PE THI HOC SINH GIOI TINH NGHE AN

MON TOAN BANG B
Cau 1: ) 7
a)Tim gia tri cua tham s6 m dé phuong trinh sau c6 nghiém
m3)x +Q2-m)vx +(G-m)=0
b) Chirg minh rang :

Cau 2:
a) Tim GTNN va GTLN cuta

A=x+1-x Véixe(O;%)

b, giai h¢ phuong trinh
x—y _sinx

; 3
S x

) ) cosx voix € (OQE)
X 2

sin y

sin2x —cos2y =sinx +cosy —1

V4
x,ye (0;—
y(4)

Cau 3:Giai phuong trinh nghiém nguyén
T
cos[§(3x+\/9x2 +160x+800)] =1

Cau 4:

3 .
a)Trong hé truc Oxy cho tam gidc ABC c6 dién tich la 5 - biém A(3; -2); B(2; -3) va

trong tim G thudc dudng thing 3x —y — 8 = 0. Tinh ban kinh dudng tron ni tiép tam gidc ABC

b) Cho dudng tron (C) c6 phuong trinh : x* — 2x + y* — 4y + 4 = 0. Diém M thudc duong thing (d)
x—y+3=0.tr Mke2 tiép tuyén t61 C tai hai tiép diém 1a A va B .Ching minh rang duong thang AB
di qua 1 diém co dinh khi M di chuyén trén (d )

NGHE’ AN
CHON TUYEN QUOC GIA VONG 1

[ =]x=3]
Bai 1:gidi hé:{(2\z -2+ y)y =1+4y

X' +z—4x=0
Bai 2:cho s6 nguyén a,chiig minh ring phuong trinh: x* = 7x° + (a + 2)x* — 1 1x +a = 0 khong thé co
nhiéu hon Inghiém nguyén.

x, =1

) =
X, :2+\/Z—21/1+\/Z,‘v’neN.

Bai 3:cho day s6 thue x, xac din boi: {



Ta x4c dinh ddy y, boi cong thirc y, = in2i, Vn e N * tim cong thirc tong quat cia diy yi.
i=1
Bai 4:cho céc s6 nguyén dwong a,b,c khac 0 thoa man:
a b c
—+—+—€z
b ¢ a
a b c
—+—+—€z
C a

4 4

Chtng minh: 3b—+£+c——4|a|—3|b|—2|c| >0
c

Bai 5:Trong mit phang toa do oxy cho 9 diém c6 toa do 1a cac sd nguyén,trong d6 khong co 3 diém
nao thang hang. Chtg minh rang ton tai it nhat 1 tam giac c6 3 dinh Ia 3 trong 9 diém trén c6 dien tich
1a 1 s6 chan.
Bai 6:Cho 2 duong tron (O) va (O) tlep xuc trong tai dlem K,(0’) ndm trong (O). Dlem A Nam trén
(O) sao cho 3 dlem A,0,0’ khong thang hang.Cac tiép tuyén AD va AE cua (O7) cit (O) lan lyot tai B
va C(D,E la cac tiép diém).Duong thing AO’ cat (O) tai F.Chimg minh rang cic dudng thing
BC,DE.FK dong quy.
Bai 7:cho n>2,ne N.Ki hiéu 4= {1,2,...,n} ,2tap con B cta A dugc goi la 1 tap t6t néu B khac réng va
trung binh cong ctia cac phan tir ciia B 13 1 s6 nguyén,Goi T, 14 s6 cac tap t6t cia A.Chting minh rang
Ta—nla 1 s6 chdn.

NGHE AN

CHON TUYEN QUOC GIA VONG 2
Bai 1:giai phuong trinh: 16x° - 24x” +12x-3=3/x ’
Bai 2:Tim tat ca cac so nguyén a,b,c thoa man di€u kién 1<a<b<c va abc chia hét cho (a-1)(b-1)(c-1).
Bai 3:cho a,b,c,x,y,z 1a cac sb thuc thay ddi thoa man: (x+y)c—(a+b)z= J6
Tim GTNN cua:
F=a>+b"+c" +x* +y* +2° + axtby+cz
Bai 4:Tim tat cac cac ham f : R — R sao cho:
f(x+cos(2009y))=f(x)+2009cos(f(y)),Vx,y € R
Bai 5: cho tam giac ABC thay déi,g()i H la tryc tam ,0O la tdim duong tron ngoai tiép va R 1a ban kinh

LA . . : H
dudng tron ngoai tiep tam gidc ABC.X4ac dinh GTNN cua so K sao cho% <K

Bai 6:Cho ABCD la tr gidc ndi tiép.M va N 1a cac diém lan luot thay doi trén cac canh AB va CD sao

PM  AB
hoﬂ = Ne Diém P thay doi trén doan thang MN sao cho—— = —— .Chiing minh rang ti s6 dién

MB ND PN CD
tich ctia 2 tam giac PAD va PBC khong phu thudc vao vi tri cia M va N.
Bai 7:Goi S 1a tap hop cac s6 nguyén duong dong thoi théa man 2 diéu kién sau:
1.Ton tai 2 phan tir x,y thuoc S sao cho (x,y)=1.
2.Vé4i bat ki a,b thude S thi téng cua a va b ciing thuoc S.
Goi T 1a tap hop tat ca cac sb nguyén duong khong thudc S.Chirng minh rang sé phan tir cua T 14 hiru
han va khong nhoé hon [S(T), trong d6 S(T) 1a tdng cac phan tir ciia tap T(néu T = ¢ thi S(T)=0).

SO GIAO DUC VA PAO TAO KY THI HOC SINH GIOI TINH KHOI
NGHE AN 12 THPT 2004-2005

Bai 1: a) Tim gi4 tri m dé phuong trinh sau c6 nghiém: \/x2 +x+1 —\/x2 -x+1l=m
b) Giai phuong trinh: 2003* + 2005 = 4006x + 2



1+ cos8x
o ) . . 6+ 2cos4x
b) Tim m dé ton tai cap so (x,y) khong dong thoi bang o va thoa man phuong trinh:

(4m=3)|x|+Bm—4)|y|+(m-1)x* +y* =0

Bai 2: a) Tim gié tri 16n nhat va gid tri nho nht ciia ham sb: f(x) =

Bai 3:Tim tat cac cac da thirc p(x) thoa man: P(x) + P(1) = %[P(x+1)+P(x—1)],Vx

Bai 4: a) cho a,b,c,d 1a 4 s6 thyc théa man diéu kién: a* + b* =1,¢ +d =3 ,chig minh rang;

9+6+2
4

ac+bd +cd £

b) Trong mit phang Oxy cho ho dudng tron (Cm):
¥+ =2(m-Dx—(m+6)+m+10,m=0
Chung minh rang: cac dudng tron (Cm) ludn ludn tiép xtic v6i nhau tai mot diém cd dinh khi m
thay doi.

SO GIAO DUC VA DAO TAO KY THI HOC SINH GIOI TINH KHOI
NGHE AN 12 THPT 1997-1998

Bai 1: cho phwong trinh: x* + x +124/x+1-36 =0

a) Ching minh rang phuong trinh ¢6 nghiém sé trén (0,10)

b) Tim nghiém nguyén cua phuong trinh trén. o i
Bai 2: a) Xéc dinh s6 do cua goc A trong tam giac ABC,biét rang tong cac nghich ddo s6 do cua 2 canh
AB,AC bang nghich ddo so do dudng phan giac cua goc xen giira 2 canh ay.

b) Giai phuong trinh: SinxSin2xSin3x+CosxCos2xCos3x=1

Bai 3:Vi gia tri nao cua m thi s6 nghiém ctia phuong trinh:
15x> = 2(6m* +1)x —3m* + 2m* = 0 khong nhiéu hon s nghiém ctia phuong
trinh: (3m —1)>.12" +2x° + 6x = (3" —9)4/2"" - 0,25
x'—(k-Dx+k’

X
b) Trong hé truc toa do cho diém M(2,4).Xét cic tam gidc c6 mdt canh vudng goc voi Oy va hai

Bai 4: a) Tim gié tri nho nhat cua y = Kkhi0 < x <vk*—k+1k 1a tham s6 duong.

dinh nam trén parabol y=3x>;x€[-1,1] nhdn M la trung diém ctia mot trong 2 canh con lai. Xac dinh
tam giac c6 dién tich 16n nhét. Tinh dién tich 4y.

SO GIAO DUC VA PAO TAO KY THI HOC SINH GIOI TINH KHOI
NGHE AN 12 THPT 1999-2000
XY+ 2xy =1
Bai 1: a) Gidi hé¢ phuomng trinh: x+y

Jx+y=x"-y
b) Chirng minh ring véi moi s6 nguyén a phwong trinh:
x* =2001x° + (2000 + a)x* —1999x + a = 0 khong thé c6 2 nghiém nguyén.

J17 -1

Bai 2: a) Cho xy + yz + zx = —1 ,chimg minh rang: x> + 2y +2z° >

2
b) Cho x vay la hai $b duong thay ddi co téng bﬁng 1,m la mdt $6 duong cho trudc. Tim gia tri
. . 1
bé nhat cua tong: § = —5—— +
X +y xy



U =1
Bai 3:cho day sé{Uﬂ} xac dinh nhu sau: U - 2+U,
n+l >
1-2U

n

Vn=>1

Chung minh rang day sb {U ”} khong tudn hoan.
Béj 4: Cho tr dién SABC ,trér} cac canh SA,SB,SC lan 1}1(}‘[ léy cé}c diém Q,E,F.Biét réng ca:lc mat
phang (ABF),(BCD),(ACE) cat nhau tai M va duong thang SM cat mit phang (DE) tai N,cat mat

MP
hiang (ABC tai P.Chun mmh —=3—
phéng (ABC) g NS s

Bai 5: Cho hinh hop 4BCDA,B,C,D, c6 tat ca cac canh déu bang nhau va bang AC,.Cac goc phang &
dinh cua goc tam dién dinh A tao boi 3 mét cua hinh hop déu bang nhau.
a) Tinh sb do cac goc phang & dinh ciia goc tam dién dinh A néi trén.
b) Mot mit phing cit cac canh AB,AD,AA twong tng tai M.N.P va cit AC, tai Q.Chting
1 N 1 N 1
AQ AM AN AP

minh:

SO GIAO DUC VA PAO TAO KY THI HOC SINH GIOI TINH KHOI
NGHE AN 12 THPT 2000-2001
Bai 1: a) Cho a,b,c,m la nhiing s6 thuc (a # 0,m > 0)théa man diéu kién: +L+£ =0

m+2 m+1l m
Chung minh rang: b> —4ac >0
b) Hiy xéc dinh tat ca cic ham lién tuc /' : R — R théa min dang thic : £ (x*)+ f(x)=x" +x
Bai 2: a) Cho n,m la nhitng s6 tu nhién khong nhé hon 2,hiy tim tt ca cic nghiém nguyén cta phuong

trinh:¥/x+\”/x+...+</7 =y

b) Hiy x4c dinh m dé phuong trinh:sin® x + (1+sinx)*=m c6 nghiém.

Bai 3:Trong mit phang cho 2001 diém va trong 3 diém bat ky da cho bao gio cling tim dugc 2 diém co
khoang cach gifia chung nhé hon 4.Chirg minh rang ton tai mot honh tron c6 ban kinh bang 4 chtra
khéng it hon 1001 diém.

Bai 4: a) Cho ho duong cong (Cm) c6 phuong trinh:

m(x* +y*)—=22m+1)x+2y+m+1=0,m la tham sd.

Chimg t6 rang (Cm) 1a dudng tron véi moi m khac khong. Tim tap hop tdm cac dudng tron do.

b) Trong mit phang toa 46 Oxy cho diém (3,1).Tim phuong trinh duong thang di qua M va cit hai nira
truc Ox,Oy twong ng tai A va B sao cho tong (OA + OB) c6 gia tri bé nht.

SO GIAO DUC VA PAO TAO KY THI HOC SINH GIOI TINH KHOI
NGHE AN 12 THPT 2001-2002

2 . .
. . A x“+(sina)x+|sina|—
Bai 1: Cho ham s6 y = ( ) | |

x+1
a) Tima dé ham sb ¢6 cuc dai — cuc tiéu va Ved T Vet = -6.
b) Tima d€ y.q.ye > 0
Bai 2: a) ching minh ring Vx: -1<x <1 ta co: 2 <N—x+N+x<2
¢) Tim cac gia tri ciia k dé phuong trinh sau c6 nghiém: sin® x + cos*x = k*cos*4x



a, = 2-43
Bai 3: a) Cho day {a”}xéc dinh nhu sau:{ ° 2
a,,=a,(4a —10a,+5)°,Vn>0
Tim s6 hang tong quat a,
b) Cho a,b,c 1a d6 dai 3 canh ctiia mét tam giac. Xét cac sd X,y,z théa manx+ y+z :%
sinx _ siny  sinz

b c
Bai 4: a) Mot mat phang Oxy cho diém A (-4,0),B(4,0).Piém M di dong trong mit phing sao cho tam

Tim gia tri lon nhét cta biéu thirc: P(x,y,z)=

, . 1 L .
gidc MAB c6 tich cua tang hai goc £LMAB, MBA bang 2 .Chiing minh rang M luon chay trén 1 elip

(E) c6 dinh.

b) Cho tam gidc ABC.m la mét dieém di dong trén canh CB.ha MN,MQ tuong ung vudng goc va song
song v6i AB(N e 4B,0 € AC) .Goi P 14 hinh chiéu ciia Q trén AB va I 1a tim hinh chit nhat
MNPQ.Tim quy tich ctia I khi M chay trén CB.

SO GIAO DUC VA DAO TAO KY THI HQC SINH GIOI TINH KHOI
NGHE AN 12 THPT 2002-2003

Bai 1: a) Cho x < ¢,chimg minh rang x* —3x <’ — 3¢ + 4 ,dang thic xay ra khi nao?

b) Ching minh rang phuong trinh x* +2)° —4z° =0 khong c6 nghiém nguyénx, y,z = 0.

sin 2x N sin 3x

Bai 2: a) Tim céac diém trong[0,7],tai ¢6 ham s6 f(x) = sinx+ dat gié tri cuc dai-cuc

tiéu.
X =y +y +y+k
b) Ching minh rang hé phuong trinh:{ y* = 2° + z* + z+ k ¢6 mdt nghiém duy nhét.
=X +x" +x+k
Bai 3: Tren mit phang voi hé truc toa do vudng goc Oxy cho ho dudng tron (C ):x* + y* —2ax =0 va
ho duong thang (D) : ax+ay-aa=0 («a 1a tham sO, & 1a hang s6 duong).
a) Chung minh rang duong thang (D) luén di qua tdm ctia duwong tron ( C ) va ludn di qua diém co

dinh. 7
b) Tim quy tich giao diém cua (D) va (C).

cos(x-y)=1 |x _ y| o

Bai 4:xé4c dinh gia tri cia m dé 2 hé sau twong dwong: { m + Xy 1,
3 3 x? er2 =m

X =y x—y

SO GIAO DUC VA PAO TAO KY THI HQC SINH GIOI TINH KHOI
NGHE AN 12 THPT 2003-2004
. , -1)=(x-3 ,VxeR
Bai 1: a) Tim ham s6 /(x) =ax’ + bx> + cx+d,a =0 ,biét{xf (r=D=(=3)/(x),vxe
f3)=6
L4 X1 4 (x+a)eibxax<0 , R .
b) Xac dinh a,b d¢ ham so: f(x) = c6 dao ham tai x = 0.
ax’+bx+1,x>0

Bai 2: a) Cho day $6 u, cou, = —n*+8n°=0,5n" +4n,n e N" tim sd hang lon nhét cua day s6 da cho.

b)Cho cac s6 thuc a,b,c va sé nguyén duong n thoa man: 5¢(n+2)+6(a+b) =0

Chtng minh phuong trinh: asin"x + bcos"x + ¢sinx+c=0 luon c6 nghiém trong khoang (0,%).



Bai 3: a) Nhan dang tam gidc ABC biét ring;

1 1 1 1 1 1

+ + = + +
1+cos’AcosB  1+cos’BcosC  1+cos’CcosA  1+Cos*A 1+Cos'B 1+ Cos*C
b) C6 120 qua cau nhu nhau xép sat nhau vira ¢y mot hinh chop tam giac déu c6 tat ca cac canh bang
nhau( mdi qué cau & 16p trén tiép xtc ding voi 3 qua cau 16p dudi).Hoi co bao nhiéu qua xép & day
hinh chop.
Bai 4: Trong hé toa do truc chuan Oxy.
a) Cho 3 diém A(1;3),B(7;0),C(2;5).Tim phuong trinh duong tron ¢ ban kinh nho nhat chitra bén
trong hodc trén né ca ba diém da cho.
2 2

b) Cho elip c6 phuong trinh: %-F'l))}—z =La>b>0

Hai diém M,N di dong trén elip sao cho goc MON béng 90°.Chtrmg minh MN luén tiép xtic véi mot
duong tron ¢o dinh va tim gid tri 16n nhéat va be nhat cua dién tich tam gidc MON.

PE THI SINH VIEN GIOI PHXD HA NOI

GIAI TICH
u >2,n=2
Bai 1: Cho ddy s0 thuc{u,}  biét 6(u, +1) ,tim limu,
n= un+l = n—»o
u, +7

Bai 2:Cho ham sb f'(x) lién tuc trén[2;+00) kha vi trén khoang (2;+0) va théa mén diéu
2

f@)=1 o
.Chirng minh rang ton taix, > 2 sao cho f'(x,) =——

kién 2 2
|f(x)|£;,‘v’x22 X

Bai 3:Cho ham sb f(x) kha vi trén R.Gia thiét rang ton tai cac s6 thuca <b<c<d,b—a=d —csao
b d

cho [ f(x)dx = [ f(x)dx .Chimg minh ring ton taix, € R dé f'(x,) =0

Bai 4:Cho ham sb /(x) c¢6 dao ham lién tyc trén doan[a,b],a<b,f(a)=0 .Chirmg minh ring:

(max|f(x)|)2 <(b —a)jif'z(x)dx,x € [a,b]

Bai 5:Cho chudi s6 dwong hoi tuZan ,chtng t6 rang day s6 {an} don di¢u giam thilimna, =0
o n—o

DAI SO
Bai 1:Giai phuong trinh trén trudng sb phic: (z + 1)’ =1=0.Chting minh rang:
. .27 . 8t 9
sin—.sin—...sin — = ——
9 9 128
Bai 2:A,Be w, (R) 1a hai ma tran vuong cap n thoa man AB—-BA =2B .ChUNG minh rang det B=0
Bai 3: A,.Be w_(R) 1a hai ma tran d6i xtmg cip n.Chirng minh ring néu moi trj rieng cia A va moi tri
riéng ctia B déu duong thi cac gia tri riéng cua A + B ciing duong.

2
Bai 4:Cho ma tran 4 = [
a

6 .
bj .Tim a,b biet u=(3,1) va v=(2,1) 1a hai véc to riéng cta A.

2 _
Bai 5: Cho A,B 13 2 ma tran vudng cip n,biét A + B =1 var(4)+r(B) < n.Ching minh {;12 B 2
HOI TOAN HOC VIET NAM BO GIAO DUC VA BPAO TAO

OLYMPIC TOAN HOC SINH VIEN TOAN QUOC NAM 2008
DE THI:MON GIAI TiICH



Bai 1: cho day sé{a” } duoc xac dinh nhu sau: PR I Tinh 005
n+l
- ) ) 12008 22008 +‘"+n2008
Bai 2:Tinh lgngo e
Bai 3:Gia sir ham s6 f(x) lién tuc trén[0, ], £(0) = f(r) = 0 va thoa mén diéu
<1,Vxe(0,7)

Chimg minh rang:
i)3c €(0,7)sao cho f(c) = tanf(c)

i) |/ (x| < %,vX e(0,7).

Bai 4:Cho ham sé f(x) lién tuc trén [O, 1] va théa man diéu kién: xf (v) + yf(x) <1,Vx,y € [0,1]
1

Chimg minh rang: I f(x)dx < %
0

Bai 5:Gia sir £(x) 1a ham s6 lién tuc trén[O,l] voi £(0) = O,f(l) =1 va kha vi trong(O, 1) .Ching minh

1 a

rang voi moia € (0,1) luén ton taix,, x, € (0,1) sao cho: ' =1
f (x ) f (x,)

Bai 6:Cho ham s6 g(x) c¢6g"(x) > 0,Vx € R .Gia st ham s6 f(x) xac dinh va lién tuc trén R va thoa

/(0)>g(0)
5n cac didu kié 2

man cac diéu kién: Jf(x)dx < 7.g(0)+ Vs g2(0)

Chimg minh réng ton tai ¢ €[0,7] sao cho f(c) = g(c).

HOI TOAN HOC VIET NAM BO GIAO DUC VA PAO TAO

OLYMPIC TOAN HQC SINH VIEN7 TOAN QUOC NAM 2008
bE THI:MON GIAI TICH
. =x,=1

Bai 1:Gia str day so {xn} dugc xac dinh theo cong thirc: e ,Tinh x,y, ?

x,=(n-1)(x,, +x,,),n=3,4..

Bai 2:Cho ham s6 f:[0,1] - R c6 dao ham cép hai lién tuc va f"(x) > 0 trén[0,1].Chimg minh

rang: 2j f(t)dt > 3} f(*)dt - £(0).

f(x)<4+2009x,Vx e R

f(x+y) Sf(x)+f(y)_4avxay €R.
Bai 4:Gia st f(x), g(x)1a cac ham s6 lién tuc trén R va thoa man diéu kién: f(g(x)) = g(f(x)),Vx € R.
Chung minh rang néu phuong trinh f(x) = g(x) khong c6 nghiém thyc thi phuong

trinh £( f(x)) = g(g(x)) cling khong c6 nghi¢m thuc.

Bai 3:Tim tat ca cic ham sd: /: R — R théa min cac diéu kién: {

x1:y1=\/§

Bai 5:Cho hai diy s6 {x,} va{y,} xac dinh theo cong thirc:< x,,, =x, ++/1+x.,n=2,3,...




Chimg minh rang: x,.y, €(2,3),n=2,3,...valimy, =0

Bai 6:Thi sinh lam m{t trong hai cau sau:
a) Cho P(x)la da thirc bac n v6i hé sé thuc.Ching minh rang phuong trinh 2* = P(x) ¢6 khong
qua n + 1 nghiém thuc.
b) Cho f(x)—x va f(x)—x’ la nhitng ham s6 don diéu tang trén R.Chimg minh ring ham

s6 f(x) —73x2 cling 1a ham don diu tang trén R.

HOI TOAN HOC VIET NAM ~ BO GIAO DUC VA PAO TAO
OLYMPIC TOAN HOC SINH VIEN TOAN QUOC NAM 2008
DE THI:DAI SO
x+y+z=0
Bai 1:Cho x,y,z 1a cac s6 thyc thoa man ding thirc sau:{ x> + y* +z2 =2
X+ +2 =0

2n+1

Ching t6 ring véi moi so tw nhién n ta ludn c6x™* + y*"* + 22" =0

i AyTA L . A . . £ o0 [ —2008 2010
Bai 2:Ton tai hay khong mot ma tran thuc A vudng cap 2 sao cho: 4™ = ( 0 _2009J
Bai 3:Cho A,B,C 1a cac ma trdn vudng cap n sao cho C giao hoan v6i A va B, C? = E (E 1a ma tran don
vi)vaAB =2(A+ B)C
a) Ching minh raing AB = BA
b) Néu co thém diu kién 4+ B+ C = 0,hdy chimg t6 rank(A—C)+rank(B—C)=n

0 0 0 0 -1
0 -7 53 0
Bai 4:Tinh 4*” trong d6: 4=|0 -5 4 2 0
0 -9 6 4 0
1 0 00 O

Bai 5:Tim tt ca cic ma trdn vudng A cap n (n>2) sao cho v&i moi ma tran vudng B cip n,ta déu
codet(A+ B) =det A +det B.

BAI 6:Thi sinh chon mét trong hai cau sau:

~

2%, + X, =X, +2x, + X, —x, =1
=X, +2x, +2x;, +x, +x,—x =1
e . X =2x, +2x,+x, +x,—x, =1
a) Giai h¢ phuong trinh:
=2X, =X, =Xy +2x, + x5 —x, =1

2x, +x, +x,—x, — X, +2x, =1

=X, +2x, +x; —x, +2x, +2x, =1

b) Ung véi m(:)i’ da thirc P(x) v6i hé s6 thyuc va co nhiéu hon mot nghiém thuce,goi d(P) 1a khoang
cach nho nhat gitra hai nghiém thyc bat ky cua n6.Gia sur cac da thie voi hé so thuc P(x) va
P(x) + P’(x) déu c6 bac k(k>1) va c6 k nghiém thuc phan bi¢t.Chung minh rang d(P +
P)>d(P).

DE THI CHON POI TUYEN OLYMPIC TOAN HOC SINH VIEN TOAN QUOC
DHXD HA NOI
MON:GIAI TICH



_a
U =—

Bai 1: Tim sb & sao cho diy sb {u,} dugc xéc dinh boi 2 hoi tu.
u,, = E(a +u’),Vne N’
Khi d6 tinh limu,

n—0

Bai 2:Cho hai ham s6 f(x), g(x) xac dinh va lién tuc trén doan[a,b] ,kha vi trén khoémg(a,b)
va f(a) = f(b) =0.Ching minh ring phuong trinh: g'(x) /' (x)+ f'(x) =0 c6 nghiém trén[a,b] .
Bai 3:Cho ham s6 f(x) lién tuc trén[0,1] théa man diéu kién £(0)= (1) .Chimg minh ring ton

. 1
taic €[0,1] sao cho f(c) = f(c+Z).
1
Bai4: véimdi ne N* ditl, = Jx”exdx
0

Chirng minh rﬁng{ln} 14 mot day giam.Hay tim mdi lién hé gittal,,, va I, .Tinh lim nf,

n—>+w0

Bai 5:Tim tat ca cac ham lién tuc ' : R — R thoa man céc dicu

Lo {f(1)=—1
1en:
Vx,yeR: f(x+y)=f(x)+ f(y)+2xy ’
MON:DPAI SO

. 3 1
Bai 1:Cho A 12 m6t ma tran cap 2 xéac dinh béi: 4 =( . 1] tinh 4*

Bai 2:Cho A 1a mot ma trédn vudng cip n théoa man 4° =1 trong d6/, 1a ma tran don vi cép n.
Chimg minh rang: Rank(A—1,)+ Rank(A* + A+1)=n
(A_[n)2008 — 0

Bai 3: Cho A,B 1 hai ma tran vudéng cip n sao cho AB = BA,gia thiét thém réng{( 1y —g
B— =

a) Tim tat ca cac gia tririéng cua A va B.

b) Chimg minh rang AB,A + B la cac ma trdn kha nghich. )

Bai 4: Cho V va W 1a hai khong gian véc to hiru han chiéu trén truong so thuc R.Gia s U 1a mot

khong gian con ctia W, f: 7V — 7 1a mot anh xa tuyén tinh.Dat S = £~ (U).Chirng minh rang;

dim S +dim W >dimV +dimU

Bai 5:Cho A 1a mot ma tran d6i xtng xéac dinh duong ¢d 2008.Gia sir y = (1,2,...,2008) e R .
m+l _ T

yA""y

tinh lim ——— trong 6 »" chi ma trén vec to cot cia Y.
Y

m—>0 yA

Bai 6: Cho M, 1a mot khong gian cac ma tran vuong cApnva cho A, [x]la khong gian véc to cac da
thirc theo n” bién s6,bac k. Mot anh xa f: M, — P,[x] dugc coi la bat bién néu f(B™'4B) = f(A) voi
moi ma tran kha nghich B e M, .Gia str rﬁng X la mot ma tran cho trudce,ki hiéu:
P(X)=det(Al, - X)=A"+a,(X)A"" +..+a,_ (X)A+a, (X).Ching minh ring:
a) f,(X) la da thtic thuan nhét bac k tic 1a £, (.X) = £*.f,(X),Vt € R.
b) £,(X) la anh xa bat bién.
Bai 7: Cho P(x) va O(x) la céc da thirc v6i hé sd phirc ¢6 bac khac 0.Gia st véi @ e c thoa
mén P(w) =0 thi déu suy raQ(w) =0 va nguoc lai.Dong thdi néuw € ¢ thoa min P(w) =1 thi suy
raQ(w) =1 va nguoc lai.Chimg minh rang P(x) = O(x).
TRUONG PAI HOC BACH KHOA HA NOI
PE THI TUYEN CHON HE KY SU TAI NANG VA CHAT LUGNG CAO NAM 1999
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Bai 1:Khao sat sy bién thién ciia ham sb f(x) xac dinh trén toan R,dugc cho nhu

x+ —,x#0

sau: f(x)= l+e*
0,x=0

Bai 2:Tim céc s thuc a,b,c théa mdna —2b+3¢—16 =0 sao cho biéu
thirc £ =2a* +2b* +2¢* —4a—4b—4c+15 dat gia tri nho nhét.
Bai 3:Chimg minh rang phuong trinh: a.cosx-+b.sin2x+c.cos3x=x c6 nghiém trél’l[—ﬂ',ﬂ'], Va,b,c e R.
Bai 4:Tim ham s6 f(x) xéc dinh va lién tuc trén[0,1],biét ring 0 < f(x) <1,Vx €[0,1] va
|f(x|)_f(x2)| 2 |x1 —X,|, VX, x, € [051]

‘ “ TRUONG DAI HOC BACH KHOA HA NOI
PE THI TUYEN CHON HE KY SU TAI NANG VA CHAT LUQGNG CAO NAM 2000

. . . x, >0 , s g .
Bai 1: cho ddy so{x,} xac dinh nhu sau:{ ,chimg minh rang day so{x, } hoi tu

x,=In(l+x,,),Vn=>1
dén mot gioi han 1 va tinh 1.
Bai 2:Chting minh rang néu f'(x) 1a ham s6 xac dinh trén R, thoa man di¢u
FG) = f(5)| <]x —x,| . Vx,x, € R. thi f(x) 1a ham hang.

Bai 3: f(x) la m¢t ham s6 x4c dinh va lién tuc tai moi x # 0 ,léy gia tri khong am,théa man diéu

kién

kién: f(x) < kj f(t)dt,¥x >0 trong d6 k 1a mot hiang s6 duong.Chimg minh rang: f(x) =0, Vx > 0.
0

Goi y:xét su bién thién ctia ham s6 F(x) =™ [ f(t)dt trén(0,+0)
0

Bai 4: Ham s6 f(x) thoa man diéu kién f "(x) > 0, Vx € R..Chtng minh
rang: fItx+(1-)y] < thx)+(1-H)f(y),Vx,y € R,Vt € (0,1)
Bai 5: Cho cac sb thuc k,,k,,...,k, khac nhau tirng d6i m¢t.Chirng minh rang;:
ae +a,e +..+ae" =0,VxeR. khivachikhi ¢, =a,=..=a,
‘ 1 TRUONG DAI HOC BACH KHOA HA NOI
PE THI TUYEN CHON HE KY SU TAINANG VA CHAT LUONG CAO NAM 2001

X

e
1)

. ‘ u, =
Bai 1:Cho ham s f(x) = Xét day s6{u,} xac dinh bc“yi{ ‘
X

u,,=f(w,),vneZ"

a) Ching minh rang phuong trinh f(x) = x c6 mot nghiém duy nhita e (%, 1) .
, L 1 .
b) Ching minh rang u, € [5,1} ,VneZ

. N 1 X . I3
¢) Ching minh rang f'(x) ting trén {5,1} .Suy ra ton tai mot sO k € (0,1) sao
ch0|u,7 —a| = k|un - a| v&i moi n nguyén duong.
d) Chung minh rang lim u, =a
. X - . .
Bai 2: Véi hai s0 x,y thudce R ta datd(x, y) = 1|—y| ,ching minh rang vai ba so x,y,z thudc R ta luén

+|x =y
co:d(x,y)<d(x,z)+d(z,y)
Bai 3: Cho ham s f(x) ¢6 f"(x) va a < b,chimg minh rang:
10



a) fIAx, +(A-)x, PAfx)+(1-1) f(x,),Yx,,x, € [a,b] ,VAe (0, 1)

b) [ £(0de<6-a)f (2

Bai 4: Cho a<b va ham s f(x) ¢6 f'(x) lién tyc trén R thoa man f(a)= f(b) =0 va

b
I|f'(x)|dx = m.Chitmg minh ring:| £ (x)| < %, Vx e|a,b]

‘ _, TRUONG DAI HOC BACH KHOA HA NOI )
PE THI TUYEN CHON HE KY SU TAI NANG VA CHAT LUQNG CAO NAM 2002
al >mx® +x
1+ |x|
a) Gai bat phuong trinh khi m = 2.
b) Tim m e R 16n nhat sao cho bat phuong trinh ¢ nghiém ding véi moi x € R.

Bai 1:Cho bat phuong trinh:

omd
Bai 2: cho ddy s6{x,} x4c dinh nhu sau: , ,chtmg minh ring day{x, } c6 gi6i han
X, =—-lnx1

2
khin — oo va tim gidi han do.

a,=0
Bai 3: Cho cac sb thuc a.,i=0,2002 théa man: a a

ay+—=+..+ 2

2 2003

Chtrng minh rﬁng phuong trinh: @, +a,x + ...+ @y, x*” =0 c6 nghiém trén[O, 1]
Bai 4:cho ham s y = f(x) ¢4 dao ham cip hai £ "(x) > 0 trén toan bo R vaa € R ¢d dinh.Tim gi4 tri
16n nhit ctia ham s6 g(x) = f(x)+(a—x)f'(x) trén R.
‘ 1 TRUONG DAI HOC BACH KHOA HA NOI )
PE THI TUYEN CHON HE KY SU TAI NANG VA CHAT LUQONG CAO NAM 2003
Bai 1:Tim da thirc P(x) c6 bac bé nhat,dat cuc dai tai x =1 v6i P(1)=6 va dat cuc tiéu tai x =3 va
P(3)=2.
g A e N , e {P(X)ZP"(X),(I')
Bai 2: C6 ton tai hay khong mot da thuc P(x) thoa man hai diéu kién: C,VxeR
P'(x) > P"(x).(ii)
Bai 3: a) Cho ham s f(x) xac dinh va £(x) > 0 véi Vx € R. Biét rang ton tai X, € R sao
cho f(f(f(f () = %, .Chung minh rang /(x,) = x,.
x=y +2y-2
o y=2+2z-2
¢) Giai h¢ phuong trinh: \
z=t+2t-2
t=x +2x-2
x =2 o 5
, tinhlim(n"x,)
X X+ +x, =n"x, n—o0
‘ 1 TRUONG DAI HOC BACH KHOA HA NOI )
PE THI TUYEN CHON HE KY SU TAI NANG VA CHAT LUQNG CAO NAM 2004
3 2 3 2 3 2
Bai 1:Tim céc s6 a,b,c sao cho: lim a2x =X ) +b(x +5x ~1)=c(Bx +x7) =1
wto q(5x* —x)—bx* +c(dx* +1)+2x° +5x

Bai 4:Cho day sé{xn} théa man: {

Bai 2:Chung minh rang véi moi tham sé m,phuong trinh: x* —9x —m(x* —1) luén c6 3 nghiém.
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Bai 3: f(x) 1a mot ham s xac dinh trén [0,1],1dy gia tri trén [0,1] thoa man diéu
kién: |f(x1) —f(x2)| < |)c1 - X,
cho f(x,) = x,

, VX, x, € [0,1] .Chting minh rang ton tai duy nhat x, e [0,1] sao

Bai 4: a) Chtrng minh riang néu f(x) lién tyc trén [a,b] thi:

b b
[ G| <[] £ (o)lee
b) Chimg minh rang néu ham s6 f(x) ¢ dao ham lién tuc trén doan [a,b] va thoa méan diéu kién f(a) =

b 2 L
f(b) = 0 thi: j f(x)dx| < @ jtrong d6 M = max,_, ., | £ '(x)|.Déu ding thtrc xdy ra khi nao?

‘ “ TRUONG DPAI HOC BACH KHOA HA NOI
PE THI TUYEN CHON HE KY SU TAI NANG VA CHAT LUGNG CAO NAM 2005
u, =1

Bai 1: Cho ddy s6{u, } x4c dinh nhu sau: 1
u,=u, +——,n=1

n-1
a) Ching minh rang ddy s6 dy khong dan téi giéi han hitu han khin — oo
b) Chimg minh rang: limu, = +o0

n—>0

Bai 2:Cho ham s6 f(x) lién tyc,don diéu trén doan [0,b] va a €[0,b],chimg minh rang:
a b
bj f(x)dx> ajf(x)dx
0 0
S(x)>0

” ,chimng to rang phuon
[2/ (e <11 IO TG PREORS
0

Bai 3: f(x) 1a mot ham s6 lién tyc trén doan[o,%} thoa man:

trinh f(x) =sinx c6 mot nghi¢m trong khoéng(o,%j

o .1
Bai 4:Cho ham sb f'(x) = * sm(;),x - ,a 13 hing s6 duong.Véi gi tri nao ctaar ,ham sb f(x) c¢6
0,x=0
dao ham tai ’m(,)i X. )
Bai 5:Tim tat ca cac ham s0 f(x) c6 dao ham lién tuc trén R va thoa man hé
thic f(x+y)=f(x)+ f(¥)+2xy,Vx,y €R.
TRUONG PAI HOC BACH KHOA HA NOI
DE THI TUYEN CHON HE KY SU TAINANG VA CHAT LUONG CAO NAM 2006
Bai 1:Phuong trinh: x* —ax” + 4 = 0,(a 1a tham s&) c6 bao nhiéu nghiém?
u, R

Bai 2:Cho day s6 {u,} xac dinh nhu sau:
u

n+l

1
=u, +J.|t—un|dt,VneN.
0

s . . 1 .
a) Ching minh rang: D6 la mt day so tdng va néuu, >1 thizu,,, =2u, Y ,tr d6 chiing minh
réng limu, =+o0
b) Chung minh riang néu0 < u, <1 hay néuu0 <0 thi limu, =+o0

n—ow

1
Bai 3: Vi moi n nguyén duong,dat/, = Ix" In(1+ x*)dx
0
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a) Tinhlim/7,

n—»0

=0

b) Giasirce(0,1),dat 4, jx In(1+ x*)dx, B, j "

n—>oo B

Bai 4: a) Tim nhitng ham s f(x) x4c dinh trén R lién tuc tai x = 0 sao cho f(2x)= f(x), Vx € R.

¢) Tim nhing ham s6 g(x) xac dinh trén R,c6 dao ham tai x = 0 sao cho g(2x) = 2g(x) ,Vx € R.
Bai 5:Cho x va y 1a hai dudng thang chéo nhau.A va B 14 hai diém cd dinh trén x.CD la doan thing c6
chiéu d;‘li 1 cho trude trugt trén y. Tim vi tri ciia CD sao cho dién tich toan phan cua tir dién ABCD la
nho nhat.

| TRUONG DAl HOC BACH KHOA HA NOI

DE THI TUYEN CHON HE KY SU TAINANG VA CHAT LUQONG CAO NAM 2007
Bai 1:Cho phuong trinh: (\/ﬁ+ \/;)3 —Jx(1=x) =m (1) (m 13 tham sd)

a) Giai phuong trinh (1) khi m = 1.

b) Tim m d€ phuong trinh (1) c6 nghiém.

Bai 2:Véi n 14 s6 nguyén duong dit: U, = | x""(sinx)™dx,V, = [ x> (cosx)™dx

SR
O e i |y

Chimg minh rang:
a) limU, —hmV 0

n—>+0 —>+00
2

b) 2U, +V, < Wn>1,
32

Bai 3: Gia st / : R* — R 1a mot ham sd lién tuc thoa man f( f(x)) =3/ (x+1)’ +1 .Chling minh rang:
a) Néu S (x) = f(x,) thi x; =,

b) Ham s6 f(x) don diéu ting va lim =———= SO+ _
xX—>+00 f(.X)

Bai 4: Cho mit phang (P) va hai diém C,D ¢ vé hai phia d6i v6i (P) sao cho CD khong vubng goc voi
(P).Hay xac dinh vi tri hai diém A,B thudc (P) sao cho AB =a (a > 0 cho trudc) va tong do dai
CA+ AB+ BD dat gia tri nhd nhat.

Bai 5: Chok,,i= 1n 1a cac sb thuc duong khéac nhau tirng d6i mot.Chirng minh

rang: Zﬂ,l.cos(kix) =0,VxeRe 4 =0

i=1
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