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|. PHAN MO DAU
1. Ly do chon dé tai:

Tir khi tham dy cac hoi nghi Chuyén dé Boi dudng hoc sinh gioi
THPT do truong Pai hoc Khoa hoc tu nhién Ha noi t6 chirc hang nam tur 2002
dén nay, dugc hoc tap cac chuyén dé do cac giang vién, cac chuyén gia Toan cua
Bo trinh bay va duoc su dong vién cia thay Truong Thanh Phu chuyén vién mon
Toan cua S¢ Gido duc va dao tao Tién Giang chiing t6i 6 mot tim huyét 13 s& cb
gang thuc hién hoan chinh, cu thé hoa cic chuyén dé& phl hop véi trinh d6 hoc
sinh tinh nha dé dong gop vao thanh tich chung cua Tinh trong cac ky thi HSG
cap khu vuc va cap qudc gia.

Trong nhitng ndm gan ddy bd moén Toan cia tinh Tién Giang d& c6
nhitng tién bo va dat duoc mot sé thanh tich dang ké trong céac ky thi HSG khu
vuc. Nhung gan day Bo d4 thay d6i manh vé quy ché thi HSG cap Quéc gia d6
la khdng con phan chia hai bang A, B nhu trudec ma chi c6 mot bang théng nhat
chung toan quéc. Pé thi kho hon va khdi lugng kién thirc nhidu hon giy kho
khan cho ca Gido vién va hoc sinh mon Toan tinh nha.

Trong diéu kién kho khan d6 viéc tim tai liéu va viét cac chuyén dé
nay la viéc can thiét trong tinh hinh hién nay. Puoc su ung ho cia cac thay co
trong t6 Toan trudng THPT Chuyén Tién Giang chung t6i thuc hién viét chuyén
dé: “ Mot sé bai toan Vé da thirc va 4p dung”.

2. Muc tiéu nghién ciru:

Nham hé thong va phan loai kién thirc cac bai tap c6 sur dung Kién thic vé
Pa thirc ma chi hoc sinh chuyén Toan méi dugc hoc nhu: Phuong trinh ham da
thirc, Pa thirc bat kha quy, Cong thirc ndi suy Lagrange, Pinh 1y Viét cho da
thirc bac n, Pa thirc Tsébusep,....Gilp cho hoc sinh ¢ hé thdng kién thic va biét

van dung da thirc vao giai cac bai toan luong giac, hé phuong trinh dai s6 dong



Mdt so bai toan vé Pa thire va ap dung ThS Nguyén Vii Thanh

thoi dinh hudng qué trinh suy nghi giai quyét van dé, rén luyén tu duy sang tao
toan hoc va kha nang van dung sang tao trong giai cac bai todn mai.
3. Nhiém vu nghién ctru:

Hé thdng kién thirc vé da thuc, phan dang bai tap va huéng dan giai
cac bai tap ap dung.

Tuy theo timg ndi dung cua cac van dé vé da thirc, ching t6i chon
loc mot s6 bai tap co cac kién thie 1ién quan nhu: s6 hoc, nghiém phuong trinh,
bat dang thirc, to hop, ... ma trong c&c Ky thi hoc sinh gidi toan thudng hay gip.

Vi ddy 1a chuyén dé nang cao vé da thuc dé rén luyén k¥ ning giai
Toan cho hoc sinh gidi nén ching tdi khong trinh bay hé théng 1y thuyét vé Pa
thirc, coi nhur hoc sinh chuy@n Toan phai biét trong chuong trinh chinh khda vé
da thic dé 1am co sé cho viéc hoc chuyén dé nay.

Rén luyén tu duy giai toan thong qua giai cac bai tap vé da thuc va
&p dung da thuc dé giai toan ddng thoi trao d6i va hoc tap kinh nghiém voi cac
thdy c6 bd mon Toan cua tinh Tién Giang.

4. Phuwong phap nghién ciru

- Dya vao céac chuyén dé da hoc & Ha Noi va cac tai liéu trong tit ca
cac dot bodi dudng dé trinh bay hé théng cac bai todn vé Pa thtc thudng gip
trong cac ky thi hoc sinh gioi Toan.

- Hudng dan hoc sinh Doi tuyén tim tai liéu c6 lién quan, phan loai
bai tap, nhan xét cach giai, tao tinh hudng c6 van dé& dé hoc sinh cung trao dbi
nghién ctu.

- Hé théng va sap xép cac dang bai tap tir d& dén kho va cb céc
huéng dan.

- Chung t6i khong trinh bay chi tiét cac 1oi giai ma chi dinh hudng
cach giai, phan giai quyét chinh danh cho hoc sinh.Tuy nhién truéc khi huéng

dan chiing t6i cho hoc sinh ty giai quyét van dé mot cach doc 1ap dé phat hién tir
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cac em nhiéu cach giai hay, doc dio gop phan boi dudng va rén luyén tu duy
sang tao cho hoc sinh.

- Phuong phap phan tich: giup hoc sinh nim rd ban chat vin dé , Iya
chon phuong phéap giai phil hop dong thoi mé rong va twong tu hoa bai toan.

5. Mot s6 két qua dat dwgc

Gilp cho hoc sinh d6i tuyén c6 thém phuong phap va tai liéu can
thiét dé giai cac bai tap vé Pa thirc va &p dung da thuc dé giai toan .

Qua chuyén d& nay gilp hoc sinh khic sau thém kién thuc vé Pa
thirc va cac kién thirc khac nhu : S6 hoc, Phuong trinh, Phuong trinh ham, Giai
tich T4 hop,. ..

Gilp cho hoc sinh ¢6 thém phuong phap dé viét cac chuyén dé nang

cao khac.

11. NOI DUNG NGHIEN CUU

1. Céc bai tap vé Pa thic va ap dung da thic dé giai toan thuong gap
trong céc dé thi hoc sinh giéi cdp Qubc Gia gan day.Vi mong mudn c6 mot
chuyén d& Pa thirc phong pha nén ching toi viét chuyén dé: “ Mgt sé bai toan
Vé da thive va ap dung” dé phuc vu giang day cho hoc sinh Doi tuyén tinh nha.

2. Pé tai dugc chia 1am 7 chuong:

Chuong I: PHUONG TRINH HAM BA THUC

Chuong II: DA THUC BAT KHA QUY TREN TAP SO NGUYEN
Chuong I1I: NGHIEM CUA PA THUC
Chuong IV: CONG THUC NOI SUY LAGRANGE

Chuong V: PINH LY VIETE
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Chuong VI: PA THUC CHEBY SHEV( Tsébusep)

Chuong VII: AP DUNG PA THUC BE GIAI TOAN
Trong mdi chuong sau phan trinh bay cac van dé c6 lién quan l1a hé
thdng bai tap c6 hudng dan.
DU ¢ ging nhiéu nhung d& tai khdng tranh khoi sai sot, rat mong
nhan dugc sy dong gop tir cac dong nghiép moén Toan ciia tinh nha.

Sau day va trinh bay phan noi dung cta dé tai.



Mdt so bai toan vé Pa thire va ap dung ThS Nguyén Vii Thanh

Chuwong I: PHUONG TRINH HAM PA THUC

I.1. Sir dung tinh chit : Néu P(x)e R[x] 14 da thtc tudn hoan, tic ton tai
a khac 0 sao cho P(x+a) = P(X) v&i moi x thi P(X) =C, VxeR.

That vay dat Q(x) = P(x) — P(0) ta c6 Q(0) = 0 va Q(x+a) = Q(x) VxeR
suy ra Q(na) = 0 véi moi n 1a 6 tw nhién . P(x) = 0 ¢6 vO s6 nghiém nén
Q(x)=0=P(x)=P(0)=C.

Bai 1:a/ Tim da thic P(x) hé s thuc thoa XP(x-1) = (x-3)P(x), Vx e R
(Thi HSG cap Tinh 2000)

b/ Tim da thac P(x) hé sb thuc théa (x-1)°P(x) = (x-3)?P(x+2),

vxeR
Hudng dan:

a/Lan luot thay x = 0, X = 1, X =2 vao xP(x-1) = (x-3)P(x) ta tim dugc P(0)
= P(1) = P(2) = 0 .Theo dinh ly Bezout P(x) = x(x-1)(X-2)Q(X) tur do suy ra

Q(X) = Q(x-1) =Q(x)=C.Thir lai P(x)=Cx(x-1D(x-2) ( v6i C 1a hing sb )
thoa bai toan.

b/ x= 3 la nghiém boi bac 16n hon hodc bang 2 ciia P(x) nén P(x) = (x-
3)°Q(X) tir d6 suy ra Q(x) =Q(x+2) =Q(x)=C. Thir lai P(x)=Cx(x -1)(x—2) (
véi C 14 hing s6) thoa bai toan.

Bai 2: Tim da thic P(x) hé sb thuc théea PWO) = 0 va
P(x) E%[P(x+1) +P(x-1)]

Hudng dan:

bat Q(x)=P(x+1)-P(X) = Q(x)=Q(x-1),vx=Q(x)=C.
P(n)= [P(n)-P(n-1)]+ [P(n-1)-P(n-2)] +...+ [P(1)-P(0)] + P(0) = nC v&i
vneN = P(X) —Cx =0 c6 vb s6 nghiém do d6 P(x) = Cx .Thur lai P(x) =Cx

thoa bai toan.
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Bai 3: Tim da thac P(x) hé s6 thuc  thoa
P(x)+P(1) E%[P(x+1) +P(x-1)]
Hudng dan:

bat P(1) = a va Q(x) =P(x)—ax’ thi Q(1)=0

vaQ(x) s%[Q(x +1)+Q(x—1)]. Twong ty bai 2 ta c6 Q(x) =bx—b.Thir lai

P(x) =ax® +bx—b, véi a,b 1a hang s thoa bai toan.

Bai 4: Tim da thirc P(x) hé s6 thuc thoa P(x+1) = P(X) + 2x + 1, vxeR.
Hudng dan:

bat Q(x)=P(x)-x* thi Q(x+1)=Q(x)=Q(x)=C. Thu lai P(x)=x*+C
thoa bai toan

Bai 5: a/Tim da thic P(x) hé sd thuc théa PO) = 0 va
PO +1) =[P(x)]" +1

b/Tim da thac P(x) hé sd thuc théa P(2011) = 2043 va

P(x)=/P(x* +1) —33+32 (x> 0)
Hudng dan:

a/Pit Q(x) = P(x) — x thi Q(0) = 0, gia str x = k 1a nghiém ctia Q(x) khi do6
P(K) = k= P(K*+1)=k*+1=Q(k*+1)=0 ma k’+1>k nén Q(x)=0 cO vd s
nghiém suy ra Q(x)=0= P(x) =x

b/ Pit Qx) = Px) - 32 thi Q(2011) = 2011 wva
Q¢ +1) =[QM] +1= Q) =x

Bai 6: Tim da thirc P(x) hé s6 thuc thoa P(u? —v?)=P(Uu+V).P(u-v)
Hudng dan:

batx = u+vvay=u-vtaco P(xy)=P(x).P(y)(1).Cho x = y=0 thi P(0) = 0
hodc P(0) = 1 .Néu P(0) =1 thi cho y = 0 ta dugc P(x) =1
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Néu P(0) = 0 thi P(X) = xQ(X) v&i degQ = degP-1.Thay vao (1) ta duogc
Q(xy) = Q(x).Q(y) . Tiép tuc qua trinh lap luan ndy ta c6 P(x)=1 hodc P(x)=x", Vi
n nguyén duong
Bai 7: Tim da thic P(x) hé s6 thuc thoa
(G +3x2 +3x+2)P(x —1) = (x* — 3x* + 3x— 2) P(x) (1) (Thi HSG Quéc Gia
2003)
Hudng dan:
Taco (1) o (x+2)(X* +Xx+1)P(x-1) = (x—2)(x* = x+1)P(x) (2). Lan luot thay
x =11 x=42 ta tinh dugc P(-2)=P(-1)=P(0)=P()=0 suy ra
P(x) = (x—D)x(x +1)(x+2)Q(x) Tiép tuc thay vao (2) ta dugc
(X + X +DQ(X—1) = (X* = X +DQ(X) = Q(x) = (x* +x+1R(x).Tlr d6 tim duoc
R(x-1) =R(x) = R(x)=C. Thirlai P(X) =C(X=1)x(X +1D(Xx +2)(x* + x+1) thoa
bai toan
Nhan xét : C4c bai tap trén ap dung nhiéu lan cac tinh chat sau:
- Dinh ly Bezout : x¢ la nghiém cta da thirc P(x) khi va chi khi P(xg) chia
hét cho X — Xg
- Moi da thirc P(x) bac n (n>1) khdng thé c6 qua n nghiém
- Néu da thirc P(x) bac khong qua n ¢6 hon n nghiém thi P(x)=0
1.2.Ap dung phwong phap dong nhat
Bai 8: Tim da thirc P(x) hé s6 nguy@n thoa 16P(x?) = [P(ZX)]2 (1)
Hudng dan:
Goi a la hé s bac cao nhit ciia P(x) (a=0).Dong nhit hé sé bac cao nhat cua (1)

ta duogc 16a=22”a2:>a=i—?ezz>n=0;1;2

e Voin=0tacod P(x)=0,P(x)=16
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e Vé6in=1khid6a=4vaP(x)=4x+ b .Thay vao (1) va dong nhét ta
duoc
b =0.Vay P(x) =4x
e Vdin=2tacoa=1vaP(Xx) = x*+bx+c. Thay vao (1) va ddng nhit ta
duoc
b=c=0.Vay P(x)=x*
Bai 9: Tim da thirc P(X) hé s6 thuc thoa P(x?) E[P(x)]2
Hudng dan:
e VGiP(x)=C thiC*=CsuyraC=0hoic C=1.Taco P(x)=0;P(x)=1
Vé6i P(x)=a x"+a,_x""+..+ax+a,(a =0).Gia st a_,.a_,,...a, khong dong thoi
bang 0.Chon k < n 12 s6 16n nhét sao cho a, =0Ta co
P(?)=[P(X)]" < a,x™ +a,x* +...+ax* +8,=(a,X" +ax" +..+ax+a,)?.
So sanh hé s6 cua x™ hai vé ta c6 2a.a, =0 (chiy 2k < n+k < 2n)
Suyraay=0(voly).Vay a ,=a_,=..=a,=0, tr d6 suy ra a,=1 va P(x)=x",
V&1 n nguyén duong.
Bai 10: Tim da thirc P(x) hé s6 thuc théa P(x* —2x) =[P(x-2)]’
Hudng dan:
Tacod P(x*-2x)=[P(x-2)] < P((x-)*-) =[P((x-) -]’
biat Q(y) =P(y-1) = Q[(x-1)?]1=Q*(x-1) .Theo bai 9
Q=0,Q0=1,0=x"=>P=0,P=1LP=(x+1)"
Bai 11: Tim da thirc P(X) hé sb thuc thoa
P(x?) + X[3P(x) + P(x)]=[P(X)]’ +2x* (L) (Thi HSG Quédc Gia 2006)
Hudng dan:
Thay X b&i —x 1di trir cho nhau dugce [P(x)+P(-x)][P(X) - P(-x) - 4x] =0

-Hoic P(x)+P(-x) = 0 ding v&i vo s gid trj cla x.



Mdt so bai toan vé Pa thire va ap dung ThS Nguyén Vii Thanh

-Hoic P(x)-P(-X) - 4x = 0 dung véi vo sb gia tri ca x.
Vi P(X) la da thirc nén hodc P(x)+P(-x) = 0 ding v&i moi gia tri cuia X hoac
P(x)+P(-x)-4x = 0 dung v41 moi gia tri cua x

e Néu P(x)+P(-x) = 0 thay vao (1) dugc P(x*)-x* = (P(x)-x)*>.Dat
Q(X)=P(x)-x thi Q(x*)=[Q(X)]*.Suy ra P(x) = x, P(x)=x+1,P(x) = x" + x nhung V&i
diéu kién P(x) + P(-x) =0 ta chinhin P(x)=x,P(x)=x*"+x (k=0,1,...)

e Néu P(x)-P(-X) - 4x = 0 thay vao (1) duoc P(x?) - 2x> = (P(X) - 2x).
bat Q(x) = P(x)-2x thi Q(x*) =[Q(X)]*.Suy ra P(x)=2x,P(x)=2x+1 P(x)=x"+2x
nhung v&i diéu kién P(x)+ P(-X) -4x = 0 ta chi nhan P(x)=2x,P(x)=x* +2x (k =

1,2,..))

Bai 12: Tim da thirc P(x) hé sd thuc théa P(x).P(y)= pZ(ﬂzy)_ pZ(X;zy)

1)
Hudng dan:
P(x)=0 thoa , P(x)=C =0 khdng thoa bai toan.Gia sir P(x) c6 bac n>1 va hé sb
cao nhat cia P(x) 1 a=0.Thay y = 3x vao (1) va ddng nhét hé sb cua x*" hai vé
ta dugc a3"a=(2"a)’-a* < 3"+1=4"<n=1.Vay P(x) = ax (a=0)
Bai 13:Cho da thtc véi hé s6 thuc

P(x)=a x"+a, X" +..+aXx+a, (a,#0) théa P(x)P(2x*) = P(2x* + X) .CMR
P(x) khéng cd nghiém thuc (Thi HSG Quéc Gia 1990)
Hudng dan:
Gia sir ton tai Xo Sa0 cho P(x,)=0=> P(2x2 +X,) =0 = X, = 2X’ + X, cling 1&
nghiém.Lap ludn tuong tu (x,) 1a nghiém P(x) véi x, =2x3, +x , n>1Vva Xy cho
trudce.

o Néuxo<0thiXg>X1>Xo>...> X0> Xpsy >...suy ra P(x) co vo han nghiém,

vo ly.
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o Néuxg>0thi Xg< X1 < Xp<...< X0< Xpag >...suy ra P(x) co vo han nghiém,
vo ly.
e Néuxo=0tagoiklasdbénhatma a #0(n > k>0)taco

k

P(x)=aXx"+a_x""+..+ax" .Thay vao (1) ta dugc
22" +..+a22"x* =a,(2x° +X)" +...+a,(2x* +x)" (2).Do ap=0 va a, #0 nén k > 0

— 3k > k .Trong (2) ddng nhit hé sb cta x* hai vé di déna,=0, Vo Iy.

Chuong IT: PA THUC BAT KHA QUY TREN TAP SO

NGUYEN
I1.1. Dinh nghia:

Pa thiic ¢6 hé s6 nguy@n c6 bac 16n hon 0 P(x) dugc goi 1a da thirc bat kha
quy trén Z néu P(x) khong phan tich dugc thanh tich cta hai da thuc hé sb
nguyén c6 bac bé hon n.

I1.2. Tiéu chuan Eisenstein:

Cho da thic P(x)=a x"+a_ X" +..+aXx+a,,n>1.Biét rang ton tai so
nguyén té p sao cho:

i/ ay,8,,...,8,,:p

i/ a, khong chia hét cho p

iii/ a, khong chia hét cho p°
Khi d6 P(x) bat kha quy trén Z

Chu y: Néu tat ca gia thiét cua tiéu chuan Einsenstein dugc thoa thi P(X)
cling bat kha quy trén Q.

Vi du: Pa thire P(x) = x* + 2x +2 bit kha quy trén Q va véin > 3 da thirc
Q(x) = X" - 2 batkha quy trén Q (o dayp=2)

11.3. Bai tap:
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Bai 1: Cho c4c sb nguyén a;, a,,..., a, khac nhau d6i mot. CMR
(x—a,)(x—a,)...(x —a,) —1 khdng thé phan tich dugc dudi dang tich ciia hai da
thirc co hé s6 nguyén cd bac bé hon n
Hudng dan:

Giasu (x—a)(x—a,)...(x—a,) —1= f(x).g(x) trong d6 deg f(x) , deg
g(x) <n Thay x = a; vao ta dugc:

f(a)g(a)=-1= f(a)+9(a)=0,vVi= f(x)+g(x)=0 (videg(f+g) <n
va f+g cd n nghiém ).Twr d6 suy ra

f(x)=-g(X)= (x-a)(x-a,)..(x—a,)—1=-[f (x)] (v0 ly vi hé sé bac cao
nhét cta vé trai bang 1,trong khi hé s6 bac cao nhat cia vé phai 1a s6 am)

Bai 2: Cho da thuc f(x) bac n c6 hé s6 nguyén ( véi n=2m hodc n = 2m+1
) nhan gié tri bang +1 v&i hon 2m gia tri nguyén cua x thi f(x) khong thé bicu
dién thanh tich 2 da thirc bic nguyén duong vdi hé sé nguyén .

Huréng ddn:

Giastr f(x)=g(x)h(x) véi g(x) va h(x) c6 hé s6 nguyén va
0<degg <degh<n.Vin=2mhoic n=2m+1 nén degg <m.Gia st c6 k s6
nguyéna; (k>2m)saocho

f(a)=9(a).h(a)=t1=9(a)=1LVi=1..,k.Ma g(x) =+1co khdng qua 2m
nghiém nguyén do degg <m,vo ly.

Bai 3: Cho da thire f(x) bac n (n>2) c6 hé sé nguyén véi ‘ f (a)\ =1 hoac
‘ f (a)\ = p 1a s6 nguyén té voi it nhat 2n+1 gia tri nguyén khéac nhau ciia a .CMR
f(x) khdng thé phan tich thanh tich cia 2 da thirc bac nguyén duong vdi hé sb
nguyén.

Hudng dan:
Gia so f(X)=g(X)h(x) Vvéi g(x) vd h(x) c6 hé sé nguyén va

degg,degh>1.
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Pit m=degg,l =degh (n=m+1).Ton tai 2n+1 sd nguyén ay,a,,...,azn+1 S0
cho ‘f (ai)\ =1 hoac ‘f (ai)\ = p la sé nguyén t6 suy ra:
1 |lg@a)=1
1f(a)|=|0(a)|.]h(a)] :[ = [ i=12,..2n+1.]g(x)|=1< g*(x) =1
P ||h(a) =1
c6 khdng qua 2m nghiém; twong tw |h(x)|=1 c6 khdng qua 2| nghiém.Vay
|9(x)| =1 hodc |h(x)|=1 c6 khong qua 2(m+1) =2n nghiém , vo ly.
Bai 4: CMR khong ton tai hai da thuc fix) va g(y) sao cho
Xy +1=1(x)g(y) (1)
Hudng dan:

Gia st f(x)=> ax“,g(y)=> by thoa (1) taco
k=0 k=0
an, =1=a, #0,b, #0.Cho x = 0 ta duoc a,g(y) =1L Vvy=g(y) Ei.THO’ng tur

f(X) Ebi: X2010-y2011 _+_1: 1

0 a0 b0

=1,v0 ly.

Bai 5: Cho cac s6 nguyn aap,...,a, khic nhau d6i mot.CMR
P(x)=(x-a,)°(x—a,)*..(x—a,)* +1 khdng thé phan tich dugc dudi dang tich
ctia hai da thirc c6 hé s6 nguyén cd bac 1on hon hoic bang 1
Hudng dan:

Gia str P(x) =Q(X)R(x) v&i Q(x) va R(X) c6 hé sé nguyén va
degQ,degR >1.Suy ra Q(a;)R(a;) =1=|Q(a)|=|R(a))| =1 Vi.TaCM Q(a,) =1
hoac Q(a)=-1,Vi va tuong tu cho R(x). Gia st
JFk=j:Q(a)=L0(a;)=-1=3x,€(a;a;):Q(X) =0=P(x))=0 V0 ly vi
P(x)>1,Vx
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e Néu Q(a)=R(a)=1Vi=Q(x)-1,R(x) -1 nhan a; lam nghi¢m

=Q(X)-1=R(X)-1=(x-a,)(x-a,)...(x—a,) = (x—-a)*(x—-a,)*..(x—a,)* +1
=[(x—a)(x—a,)..(x—a,) +1]2 = (x-a)(x-a,)..(x—-a,)=0
Vo Iy.
e Néu Q(a)=R(a)=-1Vi ly luan twong ty nhu trén
e Q(a)=LR(a)=-1Vi .Thayx=ajvao (1) thil=-1,v0ly.
Chuong ITI: NGHIEM CUA PA THUC
I11.1. Ap dung tinh chit : P(x) 1a da thic véi hé s6 nguyén . a , b 1a hai sé
nguyén khac nhau , khi d6 P(a)—P(b):(a—-b)
Chitng minh: Ap dung hang dang thirc
a"-b"=(a-b)@"*+a"b+..+ab"*+b"")
Bai 1:CMR khéng ton tai da thic P(x) véi cac hé sd nguyén sao cho P(7)
= 5vaP(15) = 9
Huréng dan:
P(15)-P(7) chia hét cho 8
Bai 2: Cho P(x) 1a da thuc véi hé s6 nguyn.CMR khong ton tai ba sb
nguyén phan biét a, b, c sao cho P(a) = b, P(b) =c, P(c) = a
Hudng dan:
Dung phan ching: b-c=P(a)-P(b):(a-b) = ‘b — C‘ > \a -b

, turong
tw a—b|>[c—a|,|c—a|2|b-c|=]a-b|=|b-c|=|c—a|.Via=c nén
a-b=b-coa=2b-c,tuongtu c—a=b-c<=b=2c-a Khidba=c, Vo
ly.

Bai 3 : Cho P(x) 1a da thirc véi hé sb nguyén va P(0), P(1) la cac sb lé.
CMR P(x) khdng c6 nghiém nguyén.

Huréng dan:
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Gia st P(a) = 0 v6i a nguyén , P(a)-P(0)chia hét cho a suy ra a I¢ , P(a)-
P(1) chia hét cho a-1 suy ra a chan,vé ly

Bai 4: Gia str P(x) 1a da thirc hé s6 nguyén va P(x) khong chia hét cho 3
Véi ba gié tri nguyén lién tiép nao do ctiia x. CMR P(x) khdng c6 nghiém nguyén.
Huréng dan:

Gia st P(a) = 0 ta c6 P(a+3K) - P(a) chia hét cho 3 suy ra
P(a+3k):3,Vk € Z Khi d6 voi moi ba sé nguyén lién tiép ton tai mot s6 b ma
P(b) chia hét cho 3,vd ly
111.2. Ap dung dinh ly Bezout: X, 1a nghiém cua da thic P(x) khi va chi khi
P(Xo) chia hét cho x — Xo

Bai 5 Cho P(x) la da thac véi hé sé nguyén sao cho
IP(a)|=|P(b)|=|P(c)| =1 véi a, b, c 1a ba s6 nguyén phan biét. CMR P(x) khéng
¢ nghiém nguyén
Huréng dan:

Dung phan ching gia sir P(X) ¢6 nghiém nguyén X, .Ta c0
P(x) = (X — X,)Q(X) trong d6 Q(x) la da thirc v&i hé s6 nguyén.Suy ra
1=|P(a)|=|a—x%,||Q(a)| = |a—x,|=1,twong tu |b — X,| =1,|c — x,| =1.Ba s6
a—X,,b—x%,,C— X, thuoc tap {~1,1} nén cd it nhat hai s trong ching bang
nhau, vo ly.

Bai 6 : Cho P(x) 1a da thuc véi hé s6 nguyén va P(x) nhan gia tri bang 7
vai 4 gia tri nguyén khac nhau cta x. CMR P(x)-14 khdng cé nghiém nguyén.
Huréng dan:

Dung phan chang: gia st P(x)-14 cd nghiém nguyén Xxo.Gia su
P(@)=P(b)=P(c)=P(d)=7
= P(X)-7=(x—-a)(x—b)(x—c)(x—d)Q(x).Thay X = Xp vao ta duogc

7= (Xo - a)(Xo - b)(Xo - C)(Xo - d)Q(Xo) VO ly



Mdt so bai toan vé Pa thire va ap dung ThS Nguyén Vii Thanh

Bai 7:a/ Cho da thirc P(X) v&i hé sé nguyén va P(k) khdng chia hét cho 5
(k=0,1,2,3,4). CMR P(x) khéng cé nghiém nguyén.

b/ CMR néu P(x) =1 c6 qué 3 nghiém nguyén phan biét thi P(x) = -
1 khdng c6 nghiém nguyén.
Huréng dan:

a/ Gia st P(X) c6 nghiém nguyén n ta c6 P(X) = (x-n)Q(X)
= P(k)=(k-n)Q(k) (k =0,1,2,3,4).Vi 0-n, 1-n, 2-n, 3-n, 4-n 12 5 s6 nguyén
lién tiép nén ton tai i sao cho P(i) chia hétcho 5, vo Iy

b/Gia st a la nghiém nguyén cua P(x) = -1 va Xy, Xp, X3, X4 la 4 nghiém cua
P(X)=1.Ta cd P(x)—1=(X—Xx)(X—X,)(X—%;)(x —X,)Q(X) .Thay x = a vao duoc
-2=(a-x)(a-x,)(a-x)(@a-x,)Q(a),vo ly

Bai 8: Cho da thirc P(X) v&i hé sb thuc bac n va c6 hé sé bac cao nhat

bang 1. Biét rang P(x) c6 n nghiém Xi, Xa,..., X, théa 0<x <1.CMR :
n 1 n

(-2) P(_E)Z(_B) P(0)

Huréng dan:

P(X)=(X=X)(X=X,)...(x=x,) v& P(0) =(-1D)"%xX,...X;

a (2x +D)(2x, +1)...(2x, +1)
2n

PE2) = (5= X) 5= X)l5 = 4) = (D

= (-2)" P(—%) = (2x, +1)(2x, +1)...(2x, +1) > 3%,.3X,...3X,
=3"%X,..%, =3"(~1)"P(0) =(-3)" P(0)
DAu bang xay ra khi va chi khi P(x) = (x-1)"
Bai 9: Cho da thac f(X) bac nva f(x) :% (k=0,1,...,n).Tinh f(n+1)
+

Huréng dan:

(x+1)f(x)-x la da thirc bac n+1 ¢6 n+1 nghiém nén
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(x+D)f(x)-x = ax(x-1)(x-2)...(x-n) (1) .Thay x= -1 vao ta duogc

n+l
a= (=) : Thay X= n+1 vao thi duogc
(n+1)!

_(n+D)+a(n+! n+1+(-H"™
n+2 n+2

f(n+2)

111.3. Pa thic hé sé6 nguyén c6 nghiém vo ti:

111.3.1. Pinh ly ( Binh ly vé nghiém hitu ty cua da thic vai hé sé nguyén)

Cho da thuc P(x) =) a,x“ bac n cé h¢ s6 nguyén thi moi nghiém hitu ty
k=0

cua P(x) c6 dang téi gian P trong do6 p 1a udc cua ag con q la wéce cua a,
q

Chazng minh:

Tu P(g) =0=ap"=-q(a_p"t+..+apq"’+a,q"")=a, :q,a,:p

Pic biét: néu a, = 1 thi 2 13 36 nguyén va 1a uéc cia ao.

Ta thuong &p dung dinh Iy nay dé chang minh mot sé 1a sé vo ty khi s6 do
khong 1a nghiém nguyén cua da thirc hé sb nguyén c6 bac cao nhat bang 1.
111.3.2.Bai tap:
Bai 10: Cho P(x)=x®+ax?+bx+c 1a da thac vdi hé s6 hitu ty nhan
J31am nghiém. Tim cac nghiém con lai cta P(x).
bap $b —\/§;a
Bai 11: Tim da thac véi hé sé nguyén nhan J2 +3/3 1am nghiém ( Thi
HSG québc Gia 1984)
Huréng ddn:
Xx=~2+33=(x=~/2)*=3= x* +6x-3=~/2(3x2 +2)
= x* —6x* —6x* +12x* —=36x+1=0
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Nhan xét: Tt két qua trén suy ra ~/2 + ¥/3 1a s6 vo ty.

Bai 12: Cho x=1-32+ 34
a/ Tim da thtrc bac ba c6 hé s nguyén nhan x =1—%/2 + 34 1am nghiém
b/ CMR khéng tén tai da thic bac nhat va bac hai ¢ hé sé nguyén nhan
x =1-32 + ¥4 1am nghiem
Huréng dan:

al f(x)= x*-3x*+9x-9

b/ Néu f(x) c6 nghiém hitu ty thi f(x) c6 nghiém nguyén 13 uwéc cua 9 nén
1-32 +3/4 1a s6 vo ty nén nd khong 1a nghiém cua da thirc bac nhat..Gia sir
1-3/2 + ¥4 1a nghiém cua da thtc bac hai g(x) hé sé nguyén.Chia f(x) cho g(x)
ta duoc f(X)=g(x).q(x)+r(x) véi deg r(x) < 2 ma r(l-32 +¥4)=0=r(x)=0
= f(x) = g(x)q(x) ma q(x) bac nhat nén f(x) c6 nghiém hiru ty, vo ly.

Bai 13:Tdn tai hay khong da thic bac hai hé sé nguyén nhan ¥/3 l1am
nghiém.
Huréng ddn:

CM 33 1a sb v ty va ap dung phan chung

Bai 14: a/ Tim tat ca da thac f(x) hé sé hitu ty c6 bac nho nhit sao cho
f(3/3+%9)=3+33

b/Tén tai hay khong da thac hé sé nguyén f(x) thoa :

f (33 +3/9) =3+2/3? ( Thi HSG Quéc Gia 1997)

Huréng dan:

Truéc hét CM : u§/§+V§/§:S€Q:>u:v:0
uveQ
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Ta co:

sv=u?(3ov) + 6uv? +3v3¥3 = (v —u®)33=sv—u’s—6uv’ = U =3v* > u=v=0

a/ f(x) = ax + b thi tir nhan xét trén suy ra vo ly

1

Néu f(x)=ax® + bx + c thi tir nhan xét trén suy ra a = ) b= —%,c =0

b/ Pt @ =¥3+39 = a® =90 +12 Vay g(x) = X*-9x — 12 nhan « lam nghiém
.Gia sir tOn tai da thuc f(x) hé sé nguyén théa : f(3/3+%/9)=3+3/3.L4y f(x)
chia cho g(x) duoc du r(x) védi deg r(x) <3 Khi do r(a)= f(a)=3+ 33. Vo ly
theo cau a/

Bai 15: Xét tap hop cac da thic P(x)=0,vxeR thoa diéu kién
P(x* —1) = P(x)P(—x) .Hay tim trong tap hop d6 mot da thirc cd bac bé nhit,
nhung c6 nghiém Ion nhat.
Huréng ddn:
Néu P(x)=cthi ¢ = 1.Néu P(x)=ax + b thi tr (1) déng nhait ta duogc

Ta dugc hai da thac P(X)=-Xx+

—1+\/§
2

c6 nghiém x, :# va da thuc

1-5 1+/5

c6 nghiém x,=-—
2 Jniem % 2

1+\/§
2

Néu P(x) c6 bac >2 va gia su

1+\/§
2

vO sé nghiém , vo ly .Vay néu P(x) c6 bac >2c6 nghiém va thoa diéu kién da

P(xX)=-x-

P(x,)=0= P(x: -1)=0.Néu x, > thi x2 —1>x, > khi d6 P(x) co
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cho thi moi nghiém cua P(x) déu sl+2\/§ Xét da thuc P(x)=x*-x-1 thoa

diéu kién bai toan
I11.4. Céc dang khac cé lién quan dén nghiém cia da thic :
- Moi da thirc P(x) bac n (n>1) khdng thé c6 qua n nghiém
- Néu da thire P(x) bac khong qua n ¢6 hon n nghiém thi P(x)=0

- Mot da thire bac 1é ludn c6 it nhat mot nghié¢m thuyc
2n B
Bai 16: Cho da thiic P(x)=) ax" trong do a; la cac so nguyén I¢
k=0

(i=0,1,2,...,2n). CMR P(x) khdng c6 nghiém hitu ty.

Huréng dan:

Dung phan ching gia st P(X) c6 nghiém hitu ty X, :B, (p,q)=1.Tacd
q

a, P =—-q(a,, p*" " +...+a,pg""* +a,0*"") ()=a, :q,a,:p.Suyrap,qlé,
vo ly vi VT (1) 1é con VP(1) chan.

Bai 17: Cho da thic bac 6 P(x) thoa P(k) = P(-k) vai k =1,2,3. CMR:
P(x)=P(-x)

Huréng ddn:

Pit Q(x) = P(x) — P(—x) 1a da thtic c6 bac <6.Néu xo 1a nghiém cua Q(x)
thi —xo cling 1a nghiém cua Q(x) .Do d6 Q(x) c6 7 nghiém phan biét
0,£1,+2,+3 = Q(x)=0

Bai 18: Tim cac s6 nguyén a, b, ¢ khac 0 va khac nhau d6i mét sao cho
P(x) = x(x-2)(x-b)(x-c) + 1 c6 thé biéu dién thanh tich cua hai da thic Vi hé sb
nguyén.

Huréng dan:
Gia su P(x) = f(x)g(x) voi 0< degf < 4
- Néu degf = 1 thi P(x) c6 nghiém nguyén n suy ra n(n-a)(n-b)(n-c) = -1,vé ly
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- Néu degf = 2 thi f(i)g(i)=1 véi i=0,a,b,c khi d6 f(i) = g(i) = f(X)=g(X)
= P(X)=[ f(x)]" = (X + kx +1)>.Cho x = 0 thi | =+1

e V6i I=1 = x(x—a)(x=b)(x—c)=(x*+kx)(x* +kx+2).Gia sa k = -a
khi @6 b+c =avabc =2

e Véil=-1, tuong tu.

Bai 19: Cho da thuc P(x) =) ax*,a, #0.Gia si X, la nghiém cua da thuc
k=0

P(x).CMR: |x,| <1+ max 2

i
0<i<n-1 an

Huréng dan:

< a
bat M = max |—
0<i<n-1 an

- Néu |x,|<1thi [x,|<1+M (VIM>0,connéuM=0thix,=0)

- Néu |x|>1thi do x, la nghiém cia da thac P(x) nén ta co

n a0 a1 an—l n—1
X | =224 Ly 4. +nly
‘ O‘ an an ° an °
n n
3, |a Ay o ( 2 ) X =1 %)
< <M(1 =M. M.
. + . Xq| + .0+ n Xg +\x0\+\xo\ + +\x0\ \XO\—l < \XO\—l

= [X,| <1+ M

Bai 20: Ton tai hay khong hai da thic hé sé thuc P(x) va Q(x) sao cho

Huréng dan:
Gia st P, Q thoa diéu kién thi Q(x) #0,Vx e R suy ra Q(x) phai la da thuc

bac chdn.Ta c6 deg P(x) = deg Q(x) + 1 nén P(x) la da thuc bac Ié do do6 ton tai
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Xo S0 cho P(X)=0 vo ly (vi 1+ x2 >1).Vay khong ton tai hai da thic hé sé thuc
P(x) va Q(x) thoa yéu cau.

Bai 21: Cho « (0;7).Tim da thtic bac hai dang f(x)=x?+ax+b sao cho
véi moi n > 2 da thic P,(x)=Xx"sina — xsin(na) +sin(n —Ya: f (x) (Thi HSG
Qudc Gia 2000)

Huwéng dan:

P,(X) = (X +2cosa)(x* —2xcosa +1)sina ;  f(x)=x"—-2xcosa +1
khong c6 nghiém thyc nén f(x) 1a da thic duy nhat sao cho P,(x): f (x)
Véin>3:P,,

Chuwong IV. CONG THUC NOI SUY LAGRANGE
IV.1. Cong thic ndi suy Lagrange:

(X) = XP,(x) (x* —2xcosa +1)sin(na) . Ttr quy nap suy ra dpcm

a. Moi da thic bac hai f(x) déu c6 thé biéu dién dugi dang :
f(X)=A(x-b)(x-c)+B(x-a)(x-c)+C(x-a)(x-b) (1) .Véi a,b,c khac nhau do6i

mot cho trude va A,B,C la ba sb can tim.

That vay thay x=a vao (1) tacd A= f(a) jfuong ty B = f(b) va
(a—b)(a—c) (b—a)(b-c)
B f(c) .
=~ c-a)c b Nguoc lai dat
0 (x—a)x-0) 4D (x—a)(x-b)

@
9= @t %N b an-o " c-a)c-b)

thi deg f (x) < 2va g(a)=f(a) , g(b)=f(b) , g(c)=f(c) suy ra g(x) = f(x).Vay néu
biét f(a), f (b), f(c)thi f(x) duoc xac dinh boi:

F(0) = () XTRXZ0) | gy (ZXZE) g ) (X)X D)
(a-b)(a—-c) (b—a)(b—c) (c—a)(c-b)

.Pay la cong

thirc ndi suy Lagrange cho da thic bac hai.
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b.Téng quét cho cbng thirc ndi suy Lagrange cho da thirc bac khéng qua
n:Gia sir f(x) 1a da thirc bac khong qua nva a,,a,,...,a, la n+1 sb khac nhau doi
mot.Khi d6 f(x) duoc biéu dién dudi dang:

f(X): f(ao) (X_al)(x_az)--.(x_an) 4 f(al) (X_ao)(x_az)--.(x_an) T

(8, —a)(a, —a,)-.(a, —a,) (& —ay)(a —-a,)..(a —a,)
oy o). (xa,)
(an _ao)(an _ai)"'(an _an—l)

c.Y nghia: Mot da thirc bac khong qua n hoan toan duge xac dinh néu biét

n+1 gia tri ctia no tai n+1 gia tri caa bién khac nhau.

IV.2.Bai tap:

Bai 1:CMR néu da thuc bac hai nhan gié tri nguy@n tai 3 gia tri nguyén
lién tiép cua x thi da thirc d6 nhan gia tri nguyén tai moi x nguyén.
Huréng dan:

Giast f(k-1), f(k), f(k+1)eZ voi k eZ .Ap dung cong thic noi suy

Lagrange cho da thic f(x) véi 3 s6 nguyén k-1, k, k+1 ta co:

f )= f (k-0 BROEZKED f(k).(x‘k+1z(1>‘—'<—1)+ f(k+1)_(><—k)(>;—k+1)
bat u=x-k thi
f(x)= f(k_l)_u(u—l) _FK).(U% = 1)+ 1E(k“).u(u +D) 7 yxez

Bai 2: Cho f(x)=ax’+bx+c thea |f (-1)|<1|f(D)|<1|f(0)|<1.
CMR: \f(x)\s; voi Vx e[-11]

Huréong dan:
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Ap dung cong thic ndi suy Lagrange cho da thuc bac hai f(x) véi 3 s6 1,-1,0 ta

f(x) :%(x2 +X)+ f (2_1) (x? = x) + f(0)(L—x?)
co:

= |f (x)| s%‘xZ + x‘ +%‘x2 - x‘ +‘1— xz‘
5

) ) 5 1
i/ Voi xel[0:1]: | f()|<l+x—x2==—(x=-2)*<=
6i xe[0;1]: | (x)| 2 ( 2) 2

. . 5 1 5
i/ Voi xe[-L0l: [ f(X)|<l-x—-x*=Z—(x+2)?<=
e[-1,0]:|f (x)| n ( 2) n
Bai 3: (Co s& ciia phuong phap hé sé bat dinh).Cho a,,a,,...,a, lansd
khac nhau d6i mot va deg f (x) <n—1 , khi d6 ta c6 thé phan tich
f(x) = A + A +.ot A trong d6 A, Ay,...,An la
(x—a)(x—-a,)..(x—a,) x-a X-a, X—a,

cac hing s lya chon thich hop.

Huréng dan:
Ap dung cong thic ndi suy Lagrange cho da thic f(x) ta co:
f(X) _ f(ai) (X_az)(x_as)---(x_an) 4 f(a ) (X_al)(x_as)---(x_an) T
(ai_az)(ai_as)"'(ai_an) (az_ai)(az_as)---(az_an)
+f(an) (X_ai)(x_az)--.(x_an—l)
(an - ai)(an _az)“'(an - an—l)

2

_ f () o f@) 1 f@) 1
(x=a)(x-a,)..(x-a,) (& -a).(a -a,) x-a (a,-a).(a-a,) xX-a
f(a,) 1
(a,-a)..(a,—a ,) x—a,
Suyra A =— f@) (i=12,..,n)
kl_k[_(ai_ak)

Bai 4: Cho f(x)=ax’+bx+c théa |f(x)|<LVxe[-L1].CMR voi

VM >1tacd |f(x)|<2M?* -1 khi [x|<M
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Huwong dan :

Ap dung cong thic ndi suy Lagrange cho da thuc bac hai f(x) véi 3 s6 1,-1,0 ta

f(x)= ()(x +X)+ (2_1)(x2—x)+ f(0)(1—x?)
co: :‘f(X)‘SE‘XZ+X‘+%‘X2—X‘+‘1—X2‘

x* X
< 2max(?,?) +‘x2 —1‘ < max(x*,|x|) +‘x2 —ﬂ <2M?-1

Bai 5:Cho da thuc f(x) bac n théa f (k)= 1

n+1

(k=0,1,...,n).Tim P(n+1)

Huwong dan :
Ap dung cdng thirc ndi suy Lagrange cho da thuc bac n f(x) voi n+1s6 0,1,2,...n
ta co:

X—I (x=1)...(x—n) (x=0)...(x-n+1)
f)= Zf(k)[ﬂkk i)_f(o)(o—1)...(o—n)+'"+f<n)(n-0)...(n-n+1)

Ma H (K=i)=k(k=2)...(k =k +)(k —k —1)...(k —n) = kI(n = k)}(=)"™*

i=0,i=k

)" *(n—k +1 . S RN
= f(x)= Z{((n)u;ln(n :)) li;[(x—l)}:f(n+l):kz(;(—l) :;(—1)

Vi [T(n+1-i)= (2”) ).Vay f(n+1)=

izk

0 n=2m+1
1 n=2m

Bai 6: Cho a,,a,,...,a, lansé khac nhau d6i mot va deg f(x)<n-1.
CMR:

f@) . @) . f@)
(a1 - az)(ai o an) (a2 o al)(az o an) (an o al)(an - an—l)

Huwong dan :

Ap dung cong thic noi suy Lagrange
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Bai 7: Cho a,a,..a la n s6 khic nhau d6i mot
f(x)=A(mod(x—-a)).Tim du r(x) trong phép chia f(x) cho (x-a;) (X-az)... (x-
an)

Huréng dan:

Gia st f(x) Ef[(x—ai)q(x) +r(x) degr(x)<n.

Thay x=a f(a)=r(a)=A=r(x)= ZAﬁ

i=1 j=1 =i a| a
Bai 8:Cho cac sb nguyén x, < X, <...< X, .Xét
P(x)=x"+a,_,x""+..+ax+a,.CMR giira cic gié tri ciia da thuc tai cic diém
A A - A A hY =7 . A A= ” 7 A 7 n!
Xgs X 5-- X, 1UON tON tai MGt s6 ma gia tri tuyét doi cua nd khong bé hon —
2n
Huréong dan:

TaCM 3k e{0,1,...,n—1};x’ e[xk;xk+l]:‘P(x’)‘2 %

Gia str ‘P(x )‘< — vai moi J. P(X) = ZP(X )H % .Heé sb bac cao nhat

k=i Xk
cia P(x) 12 a, —ZP(X)H co \a\<—ZHX X
k=i Xj — i=0 k=i -
1 1
‘I Xk‘—" k‘jl;([x—xk‘ l;(li—k‘_k'(n—k)'

= [a,| < ZHk'(n o1 2nZC"—l(Von)

i=0 k=i
Bai 9:Cho da thtc c6 bac khdng qué n va cé gia tri hitu ti tai n+1 diém
hitu ti khac nhau thi f(x) 1a da thirc c6 hé s6 hitu ti
Huwong dan :

Ap dung cong thtc noi suy Lagrange
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Bai 10: Cho da thirc c6 bac khéng qua 2n va
IP(x)|<LVk e{-n,-n+1..n-1,n}.
CMR: |P(x)|<4" ,Vxe[-n,n]

Huréng dan:

CM ﬁ x—i[<(2n)! va ﬁ x—i|=(n+k)!(n—k)! suy ra

i=—n,izk i=—n,izk

\ (zn)' _ \ j __»n2n
‘P(X)‘Sk_z_:n(mk)!(n—k)!_,Z_;‘CZ”_2

Chwong V. PINH LY VIET
V.1. Pinh ly Viét :
a. Cho da thtrc bac n vai hé sb thuc
f(x)=ax"+a X" " +..+a _x+a, (@, #0).a,a,,..,a,la cac nghiém cua da

thirc ( c6 thé tring nhau).Khido T, = Y a0 ..0q = (-1 2% (k =1,2,...,n)
1 2 k a

iy <ip<..<ly 0

b. Pinh Iy Viét dao : Néu cac s6 thuc Xy, Xa,...,X, thoa hé

To= D, %% ..% =D 2—" (k =1,2,...,n)thi cac $6 X1,X,...,X, 1a nghiém cua

iy <ip<..<i 0
da thuc bacn f(x)=a,x"+ax" +..+a, x+a, (a,#0).

c. Gia st Xg, Xp,..., Xn la cac nghiém cua da thirc
f(x)=a,x"+ax" +..+a _x+a, (a,#0).Dit S, =X + X5 +...+ x thi

8,5, + &S +..+a S =0 vdi moi so nguyén duong m

m+n-1

V.2.Bai tap

Bai 1:Gia su da thuc P(x)=x%+ax’+bx+c co ba nghiém phan biét

.CMR da thuc P(x)=x> + ax? +%(a2 +h)x + ab-¢ cling c¢6 ba nghiém phan

biét.
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Huréng dan:
Gia su  x,X,X la ba nghiém phan biét cua P(x).CM

X ; %, ’ X2 ; % , % ; % 13 ba nghiém phan biét cua Q(X).

Bai 2:Cho phuong trinh  x° +ax® +bx+c =0 ¢6 ba nghiém u,v,t .Véi gia
tri nao cua ab,c thi cac s6 u®v3t® nghiém dang phuong trinh
x> +a’x® +b*x+¢c® =0 (Thi HSG Quéc Gia 1979)

Huréng ddn:

Ap dung dinh Iy Vit va dat S =u"+v'+t" ta co

S,.,+aS, ,+bS ,+cS =0

n+3 n+2 n+1

Tinh dugc Ss= -a® va Sz = -a*+3ab-3c suyrac =ab va b<0
Bai 3: Phuong trinh z°-2z°-2z+m=0 c6 thé c6 ba nghiém hitu ty
phan biét khong ? Tai sao? (Thi HSG Quéc Gia 1980)

Huréng dan:

Gia st cac nghiém cua PT z°-2z°-2z+m=0 la trong d6

uvw
N
u,v,w,t 1a cac s nguyén khong dong thoi 1a sé chin.Ap dung dinh ly Viét ta
duoc u?+ v+ w?=8t* chia hét cho 8 nén u,v,w chin ,ma uv + vw + wt = -2t>
chia hét cho 4 suy ra t chin, vé ly.

Bai 4: Cho da thic bac n f(x)=x"+ax" +..+a _,x+a, co n nghiém
khdong &m ( phan biét hay trung nhau).CMR: (%)n >t

Huréng dan:
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7 n-1 \
Taco X X,...X, o X g + X Xouo Xy o X, + o+ X Xg X, X, = (D" a, , va

X X,...X, X, =(=1)"a .Ap dung BDT Cb Si ta dugc

1 _ 1 -
- (-D)"'a , = - (X, Xy e XXy X XK ee X, X et X X X X ) > (XX, X )™

n
a -1 n-1
= (—”n j >a,

Bai 5: Cho da thiic bac n f(x)=x"+ax"' +..+a_,x+1 Vvéi cac hé sb
khéng &m va c¢6 n nghiém thuc.CMR: P(2) > 3"

Huréng dan:
Vi céc hé s6 khdng &m nén cac nghiém x,,X,,...,x, déu am. Dat

Y. ==X >0(k=12,..,n).Taco

P(X) = (X+ yl)(x+ yz)---(x+ yn) = P(Z) = (2+ yl)(2 + yz)---(2 + yn) 2 11_[3%/Y7k =3"3 Yi¥o-Yn = 3'

Bai 6: Gid st da thae f(x) =ax” —ax"* +¢,X"? +...+¢,_,X* —n’bx+b cb
dung n nghiém duong. CMR tat ca cac nghiém nay bing nhau.

Huréong dan:

Taco ) X, :l;ZM: (—1)”n29;x1x2...xn = (—1)nE
k=0 ko X a a

k

(12 1 1 1
n2 = _a:(xl+x2+___+xn) —F—+..+— 2n2.Va?1y
(_1)[19 Xl X2 Xn
a
@:@:m:mzi

Bai 7: Cho da thirc bac n P(x) =x"+a _x"'+..+ax+a,va

a, =+1(k=0,1,...,n). Gia su P(x) c6 n nghi¢m. CMR: n<3
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Huréng dan:
o 11 .

Gia st X;, X,,..., X, 1, X, 1a nghiém cua P(x).Ta co Zxk —,—— la

= XXX

nghiém cua da thic Q(x) = a,x" +ax" +..+a_,x+1 . Ta co Z =3 Suy ra
=g

SEN I

k=1 Mgk
Bai 8: Cho da thuc bac n P(x)=aXx"+ax"'+..+a _Xx+a Véi
. . : . 1 «
n>3.biét rang da thuc c6 n nghiém thuc va a, =1,a =-n,a, :E(n2 —n).Hay

xac dinh cé&c hé sd X, v6i k=3,4,....n (Thi HSG Quéc Gia 1988)

Huréong dan:
Gia st X, Xy, X g, X, la  nghiém cua P(x).Ta coé
n n n r-]2 -n
D % =n. X X =
k=1 k=1 1=1 2

va a, =(-1)"C¥ (k=0,1,...,n)

Bai 9: Cho da thuc bac n P(X)=ax"+a x"'+..+ax+a,,

an—lal
%a,

n>2,aa,#0 vacé nnghi¢ém duong.CMR: > n?

Huréng dan:

Gia st X, X,,..., X, ;, X, la nghiém cua P(x).Ta co

X+ X+t Xy | = LS}
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a

a

n

%
a

n

XX X g + XX Xy e XX X | = |25 X0 X | =

(X, + Xy F oo Xy ) (XX Xy g+ XKoo Xy e X Xg X))

an—lal |
X, Xy X ‘

Apd,

Bai 10: Cho da thuac bac n P(x)=x"+a, X" +...+ ax+1, trong d6 moi

> n?

Suy ra

hé sb cta da thirc déu khong am va a, +a, +...+a_,>3,a , <2.CMR da thic
P(x) khéng thé c n nghiém.
Huréng dan:

Nhan xét deg P(x) > 1 va moi nghiém cua P(x) déu am.Gia s

=X, —X,,..,—X, (X >0)1a n nghiém cua P(x).Ta co
a, =X +X +..+X, 2nm:n22,vé ly.

Bai 11:Cho ba sb thuc a, b, ¢ théa man diéu kién: voi mdi sé nguyén
duong n, a"+b" +c" 12 mot s6 nguyén. CMR ton tai cac sb nguyén p, g, r sao
cho a, b, ¢ 14 3 nghiém cua phuong trinh X3+ px? + gx+r =0.(Thi HSG Quéc
Gia 2009)

Huréng ddn:

Pat T =a"+b"+c"eZ,Vn>1.TaCM cac sb
p=—(a=b+c),q=ab+bc+ca,r=—abc thoa min diéu kién bai toan.a,b,c 12 3
nghiém cta PT: x>+ px* +gqx+r=0.CM p,q,reZ.Tacd
T,=-pT,=p*-29,T,=-p*+3pq-3r,T,,=—pT ., —qT.., —IT. (1)
p=-T,eZ;T,T,eZ=2qeZ;2T,eZ=6reZ.3T,eZ=6q°cZ

2
q:g:G.kZeZ:>3k2§2:>k52:>qu.T1‘1 TgeZ:>3reZ:>r:%.T1‘1 (1)

suyra rT. e Z,vn>1= mT,_ =0(mod3)
-Néu (T ,3)=1=>mi3=reZ
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-NéuT :3,vn p=-T,:3T,=-p*+3pg-m=>m:3=>reZ.

Bai 12: Gia sir tam giac ABC c6 ba goc nhon dé tanAtanB,tanC 1a ba
nghiém cia PT: x*+ px’+gx+ p=0(q#1).CMR: p<-3y3 va q > 1(Thi HSG
Quéc Gia 1988)

Huréng dan:
Ap dung dinh Iy Viet va BDT

tanA+tanB+tanC23§/tanAtanBtanC:>p2227:>p3—3\/§
Ap dung (x + y+z)(i+£+£)29
X Yy z

Bai 13: Cho a,b,c,d > 0.

CMR:i/abanabdzacd +bed S\/ab+ac+ad;bc+bd +cd

DAu bang xay ra khi ndo ?

Huréng ddn:

Giasur a<b<c<d vaF(x)=(x-a).(x-b).(x-c).(x-d) Ta c6 F(a) = F(b) = F(c) =
F(d) = 0 nén F/(x) c6 3 nghiém y1, Y, Y3 trén cac doan [a;b], [b;c], [c;d] va

asy <b<y,<c<y,<d

Ta co F(X) = X*TpC+Tox5-Tax+ T, V6i Ty = a+b+c+d , T, = ab+ac+ad+bc+hd+cd
T; = abc+abd+acd+bcd , T, = abcd

F/(x)= 4x3-3Tx%+2T,x-T; ¢6 3 nghiém duong y1,Y»,Ys . Theo dinh li Viét ta

T T,
Yi¥o tYo¥s T YY) 232 DY Y, Y, =— Ap dung BDT Cosi ta co :

(y1Yz +Y,Ys + Y3 Y1) >\/ y1y2y3 ‘/ \/73< \/7
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Bai 14: Cho a,b,c,d >0 thoa 2(ab+ac+ad+bc+bd+cd)+abc+abd+acd+bcd
=16 CMR: a+b+c+d 2%(ab+ac+ad +bc+bd +cd) (Thi QG nam 1996)

Huréng dan:

bat F(x) , T; (i=1,2,3,4) nhu bai 12 ta ¢6 F/(x) ¢6 3 nghiém khong 4m x4,
Xo, X3 Theo dinh 1i Viet ta co
y X Xy + X X5+ XX :-%2 y X X5 X, :ij

T gia thiét ta c6 2T+ T3 =16 SUY ra X3 Xo+ Xz Xa+ X3 X1+ X3 X2 X3 = 4 (1)

. 3T
.X1+X2+X3:T

2
. y *
Talaico T12§T2 X+ Xy + Xy 2 XX, + XX + XX (%)

Do (1) nén trong 3 6 X1 X2 ,X3 €O nhiéu nhat mot sé bang 0 ,gia sir x1,X; >0 tir

— X, X
(1) suy ra x, = X%
XX+ XX
T (*) ta cod
(*) < X + X, + 4= %% >4 — XX, -x% o
X, + X, + XX, X + X, + X X,

(X1 +X, - 2)2 2 XX, (1_ Xl)(l_ Xz) (**)
Néu (1-x1) (1-%,) <0 thi (**) dung

Néu (1-X1) (1-X2) > 0 thi tir 0 < (1-Xy) (1-X2) < %(2 —x—-Yy)*va 0<xy<4 suyra

(**) dung.
Chuong VI. PA THUC CHEBYSHEV ( TSEBUSEP)

VI1.1. Pa thirc Tsébusep
V1.1.1. Pinh nghia:

Vi moi s6 nguyén duong n, Pa thic Tsébusep bac n 1a da thac T (X)

duoc xac dinh:



Mdt so bai toan vé Pa thire va ap dung ThS Nguyén Vii Thanh

{Tl(x) =x,T,(x)=2x* -1 (h22)

T...(X)=2xT () =T, ,(x)
VI1.1.2. Nhan xét 1:
Da thirc Tsébusep T, (x) thoa mén diéu kién T (cosu) =cosnu (u e R) (1)
That vay ta chang minh (1) bang quy nap theo n.Ta c6 T,(cosu)=cosu,
T,(cosu) = 2cos*u —1=cos2u Gia sir T, (cosu) =cosku (u e R)vsi moi k<n.Ta
CM T, (cosu)=cos(n+1u Tur

cos(n+1)u +cos(n—1)u = 2cosu cosnu = cos(n +1)u = 2cosucosnu —cos(n —1u =
=2cosuT, (cosu)—T, ,(cosu) =T, ,(cosu)

Vay T (cosu) =cosnu (u eR)

VI1.1.3. Nhan xét 2:

Tur dinh nghia da thirc Tsébusep va (1) ta c6 thé biéu dién cosnu thanh da
thirc theo cosu.Chang han

cos3u =T,(cosu) = 2cosuT,(cosu) — T,(cosu) = 2cosu(2cos*u —1) — cosu = 4cos’ u — 3cosu
cos4u =T,(cosu) = 2cosuT,(cosu) —T,(cosu) = 2cosu(4cos’u —3cosu) — (2cos* u —1)
=8cos*u—8cos’u+1,...

VI1.2. Céc tinh chit cia da thirc Tsébusep:
V1.2.1.Tinh chat 1:

Pa thirc Tsébusep T, (X) ¢6 bac n va hé sb ba cao nhat 1a 2"

Chizng minh: Str dung dinh nghia va phép quy nap.

V1.2.2.Tinh chét 2:

T (x)1a ham s6 chan néu n chan va T (x)1a ham s 1é néu n Ié.

Chung minh: Céch 1: Sir dung dinh nghia va phép quy nap
Cach 2: Taco

T,(—cosu) =T [cos(z +u)] = cos(nz + nu) = (—1)" cosnu = (—1)"T_(cosu)
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Tudosuyra T (—x)=(-1)"T (X)

V1.2.3.Tinh chét 3:

ba thire Tsébusep T,(X) ¢6 n nghiém phan biét thudc doan [-1;1]

Chung minh: Ta CM trong doan [-1;1] T.(x)=0 c6 n nghi¢m phan biét va
d6 1a tat ca cac nghiém cua T (x)
Vi |X| <1 nén cé the dit x =cosu, ta co

0=T, (x)=T,(cosu)=cosnu < u :2£+k—ﬂ(k eZ)
n n

bit uk:£+k—ﬂ:> X, = COSU, :cos(l+k—”].Cho k =012,..,n-1 ta co
2n n 2n n

Xos X;, -+ X5 12 N nghiém phéan bi¢t cua T, (x)
V1.2.4.Tinh chat 4:
i/ [T, (x)| <1 khi |x|<1

ii/Trén doan [-1;1] , |T,(X)|=1 chi xay ra véi n+1 gid tri khac nhau
X =cosF (k=0,1,....n) khido T (x) = (~1)"
K= T =VU,4.., ) (0] n(Xk)_( )

Chitng  minh: i/  Voi |x<1 dit x=cosu ta co

[T, (¥)| =T, (cosu)|=|cosnu| <1

ii/ Trén doan [-1;1] ,
: kr
T, ()| =|cosnu| =1 sinnu=0<u=— (ke Z)
n
k . s
X, = cos—~ (k =0,1,...,n) la n+1 gia tri khéc nhau sao cho T,(x)|=1
n

V1.3. Ap dung:
Bai 1: Cho da thuc P(x) =ax’+bx+c théa |P(x)|<1,vx e[-11].CMR

Q(X)=cx* +bx+a
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c6 tinh chat

<2,vxe[-11].
Huréng dan:

Ap dung cong thirc noi suy Lagrange cho da thirc bac khéng qua hai f(x)
( )

vGi 36 1,-1,0tacd: P(X) =—=(x* + X) + P(2—1) (x* —x) + P(0)(L— x?).Taco

P@) F’(

Q) = XPC) = (140 + PED 4 w+ PO %)

= |Q(x)| s%(1+x+1—x+2—2x2) =2-x*<2,vxe[-1]]

Bai 2 : Cho da thuc P(x) = ax® + bx* + cx + d thoa
IP(x)[<1,vxe[-L1].CMR Q(x) = dx® + cx* + bx + a

c6 tinh chat <4, vxe[-11].

Huréng dan:

Ap dung cong thirc ndi suy Lagrange cho da thirc bac khéng qua ba P(x) véi 4 sb

il,iitacé:
2
4P( 1) 4P(= )
P, 1 ), o1 APE) 2 1
P(Y) =~ 2226~ DX+ — 2 (¢ ~D(x-2) (¢ -1)(x+2) +
22(1) (X ——)(x+1)

Taco



Mdt so bai toan vé Pa thire va ap dung ThS Nguyén Vii Thanh

) ap(- 1y )
ZP(_l)(l—X—)(l—x)+ 32 (1-x?)(1- )—T2(1 X2)(1+ )+

Q) =xP() =~

2F’(1)(1—X—)(1 x):»\Q(x)\< (1——)(1 0+ 22+ 20X D)+

+§(1_T)(1+ X) =4 -3x*<4,vxe[-1]]

Bai 3: (Bai toan tong quat):Cho da thirc
P(x)=a,x"+ax" " +..+a,_X+a, thoa IP(x)|<1,vxe[-11].CMR
Qx)=ax"+a _Xx"'+..+ax+a,

c6 tinh chat <2"' wxe[-11].

Huréng ddn:
i k p . :
Goi xl’( :cos—ﬂ (k=0,1,...,n). Ap dung cbng thac ndi suy Lagrange cho da
n

thirc bac khdng quéa n P(x) voi n+1sb x),x!,...,x! ta co:

N pryy X X) (X = X)X = %) T
P(X)_;P(Xk)(x/_x/)(x/_xl/) (X/—Xé):Q(X)_X P(X)_

L (1 X% )(L—xx)...(L— xx)

=2 P(x =YX 0()
k=0 (Xk XO)(Xk Xl)(xk n)
Vi hai vé 1a da thie nén (1) ding v&i moi x.Véi Vx € [-1;1] ta co:
n n 1—xx) )1 - xx))...@d— xx’
‘Q(X)‘S ] Nyl / ] / :Z(_l)k (/ ?)( ] 1/) ( ] n/)
04— X0 = X)X & T (= X4 — X (X, = X))
(2)

(Mil=x{>x >.>x =—1val-xx >0,Vi).
Mat khac ap dung cbng thac ndi suy Lagrange cho da thiic Tsébusep T, (x)tai

n+1s6 x,x.,...x" ta duoc:

(x— xé)(x—xl’)...(x—xrﬂ) n ‘ (x—xé)(x—xl’)...(x—x,’])
T, E T = 2 -1
()= (Xk (k Xé)(Xﬁ—Xf)---(Xﬁ—Xé) k:O( ) (Xﬁ—xé)(xﬁ—x{)...(xﬁ—xé)
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Xét da thuc T, (x) = x"T_ (ij Tuong tu nhu (1) ta ¢6
X

coey = Sy B X%0) (A= xx).. (1= X)) ding thirc cling dting véi moi x) (3
Tn(x)_kz_(;( 1) (xé—xé)(xﬁ—x{)...(xﬁ—xé)’vx;ﬁO( g g ding 0i X) (3)

So sanh (2) va (3) ta cd |Q(X)|<T, (), Vx e[-11]. Pa thic Tsébusep T,(X)co n

T kr
__+__

nghiém x, :COS(Zn -

] (k=0,1,...,n—1) va co hé sb bac cao nhat bang 2"*
nén:

T, (0 =2 (X=X )(X = %,)...(X = X, ;)

=T (X)=2""(L- X% )L —x%)...AL— xx__,)

DAy X,,X,.,X_, la ddy dbi xang tac X,=-X _;, X, =—X _,,X, =X, g,...NEN

T (%) = 2" (L4 X% )L+ XK. (L4 XX, ) = Tn*(X)\Z _

=4"1(1- XX )L - x*%%)...(L- x*x?, ) <4
= [QM)|<T, (x)<2"", vxe[-L1].

Chuwong VII: AP DUNG PA THUC PE GIAI TOAN
VII.1. Ap dung trong hregng giac

Bai 1:Cho da thirc f(x) ¢6 hé sé hitu ty.CMR néu f(x) nhan cos% lam

: R 3r .. :
nghiém thi cling nhan cos?ﬁlam nghiém .
Huréong dan:

% va 3?” la nghiém cua PT

C0S2X = —C0$3X < (L+ cosX)(4cos® x —2cosx—1) =0).. cos%,cos%ﬁ la hai
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nghiém vo ty ctia PT 4x* —2x-1=0.Gia st f(x) = (4x* —2x —=1)q(x) + r(x) véi
. V4 37
deg r(x)< 2 va r(cosg) =0=r(x)=0=>f (cos?) =0
Bai 2:Tim céc sd hitu ty p,q,r thoa pcos§+ qc0327ﬂ+ rcosTﬂ =1
Huréng ddn:
Tu sin4—ﬂ:sin3—ﬂ suy ra cos% la nghiem PT 8x® —4x* —4x+1=0do do
T on L Ao
cos7 la s6 Vo ty.
Ta CM khéng ton tai da thic bac <2 nhan cos% lam nghiém(CM tuong tu bai

1)
Tur dé bai suy ra

2r+29=0
(2r+2q)c032§+(p—r)cos%—g—q—1:0<:> p-r=0 <wp=r=2q=-2
r
—+0+1=0
> q
N Y A z 1 1 1 N
Bai 3: CMR véi moi so ty nhiennso T = + + la
0T N 3T Y/a
cos"= cos"— cos"—
7 7 7
s6 hitu ty.
Huréng ddn:
E3—7T5—7rlacac nghiém cua PT
77 7

c0s4x = c0s3X <> (cos x —1)(8cos® x + 4¢0s® X —4cosx +1) =0

= cos— c053 COSST la cac nghiém cua PT 8x* +4x* —4x+1=0
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7 .
biat S, =cos" 2 +cos” sz +cos" = thi tir 8S,,,—4S, ,—-4S. .,+S,=0suyra
7 7 7
S, 1a s hitu ty
= cos”zcos”?’—”+cos St —cos" 5—7T+c:os —CO0S 3—eQ cos" Z cos" 3—cos 5—eQ =TeQ
7 7 7 7 7 7 7 7 7

Bai 4:Tinh tong A =cos® % +cos® 3777 +cos® 577T (Thi Chon DT thi HSG

Quédc Gia 2009, Tién Giang)

Huréng dan:
5;3—”;5—” la cac nghiém cua PT
7T

c0s4x = c0s3X <> (cos x —1)(8cos® x + 4¢0s® X —4cosXx +1) =0
T 37T 57T « ‘A R 3 2 N
= cos7,c057,c057 la cac nghiém caa PT 8x° +4x° —4x+1=0.Tu

8S,.,-4S,.,-4S ,+S, =0,5,5,S,= S,

n+1

Bai 5:Tinh tng A= tan® - + tan 5—+tan o [7
18 18 18
Huréng dan:
I
l 5—” — la cac nghiém cua PT tan®3x _1
18'18 18 3

, 7
— tan®—, tan i—8 tan % la cac nghiém cua PT 3x® —27x*+33x-1=0

Bai 6:Cho tam giac ABC v¢i céc ky hiéu quen thuoc. CMR:
al ab+bc+ca=r>+p’>+4Rr
b/ r*+ p*=2R(h, +h, +h —2r)

c/ be + ca + ab 2(5—2?:)p

p-a p-b p-c
d/ p>>3r’+12rR
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Huréng dan:
A 2tané
a/Tu cac cong thac r =(p —a)tan—;a = 2Rsin A;sin A=— 2 thay
2 1+tan®
A . :
tan—= vao a=2Rsin A ta duoc
2 p-a

a®—2pa’+(p®+r?+4Rr)a—4pRr =0tuwong ty cho b,c rdi &p dung dinh ly
Viet

b/Thay h, = % vao dugc cau a/

¢/Tim PT bac ba nhan COSZQ,COSZ%,COSZ% lam nghiém rdi 4p dung dinh
ly Viet
d/ Ap dung BDT (X+ Yy +2)* >3(xy + yz + 2X)

VII.2. Ap dung giai hé phwong trinh:
Bai 7:Giai cac hé PT:

X2+ y?+2° =27 X+y+z=a

ald Xy + yz +2x =27 b/{ x> +y* +2* =a’ c/
1. 1.1, X+y +28=a’
X y z

X+y+z=a+b+c
x> +y?+z2°=a’+b* +¢?
X*+y'+z8=a’+b°+c°
Huréng dan:
a/ T hé tim dugc X+ Yy +2=9,Xy + yz + zx = 27,Xyz = 27 .Ap dung dinh
Iy Viét dao hé c6 nghiém duy nhat (3;3;3)
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b/ Hé cb ba nghiém (a;0;0), (0;a;0), (0;0;a)

¢/ Hé c6 nghiém (a;b;c) va cac hoan vi

Bai 8:Cho sina,sinb,sinc #0va cosa,cosb,cosc khac nhau d6i mot. Giai
hé PT:

xsina+ ysin2a+ zsin3a =sin4a
xsinb+ ysin2b + zsin3b =sin4b
xsinc+ ysin2c + zsin3c =sin4c

Huréng dan:
Tur hé suy ra cosa,cosb,cosc la ba nghiém cua PT:

8t° —4zt> — (4 + 2y)t + z— x =0.Ap dung dinh ly Viét ta co

Z
cosa+ cosb + cosc ZE

_y_ 2
cosacosb + cosbcosc + cosccosa :T

Z—X
cosacosbcosc:T

X =8cosacosbcosc + 2(cosa + cosb + cosc)
= ¢ y=-4(cosacosb + cosbcosc +cosccosa) — 2
z=2(cosa+ cosb+cosc)

Bai 9: Cho cosa,cosb,cosc = 0va cosa,cosb,cosc khac nhau d6i mot.
Giai hé PT:
Xcosa + ycos2a+ zcos3a =cos4da

xcosb + ycos2b + zcos3b = cos4b
XCOSC + Yy C0S2C + ZC0S3C = C0S4cC

Huréng dan:

Tur hé suy ra cosa,cosb,cosc la ba nghiém cua PT:
8t* — 4zt — (2y +8)t? + (32 — X)t + y +1=0.Goi u la ghiém th tu cua PT rdi &p
dung dinh ly Viét suy ra két qua.
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x+ay+a‘z=a’
Bai 10: Cho a,b,c phan biét. Giai hé PT: < x+by +b’z=b°

X+cy+c’z=¢’
Huréng dan:

a,b,c la ba nghiém cua PT: t°* —zt> —yt —x =0

X+2y—-32=9
Bai 11: Giai hé PT: < 2xy —6yz —3zx =27
1 1 1

—_t——— =
X 2y 3z

Huréng dan:

Dit u = x,v = 2y,w = -3z .Dua vé hé dbi xung.
a’x+a’y+az+t+a*=0
b*x + b’y +bz+t+b* =0
cx+c’y+cz+t+c'=0
d®x+d’y+dz+t+d*=0

Bai 12: Cho a,b,c,d phan biét. Giai hé PT:

Huréng dan:
Giai tuong tu bai 10

VI1.3. Ap dung trong cac bai toan té hep:

Str dung nhj thitc Newton va dong nhit hai da thtrc dé chirg minh dang thic
Bai 13: CMR: C¥ +4C** +6C** +4C°+C/* =CFK, (4<k<n)

Huréng dan:

n+4 n
@+x)" =1+ X)"(1+x)* <= D Cx X" :(Zcr'fx"](x“ + 4% +6X° +4x+1)

n+4
k=0 k=0

DPdng nhét hé sé x* hai Vé.
Bai 14: Cho k,n,m 1a ba s6 tu nhién théa m<k <n.CMR:
ClCl+ClC M +C2Cl?+...+CPCl™ =CF

m+n
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Huréng dan:

Khai trién va dong nhat 2 vé s hang x* cia(L+ x)™" = (1+ X)" (L + X)"

Bai 15: CMR: (C¢) +(C) +(C?) +..+(Cp) =Cy,
Huréng dan:
So sanh hé sé x" ctia dong nhat thac 1+ X)" 1L+ X)" = (L+ Xx)*"

=C"

n+k+1

+..+C"

n+k

Bai 16: CMR:a/ C' +C. , +C/

n+1 n+2
b/C,? —Ci + Cf +..+(-DPCP =(-DPC’,
Huréng dan:
a/ V& tri 1a hé s x" cua da thirc
1

fF)=0L+X)"+ @+ X"+ @+ X)" +...+ L+ x)"* = » [(L+ )" — 1+ x)"].

Vé tréi 1a hé¢ s6 x" cua da thic = (1+x)"**" —(1+x)" 1A C",, .,
b/ V& trai 1a hé s6 X" cua da thuc
F)=X"L+X)" = X" @A+ X)" +X"2A+X)" + ...+ (D" X" PL+x)" =
=1+ )" [(-D°x"" + x"]
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