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Phan IV :Céng thirc ndi suy Lagrange

4.1. Cac vi du mé dau

Vi du 1. Tim t4t ca cac da thirc thod man diéu kién P(x) thoa diéu kién

P(1)=1;P(2)=2;P(3)=4

L&i giai: R6 rang néu P va Q la hai da thirc thod diéu kién cla dé bai thi P(x)-Q(x) sé bang 0 tai cac diém 1,2,3
va tir do , ta cé:

P (x)-Q(x)=(x-1)(x-2)(x-3).H(x)

Nguoc lai néu P(x) |a da thirc thod man diéu kién cta dé bai thi cac da thire

Q(x)=P(x)+(x-1)(x-2)(x-3).H(x)

ciing thod man diéu kién dé bai v&i moi H(x). Tir d6 c6 thé thay rng c6 W sb cac da thirc thod man diéu kién dé
bai.

Ta dat ra cau hdi: Trong cac da thirc thod man diéu kién dé& bai, hay tim da thirc cé bac nhd nhat. Ré rang da
thirc nay khong thé Ia hang s, ciing khong thé |a bac nhét. Ta thir tim bac tiép theo la bac 2.

Gia st P(x) = ax”2 + bx + ¢ la da thirc thod man diéu kién dé bai. Khi do:

P(1)=1\Rightarrow a+b+c=1

P(2)=2\Rightarrow 4a+2b+c=2

P(3)=4\Rightarrow 9a+3b+c=4

Giai hé nay ra ta dwogc \left ( a,b,c \right )=\left ( \frac{1}{2};\frac{-1}4{2};1 \right ) , ta dwoc P(x)=\frac{1}{2}x"2-
\frac{1}{2}x+1 la da thirc bac nhd nhét thod man diéu kién. Va theo nhw ly luan & trén , moi nghiém cla bai toan
sé co dang:

Q(x) = P(x) + (x-1)(x-2)(x-3)H(x)
voi H(x) 1a mét da thiee tuy y.

Vi du 2. Tim da thtrc bac nhé nhéat thod man diéu kién
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P-2)=0,P(-1)=1,P0)=1,P(1)=2,P2)=3
L&i giai. T y twéng phwong phap hé sb bat dinh va hé phwong trinh bac nhat & trén. Ta thay rang chén chan sé
ton tai da thirc bac khéng quéa 4 thod man diéu kién dé bai. Xét P(x) = ax™4 + bx”3 + cx"2 + dx + e. T diéu kién
Xr li cong thirc: 66%
\left\{\begin{matrix} 16a-8b+4c-2d+e=0\\ a-b+c-d+e=1\\ e=1\ atb+c+d+e=2\\
16a+8b+4c+2d+e=3\end{matrix}\right.
Gidi hé nay ta dwoc a = \frac{-148}, b =\frac{-1}{12}, c = \frac{5}{8}, d = \frac{5X12}, e = 1.

4.2. Cong thirc ndi suy Lagrange

Tl cac vi du cu thé néu trén, ta c6 thé dy doan rng v&i moi cac bd n+1 sd phan biét \left (a_{0},a_{1},...,a_{n}
\right ) va bd n+1 sb bat ky b_{0}, b_{1}, ..., b_{n} sé& tén tai mét da thirc P(x) bac khéng wrot qua n thod man diéu
kién

P(a_{i}) = bi ,\forall i=0, 1, 2, ..., n. (*)

Ngoai ra, do tat ca cac da thirc Q(x) thod méan (*) sé phéi cé dang

Q(x) = P(x) +(x-a_{0})(x-a_{1})...(x-a_{n}).H(X) ‘

VvOi H(x) la mét da thirc nao dé nén cac nghiém khac cua (*) déu coé bac \geq n+1.

Vi thé ta c6 thé dé xuét dinh ly sau:

Pinh ly
Cho b6 n+1 s6 thuc phan biét (a {0}, a_{1}, ..., a_{n}) va bd n+1 s& bét ky (b_{0}, b{1}..... b_{n}). Khi do tn tai duy
nhat mét da thire P(x) c6 bac khéng wrot qua n thoa man diéu kién P(a_{i}) = bi ,\forall i=0, 1, 2, ..., n. (*)

Sw duy nhét dwoc chirng minh kha dé& dang theo nhw ly luan & trén. Tuy nhién, viéc chirng minh tén tai cho
trwdng hop téng quat 1a khéng don gian, vi diéu nay twong dwong Wi viéc chirng minh mét hé phwong trinh n+1
phwong trinh, n+1 an s6 c6 nghiém (duy nhat). R4t tha vi 1 ta tim dwoc cach chirng minh dinh ly nay mét cach
xay dwng, tlrc la tim ra dwoc biéu thire twérng minh clia da thirc P(x) ma khéng can phai giai hé phwong trinh hé
s bét dinh néu trén.

Y twéng chirng minh nay nhuw sau. Ta di tim cac da thirc P_{0}(x), P_{1}(x) ..., P_{n}(x) ban n thod man diéu kién
sau:

P_{i}a_{j})=\delta _{ij}
Trong d6 :

\delta _{ij}=\left\{\begin{matrix} 1 i=j\\0 i\neq j \end{matrix}\right.

Khi d6 da thire P(x)=\sum_{i=0}"{n}b_{i}P_{i}(x) s& thod man diéu kién vi
P(a_{i})=\sum_{i=0y¥n}b_{i}P_{i}a_{j})=\sum_{i=0}Xn}b_{iNdelta _{ij}=b_{j}

Vén @& con lai 1a di tim céc da thtre P_{i}(x). Vi P_{i}(a_{j})=0 wi moi i\neq j nén:
P_{i}(x)=C_{i}(x-a_{0})...(x-a_{i-1})(x-a_{i+1})...(x-a_{n})

Vi P_{i}(a_{i})=1 nén

C_{iy=\frac{1}{(a_{i}-a_{0})...(a_{i}-a_{i-1})(a_{i}-a_{i+1})...(a_{i}-a_{n})}

Nhw thé ta tim dwoc
P_{i}(x)=\frac{(x-a_{0})...(x-a_{i-1})(x-a_{i+1})...(x-a_{n})}(a_{i}-a_{0})...(a_{i}-a_{i-1})(a_{i}-a_{i+1})...(a_{i}-a_{nh)} (**)

la cac da thirc thda man hé diéu kién P_{i}(a{j})=\delta_{ij}
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Céng thirc ndi suy Lagrange. Cho bd n+1 sb thwc phan biét (a_{0}, a {1}, ..., a_{n}) va bd n+1 sb bat ky (b_{0},
b_{1}, ..., b_{n}). Khi dé da thic
P(x)=\sum_{i=0}{n}b_{i}P_{i}(x)

la da thirc duy nhat cé bac khéng wrot quéa n théa man didu kién P(a_{i})=b_{i} w&i moi i=0,1,2,3,...,n. Cac da
thirc P_{i}(x) la cac da thirc bac n dwgc dinh nghia b&i (**)

4.3. 'ng dung cua céng thirc nodi suy Lagrange

Bai toan ndi suy |a mét trong cac bai toan co ban cla toan Iy thuyét va toan rng dung. Trong thwc té, ching ta
khéng thé do dwoc gia tri ciia mot ham sé tai moi diém, ma chi do dwoc tai mot sé diém. Cac cong thirc ndi suy
cho phép chiing ta, bang phép do tai mét sé diém, "dwng" lai mét da thirc x4p xi cho ham sé thyc té. Cong thirc
ndi suy Lagrange, vi thé c6 nhiéu (ng dung trong Vvat ly, trac dia, kinh té hoc, khi twong thuy van, dw doan du bao
... Tuy nhién, ta s& khong di sau v& cac van dé nay. Dwoi day ta xem xét mot sb (rng dung clia cong thirc noi
suy Lagrange trong céc bai toan phé théng.

4.4. Cac bai tap co loi giai

Bai 1. Rat gon biéu thirc

A=\frac{a"2}{(a-b)(a-c)}+\frac{b”"2}{(b-c)(b-a)}+\frac{c"2}{(c-b)(c-a)}

L&i giai. Ap dung cong thirc nodi suy Lagrange cho ham sé P(x) = x*2 Wi cac diém a, b, ¢ va gia tri twong &ng 1a
a2, b2, c2, ta co:

P(x)=\frac{a"2(x-b)(x-c)H{(a-b)(a-c)}+\frac{b"2(x-c)(x-a){(b-c)(b-a)}+\frac{c"2(x-a)(x-b)¥(c-b)(c-a)}

So sanh hé s6 x"2 & hai vé , ta dwoc A=1

Bai 2. Cho da thirc P(x) bac n thoa man didu kién P(k)=\frac{k}{k+1};\forall k=0,1, 2, ..., n. Hay tim P(n+1)
L&i giai. Theo cong thirc ndi suy Lagrange thi

P(x)=\sum_{k=0}{n\frac{k Kk +1}.\frac{x(x-1)...(x-k+1)(x-k-1)...(x-n)Kk(k-1)...1.(-1)...(k-n)}

Tor 66

P(x)=\sum_{k=0pn\frac{k{k+1}.\frac{(n+1)...(n-k+2)(n-k)... (1)K (k-1)...1.(-1)...(k-n)}

=\sum_{k=0p\n\frac{k {k+1}.\frac{(n+1)...(n-k+2)(n-k+1)(n-k)... (1)K (k-1)...1.(-1)... (k-n)(n-k+1)}

=\sum_{k=0{n}(-1)Xn-k}.k.\frac{(n+1)H{(k+1)}(n-k+1)}=\frac{1K{n+2\sum_{k=0}¥n}.(-1)§n-k}.C_{n+2}Nk+1}

Cach 2.

Xét da thirc (x+1)P(x) —x cé bdc nva cé n+1 nghiémx =0, 1, 2, ..., n.
Do do, ta co:

(x+1)P(x) — x = ax(x-1)(X-2)...(x-n)

Vi a la 1 hang sé.

Thay x=-1, ta dwgc

1=a(-1)(-2)...(-n-1)=a(-1)n+1}(n+1)!

Suy ra a=\frac{(-1)Xn+1}{(n+1)}. T d6
(n+2)P(n+1)-(n+1)=nh\frac{(-1)Xn+1}}{(n+1)}=\frac{(-1){n+1}}{n+1}
Suy ra

P(n+1)=\frac{\left [ (n+1)"2+(-1)n+1} \right }{(n+2)}

Bai 3. Cho tam thirc bac hai P(x) = ax2 + bx + ¢ thod man diéu kién \left | P(x) \right |\leq 1,\forall x\leq 1.Chng
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minh rang:
\left | a \right |+\left | b \right |[+\left | c \right |\leq 3

L&i giai. Thwe hién phép noi suy tai 3 diém -1, 0, 1, ta cé:
P(x)=P(-1).\frac{x(x-1)K(-1-0)(-1-1)}+P(0).\frac{(x+1)(x-1)K(0+1)(0-1)}+P(1).\frac{x (x+ 1)K (1+0)(1+1)}
Suy ra

P(x)=\frac{P(1)+P(-1)-2P(0)}{2}.x"2+\frac{P(1)-P(-1){2}x+P(0)

Twr d6

a=\frac{P(1)+P(-1)-2P(0)}2},b=\frac{P(1)-P(-1)K2},c=P(0)

Suy ra

\left | a \right [+\left | b \right |+\left | ¢ \right [=\left | \frac{P(1)+P(-1}-2P(0)}2} \right |+\left | \frac{P(1)-P(-1)}2} \right
[+\left | P(0) \right |

\leq \left | \frac{P(1)+P(-1)K2} \right |+\left | \frac{P(1)-P(-1)}{2} \right |[+2\left | P(0) \right |\leq max\begin{Bmatrix}
{\left | P(1) \right |\left | P(-1) \right [} \end{Bmatrix}++2\left | P(0) \right \leq 3

4.5. Bai tap tw giai
Bai 1. Rat gon biéu thirc:
A=\frac{a™}{(a-b)(a-c)}+\frac{b™4}{(b-a)(b-c)}+\frac{c™4}{(c-a)(c-b)}

Bai 2. Cho M(y) la mét da thirc bac n sao cho M(y) = 2% Wiy = 1, 2, ..., n+1. Hay tim M(n+2).

Bai 3. Cho da thirc P(x)=xN10}+a_{9}x"9+...+a_{1}x+a_{0}. Biét rang P(-1)=P(1),P(2)=P(-2),...,P(-5)=P(5) . Chirng
minh rang P(x)=P(-x), \forall x \in \mathbb{R}

Bai 4. Cho x_{0}< x_{1}< x_{2}<...< x_{n} 1a cac sb nguyén va P(x) la da thirc bac n c6 hé sb cao nhat bang 1 .
Chirng minh rang ton tai i\in\begin{Bmatrix} 0,1,...,n \end{Bmatrix} sao cho \left | P(x_{i}) \right \geq \frac{n!}{2{n}}

Bai 5. Mot chiéc tau voi van téc khong dbi di ngang qua mét hon ddo. Thuyén trwdng ci» mbi gid lai do khoang
cach tir tau dén ddo. Vao luc 12, 14 va 15 gi¢r tau cach dao cac khoang cach twong tng la 7, 5 va 11 km. Hai vao
luc 13 gi® tau cach dao bao nhiéu km. Va luc 16 gi¢, tau sé cach dao bao nhiéu km?

Bai 6. Trén mét phang cho 100 diém. Biét rang wi bdn diém bét ky trong ching déu cé mét parabol bac 2 di qua.
Chirng minh rang tat ca cac diém da cho déu ndm trén moét parabol bac 2.

Tac gia : T.S Tran Nam Diing

M&i céac ban dén doc phan |, phan Il va phan Il . Va cung thao luan tai day
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