Nhin mét s6 bai toan thuan tuy
hinh hoc theo "toa do”

Huynh Duy Thuy
Truong THPT Tang Bat H6, Hoai Nhon, Binh Dinh

1 M3 dau

- C6 nhing bai toan hinh hoc phing kha "héc bia" gay khong it kho khan, tran
tré cho ngusi lam toan.

Vi thé viéc tim hiéu va tudng minh (6 miic do tuong ddi) mot giai phap kha di la
ky vong cua tac gia.

- Stt dung cong cu toa do la gidi phap duge dé cap va luan ban trong bai viét nay.

* Nhitng cau héi rat "ty nhien" duge dat ra la:

- Duyta vao dau hiéu nao , dic diém gl ma ta van dung cong cu toa do 7

- V6i moi bai toan, viéc xay dung hé truc toa do duge hinh thanh qua nhiing cong
doan nao?

- Lieu réng c6 thé xac lap dudc mot nguyen tic chung véi ciac bude thyc hien co
trinh tu trong viéc van dung cong cu toa do hay khong?

2 Muc dich cua bai viét

Bang sy trai nghiem, nguoi viét co6 gang giai dap nhitng cau héi da dat ra véi ude
vong goép mot chit suy nghi bé nhd ctia minh dé cling quy thay co tao ra mot géc nhin
da chiéu vé bai toan rat phd thong va quan trong nay.

* Nhitng ¥ tudng ma bai viét huéng t6i 1a:

- Hinh thanh c¢6 dong lugng kién thic thiét yéu, nén tang lam co sé cho gidi phap
sit dung cong cu toa do.

- Xay dung nguyén tac xac dinh hé truc toa do Dé cac tuong tng v6i mdi loai hinh.

- Kham pha, phan tich nhiéu 1oi giai trén mot bai toan, nhim b sung, hoan thien
kién thitc. Tir d6 hiéu bai toan mot cach thadu dao va c6 chiéu sau.

3 NOoOi dung

* V6i két cau va yeéu cau chung ctlia chuong trinh hién nay, viéc giai toan bang cong
cu toa do duge dac biet nhan manh.
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* Cac nguyén tac can luu tam khi gidi bai toan hinh hoc phéng thuan tiy bing
cong cu toa do.

+ Chon hé truc toa do

- Goc toa do, truc toa do thuong gin lién véi diém va duong dac bigt ciia bai toan
nhu: tam duong tron, dinh géc vuong, trung diem doan thang, chan dudng cao ...

+ Chuyén do6i ngon ngit tit yéu t6 hinh hoc "thuan tiy" sang ngon ngit toa do.

- Chuan hoéa dd dai cac doan thzzmg va don vi truc.

- Tt dé xéac dinh toa do céc diém va phuong trinh céc duong, theo huéng han ché
dén miic thap nhat viec sit dung céc tham sb, diéu chinh gia tri clia cac tham sé dé nhan
dugc nhiing toa do "dep" giup cac phép toan tré nén don gian.

+ Khai thac céc tinh chat va phép toan lien quan dén vécts va toa do nhu:

- Diéu kien theo toa do dé 2 véc to vuong goc.

- Diéu kien theo toa do dé 2 véc to cung phuong.

- Tinh khoang cach duya theo toa do.

- Tinh s6 do ctia géc diya theo toa do ...

+ Véi viéc st dung cong cu toa do, ta da dai s6 hoa bai toan hinh hoc, "bién" nhiing
quan hé thuan tay trong hinh hoc sang yéu t6 vé "luong".

Chinh vi thé "co hoi" giai bai toan "cao hon" va c¢6 "duong 16i" hon.

Diéu nay 1a rat quan trong trong day toan, hoc toan.

- V6i su trg gitdp ctia ¢cong nghé may tinh ta khong "ngai" khau tinh toéan.

Hinh thanh hé truc toa d6 trong mat phing nhu thé nao?

* Bai toan c6 don gidn hay khong , phan 16n phu thuoc vao viéc hinh thanh hé truc
toa do va don vi truc.

* Sau day la cach chon hé truc toa do tuong ting véi nhitng loai hinh don gian va
thuong gap.

Poan AB cb dinh
Ta chon hé truc toa do Dé cac vuong goc Azy :

B thuoc tia Ax

Chuén héa AB =1

A(0;0)

B(1;0)

Hosic chon hé truc toa do Dé cac vuong géc ITry. Trong dé I 1a trung diem doan
AB. B thuoc tia Oz.

Tam giac can
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* Truong hop tam gidc ABC can tai A.
Thong thuong ta xay dung hé truc toa do dé cic vuong goéc nhu sau:
- Ha duong cao tit dinh ctia tam gidc can dén canh doi dien

AOLBC

- Chon hé truc toa do dé cac vuong goc Oxy trong do:
+ O(0;0) 1a gbc toa do.

+ Dinh C thudc tia Ox.

+ Dinh A thudc tia Oy

Chuan héa do dai.

o

OC=c (a,c>0)
OA=a

Khi d6 ta nhan duge C(c;0) B(—c;0) A(0;a) G(0; %) (G 1a trong tam AABC)
Hinh vuéng ABCD

Chon hé truc toa do Dé cac vuong goc Azy
B thuoc tia Ax
D thudc tia Ay
Chuan héa do dai canh hinh vuong bing 2
Ta c6: A(0;0)
B(2;0)
C(2;2)
D(0;2)
Tam hinh vuong 7(1;1)
Trung diém canh AB la P(1;0)
Hinh ch@ nhat
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- Chon mot dinh ctia hinh chit nhat lam gbc toa do.
- Hai canh lién tiép ctia hinh chi nhat ndm trén hai truc toa do.

* Chuan héa do dai:

Khong méat tinh tong quat, ta dat chiéu dai chiéu rong ciia hinh chit nhat lan lugt
la:

2a,2b(a > b > 0).

Khi d6 ta nhan dugc nhitng két qua that dep.

Chéang han: Tam ctia hinh chit nhat 1a I(a, b). Phuong trinh duong tron ngoai tiép
hinh ch@ nhat 1a:

(z—a)’ + (y — b)* = a® + b*

Hinh thoi

4

o |
I"’
w

Dudng tron
- Chon tam duong tron lam goéc toa do.
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- Chon mot duong kinh lam truc toa do.
- Chuan héa do dai ban kinh R = 1.
- Ta ¢6 phuong trinh duong tron.

$2+y2:R2

Hinh luc giac déu

- Trong hinh lyc giac déu, bao gio ta cing chi ra dugc mot duong chéo va mot canh
vuong goéc vii nhau.

- Xét hinh luc giac déeu ABCDEF. Duong chéo AC va canh AF vuong goc nhau.

- Chon hé truc toa do dé cac vuong goc Axy trong do:

+ A(0;0)

+ F thuoce tia Ax

+ C thuoc tia Ay

- Chuan héa do dai:
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Dé c6 nhiing toa do "dep" khong mat tinh tdng quat, ta chuan héa do dai ban kinh
duong tron ngoai tiép luc giac déu bang 2h.
Ta ¢6 nhing toa do "that dep": A(0,0)

B(—h,\/3h)
OA = aV3h
C(0;2v/3h)
E(3h; V/3h)

Cac loai hinh khac

* Diéu quan trong can nhan ro rang véi nhiéu loai hinh, ta khong nhat thiét phai
chon hé truc toa do Dé cic vuodng goc (ta van co thé chon hé toa do afin).

- Tham chi c6 nhitng bai toan ta chi can chon mot truc, truc con lai khong can quan
tam t6i, bai toan van giai tot.

- Con hon thé nita, trén cing mot loai hinh, ta c6 thé lya chon nhitng hé truc toa
do khac nhau, nhung van dem lai két qua nhu nhau.

- Nhitng diéu trén duge trinh bay trong phan bai tap minh hoa.

- Nhu vay viéc chon truc toa do khong bi "go bo", "citng nhic", day lai 1a mot wu
diém nita ctia gidi phap st dung cong cu toa do.
Nhitng kién thic thiét yéu trong sit dung cong cu toa do

* V6i viec hinh thanh hé truc toa do trong mit phang, ta giai cac bai toan thudng
gap sau day bang stt dung cong cu toa do.
Bai toan: Tim quy tich diém M

Ta thuc hién nhu sau:

- Goi toa do diém M(z;y).

- Dya vao tinh chat ctia diem M c6 trong gia thiét, ta tinh dugc:

x = h(m)
y =g(m)
v6i m la tham sd thuc

- Khtt tham s6 m, ta nhan dugc phuong trinh dang y = f(z).

- Khi dé, can cit vao diéu kién rang budc ctia tham s6 m ta gidi han duge quy tich
diem M (néu co).

* Truong hop, mot trong hai thanh phan toa do khong phu thudc vao tham s6 m
thi quy tich diém M la dudng thang ndm ngang hodc thang diing.

- Cong doan con lai: gidi han quy tich.
Bai toan : Chitng minh dudng thing (d) di qua mot diém cé dinh

Dé chiing minh dudng thang (d) di qua mot diem c6 dinh ta thuyc hién cac budc
sau:

- Viét phuong trinh dudng thang (d). (Phu thuoc vao tham s6 thic m)

- Bién do6i phuong trinh dudng thing (d) vé dang:

flz,y)m+g(z,y) =0,Vm e R
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- Toa do diém c6 dinh ma duong thing (d) luén di qua khi m thay doi 1a nghiem
cua hé phuong trinh.

{fmwzo

g(w,y) =0

Giai he phuong trinh trén ta dude toa do diém c6 dinh.
Bai toan: Chiitng minh dudng thing (A) ludn tiép xtc véi mot dudng tron cd
dinh

- Viét phuong trinh dudng thing (A) (Phu thudc tham s6 thiyc m).

- X4c dinh mot duong tron (C') ¢ dinh c¢6 tam I, ban kinh R.

- Ching minh d(I,A) = R
Bai toan: Chiing minh diém M di dong trén mot dudng c¢b dinh

Dé chitng minh diém M di dong trén mot duong ¢ dinh, thong thudng ta dinh
huéng giai nhu sau:

- Viét phuong trinh hai duong thang di dong di qua diém M.

- Giai hé phuong trinh ta toa do giao diém M (x,y) véi

z = g(m)
y = f(m)
- Khit gia tri tham sé m ta nhan dudc phuong trinh duong c6 dinh 1a:

y = f(z)

Bai toan: Chitng minh hai dudng thing vuéng géc
-Ta van dung biéu thic toa do ciia tich vo hudng.

7D e b =0

< arao + blbg =0

Bai toan: Chiing minh 3 diém thang hang
- Ta van dung diéu kién dé 2 vécto ciing phuong.

AB=(hk) [ bk
f@:(m,n) m n

Bai toan: chitng minh hai dudng thing song song

- Ta van dung diéu kién 2 vécto cting phuong.
Dang bai: chitng minh hai dudng thing vuodng géc

Cho tam gidc ABC.I 1a tam dudng tron ngoai tiép tam giac ABC, D la trung diém
canh AB, F 1a trong tam ctia tam giac ACD. Ching minh réng: Néu AB = AC thi
IE1CD.

(Dé thi vo dich Anh Qubc)
Cach giai 1: Thuan tiy hinh hoc.

- Goi H va F lan lugt 1a trung diém céc canh BC va AC.
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- AABC can tai A néen AH1BC DF la duong trung binh trong AABC nén

DF//BC Do d6
AH1DF

L
E!

&

&

- Goi N la giao diém ctia AH va CD.
Ta c6: N la trong tam AABC

Suy ra: CN = 2ND

- Goi M la trung diém CD

Ta c6:

MD = MC
S MD+ MN=MC+ MN
& (DN+ MN)+ MN =2DN
< DN =2MN
LN 1
DN 2
Do dé :
ME MN 1
EA ~ DN 2
Suy ra NE//AD
- I 1a tam dudng tron ngoai tiép AABC.D la trung diém day cung AB nén
DI 1L AB Suy ra
DIINE

(1)

(2)

- Tu (@) va @) suy ra : I 1a tryc tam ADEN Do d6 EILCD ( diéu phéai chiing

minh)

Cach giai 2: Van dung cong cu véc to.
Xét tich vo hudng ﬁ @
Ta co:
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EI.CD = (Al — AE)(CB + BD)

— Al.CB + Al.BD — AE.CB — AE.BD

— 0+ (AD + DI)BD — AE.CE — (AD + DE)BD ( Vi AILCB)
— AD.BD + DI.BD — AE.CB — AD.BD — DE.BD

— _AE.CB - DE.BD (Vi DILBD)

— DB.DE — AE.CD

— (DC + CB)DE — (AD + DE)CE

— DC.DE +CB.DE — AD.CB — DE.CB

— DC.DE — AD.CB

— _CD.DE — AD(AB — AC)

—%(0_34 + CB)(AE — AD) — %E(E _Ad)

_ _%(_,@+,ﬁ ~AC) [é(ﬁ+@) —E] _ %E2 + %E.B
_ _%(E _ 240 E@ _ %ﬁ] - %@2 + %,ﬁ.ﬁ

_ _%(,@ —24C) (%ﬁ - %,ﬁ) - %,@2 4 %ﬁ.ﬁ
_ _%,@.ﬁ 4 éﬁ2 + %B2 - %E.ﬁ - %E2 + %E.R
:é@2+%@2—%@2:0

Nhu vay E1.CD = 0 Do d6: EILCD ( diéu phai chitng minh)
Cach giai 3: Su dung cong cu toa do.
Goi O la trung diém canh BC. Dit

A=
© ¢ (a,c>0)
oC=c

Chon hé truc toa do Dé cac vuong géc Oxy sao cho C' thuoc tia Ox, A thuoc tia
Oy.
Ta c6 : O(0,0)
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A(0,a)

C(c,0)
B(—c,0)
D la trung diém canh AB nén D (—70’ g)
E la trong tam AAC'D nén F (%, g)
AABC can tai A nén tam duong tron ngoai tiép I € OA. Do d6 1(0,y),y >0
Bl = (Sy-9)
N 2 2
BA = (¢, a)
Do do, ta co:
—c a
O
(o)
—3c a
.
(53)

Vi D la trung diém day AB nén DI1BA

=
|
Suy ra
DIBA=0
& et (y=5)a=0
setly—5)a=
c? a?
<:>§+ay—§—0



Mat khac

6\ 2 2
2 ay a®
"I 21
1 c? n a?
“2\2 "o
1 .
=3 (0)=0 (do dang thic (3]

Suy ra EILCD (diéu phai chting minh).

* Vai diéu trao doi vé 3 cach giai da trinh bay:

- Nhan xét cach giai 1: VE UN 1

Ta can phat hién ty l1é ﬂ = DN — 3 /

V6i cach giai nay yéu cau nguoi giai phai ¢6 "nhan quan" hinh hoc, nhay bén, nam
chic nhiéu phuong huéng chiing minh. Cach gidi nay tuong doéi phic tap.

- Nhan xét cach giai 2:

V6i cach gidi nay nguoi giai phai c6 ki nang bién doéi vécto dén mic "uyén tham'".

- Nhan xét cach giai 3:

Véi viec chon hé truc toa do Dé cac vuong goc Oxy, viec ching minh EI1CD,
duge dinh huéng 16 rang, don gian dua theo biéu thic toa do ciia tich vo huéng.
Dang bai: chitng minh dang thiic lién quan dén d6 dai doan thing

Trong tam giac ABC gbc ACB = 60°.D, E, F la cac diém tuong ng nim trén céc
canh BC, AB, AC. Goi M la giao diém ctia AD va BF.

Gia sit CDEF la hinh thoi.

Chitng minh rang: DF? = DM.DA.

(Dé thi chon doi tuyén Québc gia Singapore)
Cach giai 1: St dung tam gidc dong dang.
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Ta c6: CDEF 1a hinh thoi nén:

DE//CA
CB//FE

Suy ra:

BCA = BDE = EFA
Do d6: ADEB ~ AFAFE Tu d6 ta dugc:

DB FE
DE FA

{ BED = EAF

Hinh thoi CDEF ¢6 goc DCF = 60° Suy ra: ACDF la tam gidc déu. Do do:
DE = FE = DF

Tu (@) va (@) suy ra:

DB  DF
DF  FA

Mat khac: o

BDF = DFA = 12(0°

Tu (@) va (@) suy ra: ABDF ~ ADF A

Do d6: DFB = FAD

Xét hai tam gidc DM F va tam gidc DF A

Co o
FDMchung
DFB=TFAD

Nén ADMF ~ ADFA

DF DA

DOdO:W:ﬁ

& DF? = DM.DA (diéu phéai chiing minh)
Cach giai 2: Su dung cong cu toa do.
Khong mat tinh tong quat. Ta dit:

Cr=1 .1
CA=a

Chon hé truc toa do Dé cac vuong goc Cxy sao cho A thuoc tia Cx.
Ta c6: C(0,0)

F(1,0)

Ala,0)

1 N
D <§, ?) (Do ACDF la tam gidc deu)
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E(g@)
27 2

Phuong trinh dutng thang CD :

T Y
—=——=V3r—y=0
I3 !
2. 2
Phuong trinh duong thang AE :
r—a Y
2 7
2, V3
2 2

e V3 + (20 —3)y —V3a=0
Toa do giao diém B la nghiém ctia hé phuong trinh.

\/§x—y:0
V3z + (2a — 3)y — V3a =0

xzzai1
NEETE
Y% —-1)

Do do, ta co:
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Phuong trinh dudng thang AD :

Tr —a

Y
; =
S—a V3
2 2
e V3r+ (20— 1)y —aV3=0
Phuong trinh dudng thang BF :

z—1 Y

2—a 3a
20a—1)  2(a—1)
e V3az + (a—2)y — V3a =0

Toa do giao diéem M la nghiém ctia hé phuong trinh.

V3r 4+ (2a — 1)y —aV3 =0
V3az + (a —2)y — V3a =0

_ ala+1)

2@ —-a+1)
~ V3ala—1)
2(a®—a+1)

M( ala+1) V3a(a — 1) )
3

a?—a+1) 2(a?—a+1)

5 2
DA? = <a—%) +<—§> =a?—a+1

Do doé, ta cé:

Ta c6: DF? =1

2
o [ ale+) 11F ) VBale—1)  VB)T 1
2(a2—a+1) 2 2002 —a+1) 2| a—a+1
Suy ra:
DM?DA*=1< DM.DA=1
Vay:

DF? =DM.DA
* Vai diéu trao doi vé 2 cach giai da trinh bay:
- Nhan xét cach giai 1:
O céch gidi nay can phai chitng té dugce 3 cap tam giac dong dang ADEB ~ AFAFE;
ABDF ~ ADFA; ADMF ~ ADFA.

Viéc lam nay kha "long vong".
- Nhan xét cach giai 2:
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V6i viec chon he truc toa do Dé cac Czy, ta dé dang chi ra toa do cac diém D, F, A.
Cong viec con lai 1a xac dinh toa do diém M, sau d6 st dung cong thiic tinh do dai
doan thang.
Céch giai nay khéa "chan phuong" va ro rang ve duong 16i.
Dang bai: - CHUNG MINH DUONG THANG DI QUA PIEM CO DINH. -

TIM QUY TiCH TRUNG DIEM DOAN THANG.

Cho mot diém M nam tity y trén doan thing AB. Dyng cac hinh vuéng AMCD
va M BEF vé cung mot phia v6i AB. Cac duong tron tam P va @ lan lugt ngoai tiép hai
hinh vuong AMCD va MBEF cat nhau tai M va N.

1/ Chiing minh AF va BC cat nhau tai N.

2/ Chitng minh duong thing M N di qua 1 diém c6 dinh.

3/ Tim quy tich trung diém ctia PQ khi M thay doi

(Dé thi vo dich Toan qubc té)

Cach giai 1: Thuan tiy hinh hoc.
1. Chiing minh AF va BC cat nhau tai N :

- Goi K 1a giao diém ctia AC va BF Ta co: KAM = KBM = 45°
Suy ra :
AK1BF (8)

Mat khéc
CM1AB (9)

Tu (8) va ([@) ta duge F' 1a truc tam cia AABC.

Do d6 : AF1LBC

- Goi N’ 1a giao diém cta AF va BC

Ta 6 AN'C' = 90° = AMC

Suy ra 4 diem N’,C, A, M cing nim trén mot duong tron. Do dé6 N’ ndm trén
duong tron tam P.

Twong tu BN'F = 90° = BEF

Suy ra 4 diem N’, B, E, F cing nim trén mot dudng tron.
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tam

AB.

Do d6 N’ nam trén dudng tron tam Q. Nhu vay N’ 1a diém chung ctia 2 dudng tron
P va Q.

Ma AF va BC khong di qua diém M.

Do d6 N'=N

Vat AF va BC ¢t nhau tai N

2/ Chiing minh duong thing MN di qua 1 diém c6 dinh:

- Theo chiing minh trén, ta c6 AFLBC tai N. Ttc 13 ANB = 90°

Suy ra duong tron ngoai tiép tam giac AN B la dudng tron ¢ dinh c6 duong kinh

Goi S la giao diém ctia dudng trung tric doan AB véi phan cung AB khong chia

diém N . Ta c¢b S l1a dlem ¢o dinh.

nén

- Ta ¢o ANM AC’M 457
SuyraMNB ANB ANM—QOO 45% = 45°
Do d6: MNB = ANM = 45°
Tit diéu nay khang dinh ring duong thing M N di qua diém c¢6 dinh S.
3/ Tim quy tich trung diém ctia PQ khi M thay doi:
- Goi K la giao diém ctia AC va BF.
Ta co s
KPM =MQK = PMQ = 90°

KPMQ la hinh chit nhat.
Goi I 1a giao diém ctia 2 duong chéo ciia hinh chit nhat KPMQ. I chinh la trung

diém ctia PQ va KM.

- Tam gidc KAB cé: KAB = KBA = 45° nen AKAB vuong can tai K, ma AB cb

dinh nén K c¢6 dinh.

- Goi O va T lan luct 1 trung diém ctia KA va KB.

-Taco: O vaT cod dinh

-Taco OI//AM

IT//MB

Ma 3 diém A, M, B théng hang nén 3 diém O, I, T thing hang.

Vi M di dong trén doan thang AB (M # A, M # B) nén I di dong trén doan thang

OT (I # 0,1 # T) Vay quy tich trung diém I ctia PQ la doan thang OT ( trit 2 diém O
va T).
Cach giai 2: St dung cong cu toa do.

4

Chon hé truc toa do Dé cac vuong goc Azy sao cho :
B e Ax
D e Ay

Khong mat tinh téng quat, ta gia st AB = 1.

Dat AM =m,0<m< 1

Khi d6, ta c6:A(0,0) B(1,0) M(m,0) C(m,m) F(m,1—m) E(1,1—m) P (
m+1 1-—m

ME
oIz

mRESM) Do
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L]

1/ Chitng minh AF va BC' cat nhau tai N :

Ta co:
ﬁ:(m,l—m)
B?:(m—l,m)

Suy ra:
ﬁ.@zm(m—l)—i—(l—m)m:m2—m+m—m2:0

Do d6 AF 1L BC - Goi N’ 1a giao diém ctia AF va BC Ta c6 AN'C = 90° = AMC

Suy ra 4 diém N’,C, A, M cung nim trén mot dudng tron. Do d6 N’ nam trén
duong tron tam P.

Twong tu BN'F = 90° = BEF

Suy ra 4 diem B, N’, E, F cing nim trén mot dudng tron.

Do d6 N ’ nam trén dudng tron tam Q. Nhu vay N’ 1a diém chung ctia 2 dudng
tron tam P va Q.

Ma AF va BC khong di qua diém M.

Do d6 N'=N

Vat AF va BC cat nhau tai N

2. Chiing minh dudng thang M N di qua 1 diém c6 dinh:

Do hai duong tron tam P va @ cat nhau tai M, N nén MN_LPQ

1 1-2 . 2
Suy ra F@ = (5, Tm) la véc to phap tuyen cua dusng thang M N.
Do dé6 phuong trinh duong thing MN la:

1 1—-2m

5(m—m)+ (y—0)=0

sr+(1-2m)y—m=0

Gid st S(z0;90) 1& diém c¢6 dinh ma dusng thang M N luon di qua khi M di dong trén
doan AB. Ta c6 :

o+ (1 —=2m)y, —m =0,Ym € (0,1)
(o + yo) — (1 + 2y,) m = 0¥m € (0,1)
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Toa do diém S la nghiém ctia hé phuong trinh

1

1
{ $o+y0:0<:> x0:§
2

1+2y,=0 Yo =

2 2 ? Pe 1 _1
Keét luan: Duong thang M N di qua diém co dinh S (5, 7)
3/ Tim quy tich trung diém ctia PQ khi M thay doi

Goi I(z,y) 1a trung diém ciia PQ Ta co:

Ip—i-xQ _2m+1

2 4
_yrtyo 1
4 2 A
Ta co
2m+1<:> 4r — 1
gj: m:
4 2

MaO<m<1Neén0<

- ]_ 3 z ?
<le << 1 Két luan: Qui tich trung diém
2 S 2 1 2
cua P(@ la doan thang nam trén duong thang c¢6 phuong trinh la: y = 7 doan thang nay

song song véi AB va gidi han bdi 0 < x < Z

* Vai diéu trao doi vé 2 cach giai da trinh bay:

- Nhan xét cach giai 1:

Dé ching minh dudng thing M N di qua 1 diém c6 dinh, ta phai chi ra giao diém
S ctia dudng trung triic doan AB vé6i phan cung AB (khong chita diém N) 1a mot diém
c6 dinh, hon thé nita con phai ching t6 dude MNB = ANM

Nhitng dieu trén dit khong phtic tap tuy nhién khé dinh huéng.

- Nhan xét cach giai 2:

+ Viéc giai cac bai toan:

. Chitng minh duong théng di qua diém c6 dinh, tim quy tich trung diém doan
thing, bang cach sit dung cong cu toa do bao gid ciing thuan lgi hon, béi cac bude thuc
hien duge dinh huéng bai bén, r6 rang (diéu nay da trinh bay trong phan kién thiic thiét
yéu).

Bai toan minh hoa 2 cach truc toa do khac nhau

Cho tam giac ABC va D la chan duong cao ha tit A. Goi E va F la cac diém nim
tren duong thing qua D sao cho AE1BE, AF1CF va E, F khong trung D.

Gia st M va N la cac trung diém tuong tng ctia BC va EF. Chting minh ring
ANLNM.

(Olympic Chau A Théi Binh Duong lan thit 10)

Bai giai:
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Cach giai 1: St dung tam giac dong dang.
Ta c6: AEB = ADB = 90° nén tit giac AEDDB noi tiép.

= AEF = ABC (Cimg bu véi AED) (10)

AFC + ADC = 90° + 90° = 180"
nén ti giac ADCF noi tiép
— AFE = ACB (11)
Tu (I0) va ([II) ta suy ra:
AE EF 2EN EN 12)
AB  BC 2BM BM
Tu (I0) va (I2) ta suy ra: AAEN ~ AABM

AAEF ~ AABC =

— ANE = AMB = tit gidc ANMD noi tiép.
= ANM + ADM = 180°

= ANM = 180° — 90° = 90°

= ANLINM

Cach giai 2: Sit dung cong cu véc to.
Goi I 1a giao diém ctia AE va CF
J 1a giao diém ctia BE va AF Ta c¢6 :

ATF + TAF = 90°
AJB + IAF = 90°
Suy ra: AIF = AJB = a (Dit bing ) Ta ¢c6: ADB = AEB = 90° Nen tt gidc
ABDE noi tiép duge. Suy ra:
ABE = ADE (13)

Ta co: o
ADC = AFC =90°
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Nen tit giac ADCF nai tiép duge. Suy ra:
ACF = ADE (14)

Tu (I3) va ([I4) suy ra: ABE = ACF Do d6: AABE ~ AACF Tit do, ta co:

AE BE
F-E AE.CF = AF BE (15)

Xét tich vo hudng FVMN\
Ta c6:

AAN MN = (2@) (2W)
_ (ﬁ + /ﬁ) <ﬁ + (TF>>

— AE.BE + AE.CE + AF.BE + AE.CF
— 0+ AE.CE + AF.BE +0

— —AE.C'F cos ATF + AF.BE cos AJB
= cos a(AF.BE - AE.CF)
=0

Do dé: ANLMN

Cach giai 3: Sttt dung cong cu toa do
Dat
DA=ua
DB=1b (a,b,c>0)
DC =c

Chon heé truc toa do Dé cac vuong géc Dxy, sao cho C' thudc tia Oz, A thuoc tia
Oy.
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Ta c6: D(0,0)

A(0,a)

B(—b,0)

C(c,0)

E(z,y) (z#0,y#0)
F(m,n) (m#0,n+#0)

Suy ra: M <c%b’0)

N(x+m y+n)

2 2
Ta ¢o :
E:(x,y—a)
BE = (z +b,y)
-ll- s
2
B D M c i

Theo gia thiét:

EL@@E.@zO@x(x+b)+y(y—a):0

AF = (m,n — a)
CF = (m—c,n)
Theo gia thiét
ﬁLﬁ@ﬁ.ﬁzO@m(m—c)jtn(n—a) =0

Ta co:

DE = (x.y)
DE — (m,n)
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Do 3 diém D, E, F thang hang. Nen

£:g<:>xn:ym (18)
m n

Tt (I6) ,(7), @) ta duoc.

Ta co:
— (x—l—m_y—i—n—Qa)

— <x+m—c+b_y—|—n)
B 2 )

Suy ra:

:>4FV.]\WV}:(x+m)(x+m—c+b)+(y+n)(y+n—2a)

=z(z+b)+yly—a)+m(m—c)+n(n—a)+m(z+0)
+n(y—a)+z(m—-c)+y(n—a) (20)

Tir (I6) ,(I7), (I8), [0) suy ra: 4AN.MN = 0 Do do: AN LMN
Cach giai 4: * Cach chon hé truc toa do khac: V6i cung cach gidi sit dung cong cu toa
do. - Ta c6 thé chon heé truc toa do Dé cac "thoang" hon, ma van gidi bai toan rat nhanh.
Chon hé truc toa do Dé cac vuong géc Azy, sao cho Ax//EF. Ta c6:A(0,0)

D(d, h)

E(e, h)

F(f,h)

- N la trung diéem doan EF nén N (#, h).

- Viét phuong trinh céc dudng thing BE va BC. Suy ra B (d +e, -
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- Viét phuong trinh cac duong thang CF va BC. Suy ra C (d + f, %)

- M la trung diém doan BC nén ta xac dinh dudc toa do diem M. - Tit dé tinh
duoce tich cac hé s6 goc ciia 2 dudong thing AN va M N bang -1. Két luan: AN LMN

* Vai diéu trao doi vé 4 cach giai da trinh bay:

- Nhan xét cach giai 1:

Tt syt phét hién cac cip tam giac dong dang AAEF ~ AABC, AAEN ~ AABM.

Ta chitng minh dudc ti giac ANMD noi tiép. Day la diém then chét trong cach
gidi bai toan.

- Nhan xét cach giai 2:

Su két hop gitta tinh chat hinh hoc thuan tiy v cac phép bién doi trén vécto, la
mot diém "khong manh" ctia hoc sinh.

- Nhan xét cach giai 3:

V6i viée chon hé truc toa_d(;) Dxy cho ta nhitng toa do dep, phan viéc con lai 1a xéc
dinh dugc toa do cia 2 vécto AN va M N, tuy nhién tinh toan "nang".

- Nhan xét cach giai 4:

Véi cach chon hé truc toa do nhu trén, ta khong quan tam dén sy "c6 miat" cla
truc tung. Bai toan van giai v6i két qua chinh xéc. Day lai 1a mot wu diém nita ciia giai
phép st dung cong cu toa do.

Dang bai : Xac dinh vi tri ctia diém

Cho tam gidc déu ABC, M la trung diém clia canh AC, N la diém sao cho ﬁ =

%1@ . Xéc dinh vi tri diém I trén duong thing BC sao cho INM = 90°.

1

Cach giai 1: Thuan tay hinh hoc.

Diat AB = BC = CA=aKé MELAB ta c6: ME = AM. sin 60° = aT\/ﬁ



AE = AM. cos 60° = %

2
\/5 a a\?2 a\/7
= 2 2: —a _— — —
MN =vME?+ NE 1 —|—<3 4) 6

AE < AN (% < %) nén F nam giita A va N.

— ANM < 90° = 180° — ANM > 180° — 90°
— BNM > 90°

Trén nita mit phang bd MN chia doan BC c6 MNI < MNB néen tia NI nim
gitta tia NM va tia NB = I nam gitta B va C.
Ta c6: BNI = NMFE (cung phu v6i ENM) Do d6 sin

a
BNI =sin NME = —— = V!
S NM ~ o/ 14
6
aV/3 -
BNI = cos NME = - -
COS COS MN a\/? 14
6
2
BI BN BI 3¢
—_— — —_— :> — —_— —
simn BNI  sinNIB V7  sin(NBI + BNI)
14
2
L BI_ 3¢
V7 sin60°. cos BNT + sin BN T cos 60°
14
2
BI 3¢
= =
VToov33V2l VT
14 27 14 @ 1472
2
BI = =
= 15@

. . 2
Vay I nam trén doan BC' va cach B mot khoang bang 1—5BC’.

Cach giai 2: St dung cong cu toa do.
Chon hé truc toa do Dé cac vuong géc Oxy (véi O la trung diem BO).
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L

Diat: AB=BC =CA=2a (a>0) Toa do cac diem: O(0;0)
C(a;0)
B(—a;0)

OA = AC.sin60° = 2a.£ = aV/3 = A(0;aV/3)

2
e

Vi M la trung diéem AC = ]\4(57 5

Ta co6:

Ta co6:




BC (2a;0) = BI = 12—5@

I xéc dinh béi: BI = 1—25@.

* Vai diéu trao doi vé 2 cach giai da trinh bay:

- Nhan xét cach giai 1:

Dé xac dinh dugc vi tri diém I, trude hét ta phai chi ra rang: diém I nam gitta B
va C. Sau d6 tinh do dai doan BI, cac bude tinh toan kha phtc tap.

- Nhan xét cach giai 2:

V6i cach giai nay ta chi c?au_lrl> tim toa do diém I, dua theo biéu thitc toa do cia tich
vo huéng, clia 2 vécto M N va IN |, diéu nay dugce thuyc hien kha don gian.
Dang bai: chitng minh hai dudng thang song song

Cho tam gidc ABC déu, lay M tity y trén canh BC Goi R 1a diém déi xiing ctia M
qua AB.

P 1a diém déi xiing ctia M qua AC. Goi @ 1a dinh thit 4 ctia hinh binh hanh RM PQ).
Ching minh AQ//BC.

Dé thi Olympic 30/4
Cach giai 1: Thuan tay hinh hoc.

Goi E, F lan luot la giao ctia AB va MR, AC va MP. Goi K la giao diém ctia RQ
va AB khi d6 ta c6: AKRM can tai K. Lai c6 KRM = BAC = 60° (cimg bt v6i RMP
vi RQPM 1a hinh binh hanh va AEMF 1a t gidc noi tiép do AEM + AFM = 180°). Do
d6 AKRM la tam gidc déu.

— KMR = 60°
KMP = RMP — KMR = (180° — BAC) — KMR
= 180° — 60° — 60°
= 60"
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QPM = 180° — RMP
= 180" — (180° — 60°) = 60°

Nén o
KMP=QPM

Ta c6 KQPM la hinh thang (KQ//MP), lai ¢c6 KMP = QPM nén KQPM la hinh
thang can day KQ, M P.

Mit khac AC vuong géc v6i M P tai trung diém M P nén ciing vuong géc véi KQ
tai trung diéem KQ.

= Ia\m giéﬁ_ﬂ(@ @n\tai A ¢6 AC viura la duong trung truc vira la duong phan
giac. = QAC = KAC = ACB = AQ//BC
Cach giai 2: st dung cong cu toa do

Goi I 1a trung diém BC.

H=MRNAB
K=MPNAC QAC = ACB

Chon hé truc toa do Dé cac vuong goc Ixy. Dat:

BC = 2a(a > 0)
IM =m(m > 0)
Toa do cac diem: M(—m;0)
C(a;0)
B(—a;0)
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A(0; av/3)

Phuong trinh dudng thang AB :

T _y—ax/g

Gid st H(x;y) ]\ﬁ(z +m;y); B—zzl(a; av/3) Vi

= r.aV3 = ay — a*V/3

MH1BA = MﬁE:O@a(x%—m)%—y.a\/gzo
ST+ y\/§ =-m
(Phuong trinh dusng thang RM).
Toa do diém H la nghiém ctia heé.
—z.aV3 + ay = a*>V3
T+yV3=-m
([ —z.aV/3+ay = d*V/3

z.aV/3 + 3ay = —m.a\/3
& day = a®>V3 —m.aV/3 < 4y = a3 — mV3 = V3(a — m)

V3(a —m)
Gy=——71—
3(a—m) —4m—3a+3m —(m+ 3a)
| #=-m-yV3=-—m— . 4 B 4
Vay

Phuong trinh duong théing AC.

y—av3

a
- = = —z.V/3=y—aV3
X —a\/§ Y

—
MK (z1 +m;y)

z@(a; —aV/'3)

MKLAC = ME.AC =0 = (21 +m).a—y.av/3 =0
<~ T — yl.\/§ =—-m
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= Phuong trinh dudng thang M P :
r—yV3=—m
Toa do diém K la nghiém ctia hé:

—x.\/gzy—a\/g<:> x\/§+y:a\/§
r—yV3=—-m V3 =3y = —mV3

=>4y:\/§(OL+m)=>y:M

4
x:y\/g_m:3(a+m) _m:3a—m
4 4
Vay
K(?)a—m'\/g(a—i—m))
4 4
Ta co:

AQ = AM + MO = AM + ME + MP = AM + 2MH + 2MK
m(_m;_m)

i (3(m—a). ﬁ(a—m)) _ oW H (3(m—a). ﬁ(a—m))
’ 4 2

4 ’ 2

TR <3(a1m); \/§(a4+ m)) NNV <3(a‘2|‘m); \/5(77;+a)>

— A0 (2m:0)
BCi(24;0)

= AQ//BC

* Vai diéu trao doi vé 2 cach giai da trinh bay:

- Nhan xét cach giai 1:

Dé chiing minh duge AQ//BC, ta phai chiing minh Q/R’ —ACB.Y tudng nay la
don gian, tuy nhién viéc thiyc hién phai qua nhiéu cong doan.

- Nhan xét cach giai 2:

Véi viéc chon hé truc toa do Dé cac vuong goc Ixy, dé ching minh AQ//BC, ta
chi viéc xac dinh toa do cia 2 vécto @ va B? )

* Mot dieu khong thé khong dé cap tdi 1a c6 nhitng bai toan hinh hoc phing, néu
ta giai bang cach thuan tay truyén thong thi khé thue hién, trong khi d6 gidi phap van
dung cong cu toa do van kha thi.

Sau day la nhiing bai toan nhu thé.

Dang bai: chitng minh 1 diém di dong trén 1 dudng cbé dinh

240



Cho hinh vuong ABCD.FE la trung diém BC.M la diém di dong tren canh AB. Goi
N, P lan luot 1a giao diém ctia MD va MC véi AE. Goi H la giao diém ctia NC va DP.
I 1a giao diém ctia dudng trung truc ciia doan thang DH véi duong thing vuong goc véi
AH tai H. Chitng minh: Khi M di dong trén canh AB thi I di dong trén mot duong cd
dinh.
Loi giai:

Chon hé truc toa do D& cac vuong goc Azy Chuan héa:AB = 1, AM =m (0 <
m < 1) Toa do cac diém A(0;0)

B(1;0)

C(1;1)

D(0;1)

1
E(1; 5)
M (m;0)
Phuong trinh dudng thang
r_y 1
2
Phuong trinh dudng thang:
—1 _
MD £:y—:>—x:my—m<:>y:m °
m —1 m
N = MD N AE. Phuong trinh hoanh do giao diém:
1 m—x (1 1 )
—r = xr — —_— = 1
m 2 m
2m
Sr=—o0
m+ 2
Ly — L 1 2m  m
YT T 2 T mr2



Vay
N 2m : m
m+2 m+ 2

Phuong trinh dudng thang MC :

r—1 y-—1
m—1 -1
=l—-z=ym—-1)—(m—-1)
m—x

&y =
y m—1

P = MC N AE. Phuong trinh hoanh do giao diém:

1 m—x

' T 1

- 1+ 1 m
€T — =
2 m-—1 m— 1

- m—+1 m
x. =
2(m—1) m—1
2m
=>r=——
m+1
ey — m
y_m—i—l
2 2
Vay P 7771; o Phuong trinh duong thang NC':
m+1 " m+1
r—1 y-—1
2m
m+2 m+ 2
o -2 n 2 m—2+2—m
z. = .
m+2 m+2 ym—l—Q m 4+ 2
- —2 n m m— 2
z. = .
m+2 m+2 ym—i—Q
—2 m
=Y =

‘m—-2 m-2

Phuong trinh duong thang DP

x y—1
2m
m+1 m+1
-1 2m 2m
éx'm+1 "Y1 m+1

@y:x._—jtl
2m
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H = NC N DP. Phuong trinh hoanh do giao diém:

x._—1+1:x. —2 + m
2m m—2 m-—2
2 1 2
<:m(m—2_%):m—2
. 3m + 2 _ 2
2m(m —2) m—2
_dm
x_3m+2
:>y:x._—+1: am ._—1+1: sm
2m 3m+2 2m 3m + 2

4dm . 3m
3m+2"3m+2

Vay H(

Ta thay diem H ludn thuoc duong thang cd dinh y = Zm, D la 1 diém cb dinh va
ta c6 ID = IH. (Vi I thuoc duong trung truc DH) nén I di dong trén Parabol c¢6 dinh
nhan duong thang vy = Zm lam dudng chuan va D la tieu diém.

* Vai diéu trao ddi vé cach gidi da trinh bay:

Y ti vé cach gidi stt dung cong cu toa do & bai toan nay that don gidn va 1o rang.

Do H la giao diém ctia NC va DP nén dé xac dinh toa do diém H, ta chi viéc viét phuong
trinh 2 dudng thang NC va DP.

Tt két qua
4m 3am
H
(3m +27 3m + 2)

ta suy ra dugc diém H thuoc dudng thing cé dinh (d) : 3z — 4y = 0. Mt khac: A € (d)

Ta c6: ID = ITH = d(I;(d)). Tt day c6 duge két luan bai toan.

Nguoi viét cling da thit gidi bai toan nay bang phuong phap thuan tty hinh hoc,
tuy nhien dé c6 dugc két qua "dep" nhu trén la didu khong dé dang, béi viec phat hien
ra tieu diém va dudng chuan ctia Parabol la viec lam khong thuong xuyén trong hinh hoc
thuan tiy.

4 Ket luan
* V6i viee xit 1y céc tinh chat, quan hé hinh hoc bang phép toan dai s6, da lam

phong pht hon "hanh trang" clia ngudi day toan, hoc toan, bang mot giai phap manh
"gidi phap sit dung cong cu toa do".
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