Mot s6 itng dung bét dang thiic
luong giac trong tam giac

. Truong Ngoc Déc
Truosng THPT Chuyén Lé Quy Dén, Quy Nhon

1 Mot s6 dang thitc lugng gidc co ban

Ta xét ba hé thitc lugng giac co ban sau:

1.1 Heé thiic
Véi z,vy, z € R\{-—;E + km, k € Z}

r+yt+z=km

tan r + tan tanz =tanz.tany.tanz &
Y J { x,y,z%%—i—kw,kez

* Dic bist: Néu z,y, 2 e'(o;g) thiz+y+z=n

1.2 Heé thuec.

71
Véi 7,9, 2 € R\{—2- +km ke Z}
tanz.tany +tany.tanz +tanz. tanz =1 &

* Dac biét: Néu z,y, 2z € (0;-—;—) thiz4+y+ 2=

1.3 Heé thic.
Véi z,y,z € R

cos’z + coszy + cos®z + 2cosz.cosy.cosz = 1

T + 2 rT+YyY—2=z2 42— 24z —
———-!_—y——-—.cos S .cosy . COS — _y_=0

2 2 2 2

< COS
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E) thhz+y+z2z=m

* Dac biét: Néu z,y, z € (O; :

1.4 Mot sb6 bat dang thiic ludng giic trong tam giac

Trong phan nay ta chi ching minh mét s6 bit déng thitc lugng giac trong tam giac
ma phan 2 sé ing dung dé chitng minh bt ding thitc dai sb.

1.5 Bat dang thiic.
Ching minh ring v4i moi tam gidc ABC ta cb:

3
cosA+cosB+cosC < —.

2

D4u dang thitc xay ra khi nao?
* Day 1a bat ding thic co ban da duge chitng minh trong SGK 11NC.

1.6 Bat dang thuc.
Ching minh ring véi moi tam gidgc ABC ta co:
A B . C

cos A. cos B. co§ C < sin s sin 5 sin 5
DAu ding thic xay ra khi nao?
Chitng minh.
Ta nhan thay, néu tam gidc ABC khéng nhon thi bit ding thic ding. Xet tam
giac ABC nhon, ta c6

(1 + cos(A+ B)) = cos2A + 5

cos A.cos B = ~ (cos(A + B) + cos(A — B)) < % = sinz—g
' (1)

Tuong tu (1):

22 2)

cos B.cosC < sin

2
cosC.cos A < sin?3

(3)

2
Do céc vé clia chc bat ding thitc (1) , (2) va (3) déu duong, nén suy ra
cos A.cos B.cosC < sin g sin _f_ sin %

Dau dang thic xay ra khi va chi khi tam giac ABC déu.
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1.7 Bét dang thuc.
Ching minh ring véi moi tam gidc ABC ta c6:

3
cos?A + cos®B + cos?C > 7
D4u ding thic xay ra khi nao?
Chung minh.
Ta c6:

| .
cos?A + cos?B + cos’C = 5 (3 + cos2A + cos 2B + cos 2C)

Mait khac:
cos 2A + cos 2B 4+ cos 2C = —1 — 4cos A.cos B.cosC
Va tit bat ding thicl, ta chiing minh:

cos A.cos B.cosC < -é—

L

Tit (4) , (5) va (6) ta co:

| 3
cos2A + cos’B + cos’C > 1

Déu ding thitc x4y ra khi va chi khi tam gidc ABC déu.

1.8 B4t dang thic.
Chitng minh ring véi moi tam gidc ABC ta co:

\w i L

sinA+sinB—cosC <

D4u ding thitc xay ra khi nao?

Chitng minbh.
Ta cob:
sinA+sinB=2sinA+BcosA_B < 23i11A+B =2cos—q.
2 2 2 2
Do dé: _
2
sinA+sinB—-cosC$2cosg-—- 200529—1 = —2 cos—g—}- -+
2 2 2 2
Suy ra: 2
sinA+sinB—cos(C < 5
D4u ding thiic xay ra khi va chi khi:
A=B=%
_om
3

(4)

(6)



1.9 Bat dang thic.

Chitng minh rdng véi moi tam gidc ABC ta c6: cos A+ cos B +sinC < —?3—\-/-: Dau
dang thitc xay ra khi ndo? |
Ching minh.

T c6: A+B A-B . A+B

' cos A + cos B = 2cos -; COS ; < 2cos -|2. (7

Tuong tu: '

_ C + -g C— -g- C— 7-?:-
. T _ <
sin C' + sin 3 2 sin 5 cos—, 2 cos 3 (8)
C+ = C— <
Vi: sin 23<1 COS 23>0

- Tu (7) va (8) suy ra:

-
| . c_T\
cosA+cosB+sinO+sin—g- < 2 (cosA;B + COS ; 3)

A+B+C—-= A+B-C+=

= 4005——21—-————-——3-003-——4-———3 < 4003%
e * . 3\/‘
Tu désuy ra: cos A+ cos B +sinC < — Déau dang thitc xay ra khi va chi khi:
A—B=w
2T 0
C =
3

1.10 Bat ding thic.

Chitng minh rang véi moi tam gidc ABC ta c6: vV3cos A —sin B + v/3sinC <

Déu ding thic xay ra khi nao?
Ching minh. Ta c6:

N | O

~—A+C Z-4aA-cC

cos A +sinC = 2sin (%—-A)+sin0=25in——-——————2 > COS 2 5
SQCOS—-—§—=2COS ; 2 = 9¢0s (-—2-—-:1-)
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Do déb:

\/§cosA—-51nB+\/-smC<2\/_cos (—-B——W) — COS (E—B)

2 2
B =
-2\/5005 (—2——1) — 92cos* (—— E—

B 7\ 3
——2[003(5-—-;) ———é-] +2+

Tu dob suy ra:

t\DIU‘i

I.\DICJ“I

vV3cos A —sin B + V3sinC

D4u ding thiic xay ra khi va chi khi:

1.11 BAat dang thuc.
Chitng minh r3ng v6i mei tam gidc ABC ta cb:

sin 2A +sin 2B + cos 2C < %

D4u dang thitc xay ra khi nao?
- Ching minh.
Ta co:

sin 2A + sin 2B + cos 2C = 2sin(A + B) cos(A — B) + 1 — 2sin*C

: . 9y . 1 ? 3 3
< 2sinC — 2sin“C + 1 = -2 smC—§ +-2-_2

TU d6 suy ra:

NJIQJ

sin 2A + sin 2B 4+ cos2C <

Déu dﬁng thifc xay ra khi va chi khi:
inc=2") ¢z TV oo :
2 G 6
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1.12 Bat ding thie.
Ching minh r3ng véi moi tam giac ABC ta c6:

cos 2A + v/3(cos 2B + cos 2C) > —g.

Déu ding thic xay ra khi nao?
Ching minh.

Ta co: 3

cos 2A + v/3(cos 2B + cos2C) = 2cos®A — 1 — 2\/§éosAcos(B ~ ()

2 :
= 2(cosA — ?cos(B — C)) - gcosz(B -C)—-12> —gcosz(B -C)—-12> ——;-
T d6 suy ra:
5
cos 2A + V3(cos 2B + cos 2C) > ~5-

Déu dang thitc xay ra khi va chi khi:

1.13 Bat dang thiic.
Chitng minh réng v6i moi tam giac ABC nhon ta cé:
2(cos A.cos B+ cos B.cosC + cos C.cos A) < 4cos A.cos B.cosC + 1.

Diu dang thitc xay ra khi nao?
Ching minh. Ta cé:

2cos A.cos B = vsin2A. cot A.sin2B.cot B < -;— (sin2A.cot B +sin2B.cot A)  (9)

Tuong ty (9):

e _ — 1 | -
2cos B. cos C' = Vsin 2B. cot B. sin 2C. cot C < 5 (sin2B. cot C + sin 2C. cot B) (10) .

1
2cosC.cos A = vsin2C.cot C.sin2A4.cot A < 5 (sin2C.cot A +sin2A.cot C)  (11)
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Cong cic bat ding thitc (9) , (10) va (11) vé theo vé ta dudc:
2(cos A.cos B+ cos B.cosC 4+ cosC.cos A) -

< % {cot A (sin2B + sin 2C) + cot B (sin 2C + sin 24) + cot C'(sin 2A + sin 2B)}

= cot A. sin A. cos(B — C) + cot B.sin B. cos(C — A) + cot C.sin C. cos(A — B)

5 [c0s(B + C).cos(B — C) + cos(C + A). cos(C ~ 4) +cos(A + B). cos(4 - B)]

= — (cos2A + cos2B + cos 2C) = — (—1 — 4cosA. cos B. cos C')

T dob suy ra:
2(cos A.cos B+ cos B.cosC + cosC.cos A) < 4cos A.cos B.cosC + 1.

Déu dang thitc x4y ra khi va chi khi tam giac ABC déu.

2 Mot s6 ng dung bat dang thu’c lugng giac trong
tam giac

Trong phan 2 nay chu yéu chitng minh mot s6 bat dang thic dai s6 hodic tim gia
tri 16n nhAt, gia tri nhd nhit clia moét biéu thdc dai s6 c6 diéu kién rang budc ban dau.
St dung cic dang thitc va bat ding thitc htgng gic trong tam gisc da duge chitng minh
trong phan 1, ta c6 dudc cach chitng minh cic bat déng thitc dai s ma néu giai bing cac
phuong phap khéc sé gip nhiéu phic tap va khé khin.

Bai toan 1. Cho ba s6 thyc duong a, b, ¢ thay d6i théa man diéu kién: a+b+c=1
Ching minh rang:
a N b C
a+bc b4+ca c+ab ™

Nhan xét

Tit diéu kién gid thiét va bt dang thic cdn chitng minh ta nhan thiy vai tro cia
cic bién a, b, ¢ nhu nhau, nhung bat ding thitc cAn chiing minh khéng thuin nhit sé tao
cho hoc sinh bién doi dé sit dung cac bat déng thitc ¢d dién nhu Cauchy, Bunhiacopski. . .
rat khé khan. Vigc bién d6i gid thiét va bat dang thic cin chimg minh vé dang:

| [be [ca [ca /a,b /ab [ be
a+bt+ec=A—/—F/—A\/—F1/—/—=1
all b b s cV a

Va ap dung bat dang thicl ta c6 151 giai sau.
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L&i giai Ta cé:

a,—l-b+c=\/921/2+1/2\/gé+\/%\/@=1 (12)
aV b bV ¢ cVY a
Dit:

[ be A Jca B [ab C

E—taﬂ‘é‘; ?"'tan"é': "'c':""ta'nia A,B,CE(O,?’!’)

Tir gid thiét (12) va hé thic2, ta c6 A+ B + C = 7 Ap dung bit ding thic 1, ta cb: .

a N b N c 1 N 1 N 1
—— =ttt ————
atbe btca  c+ab 1+ta.n2§ 1+tan2§ 1+tan2§
= coszé + coszg -+ 00822 |
- 2 2 2 .
1 3 3 3 9
— — A —_ < - —_— = =
2(cos +cosB+cosC)+2_4+2 1
Suy ra:
a N b N C <9
a+bc b+ca c+ab— 4
1

D&u dang thitc xay ra khi vachi khia=b=c= 3
Bai toan 2. Cho ba s thuc duong a, b, c thay d6i théa man diéu kién: a + b+ ¢ = 1.
Tim gi4 tri 16n nhit cha bieu thitc:

a b Vabc

= Tt 1T T oxab

Nhan xét

* V6i gid thiét hoan toan tuong ty nhu bai todnl, nhung viéc tim gi4 tri 16n nhét
ctia bieu thie Q khong dbi xiing véi céc bién a,b, ¢ 14 mdt bai todn kho.

* Khi tiép can dugc cich giai clia bai to4nl thi ta c6 thé bién ddi biéu thitc Q vé
dang lugng gidc ma viéc tim gia tri 16n nhét clia biéu thitc lugng gidc dé khong phite tap
va ap dung bét ding thic 6 ta c6 13i giai sau.

Loi giai
Ta cb: _
bc /ca ca  [ab ab [be
a+b+c=/—s/5 F+4/5A—F/—y/— =1 (13)
aV b bV c cV a
Dat: |
[ be A [ca B Jab | C |
E-ta.n—z-, ‘E‘—t&ﬂgg —C-—tanE,A,B,CE(O,W)
3
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Tit gid thiét (13) va hé thic2,tac6 A+ B+C=mn
Ap dung bit ding thic 6, ta co:

C
Q=——-—-—-}—-——+—-—-—-L—+——-2——-=1+ (cosA-l—cosB+smC)<1+—\/—_
LA ,B ,C 2
1 4+ tan -2- 1 4+ tan -—2- 1 4+ tan -5

Suy ra

maxQ-—-1+-:-))4£ khi a = b=2\/§—3,c=7—-—4\/?;.

Hoan toan tuong ty nhu bai toan2, viéc sit dung bt dang thic 6, ta sé cb dugc 16
giai. bai toand.
Bai toan 3. Cho ba sb thuc dudng a, b, ¢ thay ddi, théa man didu kién: a+b+c=1
Chimg minh ring: |
\/5( bc - \/a,bc) + abc S 2\/5—5.

a+bc c+ab b+ca — 4

LJi giai
Ta c6:

a+b+c==\/%”g+\/ﬁ\/£§+\/a—b\/?3=l (14)
- aV b b C cV a

[ be A /ca, B Jab C

-a-_ta,llE, “‘l;"—ta.n"z'“, ?——tan"’é", A,B,CE(O,W).

T gia thiét (14) va hé thitc 2,tac6 A+ B+ C =
Ap dung bit ddng thic 6, ta cé:

A C B
tanE _ta.n—2— tan—g—- |
Q=V3| —— 5 -~——F|+— "3
1 +tan?— 14 tan®*— 1 + tan®*—
2 2 2
A 1 1
. . 2_—__ . - .
= v/3 | sin > 281]1*0) + 2smB
1
—g(l—cosA—-smC) §sinB
1 V3 \/?3'
- _ 4+ X > L
~3 V3 cos A smB+\/—smC') o 2 4 ;

Suy ra




Bai toan 4. Cho ba s6 thuc duong a, b, ¢ thay ddi théa man didu kién: ab+ bc+ ca = abe
Tim gi4 tri nho nhit cta biéu thic:

a b C
4 —— -

b= a+bc b+ca c+ab

Nhan xét
Tuong ty nhu cac bién doi trén, ta bién ddi gia thiét va bat ding thitc can ching
minh vé dang:

be ca ab bc /ca [ab
ab+bc+ca=abec S A\ —F 4] —F 4] — =] —4 ]| —1] —.
a b s aV b s

Va ' |
- a n b N c ] + 1 N 1
—_——— i Ca .
a+bc b+ca c+ab 1_|__Qg 1—I—? 1+a,_b
- a C
Ap dung bit ding thize 3, cho ta c6 ldi giai sau.
Lai giai
Ta co:

ab+bc+ca=abc¢=>\/EE+\/-CE+\/a—b=\/@1/E\/?E (15)
a b C ayVl bV c

bc ca ab i
\/ — = tan A, 1/——-— = tan B, \/——- =tan(C'; A, B,C € (O; ——).

a b C 2

T gia thiét (15) va hé thicl, ta c6 A+ B+ C =« Ap dung bat ding thic 3, ta cé:

a b C 1 | 1 1
a+bc+b+ca+c—l—ab"1+tan2A+1+tanzB+l+ta,n2C'
= cos’A + cos® B + cos’C 2%
Suy ra. :
II].1]1P=Z khi a = = ¢ = 3.

Bai toan 5. Cho ba sb thuc duong a, b, ¢ thay doi théa man diéu klen ab+ bc+ca = abe.

Chitng minh ring:

a+b c+ab 4,
Nhan xét
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Véi gia thiét tuong ty nhu gia thiét clia bai todn4, nhung viéc ching minh b4t ding
thitc da cho khong déi xitng véi céc bién a,b,c. Ta bién dbi gid thiét vi bht ding thic
can chimg minh vé dang:

be {eca ab be /ca [ab
ab+bc+ca=abcs A\ —F+ 1/ — F | — =] —4]—+—.
a b C aVl b C

Va

Ap dung bét ding thic 8, cho ta cé 18i giai sau.
Lol giai Ta c6:

ab+bc+ca—abc¢>\/—b‘c \/‘ \/7 \/-\/_\/‘ ~ (16)
\/7..1;311,4 \/-_ tan B, \/‘—t&nC A,B,Ce(0;3).

Tit gid thiét (16) va hé thicl, tac6 A+ B+C =
Ap dung bat dﬁng thitc 8, ta cé:

+ v/3( " )= < +V3(5

1
a+bc b-l—ca ¢+ ab 1+1:a‘112

1 + tan2B 1+ tan?C
1
= cos?A + V3(cos? B + cos’C) = ! (cos 2A + v/3(cos 2B + cos 20)) + 5 +V3

2

5 1 4/3 -3
> -7 +5+V3= ‘/_4

4
Vay
_____|_ ¢ >4\/§;§
b+ca cH+ab/ ™ 4
D&u dang thic x4y ra khi v chi khi:
A=-g— a="T4+4v3
| — 3+ 23
12 3

Bai toan 6. Cho ba s6 thyc duong a, b, c thay doi théa man didu kién: abc+a + b = c.
Tim gia tri 16n nhat cla biéu thic:

Q._..



Nhan xét _
* Ta bién ddi gia thiét vA biéu thitc @ vé dang:

1 1
abc+a+b=c©a.b+b.z+z.am1.
Va
' 0 = a b B 1
 14+a2 1402 1 1°
T3

Khi dé thyc hién phép dit 4n phu dua bai toan vé tim gia tri 16n nhit clia mot bigu thitc

lugng gisc nhu sau va 4p dung bét dang thic 4, ta c6 16i giai.

LJi giai ' |
Tit dieu kién ta co:

| 1
ab+br+-a=1 (17)
C C
Dt A B 1 C
a,=ta.1_1—2—, b=t-3.]15, E =t3.11§-, A,'B,OE (O,ﬂ')

Tt gia thiét (17) va hé thic 2,tac6 A+ B+C =
Véi cach dat trén thi

tanA tanB ' |
| 9 D) 1
Q=—“—-'2"-"+——-——-2—---————-=l(si'nA+sinB—-cosC)—-1-
ZA ZB 20 2 )
l1+tan*— 1+tan“— 14 tan“—
2 2 2
cs_1_1
—4 2 4
Suy ra
1 A=B=% a=b=2-——\/§
maxsz, khl “27]. — c_\/g
T3 T3

Bai todn 7. Cho ba s6 thyc duong a, b, c thay d4i théa man didu kién: abc+a +b = ¢
Tim gia tri 16n nhét cia bieu thite:

0= 2(1 + ab) C
(1 +a?)(A+8) 1+

Nhan xét

Tuong tu cich bién ddi nhu bai toan 6, 4p dung bit ding thic 5, ta cé 15i giai.
LJi giai '

Tt didu kién ta cé: -

ab+b—-+-a=1 (18)
c c
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Dit:
| A B 1 C
a—ta,na, b--tan—-z-, . ---ta.n—z-, A, B,C e (0;m).
T gid thiét (18) va he thic 2,tac6 A+ B+C =

Véi cach dat trén thi

2 4+ a® + b? C 1 1 C
Q< T
(1+a?2)(14+8) 14+ 1+4a®* 140 1+4c¢
C |
tan —
=—-—-—1-——-—-+—————1—+—--—-——--2————=1+1(cosA+cosB+sinC)§1+§l-/_§
A ,B ,C ™72 4
1+ tan“— 14+tan*— 14 tan“—
2 -2 2
Suy ra _
A= = e a=b=2—-—\/§
3v3
maxQ=1+—4\/—-_,khi A 6 _, V3
' ‘ E) T3
Bai toan 8. Cho ba sb thuc duong a, b, ¢ thay dé'é thoa mézn didu kién: ab=1+bc+ ca
a b c

a2+1+b2+1+c:2+1

Tim gia tri 16n nhit cha biéu thitc: Q =
Nhan xét
* Khi thay déi gid thiét ctia cic bai toan 6,7,8 bdi cac gia thiét khac ta duge cac
bai todn mdi ma cach gidi khéng thay déi.
* Ta thyc hién phép bién déi gia thiét
11 1 1
ab=14+bc+cas ——-+ -.c+c—=1.
ab b a
* Ap dung bit ding thitc 5 ta c6 cach giai ciia bai toan nhu sau.
Loi giai Tu diéu kién ta cb:

11 1 ] '
ndiiali B =1 19
. b+bc+ca (19)
Dat: 1 A1 B C
a:t&n533=t&ﬂ“2“, C=ta-n'§; A,B,CE(O;W)

Tit gia thiét (19) vA hé thic 2,tac6 A+ B+C=n
~ Vdi cach dit trén va 4p dung bat dang thic 5, ta ¢

C
tan —
| 1 A B 1 |
1+ tan?— 14+ tan?— 1+ tan®*—
2 2 2
1
=-2-(cosA+cosB+sinC)+1
3v 3
T
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Suy ra

4= oo
33 = —'é__}{ a=b=2++3

= —— +1, khi
maxQ 4+: { 2T C=\/§

Bai toan 9. Cho ba sb thuc dudng a, b, ¢ thay ddi théa man diéu kign: ab=1+bc+ ca
Tim gia tri nhd nhit cla biéu thiic:

V3 b- V3.c

'P=a2+1+b2+1_c2+1'
LJi giai
| Tt diéu kdéen ta co: 1 1' .
t et =1 2
ab+bc+ca (20)
. 1 A1 B %
E=tw§’3=t&n§_’c=tw5’A’B’CE(O’W)

Tir gia thiét (20) va hé thic 2, tac6 A+ B+C ==
 V6i cach dit va ap dung bt ding thic 6, ta cb

A B C
v/ 3tan2— tan — v3tan — 1
P=——————2—+————2———-—-———2—-=\/§sin2—4+—sinB—-—\/-3:sinC
A ,B ,C 2 " 2 2
=ﬁ(l-—cosA)—i-lsinB—ésin6‘=*-l/——é(cosA+sinC)+-l-sinB+—[§
2 2 2 2 2 2
L V3_5
- 2 4
Suy ra |
7
oo 2B-5 ) ATZ=g [ a=b=2+3
-— 4 ? C’=E;—r' c=\/§

Bai toan 10. Cho ba sb thyc duong a, b, c thay déi thda man didu kign: ab =1+ bc+ ca.
Tim gi4 tri nhd nhit cia biéu thiec:

1
P= p Y3 V8
a?+1 b +1 c+1
LJi giai
T dieu kién ta cé: , ,
ab-=a+b+ - (21)
c c



Dit:

a = tan A, b = tan B, -1£'=ta.nC' A B,C € (O;E).

Ttrglé.t]:uet (21) vahg thic 1, tac6 A+ B+C=m
Véi cach dat v ap dung bat ding thiic 8, ta cb

- Y A = 2 2B__ 2
P 1+tan?A  1+tan?B 1+ tan®C cos” A + V/3cos 3sin”C
=—(1+0052A)+——(1+00323)—--—(1—-cos2C)-"%-I— (00524+\/§(c0523+cos20))
-2 4 4
Suy ra
7 o= V3
o3 A= g ~ 3
T 12 c=2—.\/§ |

Bai toan 11. Cho ba b thye duong a, b, c thay 48i thoa man diéu kién: abc = a+b+c+2
Chitng minh rang:

2(M+x/E+\/cTa) < 4+ abe.

Nhan xét
sit dyng phép bién ddi
1 1 1 1

GbC—G+b+C+2{=’?bc+ +ab+2*-a'j)—c—-1

" Ta nhan thiy do a,b, ¢ 14 ba sd thyc duong, suy ra:

1 1 1
o it € (0;1).
ip dung bét ding thic 9, ta cb 10i gidi bai toan.
Ti diéu kién ta cb: -
S Rt
be T ab " “abc

Do a,b,c 12 ba sé thyc duong, suy ra:

1 1

1
E,;,E 6(0,1).

it

=cosC: A,B,C € (o;f) .

cos B -—1—-
ca ' Vab
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T dieu kién bai toan, ta cé:
cos’A + cos’B + cos’C + 2cos A.cos B.cosC =1 (22)

Tit gid thiét (22) va hé thic 3,tac6 A+ B+ C =
Khi d6 bat ding thic cin ching minh tuong duong vdi bat ding thic

2 : + : + 1 <44 1 -
‘\cosA cosB cosC/ — cos Acos BcosC
& 2(cos BcosC + cosCcos A+ cos Acos B) < 4cos Acos BeosC + 1

Bit dang thic trén dung, duge suy ra tit bat dang. thic 9.
Diu dang thic xay ra khi va chi khi

A=B=C=—-§<—>a=—*b=c=2.

Bai toan 12. Cho ba s6 thyc duong a, b, ¢ thay d6i thda man diéu kién: ab+be+ca+abec =
4,
Tim gia tri nhd nhit ca biéu thic:

P = ab+ bc + ca + Vab + Vbe + v/ca.

Nhan xét Ta bién doi gia thiét v& dang:

%—3+m+ +2\/b6\/ \/ =1

Va do a, b, ¢ 1a cac sb thye duong nén suy ra: be, ca, ab € (0;4)
L0 giai
Dat

vbe = 2cos A, /ea = 2cos B, Vab=2cosC; A B,C € (O; _72_1') .

T diéu kién bai toan, ta cé:
cos’A + cos’B + cos’C + 2cos A.cos B.cosC = 1 (23)

Tit gia thiét (23) va hé thic 3, tac6: A+ B+C =
Khi dé6 4p dung bit dang thic 2, ta cé:

P = 4 (cos*A + cos®B +cos’C) + 2 (cos A+ cos B + cosC)

=4(1—-2cosAcosBcosC) + 2 (1+4sm§sm§sin g)
=06+38 (sm-;}sm—gsin% — cosAcosBcosC') > 6

Véy’minP=6khiA=B=C=:g<—>a=b=c=1



Bai toan 13. Cho ba sé thyc duong a, b, ¢ thay d6i thdéa man diéu kién: a+b+c+1 = 4abc
Tim gi4 tri 16n nhét cia biéu thic:

v4bc — 1 \/
Q= bc ab

Nhan xét
* Nhin vao gla thiét clia bai toan ta rat khé hinh dung ra day 1a bai toan c6 mbi

quan hé véi cac déng thitc, bat ding thic luong giéc.
* Nhung néu sit dung phép bién doi:
1 1 1 1

a+b+C+1=4abC©ﬁ+E+E+2w—l.

Va nhan thiy a, b, ¢ 12 ba sb thl_rc duong, suy ra:

1 1 1

—_—, — € (0;1).

4bc’ 4ca’ 4ab (0;1)
Tit d6 ta c6 cach dat dé dua @ vé dang lugng gidc ma viéc tim gié tri 16n nhat cia @ don
gian chi diing céng thitc bién déi lugng gidc va st dung bat ding thitc 7.

Ta c6 131 giai sau.
LJi giai
- Tt diéu kién ta cé:
1 1 1 1

—t — G — F+ 22— = 1.
4bc + + 4ab u abe
Do a,b, c 13 ba sb thuc duong, suy ra:
1 1 1
o 1)
4bc’ 4ca’ 4ab € (0;1)

Dat

1 . 1 1 ' ™
—— =2c0s A, ——= =2cos B,—= =2cos(; A/ B,Ce{0;=}.
Vbc Vea vab ( 2)

Tit diéu kién bai toan, ta co:
cos?A + cos®B + cos®’C + 2cos A.cos B.cos C = 1 ' (24)

Tit gia thiét (24) va hé thic 3,tac6 A+ B+ C =
Véi cach dat trén ta cob:

Vabec — 1 4ca — 1 | [1
Q=___?__+__‘/:C_a___.+-1—_4coszA " —1+40052B.\/ 1—-—-—1+«4cosC'

bc ca ab 0s?A cos’B
= 25in2A4 + 2sin 2B — 4sin’C + 4 (25)
Mat khac:
. . 5 . iy | 1\* 1 1
sin 24 + sin 2B — 2sin“C < 2sin C — 2sin“C = —2 smC—-é +§_<_§ (26)
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Tu (25) va (25) suy ra:

1 o7 \/§
Q<2;+4="5=maxQ =5 khi : 12s
=B c=2vV3+3

Ching minh ring: ab+bc+ca<-:-3-

2
Nhan xét
* Nhin vao gla thlet ctia bai toan ta rat khé hinh dlmg ra day la bai toan c6 mbi

quan hé véi cac déng thitc, bat dang thiic lucmg glac.
* Nhung néu st dung phép bién doi tir gia thiét:

(ab)? + (be)? + (ca)? + 2(abe)? = 1.
Va nhén théy a, b, c 1a ba s6 thuc duong, suy ra:
ab, be, ca € (0;1).
Dat

bc =cosA,ca =cosB,ab=cosC:; A, B,C € (O;g) .

T diéu kién bai toan, ta co:
cos®A + cos’B + cos’C + 2cos A.cos B.cos C = 1 (27)

Tt gia thiét (27) vahé thic 3,tac6 A+ B+C =
Lol giai
Bat dang thic can chiing minh dua vé bat ding thitc lugng gisc co ban trong tam

glac:
cosA+cosB+cosC < -g
Dau dang thitc x3y ra khi v chi khi tam gidc ABC déu.
Vay bét ding thdc cin ching minh ding, ddu ding thitc xay ra khi va chi khi
a=b=c= V2
T2
Nhan xét

e Trén day ta chi ing dung ba hé thiic lugng gidc v chin bat dang thic trong tam
gidc dé xay dyng va chimg minh 14 bit dng thitc hodc tim gid tri 16n nhAt, nhd nhét
ciia mot biéu thite dai sb c6 didu kién rang budc ban dau.

4]



e Hoan todn tuong ty ta ciing c6 thé xay dyng va ching minh duge cic bét ding
thitc dai s6 cé diéu kién rang budc ban dau xuat phat ti cac hé thic lugng giadc va cac
bit ding thic lugng gidc khac trong tam giac.
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