On a vector equality
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Abstract

In this paper, we recall a vector equality and give some of its applications.

Let us start by introducing the notations that will be used in this paper. By T" we
will denote the triangle A; As As. The inscribed circle of T" has center I and is tanget
to the side opposite to vertex A; at B;, i = 1,2,3. Denote by a; and h;, 1 =1,2,3
the lengths of the side opposite to vertex A; and the length of the height from that
same vertex, respectively. Let K, p, R,r be the area, semiperimeter, circumradius,
and inradius of T. Denote by Ki,pi,r1 the area, semiperimeter, and inradius of
BBy Bs.

Theorem. [ is the center of mass of the system Bj, By, B3 with masses h%, h%’ %
" 5 1B 1B,
1 2 3

= 0. 1

h1 + ho * hs (1)

Proof. We have
A1By = A1B3 =p—a1, AsBs = AyB1 =p —ag, A3B) = A3By = p — as.

It is not difficult to prove that for every point M on the side A;A;, i # j, i,j €
{1,2,3} we have

IM = TA,
- AZA] AZA] 7

When M = B; we get

— DB1A; — BiA; —
IB A, TA;
LT T A,

e —_— —_
or equivalently a1I By = (p — a3)I As + (p — az)I Az. Similarly, we obtain
— — —
aol By = (p — al)IA3 + (p — ag)IAl

and . . N
angg = (p — ag)IAl + (p — al)IAQ.

Adding the above equalities side by side, we obtain

— — — — — —
a1IB1+aolBy+ a3l Bs = (2]9— as — ag)IA1 + (2p— as — (ll)IAQ + (2p— aq —CLQ)IAg.
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— — —
Note that 2p = a; + as + ag and recall that a1l Ay + aslAs + a3l A3 = 0, thus

—_— —_— —_—
a1IBy 4+ asI By + a3l Bs = 0.

Using the formula a; = % we conclude that

— — —
1By 1B,  IB; _
hi o ha | hg

Alternative proof. For i = 1,2,3 we know that ﬁgz is a unit vector perpendicular to
the side opposite to vertex A;, its direction being out of the triangle. By applying

the “Porcupine Theorem” we obtain

— — —
By 1B,  IB;

a a a = U.
7B, " °?1B, T 1B

Note that IB; = IBy = IB3 = r and by using the formula a; = 2}7[_(, 1=1,2,3 we
deduce that

— — —
IBy IBs IBj
+ +
hy ha hs
The proof is thus complete and we are ready to show some of the results due to this
theorem.

=0.

Problem 1. Prove that

B By? . ByBs?  Bs3B;?
hlhg h2h3 h3h1

=1. (2)
Solution. By squaring both sides of the equation (1) and using the following identity
IB.IB. — IB:>2 2_pR2_92_pBR>
2IB;IB; = I1B;* + I1B;* — B;B;” = 2r* — B;B;
we obtain

(e

=1t

=0.

2 B1 By n By By . B3B;*
hiho hahs hahq

1
hih;
Using the fact that h% + ,%2 + % = % it follows that

B1322 BQB32 B3Bl2

=1.
hth h2h3 h3h1

We will now present four corollaries following from Problem 1.
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Corollary 1. The following inequality holds

4+/3
a1a2B1 By + aza3zBaBs + aza; B3 By < \Spr' (3)

Solution. Knowing that a; = %, we can rewrite the inequality in the form

BB BoB B3B 4
4K2< 1 2+ 2 3+ 3 1>§ \/ng

hiha ~ hohz ~ hzhy 3

Because K = pr, the above inequality becomes

BB B>B B3B 3
(12+23+31)§\3C.

hlhg h2h3 hShl

We will now prove that the last inequality is true. Indeed, by applying the Cauchy-
Schwarz inequality we obtain

BBy BsBs B3B\’ 1 1 1 B1Bs2  ByB3?  BsyBi?
1By BBy | BaBu " n n 1By”  BaBs”  BsBi” )
hiho hahs hzhq hiha ~ hohs ~ hzhy hihs hahs hahq

By using the well-known inequality ab + bc + ca < %(a + b+ ¢)? for all real number

a, b, c and the equality % + % + ,%3 = % it follows, from Problem 1, that

BiBy BBz B3Bi\? 1
e i W ot O P
hiho hohs hshq 3r2

or equivalently

B1 B> B> B3 33312 < ﬁ
hiho hohs hshy — 3r ’
The equality takes places if and only if T is an equilateral triangle.

Corollary 2. If T is an acute triangl, then
max{ai,as,ag} > V3R (4)
with equality if and only if T" is an equilateral triangle.

Solution. Draw three lines tanget to the circle circumscribed around 7' from its
vertices. Suppose that these three lines intersect at three points Cp,Cs, and Cs
where C} is the vertex opposite to the side passing through A;, ¢ = 1,2, 3. The circle
circumscribed to T is the incercle of C;C5C5. Thus R is the length of the inradius of
C1C5C5. Denote by 1,12, and I3 the lengths of the altitudes in the triange C1CsC}.
Applying the result of Problem 1 we obtain

A1A22 A2A32 A3A12
l1l2 lzlg l3l1

=1
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or

as? a2 ag? B
lils  Ials 130y -
Hence
1 1 1 1 1 1 1)\?
1 <max{a}, a3,a3} - | — + - + — | < - max{af,a3, a3} +*+ :
Ll lals 130y ly I3

Note that % + i + ll = %, thus it follows that

3

! { } >1
max
3R2 a al,a2,a3
and we conclude that
max{al,ag,ag} > \/§R.

Equality occurs if and only if Iy = ls = I3 and thus C1Cy = C3C5 = C3Cy. This
imples that C1C5C3 is equilateral which in turn means that A; AsAs is equilateral,
and we are done.

Corollary 3.

S
IA
Nl
N
G

When does equality occur ?

Solution. We introduce the following inequality

2 2 2 2
a7+b7 g>(a+b+c)
T Y z  rTH+y+z

for all positive reals a, b, and ¢ to prove the above inequality with equality if and

only if & = % = £. Using the above inequality and the result of Problem 1 we
obtain )
1 B1By*  ByBs*  B3Bi? S (B1B2 + B3B3 + B3Bq)
hihg hahs hshy — hihs + hohs + hshq
Observe that B1Bs + BoBs + B3B1 = 2p; and
1 1 1 8K?
h1h2+h2h3+h3h1:4K2 < + + > = P .
ai1ag asas asal alagas
By using the formulae K = 2% and hihs + hahg + hghy = “5F P it follows that
pK
<=
Pl oR"
Equality occurs if and only if %f; = %fg = %gfll or

a1a2B132 == GQQBBQB?, = agalBgBl.
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Because ajaoB1By = asa3ByBs then (I%BlBQQ = angBgQ. By the Law of Cosines
we obtain

2., .2 2
B1Bo? = 2(p — a3)*(1 — cos Az) = 2(p — az)? <1 — W’) .

2a1a9
Therefore
BB, — 2P~ a3)*(p — a1)(p — az)
a1a2
Similarly
Bypy? = 0= @)= ax)(p—as)

azas3

Thus, the inequality (L%BlBQQ = a3 ByB3? is equivalent to a1(p — a3z) = asz(p — a1)
and so a; = as. Analogously we deduce that ao = a3. Consequantly a1 = a2 = ag
which proves that T is equilateral and we are done.

Corollary 4. Let O be the circumcenter of T. Then

OBl OBQ OBg R
< = —1. 6
hi + ho + hs — r ( )

Solution. By using (1) and the equality h% + h% + ,%3 = 1 we obtain

r

6?:7“ (OBl +OBQ +033) .

hy ha hs

. . . . . Py 2 9 2 . .
On squaring both sides and using the identity 20B;0B; = OB;*+0B;*—B;B;*, i,j =
1,2,3 we get

OF — 12 Z‘”’:()BRJr 5 OB+ 0B;* 5 B;B;*

h2 hih hih.:
i=1 1<i<j<3 v 1<i<j<3 M

By using the result from Problem 1 and Euler’s theorem OI? = R? —2Rr it follows
that

OBi? OBy?> OB3* OB;+O0By? OBy +0Bs®> OB;+0B% <R >2
s .

+ + |
h2 R Rl hihs hahs hahi

Because OB;% + OBj2 > 20B;0Bj, i,j = 1,2,3 and the identity (a + b + ¢)? =
a® + b% + % + 2ab + 2bc + 2ca we obtain

OB, OBy OB; R 2
< | — — .
< hl T h2 T h3 ) - <T‘ 1>
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Since R > 2r > r we obtain the desired result. Equality occurs if and only if T is
an equilateral triangle.

Problem 2. Prove that

MBy, MBs; MB;s
>1
hi + ha + hs — (7)
for all points M.

Solution. We will use the follwing two facts || - |v| > @ - ¥ and MB; = M1 +
—
IB;, i=1,2,3 to obtain

The desired inequality follows if we keep in mind that h% + h% + A = % Equality
occurs if and only if M = 1.
Problem 3. Prove that
MB> MBy* MB3*> MI?
= 8
o h T ®
for all points M in the plane.

Solution. We have
3 3 (MI + 1B, ) 3

MB? o 1B; 5 3 IB?
sty W) vy (S e 1
Thus,

i MB? _ MI?
h;

+r
=1
and we are done
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