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Bai 1. Cho x, y, z 13 cic s6 thuc duong. Dita =x’(y-z)’, b =y’ (z-x)*, ¢ = 2°(x-y)*. Ching
minh réng a+b+ >2(ab+bc+ca).

Loi gidi :

BDT tuong duong véi
(a+b— C}: —4ab =20« (\,E + \E— x'C)[_\"E"F 1.,? — \E)(\,?"}' '\E — \E) = 0

Khong mat tinh tong quat, ta gia st x = y = z, ta co:
Vh=Ve=vVa=ylz=-x) -zlx=y) =x(y =2 =(x=-v)y=-2)z+x) 20
Suyra (vVa + b —vc)(3vb+ e —va)(Ve+va—+b) £ 0 (vivh = max(va,vb,v¢))

Vay BDT ding

Bai 2. V&i mdi s thyc p, xét phuong trinh 4x° — 3x — p = 0 (1). Ta xét ham s f(p) dugc dinh
nghia nhu sau:

i) Néu phuong trinh (1) ¢6 3 nghiém thuc thi f(p) bang tich cua nghiém 16n nhét va
nghiém nho nhat cua (1).

ii) Néu phuong trinh (1) ¢6 1 nghiém thuc duy nhét thi f(p) 1a binh phwong ctia nghiém
thuc nay.

Hay tim gi4 tri nho nhét cua f(p) khi p chay trén tap hop céc s thuc.

N e

Loi gidi:

Néu pt (1) c6 nghiém duy nhat thi f(p) = 0
. .'J.'1_ + '{_ + 1'3 = 'D
Néu pt (1) c6 3 nghiém v, = v- < v, thitheo Viete, ta co

.1-:.1.: + .T: .1-3 + ."L.B.T:_ -
: 3 . 3
— ff,u} = X; X3 = xa(xy + x5 + .1'3] + X 03 = (X7 + XX + XXy + gy ) = —:1



Déu “=" xdy ra khi va chi khi x- = 0 — p = 0(Thu lai thay dung).

Viy gia tri nho nhat cia f(p) khi p chay trén tap hop céc s thuc 1a —-

Bai 3. Duong tron ndi tiép tam giac ABC :[iép xUc véi cac canh AB va AC tai cac d@ém PvaQ
trong Ung. R va S twong ng la trung diém cua cac canh AC va BC. T 1a giao diém cua cac
duong thang PQ va RS. Chung minh rang T nam trén phan giac goéc B cua tam giéc.

N,

Loi giai:

Goi T" 14 giao diém cua RS va phan gidc goc B clia tam gidc ABC, ta c6
#/BT'S = £ABI = +TBS nén tam giac SBET’ can tai §. Mat khac, S 1a trung diém BC nén tam
giac BTS vuong tai T

ViB,I,T thang hang , IQ L AC,IT' L TC nén IQTC la tir giac noi tiép.
Suyra 2T'QC = £T'IC = £IBC + £ICB = 90° — 225 — 90° — ,]AQ = LAQP
Ma A, Q, € thang hang nén suy ra P, Q, T thang hang. Vay T = T’ hay T thudc phan giac goc B

Bai 4. Tim tt ca cac s6 nguyén duong n sao cho 3" — 2" chia hét cho n.

N e

Loi gidi:
D& dang nhan thdy n=1 thoa yéu cau cta bai toan

Véin>1, xét p 1a udc nguyén té nho nhét cia, ta o 3" = 2"(mod p) nén (3,p) = (2,p) = 1
3"=2"=(327)"=1-(3.2")"" " =1(modp)(Vi2,p) = 1nénton tai 2~ * (mod
p))



Vi p 14 u6c nguyén t6 nho nhat ciannén (n,p — 1) = 1.Suyra3.2"* = 1 — 3 = 2 (mod p)
Suy ra p=1 (Vo ly)

Vay n=1 12 nghiém duy nhét cua bai toan.

Bai 5. V&1 nhiing gid tri nao cua k thi tap hop

- S=1{2010, 2011, ..., 2010 + k} 7 ‘
c6 thé chia thanh hai tdp con khong giao nhau A va B sao cho tong cac phan tir cia A bang
tong cac phan tir cia B?
Loi gidi:
Xét ham sb f(A4) co gia tri bang tong cac phan tir trong tap A
Gia s A, B 14 2 tap roi nhau duge chiara tir S va f(4) = f(B) thi f(5) = 2f(4) chan
Suy ra w chin hay (k + 1) (k + 4020) chia hét cho 4. Suy rak = 3hayk =0
(mod 4)

Ta CMR néu voi k ta co thé chia S theo yéu cu dé bai thi v6i k+4 ta cling lam dugc diéu do.
That vay, xét

5§ ={2010,2011, ...,2010 + k}va

5" ={2010,2011, ..,2014 + k} = SU {2011 + k,2012 + k, 2013 + k, 2014 + k)

Néu S chia duge 1am 2 tap A,B roi nhauma f(4) = f(B), ta xét

A" =AU {2011 + k,2014 + k)

B' = B U {2012 + k,2013 + k)

ThidA'UB =S5A'nB =0vaf(4’) =f(B') = f(A)+ 2025 + 2k nén voi k+4 ta cling
chia dugc theo yéu ciu

Mat khac, v6i k = 3thi § = {2010,2011,2012,2013} = {2010,2013} U {2011,2012} nén
moi k = 3 (mod 4) déu thoa

Gia sir ton tai k = 0 (mod 4) thoa mén yéu cau dé bai thi vi || 1& nén néu chia duoc S thanh 2
tap 4, B ro1 nhau thi khong mat tinh tong quat, gid str [4| < |B].
bat|d|=xthi|Bl=k+1-x2x+1-=Fk=2

(4021+2k—x)x

Tacod: f(A) = (2010 + k) + (2009 + k) +--+ (2010 +k +1—x) =
| ) ; ) 4020+k-x)k+1-x)
Va @ f(B) = 2010 + 2011 + - + (2010 + k —x) = —

40214+2k—x)x (020+k—x)(k+1—x)

Vi f(4) = f(B) nén ta co BDT: - - = -
Tuong duong vai k? + 2x° — 8042x — 4kx + 4021k + 4020 < 0
 (k — 2x)° + 4021k 4 4020 < 2x° + 8042x




i2
— 4021k + 4020 = B3 + 4021k

—k=+8040 - k = 92(vik:4)

Khi k = 92, ta xét

S ={2010,2011, ...2102}

A ={2102,2101,...,2057} u {2083} \ {2030}

B ={2010,2011, ...,2056} U {2030} \ {2083}

ThiAUB=5;AnB =0, f(4) = f(B) = 95604

Vay tat ca cac sd k thoa dé baila : (k = 3) hay (k = 0 va k = 92) (mod 4)



