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Loi néi dau

Bén canh céic hé toa do quen thuoc da biét nhu hé truc toa do Descartes vuong goc, toa do
cuc, he toa do Affine ctia hinh hoc xa anh, hinh hoc hién dai con dua ra mot 1y thuyét rat tha
vi mot lan nita thé hien méi quan hé mat thiét giita hinh hoc va dai s6 ma & do, toa do cia
cac diém xac dinh nhd mot hinh co sé thong qua céc dai lugng vector, d6 chinh 1a toa dé ti
cu (Barycentric Coordinates). Nho c6 cac cong thite, cac két qua xay dyng tit truée ma
nhitng tinh todn va bién doéi hinh hoc thong thuong da duge moé hinh héa thanh mot 16p céc
dai lugng v cac quan hé rang budc mang ban chat hinh hoc gita ching. Khai niém nay da
dugc gi6i thieu lan dau tién béi gido su Toan ngudi Dic August Ferdinand Mobius vao nam
1827. Trai qua nhicéu thé hé cac nha Toan hoc nghién citu, bo sung va phat trién, dén nay, khai
niem toa do ti cur da tré néen rat quen thuoc va thé hien ré hiéu qua clia né trong viéc nghién

cttu hinh hoc phing va dic biét 1a cac tinh chat clia tam giac.

V6i mong muén cung cap thém mot phuong phap hay va rat bo ich dé ren luyen hinh hoc
phéng, to6i da gianh thoi gian tim hiéu, phan tich va chon loc céc van dé lien quan dé trinh bay
ching dudi dang mot chuyén dé nham c6 thé gisi thieu dén tat ca cac ban yeéu Toan. Bén canh
phan 1y thuyét dugc trinh bay ré rang va ki ludng, cac phan vi du minh hoa ciing dude chon
loc can than dé cac ban c6 thé thay ré dude ¥ nghia ctia phuong phap nay. NAm vitng phuong
phap nay cé thé chinh 1a mot con dudng dé chiing ta vuot qua nhimg mdi lo ngai déi v6i hinh
hoc phing va cling c6 thé nhd d6 ma ching ta tim ra dude nhitng huéng gidi quyét méi cho
cac bai toan hinh hoc, tham chi 14 nhitng bai héc bua, phtic tap. Tuy da dudc dai s6 hoa kha
nhiéu nhung an chita duéi nhing cong thic day dic van 13 mbi quan hé hinh hoc thuan tiy,
nhitng vé dep sau siac khong thé mat di duge. Mong rang tai lieu nay sé thuc su ¢o ich véi céc
ban, khong chi dimg lai & viec giai quyét duge thém nhiéu bai toan thd vi va ma con c6 thé
manh dan tim ra nhitng bai toan hinh hoc méi trén co sé nhitng bién déi hée théng va chuan

muc!



1. Cac dinh nghia va ki hiéu

1.1. Toa do ti cu

Trong miit phang cho truée mot tam giac ABC khong suy bién duge goi 1a tam giac co sé. Véi
mdi diem P trong mat phiang, bo 3 s6 (z,y, 2) dude goi la toa do ti cy clia diém P ddi véi tam
giac ABC néu ta c6 dang thiic vector +PA + yﬁ + PC=T0 (22 4+ y* + 2% # 0). Trong bai
viét nay, néu khong c6 chi thich gi them thi tam giac co s6 duge mic dinh 1a tam giac ABC.
Dé thay rang néu trong toa do ti cy véi mot tam gidc bat ki, néu (z,y, 2) 1a toa do ciia diem
P thi (kx,ky, k2), k # 0 ciing 1 toa do clia diéem P.

1.2. Diéu kién can va du cua toa do ti cu

Ta sé chitng minh rang diéu kién can va dt dé mot bo 3 s6 (z,y, 2) 1a toa do ctia mot diém P
nao do trong hé toa do ti cuy doéi vé6i tam gidc ABC' la x +y + 2 # 0.

Diéu kién can.

Ta can chitng minh néu xﬁél—l—yﬁjtzﬁ:ﬁ thiz +y+ 2 #0.

Gid st o +y+ 2= 0. Khi d6 z = —(x +y). Vi 3 86 2,, z khong thé cting dong thsi bang 0

nén ta c6 thé gia st x # 0. Suy ra
:rP_f>1+y13—B>—(as+y)P?:6>
oo (PA-PC) 4y (PB-FC) - T
& 2CA+yCB=T
~Th--1.58
< A, B,C

Vi tam gidac ABC khong suy bién nén khong thé c6 A, B, C. Vay ta phai c6 = +y + z # 0.
Piéu kién du.
N P . P3 NN . £ ~ .2 = ?
Ta can chiing minh neu x 4 y + z # 0 thi ton tai duy nhat mot diem P sao cho tPA+yPB +
_>
z]? = 0.
Ta can c6 mot bo dé sau: Cho hai diém A, B phan biét va hai s6 a, 3 khong dong thai bing 0.
Z N Z 4 _—+
Néu a4 B # 0 thi ton tai duy nhat diem M sao cho aM A + 5M§ = 6)
Chiing minh.
Ta c6

Vay diém M ludn ton tai va duge xac dinh duy nhat bang hé thiic vector cudi ciing, bd dé dugc
ching minh.



Quay lai viéc chitng minh diéu kien du.
Viz+y+2z#£0= (z+y)+ (y+2)+ (2 +2) # 0 nén mot trong 3 86 = + v,y + z, 2 + = phai
khac 0. Gia st x +y # 0.
2 N N z 2 _—_>
Theo bo de, ton tai duy nhat diem M sao cho tMA + ym = ﬁ Khi do
—
xPA+yﬁ+zﬁ -0
— — —
@x(PM+MA> +y<PM+J\ﬁ) 4+ PC=T0
& (v +y)PM + (zMA + yMB) +PC=T0
—
& (x+y)PM—|—z:lD—C>7:6>

Vi (x 4+ y) + 2 # 0 nén theo bo dé, diém P duge xac dinh duy nhat. (dpem)

1.3. Cach xac dinh toa do ti cu

Cho tam giac ABC va mot diem M bat ki trong mat phing tam gidc. Khi d6 ta c6 !

— —
S[MBC}MA + S[MCA}]\ﬁ -+ S[MAB}W =0

Ching minh.

B A C

Trong cac dudng thing MA, M B, MC phai c6 it nhat mot dudng thing khong song song véi
BC,CA, AB theo thtt tu. Gia st M A }f BC. Khi d6 M A cit BC tai A’

Ta co
— — —
MA + AB = MB,MA' + A'C = MC

Suy ra
m@ﬂhﬁ) :m.m,m(M+Té) _ A MC
Chit § ring AC - MB = AB - MC, do d6

_ _ / !/
MA (WG — AB) = AC - MB — AB - MC & MA = 2 3B~ 28 376
BC BC
Mat khac, ta c6 L
AT Saaca _ Smaa _ Swica
A'B  Siapay  SimBay  SimaBb
AC AC Sivca A'B Siaran

= — = y—=— =
BC  AC—A'B  Spnca +Smas  BC  Spca) + Sivas

1S4, 45...,] ki hicu dien tich dai s0 clia da giac A1 A4, ... A,
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Vi vay

— S S
MA — [MCA] ' ﬁ n [MAB] ' ]\78
Simca) + Siman Sivca) + S as
Lai c6
MA" Sy _ Spas  Spwoan + S Siusal
MA  Swmca  Smap Spvca) + Smas Simca) + Sas
= MA = — O] MA
Simca) + Smas
Vay

— o
—S[MBC]MA = S[MCA]m + S[MAB]W = S[MBC]MA + S[MCA]m + S[MAB]W

1.4. Toa dd ti cy tuyét déi (Absolute Barycentric Coordinates)

Tit cac muc 1.1 va 1.2, ta thay rang néu diém P c6 toa do (z,y, 2) thi ciing c¢6 toa do (z/,y/, ')
v6i o’ +y + 2 = 1. Khi dé ta goi (2,y/, 2') 1a toa do ti cu tuyét ddi ctia diém P.

1.5. Cac ki hiéu dung trong bai viét

V6i hai bo s6 (a,b, ¢) va (d, e, f), néu hai bo s6 nay ti 1é v6i nhau thi duge ki hieu 1a (a,b,c) =
(d, e, f). Trong truong hop ngudce lai, hai bo khong ti 1é v6i nhau, ki hiéu (a,b,c) # (d, e, f).
Do dai cac canh BC,C A, AB cia tam giac ABC dudgce ki hiéu a, b, ¢ theo tha ty, p 1a nita chu
vi tam giac.

Cac ki hieu Conway?:
e S ki hiéu hai lan dién tich tam giac ABC
e V6i mdi s6 thuc 0, S cot § dugce ki hieu Sy. Tu d6 ta co

b2 2 _ 2 2 2_p? 2 b2 — 2
Sa =bccos A= %,53 = cacos B = %,SC =abcosC = HTC
Trong bai viét, néu khong chd thich gi them, toa do ciia mot diém A bat ki duge ki hieu la

(IA; Ya, ZA)~

2Weisstein, Eric W., "Conway Triangle Notation." tit MathWorld-A Wolfram Web Resource.
http://mathworld.wolfram.com/Conway TriangleNotation.html

3


http://mathworld.wolfram.com/ConwayTriangleNotation.html

2. Thiét lap cac céng thiic trong toa do ti cu

2.1. Phuong trinh dudng thang

Ta sé chiing minh ring duong thang di qua hai diém P(ay,bi,c1) va Q(ag, by, cz) c6 phuong
trinh D,z + DY + D.z = 0. Trong dé D, = bicy — bgCl, Dy = ciay — CoQly, D. = a1by — asb;.
Chon mot diém O bat ki ¢6 dinh trong mat phing. Dit S; = ai_4>— b + ¢ (i € {1;2})

OA+b,0 O
Ta co P(al,bl,cl):>a1ﬁ4+blﬁ+clﬁ:6>:>0?:a1 + 0 + ¢

S
s
Tuong tu, ta co Oﬁ = 04+ big? + 020?.

2

Ta da biét ring véi diem X bat ki, ta co

XePQk#Q e 3k cR\{1},XP = kX0 < OX =

0P — kOO
1k

Do doé
X € PQ
a10—1>4 -+ blﬁ -+ 610? s (120—121 -+ bQ@ -+ CQO?
& 3k e R\{1},0X = 51 — So
%
e OX — (a152 — kaaS1)OA + (0152 — k5251)@ + (15 — k‘chl)O?
(1 - k)SISQ

Mat khéc, ta co
(@159 — kasSy) + (b1Sy — kbaS1) + (152 — keaS1) = (1 — k) S152 # 0
Do d6 toa do cua X 1a
(a1S9 — kaySy,b1Ss — kbySt, 152 — kcaS1) = (a1 + mag, by + mbs, c; + mey), m # ——

Vay ta can chiing minh

Im # z,y, z) = (a1 +mag, by +mby, c; +mcy) < Dyx+ DY + Doz = 0,2 4+y+ 2z # 0(1)

1

Sy’ (
Phan thuan 1 kha hién nhién nén chi can chting minh phan dao.
Vi P va @ 1 hai diém phan biét nén (ay, by, 1) # (ag, ba, ), suy ra (Dg, Dy, D,) # (1,1,1) (%);
X va @ 1a hai diém phan bigt nén (z,vy,2) # (ag, by, c2) (%)
Ta can ching minh néu cic s6 z,y, z théa man D,z + DY + D.z = 0,2 +y+ z # 0 thi ton tai
mot s6 m # _S_l sao cho (x,y, z) = (a1 + mag, by + mby, c; + mcs).

2

Xét trong hé toa do Descartes, di¢u can chitng minh tuong duong véi: Cho hai mat phing
(P): Dor + DyY + Doz = 0va (Q) : o +y + 2z = 0, v6i moi diém D(z,y, z) nam trén (P) va
D khong nam trén giao tuyén [ ctia (P) va (Q) (cha ¥ rang (P) va (Q) khong song song do
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Tr = aj; + mas

(%) nén [ ton tai), ton tai mot diem £ trén duong thang ¢ y = by + mby, . m # —S—l sao cho
2

Z = C1 + mcy

O, D, E thang hang.
Ta ¢c6 OD }f d do vector 0D = (2,y,z) va vector chi phuong ctia d : 4 = (as, by, ¢;) khong
ciing phuong (do (¥*)). Suy ra OD ludn cat d tai mot diem E(ay + mas, by + mby, ¢ + mcy).
Mit khéac, vi D ¢ [ nén E ¢ [, suy ra a; + mag + by + mby + ¢1 + mey # 0 & m # —g—;.
Vay khéng dinh (1) dugce chiing minh. Do d6 phuong trinh ctia mot dudng thang bat ki trong
toa do ti cu c6 dang mx + ny + pz = 0 v6i m,n, p 14 cac s6 thuc khong dong thoi bang nhau.
Phuong trinh duong thang di qua hai diém P(ay, by, c1) va Q(az, by, c2) con duge viét dusi dang
r oy z

ar by c1| = 0. Tit d6 ta thiy ring 3 diém c6 toa do (x;, i, 2:) (i = 1,3) thang hang khi va
az by o

T 1 oz

chi khi Ty Y Z2 =0.

T3 Yz =3

2.2. Giao diém ctia hai dudng thing
Cho hai duong thang p1z + g1y + r12 = 0 va pox + ¢y + 192 = 0. Khi d6 toa do giao diém ctia

hai duong théng la nghiém cta hé

mr+qy+riz=0
Do 4+ @y + 122 =0
r+y+z2#0

& (z,9,2) = (q1r2 — @21, 71P2 — T2P1, P1G2 — P21)
Tit d6 ta suy ra didu kién dé cac duong thang p;x + gy + 12 = 0 (i € {1,2,3}) dong quy la:

br g1 T
p2 q2 12| =0

P3 g3 T3

2.3. Khoang cach gia hai diém

Cho truéc hai diem P(aq,bi,c1) va Q(as, by, o) va mot diém O cb dinh. Sit dung cac ki hiéu
nhu & muc 2.1. Ta ¢6

—_— -—
. . CLQOA“"bQO?"—CQO? CL10A+blO?+Clo?
PG =00 - OP = S _

S
(G/QSl — a152)0—1>4 + (bQSl — bng)O? + (0251 — 6152)07

B 515
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a1 — 152 B b2S1 — 0152 . 251 — €159

Dt _ _
® T8, “TeS, Y TS,

=wthiut+v+w=0

Suy ra

PQ* = <U0—1>4 + UO? + wO?)2

= u?0A% + v*OB? + w?0C* + 2uv0—1>4 . @ + 2vw0? . O? + QwUO? : O—1>4
= u?0A? + v*OB?* + w*0C? + wv (OA2 +OB? — 02)
+ vw (032 +0C? — a2) + wu (OC’2 +0A* — b2)

= (u+v+w) (WOA® + vVOB* + wOC?) — (a®vw + b*wu + *uv)

= — (aQUw + b*wu + CQUU)
Mat khéc, ta 6 agS1—a1S9 = az(a1+b1+c1)—ay(ag+be+c2) = asbyi+azci—arba—aicy = Dy—D...
Do d6 v = (Db—DC)O_zzH-(DC—DQ)O?%—(DG—DZ,)O? 13 mot vector chi phuong ctia dudng thang
PQ. Suy ra diéu kien dé hai duong thang Ay : miz+ny+piz = 0va Ay : mexz+noy+paz =0

song song la (ml —Nny,MN1 —P1,P1 — ml) = (mz — No,Ng — P2,P2 — mz)

2.4. Phuong trinh dudng tron
2.4.1. Phuong trinh dudng tron ngoai tiép tam giac co sé

Goi (O; R) 1a dﬁng tron ngoai tiép tam giac ABC; M(x,y, 2).
20A +yOB + 20
r+y+z

oL — (:L'OTL%/O?#—ZO?)Q

R
Ta c6 OM =

. Suy ra

rT+y+z

B m (@ +y? 4 )Rt ay (2R = ) +yz (2R = @?) + 2w (2R~ 7))
- m ’ ((3’3 +y+2)R* — (a®yz + b*zw + c%y))

,  a’yz+b’zx + ay
(x+y+2)?

Do d6 M € (0) & a*yz + b*zz + c*zy = 0.
Vay phuong trinh dudng tron ngoai tiép tam gidc ABC 1a a’yz + b*zx + oy = 0.

2.4.2. Phuong trinh dudng tron bat ki

Goi (I;r) 1a dudng tron can lap phuong trinh; M(z,y, 2). Ta ¢6

M2 — (xﬁ4+yl‘§+zfa>2

rT+y+z
1

RCETrE (z+y+2) (2IA* + yIB* + 2IC?) — (a’yz + b*zz + Pay))

Do do6



Me ()& r*=IM?
SEty+2)rP=(x+y+2) (xJA2 +yIB? —I—Z]OQ) — (a2yz+b2zx—|—02xy)
& a*yz + bz + Fay + (2 +y + 2) (uz + vy + wz) =0

V6i 12 — TA? = u,r?> — IB? = v,r? — IC? = w.Vay phuong trinh téng quéat ciia mot dudng tron

trong toa do ti cu la
a*yz + b2z + Cay + (v +y + 2) (ur + vy + wz) =0

Cho trude 3 diém véi toa do (zy,y;, 2:) (i = 1,3), ta giai hé phuong trinh a?y;z; + b?z2; +
ryy; + (1 + vy + 2) (uz; +vy; +wz;) = 0 dé tim u, v, w, tit d6 suy ra phuong trinh duong tron.

2.5. Phuong tich ctia mot diém d6i véi dudng tron ngoai tiép tam
giac cd sa
Tit ddng thiic da thiét lap 6 muc 2.3.1, ta suy ra phuong tich ctia diem M (d, e, f) dbi v6i duong
tron (ABC) 1a
_alef + P fd+ cPde
(d+e+[)

Prj0) = OM? — R* =

2.6. Phuong trinh dudng dbi cuc

Ta sé viét phuong trinh duong ddi cyc d ctia mot diem M(d, e, f) dbi véi dusng tron (O; R)
ngoai tiép tam giac co sé. Goi P(z,y, 2)

— ¢ dOA~|—eO§+fOZ% :EOA+yO§~I—zOZ%
OM -OP = .
d+e+ f rT+y+z
1

2 1 2 2 2 2
NPT <(d1:—|—ey+fz)R —|—§(dy(2R — ) +dz (2R* - b°)

+ex (2R* — &*) + ez (2R* — a*) + fz (2R* — V°) + fy (2R* — d°) ))

5 z (U f + ce) + y (*d + a*f) + z (a®e + b*d)

=R (d+e+ flz+y+2)

Taco Pede OM-OP = R? & a(D*f + Pe) +y(Pd+d*f) + z (a*e+ b*d) =0
Vay phuong trinh dudng déi cuc ctia diém M (d, e, f) d6i v6i dusng trong (O; R) la

I(b2f+026) +y(02d+a2f) +z(a2e+b2d) =0
2.7. Hinh chiéu vuéng géc va phép déi xiing truc dbéi véi dudng canh

cua tam giac co sé

Gia st diem M(d, e, f); I, J, K 1a cac hinh chiéu vuoéng géc ctia M len BO,CA, AB; X,Y, Z la
anh ctia M qua phép doi xing truc la cac duong thing BC,CA, AB.
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G01D1a hinh chleu vuong goc cua A léen BC'. Ta c¢6 SC?+?— ﬁ;»cﬁﬁ :ScﬁJrI?.
\ﬁdMA—i—eMB—l—fMC'— 0 nendﬁ—i—el‘g—i—fﬁ— 0. Tu do ta co6

azm = Scﬁ + SBI%

AMA = —eMB — fMC

= (dSc + ea®)IB + (dSp + fa®)IC = 0
= 1(0,dSc + ea®,dSp + fa*)

Tuong tu, ta c6 J(eSc + db*,0,eS4 + fb%), K(fSp + dc?, fSa + ec?,0).
Vi [ 1a trung diém M X nén XM = oX[ = X(—da?*2dSc + ea?,2dSp + fa?).
Tuong ti, ta c6 Y (2eSc + db?, —eb?,2eS4 + f0?), Z(2fSp + dc?,2f S + ec®, — fc?).

2.8. Dinh ly Ceva dang vector

Cho cac diem M (0,v,w), N(u,0,w), P(u,v,0) véi u + v +w # 0. Khi d6 AM, BN, CP dong
quy tai diem G(u,v,w).

Ching minh.

Goi G(u,v,w). Theo chiing minh diéu kién dt 6 muc 1.2, ta suy ra A, M,G,B,N,G,C, P,G.

Vay ta c6 diéu can chitng minh.

2.9. Hai diém lién hgp dang giac

Cho diém M (zar, yar, 2a) (Tar Yar, 2 # 0). Khi d6 diém lien hop ding giac ctia M dbi véi
2 2 2
tam gidc ABC' la N (a_ — C—)
Ty Ym M

Chiing minh.
Goi N la diém lien hop dang giac ctia M déi véi tam giac ABC; P, Q la giao diém ctia AM, AN
véi BC. _

1B _ Slarg AB - Al JB AB-AJ

Y056 T Sasey | AC-AJ M NTE T T ac Al

IB JB AB? M ZN_C2

:>_._ R

JCc IC¢  AC? ym yn b
yvyn U Ty a_2
b

Suy ra —

Tuong tu, ta co = —=; =
TN a ZMRN

a? b A
= (foN,yMyN,ZMZN) = (a27b2702) = (xN,yN,ZN) = <x_7 y_’ z_>
M YM ZM

2.10. Cong thic Conway

Cho tam giac ABC va P la mot diém thoa méan BOP = aQ, CBP = Bvoi —— < a, B < 5 Goc

a mang dau duong hosic am phu thudc cac goc BCP va BCA cung hu’(’jng hay ngugc huféng.
Khi d6 toa do cta P 1a (—a?, Sc + Sa, Sp + Ss).
Chiing minh.
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N
P
Ta cb N
Spey  OP-CA-sin (c4.cP) _ bsin(C+a)
Sl CP.CB-sin (c_ﬁ C_é) asina
Tuong tu

Sipap) _csin(B + )
SipBC] asin

Do d6 toa do cta diém P la

(—a bsin(C + a) csin(B + B)) _ (—a2 absin C'sin(C' + ) acsin Bsin(B + 6))

sinae sin 3

sin C'sin « ’ sin B sin 3

= (—az, SC + Sa, SB + Sﬁ)

2.11. Dién tich tam giac

Cho tam giac PP, P; v6i cac dinh c6 toa do (z;,vi,2) (i = 1,3). Khi d6 dién tich tam giac
P, P, Py dugc tinh theo cong thiic:

1 Y1 z1
Ty Y2 Z2
S[P1P2P3] - T3 Y3 Zz3

3

[T(zi +vyi +2)
i=1

S(aBc)

I Y1 2
Tit d6 ta cling suy ra dugc dieu kien dé 3 diem (z;,y;, z;) thang hang 14 |z, ys 29| = 0.

T3 Ys Zz3
Chitng minh.
- N 19S5 — 1152 Y251 — Y152 2951 — 215
bat S;=a,+yi+2 (1=1,3),u= U= y W= ’
a Sas ~|—?iq—|—z(z ) )US 51525 v 5.3, w S5,
o T301 7 7103 151_5'?1 3 U= ys iS’l_Sfl 3, 2515:;31 3; O 1a mot diém bat ki trong mat ph&zmg.

Theo cong thiic da thiét lap ¢ muc 2.2, ta c6

— —

PP, =uOA + UO? + wO?; P P; =40A+ v'@ + w'O?
Chayrang v +v+w =1 + v 4+ w = 0 nén ta c6

ﬁzu(ﬁ—@)—l—v(@—@):uﬁ—l—v@
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Tuong tu
— —
P1P3 = u’C’A +U/C@

Tit d6 thi R .
P1P2 N P1P3 = <UCA+UC@) A (u'CA—i— UIC@>

= (uv' — vu') (CTzl A C@)

Mat khac, ta c6

w' —u'v = ﬁ : (($251 — 2152) (Y351 — ¥1.93) — (¥351 — 2153) (4251 — 9152))
15253
(2251 — 2152) (Y351 — 91.93) — (2351 — 2153) (251 — Y1.52)
= 291357 — 22y15153 — 21Y35152 + 2115 — 255
— 23Y2S; + 23y15152 + 21925155 — 11915253
=51 (51(9523/3 — x3y2) + Sa(w3y1 — 21y3) + S3(T1ye — xz%))
Lai ¢6

S1(ways — w3y2) + Sa(wsyr — x1y3) + S3(T1y2 — T211)
= T1Y223 + ToY321 + T3Y122 — T3Y221 — TaY123 — T1Y322

1 Y1 21
= |T2 Y2 <2

r3 Yz Zz3

Két hop cac dicu trén, ta c6

T1 Y1 2
T2 Y2 22
T z —
PR APE =5 % = ((JA A c@)
515995

Chu y rang
— — ——
P1P2 VAN P1P3 - 2S[P1p2p3}, CA VAN C@ - 25[,430}

Ta c6 dieu phai chiing minh.
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2.12. Toa do ti cu ctia mot sé diém dic biét trong tam giac

Dudi day 1a toa do ti cut ctia mot s6 diem diic biét trong tam giac, cac diem duge sap thi tu ti

X, dén X trong [5].

Diém

Toa do tI cu

Tam duong tron noi tiép

a,b,c)

Trong tam

17 Y )

Tam dudng tron ngoai tiép

GQSA, b SB, 250)

Truc tam

53507 SCSA7 SASB)

Tam duong tron 9 diém (tam Euler)

A),ccos(A— B))

Diém symmedian (diém Lemoine) K

a®,b%, c?)

< 2
biém Gergonne

(p=b)p—0c),(p—c)p—a)lp—alp-0)

Diém Nagel

p—a,p—>byp—c)

Diém Mittenpunkt

a(p —a),b(p —b),c(p —c))

Tam Spieker

(
(
(
(
(acos(B — C),bcos(C —
(
(
(
(
(

b+c,c+a,a+b)

Chi tiét vé cac diém dac biét trén cac ban c6 thé xem tai dia chi:
http://forum.mathscope.org/showthread.php?t=4986
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http://forum.mathscope.org/showthread.php?t=4986

3. Cac bai toan
3.1. CAc bai toan ching minh dong quy

Bai 1. Cho tam gidc ABC nai tiép (O) va ngoai tiép (I). Cac dudng thang AO, BO,CO
cat (O) tai D,E,F. ID,IE,IF cit BC,CA, AB tai X,Y,Z theo thi ty. Chiing minh réng
AX, BY,CZ dong quy.

Loi gidi.

Néu tam gidc ABC vuong, chang han tai A. Khi d6 BY,CZ = BC, bai toan hién nhieén ding.

Vi vay ta chi can xét véi tam gidc khong vuong, khi d6 Su, Sg, Sc # 0.
C2SC
b2Sp

Phuong trinh dudng thang AD : ¢?Scy = b*Spz = 2 =
CQSC
2 N LN 2 ~ z = 2 ’
= toa do cua D la nghiém cta hé b2Sp
a*yz + Vzx + oy =0

Cho x =1, ta c6 he:

CQSC
z = :
S, Y
a*yz + b2z + Ay =0
9 9 2
i . . . _—
VO e, TV g TV g,

& y*a*ctSe + yb*’c? (S + Sc) =0
_b202 (SB + Sc) B b?

Sy =

a?c2Sc _S_c
c? b? 2
Tuong tu, tacé 2= —— = D (1,———,——— | = (=SpSc, b*Sp, *Sp).
SB SC SB

Suy ra duong thang ID c6 phuong trinh

be (cSc — bSp) x — cSc (Sp + ca)y + bSp (Sc + ab) z =0

7SB+C(I’SC+(lb
Bang cach hoan vi vong quanh a, b, ¢, ta tim dude toa do ctia Y, Z. Suy ra AX, BY, CZ dong

] b
Phuong trinh dudng thing BC 12 = 0= X = BCNID = (o 5 _cbe )

14



U

quy taiJ( GSA bSB CSC )

Si+bc’ Sg+ca’ Sc+ ab

Bai 2. Cho hinh binh hanh ABCD, céc diém M, N ndm trén cac duong thing AB, BC.
Goi I, J, K lan lugt 1a trung diem DM, M N, DN. Ching minh ring A, BJ, CK dong quy.
Loi giai.

A D

B N C

Vi ABCD 1a hinh binh hanh nen DA + DC = DB = D(1, —1,1).

M € AB = M(zpy,ym,0); N € AC = N(0,yn, 2n)-

I 1a trung diém AB < I chia doan AB theo tis6 —1, suy ra I(2za + Yn, —Tar, Tas + Yns).
Phuong trinh duong thang Al

—ZT M
Y@y +ym) iy =08y = ——
Tyt Ym
Tuong ti, phuong trinh duong thang CK
—xz
ven +ylyny +an) =08 y= —
YN + 2N
, raz 26T
Goi G(zg,ya, 2¢) la giao diem cua Al va CK, ta ¢ TGN —yg = _SGOM
YN + 2N Ty + Ym

= zezn(Ty +ym) = 2oy (Yn + 2n)

J 1a trung diem M N, suy ra J(zy(yn + 2n), yur(yn + 25) + yn (@ + yar), 2v (Tar + yar)). Do
d6, duong thang B.J c6 phuong trinh zzy (2 + yar) = 220 (yy + 2n).

Tt d6 suy ra G € BJ hay Al, BJ,CK dong quy. O

Bai 3. Cho tam giac ABC. Dudng tron noi tiép (I) ctia tam gidc theo thi ty tiép xtc
Véi cac canh BC,CA, AB tai X,Y,Z. Pat M = BY N\ XZ, N = CZN XY. Goi E, F theo thi
tu 1a trung diém ctia MY, NZ. Ching minh rang AI, Y F, ZE dong quy.

Loi gidi.
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1 1 1 1 1 1
Ta ¢6 I(a,b,¢), X (0, —, —— ),V 0,— )., Z ,—— 0
p—bp—c p—a p—c p—a p—>b

Suy ra phuong trinh dudng thang BY
(p—a)r=(p—0c)
Phuong trinh duong thing X 7

(p—a)z—(p-0y+(p—cz=0

1 2 1
Do d6 M ¢6 toa do théa man 2(p—a)x:(p—b)yzQ(p—c)z:>M< , , )
p—ap—bp—c
1 1 1 1 1

Dat Ty = + T = + +—

p—a p—c p—a p—=b p-—c
E la trung diém MY = E T , 73}, T).

p—ap-—bp-c
Suy ra phuong trinh duong thing ZE
T T 1

o 0e-0 Y o-ab-0 " r-ap-07 |

Tuong ti, ta c6 phuong trinh duong thang Y F

—- T +y- LS —e——y
D ET R N

Goi J la giao diém ctia Y F vi ZF thi toa do clia J thdéa méan hé

_wJ.—T +yj.—T + 25 1 =0
(p—%@—@ (p—@g—@ <p—@¥—w2
o= Y a0 h-aw-b "
Tt hé suy ra
T T
h—ab-0 U h-ap- Y h-ap-? 7 h-ap-b

“oara T ) e )

1 1 2 1 1
-1 + =1 +
p—c\p—a p-—>b p—b\p—a p-c

&y =bzy

Mat khac, duong thang Al c¢6 phuong trinh cy — bz = 0. Suy ra J € Al hay AI,YF, ZE dong
quy. U

Bai 4. (bai toan vé diém Vecten) Cho tam gidac ABC, dung ra phia ngoai (vao trong) 3
hinh vuong trén cac canh tam giac. Khi dé cdc duong ndi mot dinh clia tam giac véi tam hinh
vuong dyng trén canh déi dien dong quy tai diém Vecten ciia tam gidc ABC.

L&i gidi.
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A

Xét truong hgp cac hinh vuong dung phia ngoai tam gidc. Goi tam cac hinh vudéng nhu hinh
vé. Ap dung cong thitc Conway, ta c6

Ay(—a* Sc+ 8,88+ 8),Bi(Sc + S, —b*, S4+5),C1(Sp + S, 84 + S, —c?)

Néu AABC c¢6 mot goc biang 45° hodc 135° thi bai toan hién nhién ding. Ta chi xét v6i tam
gidc khong c6 goc nao bang 45° hodc 135°. Khi d6 S, + S # 0 véi a = A, B, C.
Do d6 ta co

Ai(—aX(Sa +8), (Sc + ) (Sa + S), (Sa + S)(Sp + 5)), ...

Suy ra cac duong néi mot dinh clia tam gidc véi tam hinh vuong dung phia ngoai dong quy tai
diém Vecten ngoai (duong) V, c6 toa do

((Se + 9)(Sc +5), (Sc + 5)(Sa+ 5), (Sa+ S)(Sg + 9))

1 1 1
Sa+S8"Sp+ 8" Sc+ S
= ((cot B+ 1)(cot C' + 1), (cot C' + 1)(cot A + 1), (cot A + 1)(cot B + 1))

Tuong t ta c6 diem Vecten trong (am) V_ v6i toa do

(S = 5)(Sc = 5), (Sc = 5)(5a = 5), (54 = 5)(Sp = 5))

1 1 1
Sa—S"Sp—S5"8Sc—-8
= ((cot B—1)(cot C' — 1), (cot C —1)(cot A — 1), (cot A — 1)(cot B — 1))
Mat khac

cos(B — ()

(cot B+ 1)(cot C 4 1) + (cot B — 1)(cot C — 1) = 2(cot Beot C' +1) = 2- SnBenC

Do d6 duong thing néi hai diém Vecten di qua diém c6 toa do

sin BsinC'’ sinC'sin A’ sin Asin B
= (sin Acos(B — C),sin B cos(C' — A),sin C cos(A — B))
= (acos(B — C),bcos(C — A),ccos(A — B))

(cos(B —C) cos(C — A) cos(A — B))

17



chinh 1a tam Euler clia tam gidc ABC'. Vay ta c6 mot tinh chat ciia hai diém Vecten: hai diém
Vecten thang hang véi tam Euler ciia tam giac ABC. U
Ta c6 bai toan tong quat hon sau: Cho tam giac ABC, dyng cac tam giac can cling huéng
XBC,YCA, ZAB va cac géc 6 day bing nhau va bang 0. Khi d6 cac duong thing AX, BY,CZ
dong quy tai diém

= < 1 1 1 >
* T\ S4+ 5y Sp+ Sy’ S+ Sy
Tam giac XY Z dugc goi 1a tam giac Kiepert va Ky duge goi 1a tam thau xa Kiepert véi tham
s 0.

3.2. CAc bai toan vé dién tich

Bai 1. (Dinh Iy Routh) Cho tam gidgc ABC, cac diem M, N, P nim trén BC,C A, AB va chia
cac doan BC,C A, AB theo cac tisdm:1,n:1,p: 1. Goi S; la tam gidc tao bdi giao diem clia
cac duosng AM, BN, CP; S, la dién tich tam giac M N P. Khi do:

1. S, = (mnp —1)° Sapc
' (mn+m+1)(np+n+1)(pm+p+1)
mnp + 1
2. Sy = S
2T m+ )+ )(p+ 1) P
Loi giai.

Ta c6 D(0,1,m), E(n,0,1), F(1,p,0).
Goi I 1a giao diém ctia BN, C'P, cac diem J, K dugc xac dinh tuong ti. Ta tim duge I(n, np, 1),
J(1,p,pm), K(mn,1,m). Suy ra:

n np 1
1 p  pm
mn 1 m
Sl = : SABC

(mn+m+1)np+n+1)(pm+p+1)
(mnp — 1)*
(

(mn+m+1)(np+n+1)(pm+p+1)

Sapc

mnp + 1
m+1)(n+1)(p+1)

Sapc = ( Sapc
Dinh 1y Routh chinh 14 mot tong quat ctia dinh 1y Ceva va Menelaus: Néu mnp = 1 thi
Sy = 0= AM,BN,CP dong quy. Néu mnp = —1, Sy = 0 = M, N, P thiang hang. O

Bai 2. (Cong thiic Euler) Cho tam gidc ABC noi tiép (O; R). M 1a mot diem bat ki trong

mat phang tam giac. Goi Ay, By, C; lan lugt 14 hinh chiéu vuong goc ctia M len BC,CA, AB.
.ol , PlA1B:1CY] iPM/(O)
Khi do6 ta c6 ———— =
SiaBcy CAR2
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Loi gidi.
Ta ¢6 A1(0, 20 Sc + yma®, 20Sp + 2ma?), Bi(ymSc + xarb?, 0, yarSa + 2ab?),
C1(z0SB + i c?, 20 Sa + yarc?,0). Chu ¥ rang ta c6

.’EMSC + yMa2 + mMSB + zMa2 = aQ(xM + Ym + ZM)

va hai dang thic tuong tu. Suy ra

0 :EMSC + yMa2 Q?MSB + ZMCZ2
yarSc + xarb? 0 yarSa + zarb?

S[AlB1C1} o ZMS’B‘l’l’]wC2 ZMSA+yM02 0

S[ABC} a2b202(asM + yp + ZM)S

_App—a)lp—b)(p—c) a*yyrzu + VP + Cryym

a?b2c? (xp + ym + 2um)?
_ 45[21430] . azyMZM + bQZMJZM + CQJZMyM
a?b2c? (xar + ynr + 21)?

__Pwo
AR?

Bai 3. Cho tam giac ABC. Trén dudng thang BC,C'A, AB lan luot ly cac diem A, B, C".
Lay cac diém A", B”,C" sao cho AA' = kAA" BB' = kBB" C'C" = kCC” (k 1a s6 thuyc khac

0). Khi d6 k*Sjarprcr) = Siarpien + (k= 1)(k — 2)Sasq)-
L gidi.
GOI A/(O,\yl, 21>, B\/(332, 0, 22)7 C/(Q?g, Ys, O)

7 —
Ta c6 AA" = kAA" & A"A' = (1 — k)A”A. Suy ra A"((k — 1)(y1 + 1), 41, z1). Tuong tu, ta c6

B" (w2, (k — 1)(w2 + 22), 22), C" (%3, y3, (K — 1) (w3 + y3)).

Dat P = (y1 + 21)(22 + x2)(x3 + y3), @ = 12203 + 2122Y3, R = ys22(v1 + 21) + Toy1 (23 + y3) +

z123(79 + 22) thi P = Q + R. Dang thitc can chiing minh tuong duong véi:

(k= 1)(y1 + 21) Y1 Z1 0 vy 2
T2 (b — 1) (22 + 22) ) 2 0 2
> T3 Ys (k—1)(zs+ys)| oz ys O B B
k 15D = g Tk-Dk-2)
E-=1P2*P+0—-(k—1R Q
@kQ-( ) 15D ( ) =7 (k—1)(k—2)

Sk-1PP+Q—(k—1DR=kQ+k(k—1)(k—2)P
S k-1°*P—(k—1)(Q+R)=k(k—1)(k—2)P
S (k—-1PP—(k-1)P=k(k—-1)(k—2)P

Dang thtic cubi ding do ta c6 (k—1)> —(k—1) = (k—1) ((k—1)2—1) = k(k — 1)(k — 2).

Vi vay kZS[A//B//c//] = Spe + (k—1)(k — Q)S[ABC]'
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3.3. Cac bai toan khac

Bai 1. Cho tam giac ABC khong vuong tai C, AD, BE 1a cac dudng cao va AP, BQ la cac
duong phan giac trong (D, P € BC va E,Q € CA). Goi I,0 lan lugt 1a tam dudng tron noi
tiép va ngoai tiép tam gidc ABC. Chiing minh ring D, F, I thang hang khi va chi khi P, Q, O
thing hang.

Loi gidi.

B D P C

Ta c6 O(a*Sy,b*Sp,*Sc), I(a,b,c), D(0,Sc, Sg), E(Sc,0,S54), P(0,b,¢),Q(a,0,c). Dicu can
chiing minh tuong duong véi

a’Ss V2Sp Seq a b ¢
D, = 0 b C =0 Dy,=10 SC SBZO
a 0 c Sc 0 Sa

Ta c6 Dy = abe(aS4+bSp —cSc), De = Sc(aSa+bSp — ¢Se). Vi tam gidac ABC khong vuong
tai C nén Sg # 0. Do d6 D; =0< aS4+bSp —cSec =0« Dy =0. O

Bai 2. Cho tam giac ABC. Goi D, E, F 1a anh ctia A, B, C' qua phép dbi xtng truc BC, CA, AB
theo thit tir. Chitng minh rang D, E, F thang hang khi va chi khi OH = 2R v6i H 1a tryc tam
va (O; R) la duong tron ngoai tiép tam gidc ABC.

Lévi gidi.
Ta c6 D(—a?,2S¢,258), E(2Sc, —b?,254), F(2Sp, 254, —¢?).

—a2 QSC 253
Do d6 D, E, F thang hang < (2S5 —b* 254| =0

QSB QSA —02
& (a® + b2 + ) (2(a®V® + b2 + 02922) - (a* 4+ b*+¢*)) — 5a22b22022 =0

S5a“bc Sa b c

@a’ 4= 2(a?b? + b2c® + 2a?) — (a* + b* + ) B 1653 5 = 5K
S IR? — (a®> + b2 + %) = 4R?
& OH? =4R? & OH = 2R 0

Bai 3. Cho tam giac ABC khong can tai C, M la trung diém AB, CH,CD tuong ting
la duong cao va dudng phan giac trong ciia tam giac ABC. K, L 1a trung diém CH,CD. P la
giao diém ctia CD va M K. Chiing minh rang P, L 1a 2 diém lién hop dang giac trong tam giac
ABC.

Loi giai.
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Ta c6 H(Sg,S4,0), D(a,b,0), M(1,1,0). Suy ra K(Sp,Sa,c?), L(a,b,a + ).
Phuong trinh dudng thing M K

—zc® +yc? + (b —a®)z =0

Phuong trinh dusng thang C'D
br = ay

T do ta co

brp = ayp
—xpc® + ypc® + (a* — b*)zp =0

=

b
Yyp = — - Tp
< b
rpc? (1 — —) = (a®> = V*)zp
rpc® = a(b+ a)zp
b

2
Do d6 (zp,yp, zp) = (ala +b),b(a +b),c*) = (a, b, aj— b)'

Suy ra (zpxr,Ypyr, zpzr) = (a0, ¢?) hay P va L 1a hai diém lien hgp dang gidc trong tam
giac ABC. U
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4. Cac bai tap dé nghi

Bai 1. Cho tam giac ABC, AB < AC , dudng phan giac trong AD (d € BC). Trén tia ddi
cia tia BC' lay F sao cho BAE = BCA, M D cat AB tai K. Ching minh rang EK || AD.

Bai 2. Cho tam giac ABC. Duong tron (I) noi tiép tam giac tiép xtic v6i cac canh BC,CA, AB
lan lugt tai D, E, F. M la trung diém BC. Chiing minh ring AM, EF,ID ddéng quy.

Bai 3. Cac phan giac trong ctia cac géc A, B, C clia tam giac ABC cit dudng tron ngoai tiép
tam giac theo thi tu tai A’, B/, C’. Chiing minh rang dién tich tam gidc A’B’C” 16n hon hoic
bing dién tich tam giac ABC. Dang thiic xay ra khi nao?

Bai 4. Cho tam giac ABC noi tiép dudng tron (0). S 1a mot diém di dong trén dudng tron,
SB cit AC tai M, SC cat AB tai N. Chiing minh ring M N luon di qua mot diém c6 dinh
khi S di dong trén (O).

Bai 5. Cho tam gidc ABC khong can noi tiép duong tron (O). M la mot diém di dong trén
duong tron (O). Duong thang AM cat BC tai A;, As la diém ddi xitng véi A; qua trung diém
BC'. Tuong tu ta xac dinh cic diém B,, Cy. Chiing minh ring AA,, BBy, CC, dong quy tai
mot diem N (M va N duge goi la cap diém "isotomic conjugate" trong tam giac ABC). Chiing
minh ring N luén ndm trén mot duong thang ¢ dinh khi M di dong trén (O).

Bai 6. (VMO 1980) Cho P la mot diém nam trong tam giac A; AyAz. Duong thang PA; cit
canh déi dien tai B;. Goi C; 1a trung diém ctia A;B; va D; la trung diém PB;. Hay so sanh
dién tich hai tam gidc C1CoCs va Dy Dy Ds. (chi s6 i nhan gia tri trong tap {1,2,3})

Bai 7. (IMO 2007) Trong tam giac ABC, dudng phan giac ciia goc BCA cit lai duong tron
ngoai tiép tam giac tai R, cat duong trung tric cia BC tai P, va duong trung truc ctia AC
tai Q. Trung diém ctia BC' 13 K va trung diém ctia AC 1a L. Chiing minh rang tam giac RPK

va tam giac RQL c6 dién tich bing nhau.
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Phu luc: Dinh thitc ciia ma tran 3 x 3

Ma tran c6 thé duge xem nhu mot bang ctia nhiing s6 thie. Néu ma tran c¢6 m dong, n cot thi
n6 con duge ki hieu 14 A,,x,. Mot ma tran c6 sdé hang bang s6 cot duge goi 1a ma tran vuong.
Dinh thiic ctia ma tran vuong chinh la moét gia tri dac trung cho ma tran do, thé hién mot vai
tro rat quan trong trong nhiéu dang Toan c6 lien quan dén ma tran va mot trong s6 dé 1a viec
ing dung trong toa do ti cit dang dé cap.
Cho ma tran
a1 G12 a13
A= lay axp ax;

a31 32 Q33

Ching ta dinh nghia dinh thic (determinant) ctia A, ki hiéu det(A) hodc |A] 1a

@11 a2 13
‘A’: Q21 A22 (23

31 dz2 G33

= G11(CL22G33 - a23a32) - a12(a21033 - G23a31) + 6113(@21&32 - Cl226l31)

Dinh thitc nay duge xac dinh bang cach xét céc s6 hang ctia hang dau tién va mdi sd nhan véi
phan b dai s6 cia n6 roi cong céc tich lai v6i nhau. Phan bu dai s6 clia mot phan tit a;; 1a
dinh thtic ctia ma tran con lai sau khi bé di hang ¢ va cot j clia A va nhan véi (—1)7.

Néu chiing ta da tinh toan thuan thuc véi biéu thiic nay rdi, ta c¢6 thé nhé dinh thiic trén béi

cong thic khai trien sau
|Al = (a11a22a33 + az1a32a13 + a31a12a33) - (a13a22a31 + a23a32a11 + a33a12a31)

Ta c6 quy tac Sarrus (dit theo tén nha todn hoc Phép Pierre Frédéric Sarrus) dé tinh nhanh
dinh thitc: Ghép thém cot thit nhat va cot thit hai vao bén phai dinh thitc rdi lay tich cac phan

tl trén cac duong chéo, sau do cong hoac trit cac tich nhu thé hién trén hinh

OIOIONOOC

@11 Q12 Q13 Qi1 A2
Q21 Q22 G23 A21 A22

a31 G32 G333 a31 Aa32
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http://math.vn/index.php
http://www.artofproblemsolving.com/Forum/index.php?
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