tam giac ABC
vuongo A. (BFCM).
Vidu6
Cho tam giac ABC &i baduong trung tugn AD, BE, CF. Cling minh &ng
BC.AD+ CABE+ ABCF=0 (*)

Ching minh
Goi a, b, ¢, d, e, flan luot 14 tpa Vi cia caadiém A, B, C, E, F trén it phing
phiac ta cé: d= b;C, e= a;C, f= ath . (viAD, BE, CF la caduong trung

tuyén )
VT (*) = BC.AD+ CABE+ ABCI= (c-b).(d-ad+(a- 9.(e- b+( b ( £
at+ b
( > -

_ Cb+c2;b2_bc—ca+ab+ g+ a(z ca € abt b 22 90; a ab be a

c-p+a-cd+ - &
2
Vi du 7 Cho tr gidac ABCD. Gi M, N lan luot 1 trungdiém caa AC va BD.
Chirng minh &ng :

:<c—b).(b—;c—a)+(a— o.(%:— B+ (b & S

—-ca+ ab- abt cb- be a=0=VP(*) GFCM)

AB’+ BC’+ CD’+ DX = AC+ BD+4 MN (¥
Ching minh
Goi a, b, ¢, d, m, man lrot 1a toa Vi cua caadiém A, B, C, M, N trén nit phing
phtc.

., _atc.__b+d
Taco m—T, n=

(M, N 1an luot la trungdiém cia AC va BD)

VEétrai (*) = AB*+BC*+ CD’+ DA
=(a-b(a-bh+(b-g(b-¢+(ec W e P+( & }& d )
2@*+b*+c*+ d’- ab- be- cd dp (1)
Vé phai (*) =AC?*+ BD’+4MN?



Ha-o(a-g+(b-9g(b- g+4(m J( m

a+c b+ d)( atr c bt
2 2 2 2

fa-o(a-—g+(b-d(b-Jd+(a e b W & € b )

fa-9(a- g+ (b 9(b- §+4(

2(@* +b*+ c*+ d°— ab- be- cd- dp(2)
T (1) va (2) ta c6AB?+ BC?+ CD’+ DA = AC+ BB+4 MN (diéu phii ching
minh)
Vidu8

Chang minhdinh Ii COSIN (SGK Hinh éc 10) .
Cho tam giac ABC , Ging minh &ng BC? = AR+ AC—2 AB ACos’ ..

Chang minh

Khéng it tong quat, ta abn A 1a gic toadd ,B ladiém nam trén tuc hoanh co
hoanhdo phic 12 1., C I1&tiém biéu dién 5 phac z Hit Ki.
Khi d6 ta c6 |AB =1, |BC|=|z-1], |AC|=|3.

c




C=7

Ta cO AB? + AC* -2 AB AC 0s'/ = 1+|7” - 2| 4 cos argz

=1+2.2-2 #¥

=1+2.7-2| #%Z

=2.z+1- z- := (z-1)(z-1)=|z-1" = BC (BPCM



