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Cau 1.
a. Chting minh bét dang thuc
2x <In(x+1) Vx € Rt
—— < In(x , X :
., x+2 , -
b. Choa > 1, tim tat ca cac so thuc a dé chuoi sau hoi tu

i(%— 1"

c. Cho ham sb f xac dinh trén hinh vudng D = [0; 1] x [0; 1]
x(1—y) néu x<y

X, = ,
fxy) {y(l —X) néu x> y.
Khao sat tinh kha vi cia ham f tai cac diém trong cua D.

Céu 2. Chting minh rang véi moi sé nguyén n > 1, hé phuong trinh sau c6 nghiém
duy nhét trong tap D = [0; 1] x [0; 1]:

x" + y*+ n =3nx

{xzn + y?" + n = 6nx.

Cau 3. Cho X = (.17 VOi chuan ||x|| = max{|x(®)|: t € [0; 1]}.
Choanh xa A:X — X xéac dinh boi

Ax(@®) =t-x(1—t) — (1 —1¢t) - x(¢), Vx € X,t € [0;1].
Chting minh 4 13 4nh xa tuyén tinh lién tuc. Tim ||A]|.

Cau 4. Cho H 1a mot khong gian Hilbert.
a. Gia sir {x,,n € N*} 1a hé truc giao trong H. Chiang minh rang, chudi Y_; x,
hoi tu yéu khi va chi khi né hoi tu manh (hoi tu theo chuan).
b. Cho (x,) 1a diy hoi tu yéu vé x trong H. Gia st day (||x,|]) hoi tu vé ||x||
trong R. Chimg minh day (x,,) hoi tu manh vé x.

Ghi chu: Can b¢ coi thi khong giai thich gi thém.
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Cau 1. (4d)

1oy _ _2x ;o o x(x+4)
a. Xétham f(x) =In(1+ x) X2 0.Taco f (x) = Grvoa X > 0.
Do vay f(x) > f(0) = 0 hay In(1 +x) > == ,x > 0. (1d)
b. Pita, = Va —1thia, > 0va“a=1+a,. Theo trén ta c6

2a,

1
<—=Ina=In(1+ < h
@ +2 n na =In(1+a,) <a, hay na, p—

- A 7 X n a \ 1 \
Suy ra lim,, ., na, = Ina. Nén cic chudi Yo (Va—1) va fo:ln—a cung

<Ilna<na, (054

hoi tu hodc cung phan ky.

Vay chudi da cho hoi tu khi @ > 1 va phan ky khi a < 1. (1d)
c. D& thay f kha vi tai cac diém ctia D ma x < y hay x > . (0,5d)

Dé xét tinh kha vi cua f tai cac diém (a, @), |a] < 1, ta xét ham

o(x) = f(x,a),khido ¢ (a*) = —a # ¢ (a”) = 1 — a tai moi |a| < 1. Suy

ra f khong kha vi tai cac diém (a, ), |a| < 1. (1d)

Cau 2. (2d)
Xét khong gian metric X = R? voi khoang cach d xac dinh béi
d(Cer, 1), (02, ¥2)) = max{|x; — x,1, [y — ¥213, Y (xp, y1), (x2,¥2) € X
(X, d) 1a khong gian metric day du. (0,5d)
Xétham f: X — X xac dinh boi
n n 2n 2n
(@) = <x +3);l + n,x + gln + 2n>,(x,y) cx
V(xy, 1), (x2,y2) € X tacod
d(f(xl;%);f(xz;)@)) =
. {w — 3 37— Y31 I "+ - y%ﬂ} 05
3n 6n

Chuy
IxP — xF +yP =y < |x] — 23|+ [y — y2 ] < n(|lx — x2] + vy — v2l|)
<2n d((x1,3’1), (sz’z))-
f = 3+ Y =y < Pt = B+ Ly — 3
< 2n(|lxy = x2| + ly1 = y2|) < 4n d(Cen,y1), (x2,32))- (0,58)
Do d6 d(f (x1,y1), f (xz,¥2)) < %d((xp%): (x2,2))- Theo nguyén 1y 4nh xa

co, ¢6 duy nhat (x,y) € X sao cho (x,y) = f(x,y), tic 1a hé phuong trinh_cd
duy nhat nghiém. (0,5d)

Cau 3. (24d)
Kiém tra tinh tuyén tinh cua A. (0,5d)



VxeX,te[0;1]tacd |[Ax(t)| <t|lx(1 =)+ (1 = t)|x(®)] < ||x]|. Nén
|Ax]|| < |lx|| .Vay A lién tuc va ||A|| < 1 (1d)
Xétham x(t) = 2t — 1,t € [0;1]. Taco ||x]| = 1 con

1A%]| = max,eo,1)1 — 2¢1=1
Vay Al = 1. (0,5d)

Cau 4. (2d)
a. bats, =X x,. Giasulim,_, S, = xo. Khi d6 vdi moi x € H ta c6
lim|< S, — xo,x >| < lim IS, — x|l - lx]l = 0.Vdy S, =x,.  (0,5d)
n—oo n—-oo

Nguoc lai, gia su S, 5 Xo khi d6 véi moi x € H taco
lim, < S, x > =< x, x >.
Do d6 diy (< S,,,x >), bi chin. Theo nguyén Iy bi chan déu ||S, || < M, vn.
Suy ra IS, |12 = X llx, 112 < M2,vn. Vi vay 55 llx, I2 hoi tu nén Y2, x,
hoi tu. (0,5d)
b. Giasir x, = x. Ta co
lx, —x||? =<x, —x,%, —x >=<x,,%, > —<x,%x, > —<X,,x >+

+<x,x > = |x, 12=< x,x, > =< x,,x > +]||x]|? (0,5d)
Theo gia thiét lim,,_,.||x,.|| = [lx]| nén lim, ... [lx, — x|| = 0. Vay
lim x,, = x. (0,5d)

n—-oo



