Cac da thic dang Fibonacci

Lé Kim Uyén
Truong THPT Ngo Gia Ty, Eakar, Dak Lak

1 Da thiuc Fibonacci va da thic Lucas
Dinh nghia 1. Day da thic {f,(x)}, n € Z* théa man hé thic truy hoi
foro(®) =z fri1(x) + fu(z), véi moi n € Z*
trong do fo(x) =0, f1(x) =1 duogc goi la mot day da thic Fibonacci, ky hiéu {f,(z)}.
Nhan xét 1. deg f,(x) =n—1, VYn>1.
Dinh nghia 2. Day da thic {l,(x)}, n € ZT théa man hé thic truy hoi
lnio(z) = xlyir (2) + L (2), vdi moi n € Z7F
trong do lo(x) = 2,11(x) = x dugc goi la mot day da thic Lucas, ky hiéu {1,,(x)}.
Nhan xét 2. degl,(z) =n, ¥Yn >0.
Dinh 1y 1. Vi moin > 1 ching ta co
[(n—=1)/2]

R = Y (T e

J

Ching minh. Cach 1: Dat

[(n—1)/2] n—j—1
_ A n—2j—1
n\T) = . xz , T > 1
In () > ( j )

=0

Ta sé ching minh g,(x) = f,(z). Tu cach dat ta thu duge g,(z) = 1 = fi(z) va
92(x) =z = fo(x).

Dé chiing minh g¢,(x) = f,(z) ta ching minh g,(z) théa man cong thitc truy hoi
gn(x) - $gn—1($) + gn—Q(l‘)7vn > 2.
+ V6i n chn, n = 2k, k € Z* chung ta c6

TGn-1(T) + gn2(z) =
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Jj=0 Jj=0
[(n—2)/2] n—j—2 [(n—1)/2] 2
= E J n—2j—1 § : —J - n—2j—1
= . + x
§=0 ( J ) ( j—1 >

et L(n=2)/2] n—]—2 i L(n—2)/2] n—j—2 i
L (e n ()
:xn1;“"22{“Kn—j—a)%n—j—z)}xnzj1
: J J—1

j=1 j=0
2 ooy '
-3 (M) e e
— J
7=0

Y Veinlé, n=2k+1keZ*.

Chitng minh tuong tu ta cting thiy g,(x) thdéa méan cong thic truy hoi g,(z) =
TGn-1(T) + gn—2(z).

Ta duge g, (z) = ( ),Vn > 1.

Céch 2: Ching ta c6

y - .
Nhung
1 co | [n/2] n—j
o . j - n—2j n
o 2 | 2 (")) @)
[n/2]
Ua) = 3 ( 1>j(”‘3)<2t>" 2
=0 J

la da thiic Chebyshev loai hai. Dat x = 2it; z = it thi

1 EOO: -n N\ on
T 5 = 1 Un(l’/2l)y
n=0

l—ozy—vy

Do do
— = ZZ"U (z/2i)y" (3)

1—my y? o
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Ta dugce

Fuss () = U, (z/20)
[n/2] .
S () iy

Do do

Dinh ly 2. Gid st a(z) va f(z) la nghiem cia phuong trinh bac hai t* — xt — 1 =0;

r+vVr2+4 r—Va?+4

afw) = S i pla) = T

Khi do

() = o™ (x) + 5" (x)

Chitng minh. Tuong tu véi p(x) = z,q(z) = 1,a1(z) = l1(z) = x,ap(z) = lo(x) = 2 ching
ta dudce

ey - 220G =200 o
W) =6 = s Y e - sw

o) + 8] ~26() 1 lale) + )] %)

B CE e e R

=a" (z) + " (2)

]
Dinh Iy 3. 3 fi (@) = fupr (2) + fu (@)~ 1
Chiing minh. St dung hé thic truy hoi ctia da thitc Fibonacci, ta dudgc
Zfi—H () = JJZfz' () + Z fiz1 ()
hay
fo (@) + 3 (2) + o+ o (@) + fra (2) = :chz 2) + fi (@) + o+ fa (7))
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Do do
fo (@) + forr (@ —foz )+ fo (@) + fi (x)

Ma fo(SC) = 0, fl(.fL') =1 nén

foz fn+1 )+fn(x)_1

Hée qua 1. Y F,=F, ;-1
1

Chiing minh. Ta c6

n

Zfi (1) = farr (D) + fu(1) -1

1

Ma f;(1) = F; va F,, 4o = F,11 + F, nén ta dugc

iE:FnJrl_l
1

Tinh chéat 1. (Lién hé gitta da thic Fibonacci va Lucas)
i) l(2) = fupr(z) + fra()
i) ln(z) = xfo(2) + 2f5-1 ()
iti) xln(x) = fat2(x) = fo-2(2)

Meénh dé 1. Gid s {f.(z)} la mot day da thicc Fibonacci. Khi dé, néu

@(m)z[f H

tha

@) =| Fnt O]

trong don > 1.

Tinh chat 2. Ching ta cé
Ux;ﬁ@FﬁwM@+h@%ﬂ

iz’)xili(x) ey () 4 Dy (1) — 2 — 2
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Tinh chat 3. Chiing ta c6 mot so tinh chat sau
i) fri1(2) fuoi(z) — f2(x) = (=1)" (cong thic Cassini)
i) foi1(2) fo-2(2) = fu(2) foa(2) + 2(=1)" = 0
i) fimin(r) = frmi1(2) fo(2) + fon(2) foa (2)
i) ln1 (@)1 (2) = I (2) = (=1)"71(2* + 4)
) Ly () l—o(x) — Ly(2) 1 (2) + 2(—=1)" M (2* +4) =0
i) F22) + f21(2) = foura (2)

n—1
vii) f1(x) = Y fi(2) fai(z) trong dé f!(x) la dao ham cia f,(z) theo bién x va
i=1
n>1.

Tinh chat 4. Ching ta c6 mot s6 két qud sau
Z) an( ) ln(x)JFV +4fn ()

i) () = lal= it

Tinh chat 5. (Lién hé giita da thiic Fibonacci va Lucas)
i) fin(2) = () frni (@) + (=1)FF fran(2)
i) I () — (2% + 4) fi(x) = 4(=1)"
i) Iy(x) + 151 (2) = (2% +4) fania (2)
) fnn(2) + (=1)" frnn(2) = fru ()l ()
V) Jn (@)l () + (@)l () = 2 fmin (2

Tinh chat 6. f,(loymii(2)) = f(f%)(())

Hé qué— 2. Z) Fm+n = m+1Fn + F by
L(nle)/m ( n—j—1
§=0 J
i) Fpan + (—1)"Fy_yy =
iv) Fn+1 Fn 1—F2 ( ].)
U) Fm+n: m+1F + FFo

i) F, =
an

Vidu 1. i)
=3 (47 )a
- j
(3 (1) ()
=2t + 322+ 1
i)+ Va2 +4)° — (v — Va2 + 4)° = 32(z* + 322 + 1)V/22 + 4
Do do

fs(x) =" + 327 + 1
iii)
4

vy file) =2l +z+ (@ +1) + (2° + 22)]

172



=zt + 23+ 322+
fs(@)+ fa(z) — 1= (2" +32° + 1) + (2* + 22) — 1
=zt + 23+ 322+

w)Voim =3 van=4 th

fm—&-l(x)fn—i-l(x) + fm<x>fn(x) - f4(x)f5(x) + f3(l’)f4(l’)
= (2% + 22)(x* + 32* + 1) + (2% + 1)(2® + 22)
=27+ 62° + 1023 + 4z
= f8(x) - fm—i-n—&-l(x)

fo(x) =2° + 42° + 32
fi(x) =ba* + 1227 + 3
5

D @) fo-ilw) =fil@) fo(@) + folw) fulz)

: (@) f(@) + fa(@) fale) + Fo(@) i)
=211 () fo() + 2fala) fulw) + £2(2)
=5z + 1222+ 3

=f5(z)

2 Da thic G, (x) va da thic H,(x)

St dung day Pascal trong bang 13.3, H. W. Gould ndam 1965 da nghién citu da thic
Gulx) =) Aln, j)’
=0

trong do

C(a— G+
A“”*‘( /2, )

xac dinh diém chuyén thit j tréen dong n.

Vi A(n, 2k) = ( nl;k ) va A(n,2k+1) = ( n—]f—l ),nén G, () c6 thé viét

lai

w2 e
Gn(l’) _ Z ( L )(L‘% + Z ( 4 >$2k+1
0 0



fehido L(nt1)/2] In/2)
n+1)/2 n/2
— k41
SHEEED Y (i )mz( g
0

va

[n/2] n_k L(n—1)/2] n_k—1
2 _ - 2k+2 — K= 2k+3
x°Gp(x) = E ( I ) T 4 E ( I ) x

0 0
L(n+2)/2] <

L(n+1)/2]

n—k+1 2k n—k 2%+1
k-1 ) v 2 ( k-1 )"
Dung dong nhat thiic Pascal ta duge

[(n+2)/2] L(n+1)/2]
Gn+1(l’)+l’2Gn(x): Z ( n—kk‘—l—Q ) 22k Z ( n—k+1 >x2k+1
0

= Gpyo (:L’)
Do d6 G, (z) théa man cong thic truy hoi
Gri2(7) = Gy (1) + 2°G, ()

Stt dung da thitc G, (x) Gould mé rong nghién ctu lén da thic H,(z) :
H,(z) = n(1/x) ZA n,j)x

Cha § rang:
Hyps(x) = 2" Gpya(1 /)
= 2" [G 1 (1/2) + 272G, (1) )]
= 2"?G 1 (1/2) + 2"[Gr(1/2)
=aoH,1(x) + Hy(x).

trong d6 Hy(z) = Go(1/z) = 1 va Hi(z) = 2G1(1/z) = = + 1. Day 1a mot da thic dang
Fibonacci duge nghién cttu bai Catalan.

Nhan xét 3. deg H,,(z) =n, ¥Yn>1
Tinh chat 7.

xZH Hy1(x)+ Hy () — 2 —2
Tinh chat 8. Chiing ta cé

i) Hyir(2) Hooo (2) — HE(2) = o(~1)"
ii) Hypir (2) Hyo(2) — Hy(2) Hyoy () + 22(—1)" = 0
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Chiing minh. Suy ra tric tiép tu dinh 1§ ?? va tinh chat 7?7 véi q(z) = 1, Ho(z) =
L,Hi(z) =x+1,Hy(z) =2+ 2+ 1. O

Dinh ly 4. Vi n > 0 ching ta cé

:i(n_um DI )

Chitng minh. Ching minh tuong tu da thic f,(z). O
Dinh 1y 5. Gid st a(z) va f(z) la cac nghiém clia phuong trinh dac trung t* —xt—1 = 0;

r+vVrt+4 r—vVar?+4
a(w) = ——5—— v fz) = ——F——

Ha(x) = (a(x)l_ ) [(cot2t vV Ta)an(e) ~ (~o+2- Va1 d) 9"(x)}

trong do n > 0.

Chitng minh. Ching minh dinh 1y bang cac cach khac nhau bang cach suy ra tryc tiép
tit dinh 1y ??, 22, ?7. 0

Tinh chat 9. Ching ta c6 mot s6 két qud sau

i) a"(2) = § |in(@) + -2, (@)
ii) B"() = & [In(w) — Z2EES ()]

Chatng minh. St dung cong thic Binet cta l,(x) va H,(z) ching ta co. i)

1 22T + 4 1, . . .
3 [ln(f)+x+2+\/mH ($)] = 5 la"(z) + f"(2) + " (z) = B"(2)]
= (@)
ii) Chiing minh tuong tu i). O

Tinh chat 10. de’ n >0 ching ta co
i) for1(z) = Z( 1) Hi(x)
1) fast(@) + falw) = Ha(2)
Ching minh. 1) Vi fi(z) + fo( )=14+0=1= Hy(z) va fo(z) + fi(z) =2+ 1 = Hi(x),
suy ra Hy(2) = fo1(z) + ful2).
Do do . . .
(1) Hy(x) = (1) fira(2) = (=1)'fil=)
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Vay
Frsr(w) = 3 (=1)" Hi(w)

ii) Theo tinh chat i) ching ta c6

n

a1 (2) + falz) =) (1) Hi(x +Z )" Hy(x)

z[(—l)”Ho(x)Jr(—lg”’lHo( )] + [(—U"“Hl(x) (—=1)"Hi(z)] +
+ o [0 Hya (2) + (1) P Hyoi ()] + (1) H, (2)
:Hn(x)

Meénh dé 2. (Lién hé vdi s6 Fibonacci)
i) Go(1) = Foy2,n >0
ii) Hy(1) = Fyiq,n > 0

3 Da thic g,(x) va da thic h,(x)

Chiing ta c6 thé thu duge da thitc g,(z) va h,(z) tit da thic f,(x) va [,(z) bang
cach thay doi dau cong thanh dau trit trong cong thiic truy hoi.

go(z) =0 gi(z) =1
gn(®) = 2gn1(2) = gn2(x) 1 =2
ho(z) = 2 hi(z) =
hp(x) = xhy—1(x) — hypo(x) n>2

Hai da thitc ndy c6 mdi quan hé v6i da thiic Chebyshev loai mot va loai hai.

Nhan xét 4. Ching ta cé
deggp(x) =n—1, Yn>1
degh,(z) =n, Yn >0

Tinh chat 11. Ching ta co
V(@ =2)2.6:(%) = g1 (7) = gn (7) — 1

ii) (33—2)2::&-(95) — B () = P (2) — 2+ 2

176



Tinh chat 12. Ching ta cé6 mot sé tinh chat sau :

i) gn1(2)gn-1(2) — gp(2) = —1

i) Gny1(T)gn—2(7) + gn(T)gn—1(2) + =0

i) Py (2)hy 1 (x) — B2 (x) = 2% — 4

) hyi1 () h_2(2) + hp(2) Ry 1 () — 2(2? —4) =0
Chitng minh. Suy ra truc tiép tu dinh 1§ 77 va tinh chat ?7. m
Dinh ly 6. Vdin > 0 ching ta co

=) n—i—1
- -t 1\t ,.n—2i—1
o= > ("7 ) e

Chitng minh. Ching minh tuong tu nhu da thic f,(z). O
Dinh 1y 7. Gid st y(z) va §(x) la cic nghiém cia phuong trinh ddc trung t> —xt+1 = 0;

T+ Va2 —4 r—Vaz—4
—_— x _—

v(z) = 5

Khi do

trong do x # 2.

Chaing minh. Ching minh dinh 1y bang cic cach khac nhau bang cach suy ra truc tiép
tit dinh 1y 7?7, 2?7, 77, O

Tinh chat 13. Ching ta co
Z) ’)/n(.CC) _ hon (z)+V 22 —4gn ()

2
ii) §7(x) = Mm@V Agn ()

Chatng minh. Ap dung cong thitc Binet ctia hy, (x) va g, (x). O

Tinh chat 14. (Lién hé gitta da thiic g,(z) va da thic hy,(z))
) R2() — (2 — D) (x) =4
i) hn () = gni1(2) = gn1()

Chitng minh. i) Ap dung dinh 1y [7| ching ta 6

hip(2) = (&% = 4)g () = [v"(2) + 0" ()" = (2* - 4). anx) A

= ["(@) + 8@~ ["(x) = 8"(x)]”
= 4y"(x).6"(x) = 4}1[@2 — (2" =4
=1
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ii) Ching ta chiing minh bang phuong phap qui nap.
Véi n = 1 ching ta ¢6 hy(z) =z = go(z) — go(z).
Gié st cong thitc ding véi moi n =1,2,...,n—1 (n > 2). Khi dé
hni1(2) = 2hn(2) = by (z)
iv[gnﬂ(x) = gn-1(2)] = [gn(2) = gn-2(z)]

= [2gn41(2) = gn(2)] = [2gn-1(7) — gn—2(2)]

= gn+2(x> - gn( )
Vay ho(z) = gny1(7) — gn-1(2). O

Tinh chét 15. g, (lay,(z)) = Lzs()

. . ] fe@)fo(li(x)  néu k1€
Dinh 1y 8. fu(x) = { f:(a:)gn(l:(x)) néu k chdn

Chitng minh. Suy ra tit tinh chat |§| va . O
[(n=1)/2] i , .

He qui 4. fule) = filo) L ("7 )0

j=0
Dlnh ly 9. ln(ZQm_l(l')) = l(gm_l)n(ff) V4 hn(lgm(w)) = lgmn(l‘)
Ching minh. Chiung ta co

l(lam—1(2)) = a"(lam—1(2)) + B" (lzm-1(2))
_ Oé(2m_1)n(l') + /8(2m_1)n<1') _ l(2m—1)n($)
Vi y(lam (7)) = &> (z) va §(loy, () = B2™(x); hp(x) = y™(x) + §°™(x) nén
b (lom(2)) = Osz"(l’) + Ban<x> = lomn ()

Hé qua 5. 1, (%) |lgm-1)n (2)

Chitng minh. Ching ta c6 l(z) = z,ly(z) = 2% + 2
Hon nita theo cong thiic truy hoi ta c6

lop—1(x) = xlop—o(x) + lop—3(2)

nén x |lop_1(z) Vk>2.
Tuong tu x |hey—1(z) VEk > 2.
Vilgy— 1(l2k 1( )) l(2m 1)(2k—1) (1') va lop— 1(915)|l2m71(l2k71($)) HénSUyralzkfl(l') |l(2m—1)(2k—1)(x)-
TlIOIlg tu hgm 1(l2k(l')) = l2m 1)(2k)( ) va lgk(l,’) |h2m_1(l2k(l‘))7 vi vay ta dugce
Lok(@) |lam—1)(2m) (@) -
Do d6 khi n 1& hodc chén ta déu c6 1y () [lzm—1)n(2). O
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Heé qua 6. Ching ta co
i) Fy |Fuk
712) Ln ‘L(Qm—l)n

Vi du 2. Cac vi du dp dung
)
1 9 _ i -
fol@) = fo@) 3 ( 2 )(_1)353—%(95)
0

:xK(Q))lg(x)— ( X )lg(x)} =2 [(*+2)"— 1]

= 2% +42° + 32

ls4(z) = Lp(x) = 2% + 122" + 542® + 122° + 1052* + 362% + 2
= (2" + 42* + 2)(2® + 82° 4 202" + 162 + 1)
= ly(z).[ls(z) — 1]

Vi vay ly(z) |ls.4(x).

4 Da thuc Jacobsthal

Dinh nghia 3. Da thic J,(x),n € Z théa man hé thic truy hoi
Jo(z) = Jpa(z) + dpo(x), n>2

trong do Ji(x) =1, Jo(x) = 0 dugc goi la da thic Jacobsthal.

Nhan xét 5. Chiing ta c6 mot s6 nhan zét sau:

+ Da thic Jacobsthal Jo,_1(x) va Jon(z) 6 bic giong nhau.

+ Bac cua J,(z) la [(n—1)/2].

+ He s6 ctlia s6 hang cao nhat clia Jon,_1(z) la 1, va cia Jo,(x) la n.

+ Cdc hé so cia J,(x) giong cac hé so cia f,(x) nhung cé bic khdc nhau.

+ Cdc hé so ciia da thic Jacobsthal nam trén duong chéo tang chinh trdi cia tam
giac Pascal, voi cac biac khdc nhau.

Dinh ly 10. V&i moin > 1 ching ta cé

[(n—1)/2] )
[n/2] + n—1)/2]—j
M) = 2 (Lo )

Chaing minh. Vi cac he s6 ctia J,(z) giéng cac he s6 ctia f,,(x) v6i cac bac khac nhau nén
ta c6 diéu phai chiing minh. m
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Tinh chét 16. 25 J; (v) = Ju1 (2) + 2, (v) — 1
1

Tinh chat 17. Ching ta co

i) Jnir (@) Ju-1(@) — Ji(z) = (=1)"a"

i) Joi1 () Jp_o(z) — Jp(x)Jur(z) + (=1)"2" 2 =0
Chitng minh. Ap dung truc tiép tit dinh 1y ?? va tinh chét ?? véi q(z) = z, Jo(z) =
0,Ji(z) =1, J5(x) =
Dinh ly 11. Gid si r(z) va s(x) la nghiém cia phuong trinh dic trung t* —t — x = 0;

1++1+4+4x 1—+1+4z
T(l’):# va #

U

s(r) =
tha

r(x) — s"(x)

M) =

trong don > 1

Chitng minh. Ching ta c6 thé chiing minh dinh 1y bing cac cach khac nhau bing céch
stt dung céc dinh 1y ??, 7?7, 7?7 véi p(z) = 1, ¢(x) = z,ap(x) = Jo(z) = 0,a1(x) = Jy(x) =

1, a(z) = r(z), B(z) = s(z), a(z) — B(z) = /1 + 4a. O

Vi du 3.
i(g ])
0

=(§)x3+<3)x2+(?)“(3)

=234+ 622 +5r+1

Tuong tu, Js(x) = 42 + 1022 4+ 62 + 1

5 Da thiac K, (x)

Dinh nghia 4. Da thic K,(x),n > Z dugc zac dinh bdi hé thic truy hoi
Ky(z) = K,1(x) + 2K, o(z), n>3
trong do Ki(z) =1 va Ko(z) = x.
Nhan xét 6. Ching ta c6 mot s6 nhan zét sau:
+ Bac cia K, (z) la |n/2], vi vay Kop(x) va Kapyi(x) ¢6 cung bac.
+ He s6 ciia s6 hang cao nhat cia K, (x) la
1 néu n chan
[(n+1)/2] néu n Ié

+ x| Ky, (x) vdi moin > 2. (Gid siin #0 )
+ Khin >3 thi hé sé cia = la 2.
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n—1

Tinh chat 18. i) 2 K; (z) = K41 (2) + 2K, (z) —
1
x)

i) Ko (2) K1 (2) — K2 (2) = (2 — 2)(—
i) Kny1(2) K, o(z) — Kp(2) K1 (z) + (1) 2z —2)2" 2 =0

Chiing minh. Suy ra tryc tiép tut dinh 1y ?? va tinh chat ?? véi q(z) = z, Ko(z) =
=L Ki(z) =1, Ks(z) = z. O

Dinh ly 12. K,(z) = [J,—1(z) + Ju—2(z)] trong dé n > 2.
Ménh dé 3. Ham sinh cia K,(z) la

t+ (z— 1)t
Tt 2]

g(t) =

Hé qua 7. Ching ta c6 mot so hé qud sau
Z)F_ n1+Fn27 n=>3.

zz)F2n—1+Z"+3j 1<n+j._2>

n—j—1
nt+3j—1 n+j—1

Chitng minh. St dung K,,(1) = F,, = J,,(1) va dinh ly dinh 1y ?? ta dugc dieu phai
chiing minh. O]

Vi du 4. Mot so6 vi du minh hoa.
i)
Ko(z) = x[Js(x) + J7 ()]

= x[(42® + 102° 4+ 62 + 1) + (2° + 62° + 5z + 1)]
= 5zt + 162° + 112% + 22

Tuong tu, Kg(x) = z* + 92° + 922 + 2z.

i)
2 .
2435 ( 1+ _
2 2
K=ot + 3 2 (Q_j)xa
5( 2 3
_ 2. °
—x+2(1>x+2(0>
=z°+5r+2
Ko(z) = 2 + 52° + 2z
Tuong tu,




SORHORTE

2 3\ 1 5\ 0
= 4z® + Tx + 2

Kq(z) = 42° + 72 + 22

iii)

4 .
B 6+3)( 4+
F“_; 2j (4—1)

(AN Lo () 2 e 15T 18
“Ola) T3 2) 5 \2) 71 )T

— 6430436+ 15+ 2 = 89
5 . ;
mm—uZ%(éf; ) — 144
1

6 Da thic Morgan-Voyce

Dinh nghia 5. Da thiic Morgan-Voyce b,(x) va B,(z) dugc dinh nghia bdi hé thic truy

hoi
by(x) = xBy_1(x) + by_1(x)
Bu(x) = (2 + 1) B (x) + b (2)
trong doé by(z) =1 = By(x) van > 1.
Trae () va (5]) vé theo vé ching ta duge
by(z) = By(z) — Bp-1(2)
va tur hé thice chung ta dugc
2By () = bpsa(x) — bn()
Thé b, (z) tu @ vao (4)) ching ta thu duge he thic truy hoi:
B, (z) = (r+2)B,-1(z) — Bh—2(z) n>2
trong d6 By(z) =1 va By(x) =z + 2.
Tu , (5), (7) ching ta duge
bp(z) =xB,_1(x) + by_1(x)
=2[(x + 1) By —2(2) + bp—2(2)] + bn1 ()
:.I‘[Bn_g(l’) + bn—l(x)] + bn_1<I>
=[bn-1(x) = bua(2)] + (z + )b (2)
=(z + 2)bp_1(x) — by_a(x)
Vay
bo(z) = (x 4+ 2)by—1(x) — byo(x) n>2
trong do bo(z) =1 va by(z) =z + 1.
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Nhan xét 7. Vdin > 0 ching ta co
deg B,(x) =n
degb,(x) =n

Tinh chat 19. Ching ta co
i)xy  B;(z) = Bu1(v) — By () —x —1
1
i) x> b (x) =byyr () — by () — 2
1

Tinh chat 20. (Mot s6 tinh chat co ban cia da thiic Morgan-Voyce)
i) By (x) = (z + 1)by () — bp_1(x)
ii) Bpy1(x) — Byo1(2) = by () + bu(x)
iii) x[Bn(v) + Bn-1()] = bpy1(x) — by ()

Dinh ly 13. Voin > 0 ching ta co
By(x) = (”“ﬂ)xi (10)
0

va .
by(x) = 2 ( " )x (11)

Dinh 1y 14. Gid sitr(z) va s(x) la nghiem cia phong trinh dac trung t* —(z+2)t+1 = 0;

r+2+Va2+4r T+ 2—Var2+4x
= va =

r(z) s()

tha

V4

@) = {(x + m) ™ (z) — <x - m) s”(m)}

trong don > 1

Chitng minh. St dung kién thitc sai phan chiung ta sé chitng minh cong thitc Binet cia
B, (z). Theo gia thiét nghiém ctia phuong trinh dic trung cia hé thitc truy hoi (8)) 1a

r+2+Vr2+4r T+ 2— V2 +4x
= V. =

5 a s(x) 5

r(z)

tong quat ctia hé thitc truy hoi (8) 1a B,(x) = Cr™(z) + Ds™(z), trong d6 he s6 C va D
duge xac dinh.

trong d6 r(z) + s(z) = = + 2,7“(? — s(x) = Va2 + 4x va r(z).s(x) = 1. Vi vay nghiém
(8
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Stt dung céc diéu kién ban dau By(x) =1 va Bi(z) = 2 + 2 = r(z) + s(z) ching ta
duge hé phuong trinh tuyén tinh sau

C+D=1

Cr(z) + Ds(x) = r(z) + s(zx)
Giai hé ching ta dugce

Do dé

trong d6 n > 0.

Ngoai ra ta con c6 thé ching minh dinh 1y bang cac cach khac nhau tit cac dinh 1y
277777

Véi by, (z) ching ta chiing minh tuong tu B, (z). O
Ménh dé 4. (Ham sinh cia da thiic Morgan-Voyce)

1
ZB
Tl (42t

1—t
by (z)t" =
n%% 1— (z 4 2)t + 12
Chiing minh. Chtng ta c6 thé chitng minh ménh dé bing cach suy ra truc tiép tit ménh
dé ??. Ngoai ra chiing ta ciing c¢6 thé chiing minh bing céch sau
Vi nghiém ctia phuong trinh déc trung ¢ — (z +2)t + 1 =0 la r(x) va s(z), nén
1 B 1
I—(z+2t+t2  (1—r(2)t)(1—s(z)t)
A B
= +
IL—r(x)t 1-—s(x)

dung dong nhat thic ta duge A=r/(r —s),B= —s/(r — s),r =r(z) va s = s(x).
Tu do ta duge

1 - (r
1—(9[:+2)1t+t2:Z ZB (12)

Do dé

t o0
= o)t" =Y B, 13
1— (z+2)t +1t2 2B, Z i (13)
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Vi vay

1 _t oo [e.e]
= B, (x)t" — B, _1(x)t"
1— (z+2)t + 12 7; (=) ; (@)

= By(2) + Y [Bulx) — By (2))t"
L (14)

=14 bu(ax)t"
n=1

= bu(a)t"

n=0
Phuong trinh va cho ching ta ham sinh cta B,(x) va b,(z). O

Meénh dé 5. Gid st B,(z) la da thiic Morgan-Voyce. Khi do, néu

S(z) = {x1+2 —01}

thi Gripy— | Bul@) —Bai(a)
() |:Bn_1(£17) —Bn—2(93)}

trong don > 1.

Tinh chét 21. (Tinh chdt cia da thic Morgan-Voyce)
i) Buy1(2) By () — Bi(z) = —1
i1) Bpy1(x)Bp—a(x) — Bp()Bp1(z) + (z+2) =0
1) bpy1(2)by_q(x) — 02 (2) =
i) b1 ()by_2(x) — by (2)bp_1(z) —x(z+2) =0
V) Bnin(r) = By () B () — B (2) Bp a1 (2)
vi) Bon(x) = B (x) — By, (x)
vii) Bon1(x) = [Bn(z) — Bya(7)|Bp1(z)
viii) (z + 2)Ba,_1(z) = B3(x) — B%_,(2)

Tinh chat 22. (Lién hé gita da thiic Morgan-Voyce va da thitc Fibonacci)

Z) f2n($) = IBn—l(lQ)
i) foni1(x) = b, (2?) trong dé n > 0.

Chiing minh. Céch 1: St dung phuong trinh va ching ta dugc

o0

t(1—t%) Z 2yt
1— (22 + 2)t2 + 1!

va
wt’ 2\,2n
1= (2 + 2+t 2 wBia(a)t
n=0
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Cong hai phuong trinh trén vé theo vé, ching ta dugc

t(1+at —t%) 2n 2n+1
(1+:1:t—t2)(1—xt—t2 ZxB“ t+zb Ot

1 — = E QZBn 1 t2n + g b t2n+1
fo@)t" =Y 2B, (eH" + Y b, (2*)t*"
S =3 Z

Do d6 fon(7) = xB,_1(2?) va fon11(x) = by(2?).

Tinh chat 23. (Lién hé gitta B, (z) va b,(z))
i) binn(T) = b (2) Bp(2) — b1 () Broa (2)
i1) bon () = By (2)by(7) — By ( )bn1(z)
i1i) bapy1(7) = Bp(2)byi1(x) — Bp1(2)bn(7)
w) (x + 2)bany1(7) = Brya( )bn+1( ) — By1(7)by1 ()
v) (z + 2) By (v) = Bpy1(2)Bu(r) — By (2) Bra(z)
vi) bon () — ban—1(x) = b2(x) — b (= )

Chitng minh. i) Stt dung dang thiic v) muc tinh chat 21| chiing ta dugc

bmin(z) = m+n( ) = Binyn—1()
[Bm(I) By (2) = Bin—1(2) Buoa] = [Bi(2) Bp-1(2) — By—1(2) By—a ()]
[Bn(z) — B”—l( )] = Bn-1(@)[Bn-1(x) — Bpa(z)]

m(x) bp(7) — Bi1(2)bn — 1(2)
ii) Trong i) thay m bdéi n chung ta duge

bon(2) = Bp(2)by(x) — By_1(x)bn — 1(x)

iii) Ap dung i) v6i m =n + 1.
iv) Ap dung he thic iii), , @) ching ta duge

(@ + 2)bapy1(z) =(x + 2) Bu(2)bpt1 (z) — (z + 2) Byoa (2)bn(2)
=bpn11(2)[Bnt1(z) + Buo1(2)] — Bo1 () [brsa (2) + b1 (2)]
=Bpn11(2)bns1(x) — Bao1(2)bp—1(2)

v) Ap dung iii) tinh chét [21] va he thitc (8) ching ta c6

(T + 2)Ban(7) = B2n+1(l’) + Bap-1(z) =
=[Bn(2) Bui1(z) — Bnoa1(2) Bo(2)] + [Bu(2) Byuo1(2) — Baoa(2) By—a(w)]
=B, (2)Bpt1(x) — Bn—l(x)Bn—2(x)
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vi) Ap dung ii) va he thitc i) tinh chat [21| ching ta dugc

bgn(l') — bgnfl(ﬂf) =

=[Bn(2)bn(x) = Bp-1(2)bp-1(2)] = [Bp-1(2)by () — Bn2(x)bn-1()]

=by(2)[Bn(2) — Bp-1(2)] = bn-1(2)[Bp-1(2) — Bp-2()]

=bj, () = b, 1 (@)

Tinh chat 24. (Cong thitc vé tong ciia da thitc Morgan-Voyce)

i) m%BZ-(x) — byer(2) — 1

ii) %bi(x) _ B,(z)

iii) %Bgi(x) — B()

iv) iBgi_l(@ — B, (2).By1(2)
wéwwzawm@

vi) ib%_l(m) — By (2).bn(2)
WUZ( 1)°b;(z) = by (2)

Heé qua 8. Vi n >0 ching ta cé
Z) an — anl(l)
i1) Fony1 = bp(1)

Hé qua 9. (Mot s6 két qud ciia so Fibonacci)
i) Foin = FoisoF — FyyFyo
ZZ) F2n+2 F F2
iii) Fop = (Fn+2 F, 2)F,
) 3F3n = Flyy — Fi,

V) Y Fy = Fhyg — 1
0

UU Z Fyi 1 = Fy,
0

Vi du 5. Chiing ta c6 mot s6 vi du sau
( 641 ) i
(3 ()
T3 )" 2

+ 352 + 5622 + 3622 + 102* + 2°

||
st

I
(@) PN
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||
SMO‘

<5—|—Z>i
) (D)ee (5 (5) e (V) ()

+ 152 + 3522 + 2823 + 9z* + 2°

I
»—t/\

by(z)bo(z) — b3(x) =(a* + 72* + 152 + 10z + 1)(2® + 32 + 1)
—(2®+52° + 62+ 1) =2

BQQ(QT) — Bf(x) = (:E2 +4x + 3)2 — (z + 2)2
=2+ 823 + 2122 + 202 + 5
= Ba(x)

3

x Z Bi(z) = x(2* + 72* + 152 + 10)
0

= 2% + 72° + 152° + 102

= b4(l’) —

3
D bix) =1+ (z+1) + (2® + 3z + 1) + (2” + 52 + 62 + 1)
0
= 2% + 62 + 102 + 4

= Bj(w)

7 Nghiém cua cac da thic dang Fibonacci

Tinh chét 25. Véoin e Z7T. Chdng ta cé mot so kbt qud sau:
i) Vi x = 2icos@ ta dugc f,(x) = i~ 'snnd

sind -

ii) Véi x = 2icos O ta duge l,(x) = 2i" cosnb.

iii) Véi v = 2icos ta dugec H,(x) = ”% o+ qntsinnd
iv) Vdi x =2cos O ta duge g,(z) = 22,

v) Véi x = 2(:080 ta duge h,(x) = 2cosn#.

vi) Vi v = 4CO529 ta duge J () = sy g

vii) Vi & = — 1=tz ta duge K, (z) = —23n=U0tenin=8)0,
viii) Vdi x = 2cos — 2 ta duge B, (x) = smth;)e'

iz) Vi x = 2cosf — 2 ta dugc b,(x) = %};%2).
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Chatng minh. Suy ra tryc tiép tu dinh Iy 1.5.1. O
Dinh ly 15. (Vé nghiém cia cic da thic dang Fibonacci)

i) Nghiém cia da thic f,(z) la x = 2icos km/n, 1<k<n-1

ii) Nghiém cia da thic l,(z) la © = 2icos(2k + 1)w/2n, 0<k<n-—1.

iii) Nghiém cia da thic g,(z) la x = —2coskm/n, 1<k<n-1
iv) Nghiém cia da thic hy,(x) la © = —2cos(2k 4+ 1)m/2n, 0<k<n-—1.
v) Nghiém cia da thic J,(x) la z = —@, 0<k<n-—1. Xem lai dieu kien

cua k vzﬂ:%ﬁ va@#%’r.

vi) Nghiém cia B,(x) la x = —4sin’kr/(2n+2) 0<k <n.

vii) Nghiém ctia b,(v) la v = —4sin® (2k — )7/(4n+2) 0<k <n.
Ching minh. Ap dung tinh chét [25 ching ta c6

i)

fa(z) =0
sinnf =0 nf = kn 0 =kr/n
e & &
sinf # 0 0 # km 0 # km
SO0=kr/n 0<k<n
Khi do
x = 2icosl = 2icoskm/n

trongdo 1 <k <n-—1.

Cac truong hgp con lai chitng minh tuong tu. O
Cha y 1. Da thic H,(z) vo nghiém.
Vi du 6. Nghiem cia fo(x) = 2° + 423 + 32 dugc cho bdi x = 2icoskn /6, 1 <k <5.

Khik=1, z=2icosm/6=/3i;

Khik =2, x=2icosm/3 =1

Tuong tu khi k = 3,4,5 thi ta dugc cdc gid tri clia x tuong ting la 0, —i, —/3i. Do
dé fs(x) c6 cdac nghiem 1o 0,4, +v/3i. Vi vay fo(r) = x(2® + 1)(z% + 3).
Chu y 2. Tw nghiém ciua da thic Fibonacci va Lucas ching ta cé su phan tich sau

n—1

fo(z) = H (x — 2icoskm/n)

1

va
n—1

ln(x) = H [z — 2icos(2k + 1)7/2n]

Tai lidu
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