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TU DIEN

VAN PE I: CAC BAI TOAN CHON LOC VE CHOP TAM GIAC

Vi dy 1: Cho tt dién ABCD c6 AD 1 (ABC), AC=AD =4cm, AB=3cm, BC =5cm.
Tinh khoang cach tir A dén (BCD).

Gidi:

AABC vuong tai A

Chon hé truc toa d0 Axyz sao cho:
A(0;0;0), B(3;0;0), C(0;4;0),
D(0;0;4)

Phuong trinh mat phang (BCD) :

§+X+E:1

34 4
& 4x+3y+32-12=0

Khoang cach tir A dén (BCD).
|—12| 12

ez

d[A,(BCD)]

Vi dy 2: Cho hinh chdp tam giac déu SABC canh day la a. Goi M, N la trung diém
SB, SC. Tinh theo a dién tich AAMN biét (AMN) L (SBC).

Gidi:
Goi O 1a hinh chiéu ctia S trén (ABC) = O la trong tam AABC
Goi I la trung diém BC

Ta ¢ AI:BC@:%zOA:%,m:%

Chon hé truc toa d6 Oxyz: O(O;O;O), A[%;O;O], S(O;O;h) (h, a> 0)

www.MATHVN.com 5




Nguyén Phi Khanh ~ www.MATHVN.com

o)
6 6 2 6

- ., 2
= N(AMN) = [AM, AN} [ ;0; 52[]
= H(SBC) = [§§§EJ = (—ah; 0; aZf]

(AMN) L (SBC) = n(amn)-n(ssc) =0

a5
"B
20
a“~10
=S, = 2‘[AM AN}‘ -

Vi dy 3: Cho hinh chép SABC c6 ddy 1a AABC vudng tai C, SA L(ABC), CA=a,
CB=b, SA =h.Goi D la trung diém AB.

1. Tinh cosin goéc ¢ gitta AC va SD.

2. Tinh d(AC,SD), d(BC,SD).

Gidi:
Trong (ABC) vé tia Ax L AC.
Chon hé truc toa d0 Axyz sao cho: A(O;O;O), C(O;a;O), S(O;O;h)

= B(b;a;0), (;’,;,oj
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1. Tinh cosin goéc ¢ gitta AC va SD.
AT(E = (O;a;O)
Ta co: 5 =(E;i;—hj
2°2
acss|
ACSD 12, b2 4 an2
2. Tinh d(AC,SD), d(BC,SD).

= cosQ=

L
d(BC,sp) =k 4 1_
( ) ‘[BC,SDJ‘ Ja2 + 412
e
d(AC,SD)z‘ b

‘[A_C',S_D'}‘ Jb? +4n2

Vi dy 4: Cho AABC déu canh a. Trén dudng thang d L (ABC) tai A 13y diém M.
Goi I14 hinh chiéu cua trong tam G ctia AABC trén (BCM).

1. Chitng minh I Ia triee tam ABCM.
2. GI cét d tai N. Chting minh t¢ dién BCMN ¢6 cac cdp canh d6i vudng goc.
3. Chting minh AM.AN khéng d6i khi M di dong trén d.

Gidi:
Trong mat phéng (ABC) vé Ay L AB. Chon hé truc toa d6 Axyz sao cho:

2 2

A(0;0;0), B(a;0;0), M(0;0;m), C(%;ﬁ;oJ: G[i#;oj
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1. Chitng minh I Ia triee tam ABCM.
BC L MA

{BC 1GI

= BC L AI

Tuwong ty MC L Bl =1 la truc tam
ABCM

Ta c6: =BC L(GIA)

2. Chting minh tit dién BCMN c¢6 cac
cap canh doi vudng goc.

Ta co: Fé = —%(1;—\/3;0)

= (AMI):x -3y =0

— 1
MC:E(a;a\/g;—Zm) |
:>(BGI):ax+a\/§y—2mz—a2=0 td

x—\/gy:O

1= (AMI) A (BGI) B {ax + a\/gy —2mz-a%=0

2 2
Ned=N(0;0;n) va NeGl=n=-——=N| 0;0;-—
2m 2m

BC.MN =0, BM.CN =0, BN.BM =0
Vay BC L MN, BM L CN, BN L CM.

Vi du 5: Cho tt dién OABC c6 OA, OB, OC d6i moét vuong goc. AC=20B,
BC=20A.Vé OM L AC tai M, ON 1L BC tai N.

1. Chitng minh MN 1L OC.

2. Tinh cosMON.

tan* (ﬁ MN
+ =1.

3. D la trung diém AB. Chting minh ——
tan* OCA AB

Gidi:
, |OA%+0C? = AC? ) ) ) )
Ta co: =40B° -0OA° =40A° -OB° = OA =0OB
OB? + OC? =BC?
Pit OA=a=0B = 0C=ay3
Chon truc hé toa d6 Oxyz sao cho: O(O;O;O), A(a;O;O), B(O;a;O), C(O;O;a\/g)
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1. Chttng minh MN L OC.
Rz—a(l;o;—ﬁ)
Phwong trinh tham s6 cua AC:
X=a+t
y=0 (teR)zM(a+t;0;—\/§t)

23t

OMLAC:O—MX&=0©t=—%

=M T; a{j (01 f)

Phuong trinh tham s6 cua

x=0
BC:Jy=a+t (te][\D)
Z:—\/gt
:>N(0;a+t;—\/§t)
a 3a a\/7 —
ON 1 BC=ON.BC = 0:>t——Z =N 0—— = MN.OC=0= MN 1L OC
2. Tinh cosl\m cosl\TOT\I—M 1
OMON 4
tan* OCD MN

3. D la trung diém AB. Chting minh
tan* OCA AB

D3t p=0OCD, o= OCA,OC L (OAB)= OC L OD

OD:—AB—
2

tanf oD 4
a\/_3 ocjtan[?): OD :l
OA 4

2 OA 4
tang=—— AN a

3av2
MN 4 3  tan'p MN
= =— = =+ =
AB a2 4 " tan*a AB

Vi du 6: Cho hinh chép SABC c6 canh day la a dwong cao SH =h. Mit phang ((x)
qua AB va (a)LSC.

1. Tim diéu kién cia h d€ () cdt canh SC tai K. Tinh dién tich AABK.

2. Tinh h theo a d& (o) chia hinh chép thanh hai phéan c6 thé tich bang nhau.
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Chting t0 khi dé tam mat cau ndi ti€p va ngoai tiép trung nhau.

Gidi:
Trong mit phang (ABC) vé Hy L HA.

Chon hé truc toa d0 Hxyz sao cho: H(O;O;O), A[%;O;O], S(O;O;h)

_pl_a¥3.a.] [ _av3.—a
6 2 6 2

1. Tim diéu kién cua h d& (o) cat
canh SC tai K. Tinh dién tich
AABK.

Ta co: ﬁ = —%(a\/g;3a;6h)

:>(0c):ax/§x+3ay+6hz—a2 =0

Phwong trinh tham s6 cta
x:a\/gt

SC:{y=23at (teR).
z=h+6ht

—6h? +a”
12a” +36h’
N K(a3\/§—6\/§ah2 .3a3 —18ah? ) 18a%h ]

SCm(oc):>t:

12a2 +36h2 '12a2 +36h2 12a + 36h>

2
KeSCez- <zg <zg <:>0<&<h<:>h>i
K 12a2 + 36h> Jo
Cach 1:
BN 2
SpapK = l‘[AB,AKJ‘ - &
2 4va? + 3h?
Cach 2:
Goi I 1a trung diém AB = I(% ,% ;oj =IK LSC, IK L AB
‘[SC'SI] 3ah 1 3a%h
IK = - =Sy apx == IKAB=—"2 1
SC 2ya?+3n2 2 4va? +3h2
2. Tinh h
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(o) chia hinh ch6p thanh hai phén c6 thé tich bing nhau khi K 1a trung diém ctia
SC.

2 2 2
:>IC=IS<:>3i=ﬂ<:>h:a\F
4 12 3

Khi d6: ACAB = ASAB=SA =SB=a
2 2
SC? =SH? + CH? =2%+%:>SC=a

= Chép SABC déu.
Vay, tam mat cau ngoai tiép va tdm mat cau ndi tiép cua SABC trung nhau.

Vi dy 7: Cho hai mit phang (P) va (Q) vudng goc voi nhau, ¢6 giao tuyén la duong
théng A. Trén A 14y hai diém A va B véi AB=a. Trong (P) 1ay diém C, trong
(Q) 14y diém D sao cho AC, BD ciing vudng géc véi A va AC=BD=AB. Tinh
ban kinh mét cau ngoai ti€p ABCD va d[A,(BCD)J theo a.

Gidi:
Chon hé truc toa d0 Axyz sao cho: A(O;O,'O), B(O;a;O), C(O;O,'a), D(a;a;O)
Phuong trinh mét cau (S) X2+ y2 +72 —2ax— 2By —2yz=0

a’= 2Ba z
B,C,DeS={a’=2ya

2a% =2aa+ 2Ba

a
o=—
2
= Bzi :Rzﬁ
2 2
=2
=3

n(sc) =| BC,BD | =a? (0;1;1)
= (BCD):y+z-a=0

_a

V2

=d[A,(BCD)]

BAI TAP TU LUYEN.
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Bai tap 1: Cho AABC vudng tai A c6 AB=a, AC=2a. Trén duong thang vudng goc
(ABC) tai A lay diém S sao cho SA =3a. AD la duong cao tam giac AABC. E, F
la trung diém ctia SB, SC. H la hinh chiéu cua A trén EF.

1. Chting minh H 1a trung diém cta SD.

2. Tinh cosin géc CP gitta hai mat phéng (ABC), (ACF).

3. Tinh thé tich hinh chép A.BCFE.

Bai tap 2: Cho tit dién SABC. AABC vuodng tai A c6 AC=a, BC= a\/g, SB = aﬁ,

SB L (ABC). Qua B vé BH LSA, BK LSC (HeSA, KeSC).

1. Chtng minh SC L (BHK).

2. Tinh dién tich ABHK.

3. Tinh goc gifra (ASC) va (SCB)

Bai tap 3: Cho tit dién OABC c6 cac canh OA, OB, OC d6i mét vuong goéc voi nhau.
H 1a hinh chiéu cua O trén (ABC).

1. Chttng minh AABC c6 ba géc nhon.

2. Chttng minh H 1a truc tam AABC.
1 1 1

= + + .
OH®> O0A*> OB* OC?
4.Goi o, B, y lan luot 1a géc gitta cdc mit phang (OAB), (OBC), (OAC) véi mit

3. Chiing minh

2G+COSZB+COSZY=1.

phang (ABC). Chting minh rang cos

Bai tap 4: Cho tit dién OABC c6 OA =0OB=0C =a va d6i mét vuong goc.

OH L (ABC) tai H. Goi A;, B;, C; lan luot la hinh chiéu cia H 1én cadc mat

(OBC), (OAC), (OAB).

1. Tinh thé tich t& dién HA,B,C;.

2. Goi S la diém d6i xing H qua O. Ching minh t& dién SABC déu.

3. Chttng minh OH khéng vudng goc (AlBlCl).

Bai tap 5: Cho tir dién OABC va OA, OB, OC d6i mot vudng goc va OA =a,
OB=av2, OC=c(a,c>0).Goi D ladinh d6idién O cua hinh chit nhét

OADB, M la trung diém BC mit phing (a) qua A va M cat (OCD) theo duong

thang vuong goc AM.

1. Goi E la giao diém (a) v6i OC. Tinh OE.

2. Tinh khoang cach tir C t6i mit phing (o).

3. Tinh dién tich thiét dién tao boi (o) va chop C.OADB.
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Bai tap 6: Cho tir dién OABC c6 OA, OB, OC d6i mot vudng goc.

OA=a,0OB=b, OC=c.

1. Goi I 1a tAm mat cau noi ti€p (S) ctia OABC. Tinh ban kinh r cuia (S)

2.Goi M, N, P la trung diém BC, CA, AB. Ching minh rang géc giita (NOM) cua
(OMP) 1a vudng khi va chi khi aiz - bi2 v Ci2

Bai tip 7: Trén 3 tia Ox, Oy, Oz vudng goc tirng ddi mot 1ay cac diém A, B, C sao
cho OA=a, OB=b, OC=c. Goi H, G la tric tam, trong tam AABC.

1. Tinh OH, OG va S, pc theo a, b, c.

2. Chiing minh AABC c6 ba géc nhon va a? tan A =b? tanB = c? tanC.

Bai tap 8: Cho AABC déu canh a. Trén dudng thang d L (ABC) tai A 1dy diém
S,SA=h.

1. Tinh d[A,(SBC)J theo a va h.

2. Puong thang A L (SBC) tai truec tim H cta ASBC, ching td A ludn di qua diém

c6 dinh khi S di dong trén d.

3. A citd tai S'. Tinh h theo a d& SS' nho nhét.

Bai tap 11: Cho tit dién SABC c6 AABC vudng can tai B, AB=a, SA L (ABC) va
SA=av2. Goi D la trung diém ctia AC.

1. Chting minh khoang cach tir A dén (SBC) gap doi khoang cach tir D dén (SBC).
2. Mit phing ((x) qua A va vudng goc SC, ((x) cat SC va SB tai M va N.

- Chiing minh AAMN la thiét dién gitra ((x) va tit dién SABC.

- Tinh thé tich hinh chép SAMN.

3. Tinh cosin goc ¢ giita mat phang (ASC) va (SCB)

Bai tap 15: Cho AABC déu c6 duong cao AH =2a. Goi O la trung diém cua AH.
Trén duong thang vudng géc véi (ABC) tai O 14y diém S sao cho OS =2a.

1. Tinh géc cosin @ géc gitta (BSA) va (SAC)

2. Trén doan OH ldy diém L Ddt Ol=m (0 <m< a). Mat phéng ((x) qua I vudng
g6c voi AH cét cac canh AB, AC, SC, SB tai M, N, P, Q.

- Tinh dién tich thiét dién MNPQ theo a va x.
-Tim m d€ dién tich MNPQ 13 16n nhat.

Bai tap 20: Cho tit dién SABC ¢ AABC vudng can tai B, AB=a, SA 1 (ABC) va
SA=a. AH L SB tai H, AK LSC tai K.
1. Chting minh rang HK 1 SC.
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2. Goi I=HK N BC. Chttng minh rang B 1a trung diém ctia CL

3. Tinh sin géc ¢ gitta SB va (AHK)

4 Xac dinh tam va ban kinh mat cau ngoai tiép SABC.

Bai tap 21: Trong mat phang ((x) co gbc vudng @ M, N TIan luot di dong trén
canh Ox, Oy sao cho OM +ON =a. Trén duong thang vudng goc véi (on) tai O ldy

diém S sao cho OS=a.
1. Tim vi tri M, N d€ thé tich SOMN 16n nhat.

2. Khi thé tich SOMN 16n nhat, hay tinh:

- d[O,(SMN)].

- Ban kinh mat cau ngoai tiép SOMN.

3.Khi M, N di dong sao cho OM + ON =a chttng minh O/SF/I +O/SI\\I +1\TSN =90°.

VAN PE I: CAC BAI TOAN CHON LOC VE CHOP TAM GIAC
Bai tap 1: Chon hé truc toa d6 Axyz sao cho: A(O;O;O), B(a;O;O), C(O;Za;O),

5(0;0;3a), E(%;O;?’—SJ,F(o;a;?’_;j

1. Chting minh H la trung diém cta
SD.

Ta c6: FE = i;—a;O =3(1;—2,'0)
2 2
Phuong trinh tham s6 cua

x=t
FE:{y=a-2t(teR).
3a
z=22
2

HeFE:m:(t;a—Zt;B—;j
ﬁim:tz%:H(z—a;%;?’a)

SH.BC=0= SH L BC

SD 1 BC (BC LAD, BCLSA , .
: { ( ):>HeSD = H 1a trung diém cua SD do EF la

a
SH 1 BC

duong trung binh trong ASBC = D(A%a ;% ; j
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2. Tinh cosin géc CP giita hai mat phang (ABC), (ACF).
Tacé BC L (SAD) =FE L (SAD) do FE song song véi BC

(SAD)n(ABC)= — (4:2:15)(2:1,0) 2
= CosQp= COS(AD,AH)‘ & cosp = ==
(SAD)n(AEF)= AH V16+4+224J4+1+0 7
3. Tinh thé tich hinh chép A. BCFE
Ta c6V gy = %‘[Ts, AE AF‘ vASBC = —AS ABAC =2’

ﬁ

Vay V, perr = Vasse — Vaser = 4

. 1 1 a’
Chay: S,ggp = 4 Sasc = Vaser = ZVASBC = 4

Bai tap 2: Trong (ABC), vé Bx L BA. Ta c6: AB=VBC? ~ AC? =av2 = ABAS

vudng can tai B = H 1a trung diém cta SA.
Chon hé truc toa do

Bxyz: B(0;0;0), A(0;av2;0), 8(0;0;v2 ), C(a;av/2;0), [o % i]

1. Chting minh SC 1 (BHK). z
Ta co: iﬁ = a(l;\/E;—\/E)

Phwong trinh tham s6 cta

S

x=t
SC: yzx/Et (teR)
z:a\/E—\/Et
:>K(t;\/§t;a\/§—\/§t)

BKLSC@ﬁ.ﬁ':o@t:%

:>K£§'2\/Ea'3a\/§]

5" 5 " 5

BH.SC=0= BH 1 SC
= SC 1 (BHK)

2. Tinh dién tich ABHK : S, 51y = %‘[ﬁﬁ] -

www.MATHVN.com 15



Nguyén Phi Khanh ~ www.MATHVN.com

, SCLHK —— — —
3.Tac6 SC L (BHK)= = BKH = (KB,KH)
SC LKB

= COSs (K_'B,K_I—'I) = KB.KH = A
KBKH 5.6

Bai tap 3: Chon hé truc Oxyz sao cho: O(0;0;0), A(a;0;0),B(0;b;0), C(0;0;c).
1. Chttng minh AABC c6 ba goc nhon.
Tacé ABAC=a>>0=BAC la gdc nhon
Tuong ty A/\BC ACB la goc nhon
Vay AABC c6 ba gdéc nhon.
2. Chttng minh H 1a truc tam AABC.
Ta c6 phuong trinh mat phéng (ABC) la
5+X+£=1<:>bcx+a1cy+abz—abc=0
a b c
OH L (ABC) = HOH = H(ABC) = (bc; ac; ab)
Phuong trinh tham s6 cua

x = bct
OH:<y=act (teR).

z =abt

Thay x, y, z vao phuong trinh (ABC) ta dwoc:

abc
b?c? +a’c? +a’b?

(bzc2 +a’c? + azbz)t =abc=>t=

T ab?c? ) a?bc? ) a’b’c
7 7
a’b? +a%c? +b%c? a?b? +a%c? +b%c? a?b? +a%c? +b3c?

2

AH = (—ab2 —acz;bcz;bzc)
- a’b? +a%c? +b%?
ﬁl = b? (a02 :—a’b —bc? 'azc)
a’b? +a%c? +b%c?

AHBC=0 [AHLBC \ X
= = = H la tric tam AABC.

BHAC=0 [(BHLAC
3. Chling minh = 1 + 1 + 1 .
OH? O0AZ%? O0B?> OC?
|—abc| 1 a’b? +b2c? +c%a®
Osz[o,(ABC)]z = —
\/::12b2 +b%c? +c%a?  OH a“bc
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o1 1 1 1 1 1 b*?+a%?+a%b?
Ma + + =—+—+—=
OA? OB?> 0OC?> a?> b*> ¢ a’b?c?
1 1 1 1
= = +

OH? 0A? OB?> OC?
4. Chting minh rang cos? a +cos? B+cos?y =1.

—

H(ABC):'
Goi Goi n= H(ABc) = (bc,' ac; ab),;u = H(OAB) —k= (O; 0;1),

n2 =n(08c) =i =(1;0;0),n3 =n(oac) =j=(0;1;0

—

Nhan xét: |cos a| =

o (GRB1 (50

cos [n(OAB) ’

= cos? o + cos? B+ cos? Y= cos? (m,n) + cos? (nz,n) + cos? (n3,n)

3 a’b? . b?c? . a’c? 1
b2c? +a2c? +a’b?  b3c® +a’c? +a’b?  b2c? +a’c? +a’b?
Vay cos? o+ cos [3+ cos? y=1

Bai tap 4: Chon hé truc toa dd Oxyz: O(0;0;0), A(a;0;0), B(0;a;0), C(0;0;a)
1. Tinh thé tich tit dién HA,B,C;.
Do OA =0B=0C nén OABC la
hinh chép tam giac déu dinh
O.OHL(ABC) tai H = H Ia

trong tam AABC=H a. 3;i
333
HC, L(AOB)=C,|2;2;0
3’3’
1022 B,|2.0,2
3 3/ 1373
a

3@1_(__ /Oj/
3

ﬁ]j?ﬁ: 0;—3;0 ,ﬁ61: 0;0,'—3
3 3

a3

= VHAB,C; = 162
2. Chttng minh t& dién SABC déu.
Tac6 AB=AC=BC=ay2

www.MATHVN.com 17



Nguyén Phi Khanh ~ www.MATHVN.com

2 2 2
O Ia trung diém SH= 5[ -2;-2,-2 | sa— [ 2] (2] L[2] a2
33" 3 3 3) "3

Tuong ty SB=SC =ay2 = SA =SB=SC=AB=AC=BC=a\2
Vay t dién SABC déu.
3. Chitng minh OH khong vuong goc (AlBlcl).

2 2
D a a a a -~ 5 T~ a a
AB; =(§;—§;0], AC, =(§;0;—§j:>[AlBl,A1CJ {?;?;0]
;%;%jj [A1B11A1C1JNEI
Vay OHA (A,B,C;)
Bai tap 5: Chon hé truc toa d6 Oxyz sao cho:

Ma &’1:(

W o

O(O;O;O), A(a;O;O), B(O;a\/E;O), C(O;O;c):> M(O;—;—]

1. Tinh OE.

Goi I la tam
OADB,G=CInAM =G la
trong tam AABC

:G[i;ﬂ;ﬁj
3373
EeOC=E(0;0;e)

Ta co: ((x) N (OCD) =EG
= EG.AM =0

:>e:£3E 0;0;E
3 3

—OE=S
3

2. Tinh khoang cach tir C t6i mat phang (oc).

—

(o) = [m,ﬁ} = —%(C\/E;—C;?)aﬁ) = (a): cV2x—cy +3av2z—acy2 =0

2acx/5
v 18a2 +3c?

3. Tinh dién tich thiét dién tao boi (o) va chop C.OADB.
Trong (OCD) goi K =EGCD = Thiét dién 1a tit gidc AKME

:d[C,(a)Jz
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0 CE_CG 2 nén: EG//OD = EK//OD = G la trung diém EK
cCO Cc 3

=S sxMe =25sagm = EG.AM = %.#

Bai tap 6:

Tron hé truc toa &6 Oxyz sao cho: O(O;O;O), A(a;O;O), B(O;b;O), C(O;O;c)

1. Tinh ban kinh r cta (S).

Vioas * Viosc + Vioca * Viasc = Voasc
abc

T
E(SAOAB +Sp0Bc +Saoca * SAABC) 6

SaaBC = %\/azb2 +b2c? +a2c?

g(a“b”cawazbﬂbzc%az 2):%
abc
r=
ab+bc+ca +\/azb2 +b2c? +a2c?
2.
Ta c6: M O;E;E N Z.o0S|p E;E;O
22 22 22
iy G bc ac ab
n(OMN) = OM,ON}: be.ac, ab)
(OMN) [ ( 1 4}
- P bc ac ab
n(omp) = OM,OP | =| -2, 22
(omP) [ [ 1 4}
’ (OMN) & b’ a’c?  a’b? 1 1.1
Gia thiét, suy ra n n =0 < — " n et 1.1
¥ ra N(OMN).n(OMP) TEMETIMET STt
Bai tap 7:

Chon hé truc toa do Oxyz sao cho: O(O;O;O), A(a;O;O), B(O;b;O), C(O;O;c)
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1. Tinh OH, OG va S, pc theo
a, b, c

G(%;E;EjéOGzéwﬂz +b2+c?

3'3

S= %\/azb2 +b%c? +c%a?

) {AB 1 CH
Ta co:

AB 1 OC

= AB L (OCH)= AB L OH

Tuwong ty: AC L OH

= OH L (ABC)= OH=d[O,(ABC)]
(ABC) :bex +acy +abz—abc=0

abc
\/azb2 +b%c? +a?c?
2. Chiing minh AABC 6 ba géc nhon va a? tan A =b? tan B = ¢ tanC.

—

B.AC

=O0OH=

Ta c6: ABAC = (—a;b;O)(—a;O;c) =a?2>0=cosA= A >0= A nhon.
AB.AC
Tuwong ty B, C nhon.
sin A = —_AABC
2S
Ta cé: ﬂS‘A;C’ :tanA:_,A—/ﬁc,:aztanA:ZSAABc
AB.AC AB.AC
COsSA =
AB.AC

Twong tu cho b? tan B = ¢* tan C.

Bai tap 8: Goi I la trung diém AB. Trong (ABC) vé Ay L AB

Taco: Cl= &

2
a a3 ]

Chon hé truc toa d¢ Axyz sao cho: A(O,' 0;0), B(a; 0;0), S(O,' O;h) = C(E;T;O
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1. Tinh d[ A,(SBC)] theo a va h.
Goi D=BCn Ay = D|(0;aV/3;0) = (SBC) =(SBD)

= (SBC): hy/3x + hy +a+/3z —ahy/3 =0 = d[ A,(SBC __ a3

2. Chting to A ludn di qua diém ¢6 dinh khi S di dong trén d.

Goi (a)=(S,A), (B)=(B,A)

Ta c6: (a) L BC, (B) LSC (SH LBC, A LBC, BH LSC, A LSC)

ﬁf:—%(l;—\/g;O), ﬁz%(a;a\/g;—Zh)z(oc):x—\/gy:0, (B):a(x—a)+a\/§y—2hz:0
] X—\/§y=0

' a(x—a)+a\/§y—2hz=0

A qua diém cd dinh khi h thay do6i.

=(4)

a
x—x/§y=0 2
a a a
<4z=0 oy=——=A qua G| —;,—~=;0| cd dinh
N (2 23 )
x—\/gy:a z=0

3. Tinh h theo a d& SS' nho nhat.

2
Taco: S'ed= S'(O;O;s’),S' eA=-2hs'-a’=0=s' :_;_h
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2 2 2
=500~ | =55'=h+2—<2,[h2_—a\2
2h 2h 2h
65 —aZeshed eho
min 21’1 \/E

Bai tap 11: Trong mét phing (ABC), vé Ay 1L AB.
Chon hé truc toa d0 Axyz sao cho A(O;O;O), B(a;O,'O), C(a;a,'O), S(O;O,‘a\/a)
= D[E;E;Oj
2°2
1. Chting minh khoang cach tir A dén (SBC) gap doi khoang cach tir D dén (SBC).

Eé:—a(L-o;—JE) .

Tacé:y_ = N(SBC) (\/701) (SBC):\/Ex+z—a\/E=O
BC=a(0;1;0)
aV2
WL _a2
_a\/E a 2 a
d[A,(SBC)J:QZT‘/g, d[D,(sBC)]= - f

Vay, khoang cach tir A dén (SBC) gap doi khoang cach tir D dén (SBC).
2.

Ta co: s_c'=a(1;1,-—\5):ﬁa =(1;1;—\/E):>(a):x+y—\/5z=0

x=a+t
Phuong trinh tham s6 cia SB:{y =0 (telx?) qua B va u=BS.
Z:—\/Et
Sa+t+2t=0=>t=-2= N| =2 0i =M la trung diém SC =>M 2, E;&
3 3 3 2°2° 2

- Chting minh AAMN la thiét dién gitta () va tir dién SABC.

23{}[3 0; —%Jz—%<0:>N thudc canh SB va M

Ta c6 NS.NB = [—? 0;
trung diém canh SC
Vay AAMN la thiét dién gitta (o) va tit dién SABC.
- Tinh thé tich hinh chép SAMN.

wenfsz gt
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3. Tinh cosin géc ¢ gitta mt phang (ASC) va (SCB)

AM 1 SC

_ MAMN 3
MN 1 SC

MAMN 3

Ta co (AMN)LSC:{ (p:(l\ﬂ,l\ﬁ)zcosq):

Bai tap 15: Goi D la trung diém AB= OD L OH

a\/g 4a 1

AH=""=BC="2=0D= BC =%

V3 4B

Chon hé truc toa do Oxyz sao cho: O(O;O;O), D( ;O;O], H(O;a,'O), S(O;O,'Za)

g

= A(0;-a;0), B[ﬁ;a;oj, C(—ﬁ;a;oj

V3

V3
1. Tinh goc cosin ¢ goc
gitta (BSA) va (SAC)
Vé BE L SA tai
E = CE L SA = ¢ = BEC
S_A = (O;a,'Za) = a(0;1;2)
Phwong trinh tham s6 cta
x=0
SA:<y=-a+t (teR).
z=2t
Phwong trinh mét ph.:fmg
(BCE):y—a+2z:O

:>—2a+t+4t=0:>t=2—5&1

Ge)
:>E(0;—§;4—aj:> V3 :>COS(p=COS(EB,EC)=%

2.
- Tinh dién tich thiét dién MNPQ theo a va x.

Ta cd I(O;m;O), OTi =a(0,'1;0):> (MNPQ):y—m =0

AB =2—J§(1;ﬁ;0), AC =—2—f§(1;—£;0), SB =%(2;ﬁ;—2£), e =—%(2;—ﬁ;2£)

www.MATHVN.com 23



Nguyén Phi Khanh ~ www.MATHVN.com

x=t
Phuong trinh tham s6 cua AB:{y=-a ++/3t (teR)= M[H—m;m;OJ
z=0 3
x=t
Phuong trinh tham s6 cia AC:{y=-a —3t (t € R) =N ﬁ;m;Oj
z=0 3
x =2t
Phuong trinh tham s6 ctia SB:{y =+/3t (teR)=0Q 2Tm;m;z.a - ij
3
z=2a-23t
x =2t
Phuong trinh tham s cua SC:<y = —/3t (t € R) =P —sz;m;Za —ZmJ
3
z="2a+2/3t
S :lH(l\E 1\7[13)‘+‘(1\—/16 m)uzi({%mz +2am+a2)
MNPQ =75 ’ ’ NE
-Tim m dé& dién tich MNPQ 1a 16n nhét.
Cach 1:
Bang xét ddu:
m ‘ a
—o0 5 +00
-3m? +2am +a° _£
—0o0 —00

8a’
= SMNPQ < m

~ 8a’ . a
Vay (SMNPQ)max :m Khi m :g

Cach 2:
Ap dung bat ding thitc Cauchy:
2
(a-m)+| m+ a )
3 8a

2 BENE)

Syipg =2V3(a - m)(m +§j <23

a a
:(SMNPQ)max =m<::>a—m=m+§<:>m:5
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Bai tap 20: Chon hé truc toa d0 Axyz sao cho: A(O,' 0;0), B(a; 0;0), C(a; a;O),
S(O;O;a)
1. Chting minh rang HK 1 SC.
S_lé = (—a;O,'a) = —a(l;O;—l)
&f = (—a;—a,'a) = —a(l;l;—l)
Phuong trinh tham s6 cta
X=a+t
SB:qy=0 (t € R).
z=-—t
HeSB=H(a+t;0;-t)
AH 1 SB < AHSB=0

=t :—EDH(E;O;E]
2 2 2
Phuong trinh tham s6 cua
x=t
SC:qy=t (telx?).

zZz=a—t

= K(tta-t) va AHSC=0=K

[SSR)

7

W

2a
"3

:>H_'K: —E;E;i :——(1;—2;—1):>ﬁ.§3':0
6 36 6

a
Chu y: ASAB vudng can tai A = H la trung diém cua SB= H(% ;0;%]

2. Chttng minh rang B la trung diém ctia CL
a

X=—+t
2

Phuong trinh tham s6 cua HK :{y = -2t (t IS R).

Zzg—t
2

Xy +Xc =2a=2xp
Taco: [=HK N (ABC) =~ =0 t=2=1(a;-a;0)=1y; +yc =0=2yp
z)+zc=0=2zy
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Véy B la trung diém cta CL
3. Tinh sin géc ¢ gitta SB va (AHK).

{sc L AK (gt)

Ta c6: = SC L (AHK)

SC L HK (cmt)

= H(AHK) = (1; 1;—1) =sing = cos@/;a = COS(HSB,H(AHK)) = %

4 X4c dinh tdm va ban kinh mat cau ngoai ti€p SABC.
Goi ](x0 Yo ;zo) suy ra phuong trinh mat cau (S) c6 dang:
x? +y2 +2° = 2xgx —=2y,y —2z¢z+d =0
d=0
A,B,CSe(S)= [a'a.aj
2°2"2

Vay J Ia trung diém ctia SC va R = %

Bai tap 21: Chon hé truc toa d6 Oxyz: O(O;O;O), M(m;O;O), N(O;n;O), S(O;O;a),
(m, n>0; m+n:a)

1. Tim vi tri M, N d¢€ thé tich SOMN

16n nhat.

1 alm+n a’
V. =—amn<— =—
SOMN ™ ¢ 6( 2 j 24

a3

:(VSOMN)maX :£<:>m:n:—

2. Khi thé tich SOMN 16n nhat thi

M(i;o,-o], N(O;E;Oj

2 2

- d[O,(SMN)].
(SMN):2x+2y+z—a:0

N

a2
22422412 3
- Ban kinh mét cau ngoai tiép SOMN.

=d[O,(SMN)]=

Phuong trinh mét cau (S) X2+ y2 +7% = 20x — 2By —2yz=0
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2

a
— —o0a=0 _a
4 OL_4
a2 a 2 2 2 6
M, N, Se(S)= Z—Ba=0:> B:Z:R: o +p*+y e
2
a“—2ya=0 _a
=3

3. Chiing minh (?ST/I+6ST\T+1\7§T\T:90°. Dat a=(§5?/[,[3=651\\1, yzl\fs\N

siny = 25)sMN _ ‘[SM SN}‘ _Vm2a? +n%a? + m*n?

SM.SN SM.SN \/(mz 4+ a2 )(n2 N az)
. oM m (O5) a
SINQL=——=—F———, 0SS0l =—— = —F————

SM /2422 SM /2 422
. ON n (O5) a
Sll’lB=—=—, cosB:—:—

SN 2 + a2 SN /n2 4+ 2

2 —
:>cos(a+B)=Cosacos[_’)—sin(xsinﬁz a —mn
i )

Mat khac: m?Za® +n’a® + m?n? =a? (m2 + nz) +m?n?

2 2
=a’? [(m + n) - Zmn} +m?n? =a* - 2a’mn + m?n? = (a2 - mn)

a2 —mn

o

:siny:cos(oc+[3): =7+o+p=90°
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