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LOI GIOI THIEU

Phuong trinh vé dinh 1a mét chi dé todn hoc xa xua
va tir ldu rdt quen thudc déi voi cdc ban tré yéu todn.
Nhung didu ky diéu 13 nhirng bi dn trong chiung khéng
ngung bi khdm phd, ma cuén sdch nay I3 moét bing
chifng. Tdc gida Bui Quang Truong, voi kinh nghiém va
su dp 4 nhidu ndm chi dé nay dia din dit ban doc di t
phuong trinh vé dinh quen thudc ax + by = ¢ dén
phuong trinh nghiém nguyén bdc cao voi nhifng cdch gidi
moi gon gang, doi khi bat ngo, mang tinh chat tim tor ro
rét. Vi thé, cuén sdch nay rat cé ich cho cdc ban tré yéu
todn. Cdc em hoc sinh khd, giéi todn & cd cdp 2 va cdp 3
sé tim thay ¢ diy su vdn dung khéo léo va linh hoat cédc
kién thifc théng thuong nhu thé nao dé gidi nhitng bai
todn vé tm nghiém nguyén ti dom gidn dén phifc tap, ké
cd nhing bai todn co trong cdc ky thi hoc sinh gidi quéc
gia va quoc té. Hy vong rdang su din dit khéo Iéo cua tdc
giad trong cudn sdch sé dem dén cho ban doc nhéng gidy
paut hao hifng va say mé voi todn hoc pbé thong.

T6i xin trdn trong gici thiéu cudn sdch "Tim toi 107 gidi
cdc phwrong trinh vé dinh” voi ban doc.

Ha Npi ngay 28 thing 11 nim 1994.
Gido su 1, phé tién si
VU DUONG THUY




LOI NOI DAU

Hon ba thé k¥ da tréi qua, phuong trinh Fecma khéng
nguing thdch thifc tri tué clla con nguoi. Chua ai bde bé hay
chifng minh duwoc ring "

"Phuong trinh x? + y% = z® khéng c6 nghiém trong tap hop
s6 tu nhién khi n 1a s§ nguyén lén hon 2"

Trén 18 cuén "S6 hoc” ctia Diophing - mét cubn sdch ma cdc
nha sdng tao ra Iy thuyét s6 hién dai déu phai hoc - Fecma da
ghi lai bai todn d6 va tiép sau d6 1a dong che "T6i da tim duoc
cdch ching minh that k¥ la ménh d& nay. Nhung & diy chidu
rong cta 18 sdch khéng cho phép trinh bay cdch chi#ng minh
des".

Fecma thuong khéong cong bé nhitng phdt hién cfia minh khi
con sbng. Va trong but tich con dé lai cia ong, nguoi ta khong
tim dwoc mét diu vét nhd nao chitng minh 4y.

Nhidu bé 6c tuyét dinh cta nhan ioai da quan tam dén bai
todn. Nhing phuong phdp tinh todn mdi that séc bén va ky
diéu da duoc sdng tao... ma loi kh%\ng dinh hay phu nhén chua
hé c6.

Phuong trinh vé dinh 1a nhu thé !

Biét bao con ngudi vi dai nhue Acsimet (Archimede 287 - 212
trizdc céng nguyén), Diéphing (A. Diophante, thé ki III sau
cong nguyén), Fecma (P. Fermat, 1601 - 1665), Ole (L. Euler,
1707 - 1783), Gauxo (K. Gauss, 1777 - 1855), Kumme (P.
Kemmer, 1810 - 1893), ... da bi chung 16i cuén vdéi mét sic
manh ghé gém.

Su khé khi#n va nidém sing khodi v6 han 13 phin thuéng
xifng ddng gianh cho nhing ngudi yéu thich phuong trinh vé



dinh.

Xua nay, nguoi ta van xem phu(mg trinh vé dinh bac hai
khong phai 1a d3. Chi phuo*ng trinh v6 dinh bac nhét 1a da c6
phuong phdp giai hoan chinh nhd Bkhaskara ( (nha todn hoc An
D6 thé kj XII). Nhung cot Ioi cia phuong phdp chua lam
chung ta vita long. Cdc sé nguyén t, t1, to, ... lién tiép phai
xuat hién, tro gitp cho viée giai todn.

Néu suy nghi mét cdch séng tao, ching ta se tim ra nh&ng
phuong phdp glal v6 cung ngan gon, khéng bao gw phai su
dung dén t] va néu khéng véi thda man véi két qua thu duoc,
ching ta s& chinh phuc nhitng phuong trinh con phidc tap hon
naa.

Cuén sdch nay, duoc viét nhu mot cudc tro chuyén vé viéc
tim ra cdc phuong phdp mdi dé glaJ phu:(mg trinh ax + by =
(chuong 1), tién t6i phuong trinh ax? + by? + Xy + dx + ey = f
(chuong II). Va chuong IIT d& cap dén mét s6 phwong trinh vé
dinh béc cao, cting nhu mét sé phuong trmh v6 dinh trong cdc
k¥ thi chon hoc sinh gidi trong nudce va qudc té.

Ching t6i v6 cung cAm on gido su Vi Duong Thuy da doc
ky ban thao va cho nhing ¥ kién quy b4u.

Ching t6i hy vong riang cuén sdch sa dem dén cho ban doc
nhing gidy phit hao hu?ng, va ciing hy vong se¢ nhan duoc tur
ban doc nhiéu ¥ kién bé ich.

Tdc gid



Chuong |

BA CACH GIAI PHUONG TRINH ax + by = ¢

§ 1. PHUONG PHAP TRUYEN THONG

Sach gido khoa* da dua ra thi du mau sau day:

Bai todn 1. Tim nghiém nguyén cta phuong trinh v6 dinh:
- 23x + 53y = 109

Va giai nhu sau: |

1+ Ta rut &n s6 cd hé s6 nhé hon theo an s6 kia:

_l09-83%y  17-7y

| 23 23
(tdch cac phan nguyén ra)

X

7 -y

‘ 1
Mudn cho x nguyén khi y nguyén thi biéu thic
phai bing mét s6 nguyén nao dé, ma ta goi 1a t.

17 - Ty

Ta c6: =t; 17 -Ty = 23t hay 23t + Ty = 17

Néu ta tim dugc cho t va y nhitng gia tri nguyén thdéa mén
phuong trinh 23t + 7y = 17, tdc 1A ta da tim duge cho x nlifmg
gia tri nguyén va da gidi dugc phuong trinh. Nhu vay cach giai
phuong trinh da cho quy vé cidch giai mét phuong trinh don gian
hon vi ¢cé hé s6 nho hon.

* Dai s6 16p 12, Nha xudt bdn gido duc —1991



2. Véi phuong trinh méi 23t + 7y = 17 nay, ta lai lam nhu
trén. Ta rit y

17 - 23t 3 -2t
y=——F—=2-3t+

Muédn cho y nguyén thi biéu thic phai

bang mét s6 nguyén nao dd, chang han t,. Ta sé cd
3 -2t

= tl hay 7t1 + 2t = 3.

3. Thanh thit bai todn quy vé cach gidi mét phuong trinh don
gidn hon nita. Ta lai ti€p tuc lam nhu trén véi phuong trinh nay.
Ta rit t: |
3 -7t 1 -t

t =———— ='1-3t; +
2

-t
Cho biéu thic !

bang moét s6 nguyén t,, ta cd

-1---59-1-=t2hay2t2+ ty = 1, doda:
t1 = 1 -2t
4. Bay git ta bi€u thi truc tiép x va y theo t,.
Mu6n thé, trong bi€u thic cua t, ta thay t; bing .bié'u thic cua
no theo t,:
t=1-3t1+ tz2=1-3(1-2tp) + t3
hay t=-2+ Tty

Trong bi€u thic cua y ta lai thay t va t; bang bi€u thuic ctaa
chung theo t,:



y =2"3t+_‘"—7 =2 -3t + it1=

=2-3(-2+ Ttp) + (1 -2tp) hayy = 9 ~-23t,.
Cuéi cung trong bi€u thic ctia x ta thay t va y bang biéu thdc
cia chang theo t,:

7 -1y

x=4-2y+ =4 -2y 4+t =

=4 -2(9-23t)) -2+ Tty =4-18+ 46t, -2+ Tt,
hay x = -16+ 83 t,.

Nhu vay, ta dugc hai bi€u thic sau day cua x va y theo t,:
x =-16+ 83t,; y =9 -23 ¢,

Cho t, nhitng gia tri ngﬁyén tuy ¥ (duong, Am hoac 0), ta duge
v6 s6 nghiém cua phuong trinh di cho.

Hay dung lai mét chit d€ ngdm nghi vé con dudng da dan tdi
dép s6.

Béang viéc dua ra cdc s6 nguyén t, t,, t, sich gido khoa da lién
ti€p thay phuong trinh phai gidi bang cic phuong trinh c6 hé s6
nhé hon va t6i khi xuit hién hé s6 bang 1 bai todn sé& két thiic.
Nhung két thic vao lic nao thi chi phu thudc vao céc con s§ &
dau bai, bat chap ching ta hay sao? Phuong phap giai dd, vé mat
ly thuyét, cé thé xuft hién t;qg, t1goo hodc hon nita ma may tinh
dién ti mai du kién nhdn gidi quyst. Va néi vt va dé di téi t,
la bao nhiéu thi néi vt va trd vé véi x va y cling by nhiéu. Nhu
thé ching ta da lec lén dinh m6t ngdi nha choc troi, réi 16n
xubng d€ sang tham anh ban hang xdm!

Can tim ra mét con dudng ngan ddang 1€ phai cd.



§ 2. CON DUONG MOI

Co th€ vao moét lic tinh co, ban gap bai toan c¢é dang sau day:

Bai todn 2. Tim nghiém nguyén ciia phuong trinh:
12x + 67y = 43

GIAI
Ta co
43 - 6Ty 7 -Ty T7T(1 -y)
X =—— = 3 -5y + = 3 -5y + —
12 y 12 d 12
7(1 -y)

D€ x nguyén, vdi y nguyén thi T phai nguyén.

Nhung vi 7 va 12 nguyén t6 cing nhau nén 1 -y phai chia hét
cho 12,tdcla 1l -y = 12t v8i t nguyén. Vayy = 1 =12t va x =
3-5(1 -12t) + Tt = 6Tt - 2.

Céc con s6 ngau nhién trong bai toan di cho ta mét 15i giai
dep! Co thé& gidi oai todn 1 theo cdch dd dudge khong? Nhiéu
ngudi cho y kién dd 1a ky quac! Ta cd thd xem.

17 -7y

23

ching . ta“udc a0 17 va 7 cd ude s6 chung, hay dep hon niia:

Nhin lai didng thic x = 4 -2y +

17 chia hét cho 7(!). Va ¢6 tao ra con s6 chia hét cho 7 4y, ta cong
va trit thém 4 thi dugc
73 -y) -4
. y
23
Con s6 4 mdi xudt hién da gay thém phién phdc. Néu nd chia
hét cho 23 thi t6t quad!

X =4 -2y



Bang moét linh cAm truc gidc, ching ta chon con s6 khac: 46.
Ta viét: '
17 -7
x =4 -2y +— y
43

17 + 46 -Ty - 46

= 4 -2y +
7(9 )23
A -2
23
Hé s6 1 da xuit hién! Do 7 va 23 nguyén t6 cung nhau nén

=4 -2y +

dé€ x va y nguyén ta phai co —53—1 = t 12 mot s6 nguyén. Suy ra

y=9-23tvax =4-2(9-23t) + Tt -2 = 53 t - 16.

Chiing ta da dat t6i thang loi, khong con nghi ngd gi nita. Lai
giai dep cua bai toan 2 c¢d nhitng con s6 dac biét da dugc ép
khong thuong tiéc cho bai todn 1 vén khoéng cd gi dac biét da
thuc su thanh cong. Ching ta tin tudng xét bai toan t8ng quat:

Tim nghiém nguyén cta phuong trinh v6 dinh:

ax + by =c
trong dd a, b, ¢ 14 cdc s6 nguyén
, ¢ ~by
Trudc tién, rat x va duge x =
a

Sau dd, chon A la bdi s nguyén cta a, sao cho c + A chia hét
cho b, tic l1a A = ma, c + A = kb vdi k, m la cdc sd nguyén.

c+ A-by -A kb -by bk -y)
Vay x = = -m = -m
a a a
b T i b
Cuéi cung, gidn udc . d€ dua vé dang t6i gian > ( =3 ).

b’(k -
D€ x nguyén phai co’—-—(-—a-;—y-2 nguyén, nhung do (b’, a’) = 1

10



nén k - y phai chia hét cho 2’
Vay k -y = ta’ voi t nguyén 5> y = k- ta’ va x =+ . m.

D6 chinh 1a con dudng that ngin da din ching ta t6i tham
arnifs bar harg xom - dap s6.

Chang han, tim nghiém nguyén cua phuong trink

2
-12x + 3,22....y = 39 —
2 29
Trude hét, viét lai 3, 22.... = 3, (2) = 3 +—§ =3
Phuong trinh da cho tré thanh:
- 108x + 29y = 353.
353 + 108x 5 + 21x
Tudoy = =12 + 3x +———
29 29

Nhan thdy trong cac boi s6 nguyén cua 29 1a £ 29..+ 58, ...
thi 58 khi cong v6i 5 sé chia hét cho 21. Vay:

5+ 58 + 21x - 58 21(3 +x)
y = +12 +3x =12 +3x-2 +
29 29
Vi (21, 29) = 1 nén d€ y va x nguyén thi
3 + x

5 - t phai nguyén. Suy rax = 29t - 3

vay = 10 + 3(29t - 3) + 21t = 108t + 1.

Bao gid ciing chi cin dén ngan 4y dong cho méi phuong trinh
v6 dinh bac nhdt ax + by = c. Chung ta hay d& y: khi thuc hanh
tinh todn vdi nhitng con sé cu thé&, nén chia ¢ va b cho a dé thuc
hién v6i nhitng con s6 nhé hon, dé chiu hon.

"+ Ban chdt cua phuong phdp vita néu la gi?
La thay cho viéc phai tim ngay toan bo cac nghiém, chung ta chi

can ttm mot nghiém roi sau dd suy ra tdt ca cic nghiém con lai.

11



That vay, doc + A = kb va A = ma nén ¢ + ma = kb. Suy
raa(-m) + bk = c.

RG rang (- m; k) 1a mét nghiém nguyén clda phuong trinh ax
+ by = c.

$3. CON DUONG THU HAI

Mot cau hoi rdt tu nhién xudt hién: Co th€ nhanh chdng giai
dugc phuong trinh ax + by = ¢ hay khéng, khi ta biét mot
nghiém nguyén (x,, y,) cia nd. CAu tra 1oi 1a : Dugc:

Lic nay c6 thé vist

aXo + by, = ¢
Nhu vay thi ax, + by, =ax + by vi cung bing c. Suy ra:

ax, + by, - by - x +b(YO'}'2

X = o
a a
b VY
Thay — =-— vé6i a’, b’ nguyén va (a’, b’) = 1
- a a .

b” (yo - ¥)

chung ta thdy rang d€ x nguyén thi ,
a

-

y
phai nguyén, tdc la - = t nguyén.

’

a’
Vayy = y, - a’t va x = x5 + b’t.
Thi du 1: Néu nhdm dugc mot nghiém cia bai toan 1 la
X = - 16, y = 9 ta ti€n hanh giai nhu sau:
Vi (- 16; 9) 1a nghiém nén 23. (-16) + 53.9 = 109
Nhung 23x + 53y = 109 nén
23x 4+ 53y = 23 (-16) + 53.9

12



23(-16) + b53.9 - 53y 53(9 -y)
x = = -16 +—
23 : 23

Do 63 va 23 nguyén t6 cung nhau nén dé€ x nguyén thi 9 -y
cln chia hét cho 53, tic 9 -~y = 53 t véi t nguyén.

Vayy = 9-563tvax =-16+ 53 t.

Thi du 2: Néu dodn dugc phuong trinh
~108x + 29y = 353
cd nghiémla x = -3,y = 1 thi ta cd thé viét
~108x + 29y = 353 = —108 (-3) + 29.1

Suy ra
108.3 + 29 -29y 29 (1 -y
x = = -3 47
-108 - 108
Vi (29, 108) = 1 nén d€ x nguyén phai cd
1 -
-—layg= t nguyén. Vayy = 1 + 108 t vax = -3 + 29t.

R6 rang ban chét clia phuong phap 1 va phuong phép 2 1a nhu
nhau: tim mét nghiém nguyén cla ax + by = c r6i sé suy ra t4t ca.

C6 mét diéu kha thd vi: khi tim hiéu ban chdt ctia phuong
phép 1, ching ta kham pha ra phuong vhap 2. Va mét diéu nay
nia: mot phuong phdp thd 3, véi dang vé mdo 4o bén phuong
phap 1, dd hién 1én ngay cang r6 nét khi viéc tim hi€u phuong
phdp 2 dugc hoan t4t!.

§ 4. CON DUONG THU BA

Ching ta xem lai bai todn 1, sau déng tac rut x
17 -7y
23

=4 -2y +

13



Ta biét rang d€ mau chdng dén dugc dap s6, phai lam xuét
hién hé s6 cia y 1a 1. C6 nghia 1a phai lam thay d8i hinh dang
bén ngoai cta cdc con s6. Hay cd nhin vao ding thic trén réi
nghién ngdm. Chot vao mot phit giay lde sdng, ta bat gap khuén
mat mai thich hgp cua 17.

17 = 63 - 46.

Va that nhanh chong, ching ta bién déi:

63 -46 —7y== 42y + 70 -y 9
23 23

Do (7,23) = 1 nén mudén x va y nguyén phai cd 23y =t

x =4 -2y +

nguyén. Vayy = 9 -23 t va x = 53t - 16.

. Liéu diéu d6 cd lam nén mét phuong phdp méi hay khong?
Ching ta nhin lai thi du 2 (trang 13) va nhén thﬁy rﬁ@t bién dang
cua 353 353 = -108 (-3) + 29.1

Diéu d6 cd nghia 1a 353 c4n duge phan tich thanh t6ng dai s6
cua hai s6: mot la boi s6 nguyén cia (-108), mot 1a boi s6 nguyén
cua 29.

Chung ta c6 phuoag phdp 3 d€ giai phuong trinh ax + by =
¢ nhu sau: | ~

Rit x dugce
c -by

X =
a

Viét ¢ dudi dang ¢ = ap + bq véi p, q nguyén thi-

_ap + bq —b):_ b+ b(q -y)= b+ b’(q -y)

X

a a a’
| b b
trong do (a’, b’) = 1 va a’, b’ nguyén sao cho - "a




D€ x nguyén thi = t nguyén.

Dodiy=q-atvax=p+ bt

Thé& 1a ching ta da cd trong tay ba phuong phap d€ tim
nghiém nguyén cia phuong trinh ax + by = c¢. Ching duge ap
dung v4i cdic meo muc khdac nhau nhung cung mot ban chat.
Trong phuong phap 3 thi (p, q) chinh 12 mét nghiém cta phuong
trinh ax + by = c.

Bay gig, ching ta xét thém mot thi du nita, giai bang ca ba cach.

Bai toan 3. Tim nghiém nguyén cia phuong trinh

1994x + 2001 y = 2027.
(Cac con s thé hién nam 1994, nam diu tién cda thé ky XXI

va nam ma ngudi ta du dodn con ngudi sé lén sao Hda).

GIAI
Cdch I:
2027 -2001y 33 -7y
X = —_ -y + -
1994 Y1994
33 -2.1994 -7y + 2. 1994
=1-y+
1994
7(~565 -y)
=1-y+ Y2
1994
7(565 + y)
=3 -y -
1994

Vi 7 va 1994 nguyén t6 cing nhau nén d& x, y nguyén thi
065 + y = 1994t

15



vOi  t nguyén. Vay y = 1994t - 565, x = 568 -2001 t

Cach 2:

Thay x = 568 , y = -565 vao phuong trinh thdy nd nghiém
ding tyc la:

1994.568 + 2001 (-565) = 2027

So sanh v6i phuong trinh da cho ta rit ra
1994x + 2001y = 1994.(568) + 2001.(- 565)
B 1994.568 + 2001.(- 565) -2001y

= X =
1994
2001( - 565 -y)
= 568 +
1994
Do (2001, 1994) = 1 nén d& x nguyén phai cd
o+ y t \Y 1994t -~ 565
— = én. V4 = t -
1994 nguy: ayvy
x = 568 -2001t.
Céach 3:

Trong bai toan nay nd cing tuong tu nhu ciach 1, nhung néu

ta "quén” chia 2027 cho 1994 thi
2027 - 2001y 2027 -7y -3. 1994 + 3.1994
TR A 1994

7 (-y -565)

1992 °
Dé x, y nguyén thi phai co w = t nguyén

1994

Vda suyray = - 1994t -565

x = 568 -2001t.

S

= _y+

16



Ca ba phuong phdp cung t6n tai bén nhau, d€ khi gap méi
phuong trinh dang ax + by = ¢, phuong phdp thich hop nhit sé
dudc st dung. Khéng cd phuong phap nao té ra uu viét trong moi
truong hop dé cd thé dé dang bo roi cac phuong phap con lai.

Diéu do 1am nén vé dep cia toan hoc, cia cdc con sé tudng
chung khoé khan ma bién d6i that ky 4o. N6 thach thic ching ta
tdn cong vao nhitng thanh liy tudng chitng bat kha xam pham.

Chuong II

DUONG DAN TO! PHUONG TRINH

ax” + by2+ cyx + dx + ey = f

§ 1. MOT BAI THI DAl HOC:
PHUONG TRINH a(x + y) = Xy

Chung ta bat gap bai toan sau day trong ky thi vao Dai hoc
thang 6 nam 1970. ,

Bai toan 4. Hai d6i co thi ddu vdi nhau. Mbi ddu tha cua doéi
nay phai d4u mot van véi méi ddu tha cia doi kia. Biét ring tong
s6 van cd da ddu bang bén 14n téng s6 ddu tha cua hai doi va bist
rang s6 ddu thu cua it nhdt mot trong hai doéi 1a 18. Hoi méi doi
co bao nhiéu ddu thua?

GIAL
Goi 56 d&u thu ctia méi doi 1a x va y, theo gia thist ching la
nghiém nguyén duong cia phuong trinh vé dinh xy = 4(x + y)

17




Vay 4x = xy -4y = y (x —4). Can tach riéng hai 4ng

| 4x
Y Tx-4
T6i day ta cdn cong va tru thém 16 vao 4x:
4x -16 + 16 16
y = = 4 +
x -4 x -4

- D€ y ngiiyén thi x —4 phai chia hét 16, tic la x -4 = % 16,
£8,+4 £2 + 1.

Gia st x 16, th€ thi x -4 = + 1.
Néeux-4=1—-»x=0vay=4+ 16 = 20
Néux-4=-1->x=3vay=4-16 <0 (loai)

Vay moét d6i co 5 ngudi va ddi kia co 20 nguai

Ching ta luu y rang phuong trinh thudng tré nén khd hon

nhiéu khi ¢ mat s6 hang chéo xy.

VAy ma khi cong trit thém mot con sé thich hgp bai toan 4 da

dugc gidi quyét mot cach nhe nhang.

18

Khong midy kho khan, ching ta giai bai toan téng quat:
Tim nghiém nguyén cia phuong trinh v6 dinh¢
a(x + y) = xy vdi a 1a s6 nguyén.
-Né&u a = 0 thi x = 0, y nguyén b4t ky
hodc y = 0, x nguyén bat ky
-Néua = Othiax =xy-ay =y (x -a)
Do x = a (# 0) khong phai 14 nghiém nén
ax ax —a’ + a’ a(x —a) + a’ a’

y = = = = a +
X -a X -a X -a X -a




DE y nguyén thi x ~a phai la udc s6 nguyén cua a2, tu dd tinh
dugc x va y.

Bai todn 5. Tim nghiém nguyén cia phuong trinh

px + y) = xy
trong  dd p la s6 nguyén t6.
- GIAl
px = y(x -p)

Néu x = p thi ding thuc trd thanh p2 = 0;vo ly.

Vay x # p, nén ta co thé viét:

2 2 2

px px-p +p p

y = = =p +

X -p X —-p X —-p

D& y nguyén thi phai co p2 chia hét cho x —p, nghia la x -p

=+ pz, * p, = 1. Ngoai ra khong ¢ kha nang nao khac vi p la
s6 nguyén t6. Bai todn cd sdu nghiém:

Xx-p=payx=rp+p y=p+1
x-p=-p2=)x=~p2+ pp y=p-1
X~-p=pzpx =2p, y=p+tp=2p
X-p=-pax=0, y =0
x-p=laax=1+p, y=p+p

x-p=-lax=p-] y=p-p’
Trong céc bai todn trén, hé s6 cia x va y nhu nhau, kha dac
biét. Hay xét trudng hop manh hon.
Bai todn 6. Tim nghiém nguyén cua phuong trinh
Tx - 12y = xy

-~ GIAL
Tx =xy+ 12y = y(x + 12)
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Gia tri x = - 12 khéng nghiém ding, nén
x <+ 712 -7.12 7.12

x+ 12 x+ 12 x+ 12
D& y nguyén thi x + 12 phai 1A uéc s6 nguyén ciaa 7.12. Cac
wbcsddola+1, +2 £3, £4, £6, £7, =12 + 14, 121)
+28, £ 42, + 84. ’

y=

Ti d6 dé dang suy ra cac nghiém c4n tim
Ching ta c6 cam gidc cdc phuong trinh loai nay luén co
nghiém. Vi vay hiy xét bai toan sau:

Bai toan 7. T6n tai hay khong nghiém nguyén ctia phuong
trinh
ax + by = xy
v4i  a, b la ciac s6 nguyén?

GIAI

Co thé viét ax = xy -by = v (x -b)

-Xét trudong hgp phuong trinh co nghiém x = b.

Thé thi ab = 0. '

+ Néua = 0 - Ox + by =by = y nguyén bat ky

+ Neub=0(uuyx=b)=a. 0+ 0y = 0.y = y nguyén
bat ky.

(Nhu vay khi a = 0 hoac b = 0, phuong trinh da cho co
nghiém x = b, y nguyén bat ky va ¢d ca nghiém y = a, x nguyén
bat ky)

~-Xét trudong hop phitong trinh khéng cé nghiém x = b.
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Lic nay x # b nén

ax ax -ab + ab " ab
= = =a+
x~b x-b X ~-b

y

D€ y nguyén thi x -b phai 12 uéc s6 nguyén cua ab, suy ra
x —b nhan it nh4t cac gia tri sau (khi a va b 1a cac s6 nguyén t6):
*ab, + a, £+ b, + 1. N6u |a| = |b| = 1, bai todn c6 hai nghiém,
dd l1a trudng hgp s6 nghiém it nhat. RS rang vdi a, b nguyen,
phuong trinh ax + by = xy luén luén cd nghiém. Téi day nay
sinh mé4t loat bai toan that la tha vi.

Bai todn 8. Ching minh rang, diéu kién cdn va du dé&
phuong trinh ax + by = xy véi |a] # 1, |b| # 1 ¢cd ding tdm
nghiém nguyén phan biét 1a: a va b la cic s§ nguyén t6 khong
giéng nhau.

Bai todn 9. Ching minh ring diéu kién cin va dua d& phuong
trinh ax + by = xy v6i |a|, |b| # 1 cd sdu nghiém nguyén phan
biét 1asa = b = p 1a moét s6 nguyén té.

Nhiing bai todn khong dé mét chit nao, nhung trinh bay 13i
giai 0 day la thua, ching duge gidi tuong tu bai toan 7.

Thé la ching ta da budc mét chan vao thé giéi cac phuong
trinh v6 dinh bac hai va cam thdy yén 6n. Ching cd gi khién ta
phai diung lai.

§ 2. PHUONG TRINH ax + by = xy + ¢
D6 1a dang tdng quat dugc néu lén tit cac phuong trinh ax +
by = cvaax + by = xy, vdi a, b, ¢ 1a cic s6 nguyeén.

Mot lan nita, ching ta lai thit dung phuong phap céng va tru
thém mét con sé thich hop. .
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Truéc tién can tach riéng hai £n:

ax = y(x -b) + ¢ :
Nhung d€ chia hai v& cho x -b ta céin xét hai kha nang:
—Gia st phuong trinh c6 nghiém x = b thi

ax ~¢ ax —ab + ab ~c¢ ab -c
y = cm = a +
X -b x ~-b x -b

Dé y nguyén thi x -b phai 1a udc s8 nguyén cia ab -c

- Gia st phuong trinh c6 nghiém x = b: lic nay ax = 0 + ¢

- x =§-.Dé’ nghiém x =bduqcch5pnhanthiphéicdb=§=y
¢ = ab. .

Tuong ty nhu vay, xét y#avay = a, ta di t6i két qua:
—Néu ab = c thi phuong trinh ax + by = xy + c cd nghiém

X = b,y nguyén bit ky vay = a, x nguyén bAt ky.

—Néu ab = c thi x —b hoac y -a 1a udc s§ nguyén cua ab -c.

Bai todn 10. Tim nghiém nguyéen cua phuong trinh
4x + 3y = xy -20

GIAI
3y = x (y -4) -20

Nhan thdy y = 4 kh6ng nghiém ding nén

3y + 20 3y -12+ 12 + 20 . 32
X = "
y -4 y -4 - y-4

Mu6n x nguyén thi y -4 phai la udc s6 nguyén cta 32, tic 1a

y-4 =£32 +16,+4, + 2.+ 1.
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Dé& gon gang, cac nghiém dugc tinh theo bang

y-4/32 16 8 4 2 1 4 2 «4 -8 -6 -32

y {36 20 12 8 6 5 3 2 0 4 -12 -28

y—-41 2 4 8 16 32 82 -16 8 4 2 4

x |4 5 7 11 19 3 29 43 6 4 1 2

Co tat ca 12 nghiém.
Bai toan 11. Cho phuong trinh 6x -5y = xy ~30
Hay tim nghiém a/ nguyén am

b/ nguyén duong

¢/ nguyén

GIAI
6x = y(x + 5) -30
Néu x = -5 thi ddng thic ding véi moi y nguyén
6x + 30
Néux # -5 thiy =— =8
x+ 5
a/ Cac nghiém nguyén am la x = -5, y nguyén am b4t ky.
-b/ Cac nghiém nguyén duongla y = 6, x nguyén duong bt ky.
¢/ Cac nghiém nguyén la x = -5, y nguyén bat ky hoac y =
6, x nguyén bat ky
Bai toan 12. T6n tai hay khong hai s6 nguyén t6 (x, y) thoa
man ding thic x + 3,5y = 0,5 xy?
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GIAI
- Co the viét 2x + Ty = xyé» 2x = y(x 7)

Nhan thdy x khong thé bing 7 vy

2x 2x-14+14 14
y = =2+
X - 7 x -7 x -7

D€ y nguyén thi =+ 14,7 £ 2, £ 114 cdac uée s8

x —
nguyén cia 14. Nhung vi y 1a s6 nguyén t6 (dé& thdy la s6
s chi c6 thé€ 1a 1. Nhung khi d6 x = 21,
khong phai l1a s6 nguyén t6 nén khong théa man daiu bai.

nguyén té 1é) nén "

Chung ta luu y rang 1 khéng phai 12 s& nguyeén t6, cing khong
phai 1a h'Op s3.

Tuy nhién, dya vao dac di€m x va y 1a cic sé nguyén t3, ta s&
co 13i gidi dep hon:

Déang thic 2x = y(x ~7) ching té 2x chia hét cho y. Vi (x, y)
= 1 nén 2 chia hét cho y, vay y = 2. Nhung néuy = 2 thi x khong
ton tai. Phuong trinh da cho khéng cé nghiém nguyén t3.

Bai toan 13.

Tim céc s6 nguyén trdi ddu x va y thoa man ding thlIC 2x +
o9y = xy + 13.

GIAI
2x =y (x -5) + 13.

Do x = 5 khoéng théa méan ding thic nénx -5 = 0



: 2x =13 2x -10 -3 0 3
(—b = = = -
<7 x -5 X -5 x -5

DE y nguyén thix -5 = % 1, £ 3,do d6 x = 4, 6; 2; 8 va cdc

- gia tri y tuong ung 1a 5; -1; 3; 1. Trong d6 chi cd mot nghiém
thoa man dau bai la x = 6, y = 1.

Bay gio, ching ta thi "liéu linh" cho hé s6 cta s6 hang chéo
xy khac +1.

Bai toan 14. Ton tai chang nghiém nguyén cta phuong trinh
4x + 7y = 2xy + 17

GIAI

dx =y 2x -T) + 17

Vi 2x -7 # (do x nguyén) nén
4x -17 4x -14 -3 2 3

—

Tox -7 2% -7 2x -7
Dé y nguyén thi 2x -7 =3; -3; 1; -1. Khidd x = 5; 2; 4; 3
va cac gia tri y tuong ungla 1; 3; -1; 5. Bai toan cd bon nghiém.

y

Nhung niém vui cua ching ta kéo dai khong lau khi xét bai
toan tong quat:
"Tim nghiém nguyén cia phuong trinh ax + by = ¢ + dxy vai
cac s6 nguyén a, b, ¢, d.
That vay, ta cd ax = ¢+ y (dx -b)
<y (dx -b) = ax -c
Trudc khi chia hai v& cho dx ~b cdn xét hai kha nang.

- Néu phuong trinh ¢6 nghiém x =— = k (nguyén)
d
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thi  lic d6 ca hai v& ciitng bing khéng, tic 1a x = c/a. Phuong
trinh cd nghiém x = k, y nguyén bat ky khi va chi khi -

c

b
*E =— = k v6i k nguyén

a
a

| c
(dé dang suy ra tuong tu p =-—§ = kK’ nguyén

thi ¢S nghiém y = k’, x nguyén b4t ky)
—Néu dx ~b # 0 (tdc la b khong chia hét cho d)
ax -c
dx -b

a
Luc nay néu -(—i-- = m la m{t s6 nguyén thi

thiy =

dmx -mb +mb -¢ mb -c¢
y = : = m +
dx -b dx -b
Vay dx -b phai la u8c s6 nguyén cia mb -c, tit d6 x4c dinh
duge x va y.
Nhung néu a khong chia hét cho d, ma b ciing khong chia hét cho
d, phuong phap cong trit thém mot con s6 thich hop to ra bat luc?
Xét

ax -¢
Y T b
Néu(d,a) =1
dax —dc -ab + ab
-)dy=
dx -b
~dc + ab
= a +
dx -b

Chiung ta da nhay lén lung mot con ngua bat kham, 1é nao lai
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cam chiu dé nd hdt xuéng. Khong! Chi cd diéu la phai dung cach
tri khac.

§ 3. PHUONG TRINH ax + by = dxy + c

Khi chua giai dugc bai toan téng quat, ta hay tha xét mot
“trudng hop cu thé. Biét dau nd chang ggi 1én trong ta mot diéu
gi dé.
Hay 14y hi hoa m6t phuong trinh va tim nghiém nguyén caa nd.
Bai toan 15. Ton tai hay khong nghiém nguyén cua phuong
trinh
2x -3y = -bxy + 39

GIAI

2x = y(3 -5x) + 39.
2x -39

3 -bx

D& y nguyén thi diéu kién cAn (ma chua dd) 1a |2x -39| =
13 -5x| — (2x -39)° = (3 -5x)°

& (2x -39)* -(3 ~5%)° > O (3x -36)( Tx —42) = 0

& 12 <x <6

3
Vi34—5x¢0(dox¢—g)nény=

Th4t sung sudng! Chiung ta da gi6i han duge x dé tit d6 dé
dang tim dugc cac nghiém nguyén (x, y) cia phuong trinh la
(-12; - 1), (0; -13), (Z5), (6;1).

ax —¢

Nhuy vay, diéu kién cAn d€ y = nguyén

dx ~

la Jax -c| = |dx -b|
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Liéu day co phai la phuong phap t6ng quat d& tim nghiém
nguyén cua phuong trinh ax + by = dxy + ¢
Thit xét mot bai toan khac.
Bai toan 16.
Tim nghiém nguyén cia phuong trinh 5x -3y = 2xy - 11.
GIAI
5x + 11

X =y 2x+ 3 -11 &
y Y= 2x+3

cin o |5x + 11| > |2x + 3|
e Gx+ 11)° > (2x+ 3% (Tx+ 14) (3x + 8) > e
8

. D€ y nguyén

X < g X2 -2

Dang bub6n thay x c6 th€ nhén t4t ci cic gia tri nguyén trén
truc s6. Chiu chang? T4t nhién la khong. Bai vi ching ta da co
kinh nghiém vé viéc bién d6i hinh dang cdc con s6. Nay ta sé lam
bi€u thuc y phai thay ddi hinh dang:
5x + 11 x+ 5

=2+

2x + 3 2x + 3

R6 rang y nguyén khix = -5. Vayx = -5 | y = 2 la mét
nghiém. D€ tim cac nghiém cbn lai (x # -5) ta nhan thay diéu
kién cén d€ y nguyén la |x+ 5| = |2x + 3| &

x+ 5 -(2x+ 3% >0 Bx+ 8 (-x-2) = 0

y =

8
—*-?sx$26§x=—2;-1;0, 1; 2.

Thay vao phuong trinh da cho, ta thu thém dugc ba nghiém
(x, y) 1a (-2; -1), (2;3), (- 1;6).

Chi con mét chiit nita théi, ching ta sé khang dinh dugc ta da
co trong tay phuong phap tdng quat d€ tim nghiém nguyén cua
phuong trinh v6 dinh ax + by = dxy + c. D6 la viéc giéi han x
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trong khodng x;< x < xp, mot viéc hoan toan c6 thé lam dugc.
Nhan th&y b4t phuong trinh |ax —c| = |dx ~b| cd nghiém x,
< X < X, khi va chi khi bat phuong trinh tuong duong véi nd (ax
—e)? -@dx-b)’ =0
e [(a+ d)x-c-bl][(a-d)x-c+ b] =20
= f(x) = (a° -d)x" + 2(bd —ac)x + ¢’ -b° > 0
co ﬁghiém trong khodng x; < x < x; véi x; va x; 12 hai
nghiém cua tam thuc bac hai f(x).
Diéu kién can va du la
a’ -d* <0 (1) |
{ A= (bd -ac) ~(a® —d)(c’ -b)) = ab —cd > 0 (2)
Diéu kién (1) «<>a” <d® <= |a| <|d|. Néu |a| > |d]| ta thyc
hién phép chia da thic tuong tu bai toan 16. sé duge
a’x -¢ .
v =m +cix 5 va 'dc nay bat phuong trinh

pA 2 n s
(a’x —¢)“ -(dx -b)*> 0sé cd |a’| <|d’|

Xét diéu kién (2). N&u ngugc :ai A’ = ab —ed <0 thi b4t
phuong trinh vo6 nghiém do a’ -d% <0
Trudng hgp ab —cd = 0 da xét  trang 26
c a c

(n€u — =— = k nguyén hoac —a- =— = k’ nguyén
a

thi  cd nghiém, k va k’ khong nguyén thi v6 nghiém).

Nhu vay chi con trudng hop A’ > 0, tdc 1a cd (2), khi d6 x;
< X < x,. Vdn dé dugc hoan toan gidi quyét. Nghiém nguyén cua
phuong trinh vé dinh ax + by = dxy + c dugc tim bang cach dua
ra diéu kién cdn va su dung tri sé tuyét déi.
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Bai toan 17.
Ching minh ring trong ding thic
4x -3y = Txy -6
cdc.  gid tri x (hoac y) khong thé& 1a cac s6 nguyén am dé y
(hoac x) nguyén

GIAI
4x =3y + Txy -6 =y (3+ Tx) -6
4x + 6
Vi3 + 7x # 0 (do x nguyén) nén y =
T + 3

Nhan thdy 4x + 6 # 0 (do x nguyén)
nén ' d€ y nguyén thi diéu kién can la
l4&x + 6] = | Tx+ 3| (x+ 6)° -(Tx + 3)* 2 0

| 9 ‘
e (-3x+ 3) (11x + 9);0«&3-———1—1sxs 1= x =0; 1.

Véix =0thiy=2 viix=1thiy =1« (dpcm)
Bai toan 18.

Ching minh rdng phuong trinh
3x + 10y = -6 —5xy
co  vO s6 nghiém nguyén.

GIAI

3x=-6-5yx+ 2

Néu x = -2 thi ding thdc ding véi moi y. Vay phuong trinh
co vd s6 nghiém nguyén (x =-2, y nguyén bét ky). '
Chiing ta luu y day 1a trudng hgp ab ~cd = 0, cu thé hon la
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b C ,
_E =— = —-2. Né&u vb y thuc hién ngay phép chia
a

-6-3x = 3

“sx+ 2 5

ma  thiéu lap luan chat ché chung ta sé di t6i két luan hoan

y

toan khéc 13 bai toan v6 nghiém(!)
Tém lai, luge d6 d€ gidi phuong trinh ax + by = dxy + c véi
a, b, ¢, d nguyén nhu sau: .
~Viét ax = y(dx -b) + ¢
b

~Xét dx -b = 0.Né&u Ti— = k nguyén, phuong
S | . c b
trinh-  khéng c6 nghiém x = k khi — = —, va
| a

cé  vd s6 nghiém (x = k, y nguyén bat ky) khi

c b
a Td
b ax —- ¢
-Xét dx ~b = 0O (tdclax # — ) thiy =—
d dx -b

+ Trudng hop 1: néu a chia hét cho d, dat a = d.k’ véi k’
nguyén, thuc hién cdng va tri moét con sé thich hgp:
dk’x -k’b + k’b -c k’b -c
y = =k +
dx -b dx -b
suy  ra dx -b la udc s6 nguyén ciua k’b —c... Tt d6 tim duge
X va y nguyen.
+ Trudng hop 2: néu a khong chia hét cho d ma |a| <|d| thi
diéu kién cdn d€ y nguyén 1a |ax -¢| = |dx —b|. T d6 xdc dinh
duge x nguyén réi tinh y. Phuong trinh nhan thém nghiém x =
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c/a; y = 0 nén c chia hét cho a.

+ Trudng hgp 3: néu a khong chia hét cho d ma |a| >|d|
phai thuc hién phép chia |

dx -b

véi @ nguyén va |a’| <|d|. Diéu kién cin dé€ cd y nguyén la
la’x —=¢’| = |dx -b|. Tit d6 xdc dinh duoe x nguyén réi tinh y.
Luu ¥y néu a’ 1a uéc s6 nguyén cua ¢’ thi phuong trinh ¢é thém
nghiémx =c'/a’ ,y = a

Bai toan 19.

Tim cac nghiém nguyén cta phuong trinh

14x + S5y = 7xy -3.

GIAI
Cdch 11 5y = Tx (y ~2) -3
Gid tri y = 2 khong théa man phuong trinh. Vdy y # 2 nén
9y + 3
X =——
Ty - 2)

5y + 3 # 0 vi y nguyén. Diéu kién c4n d€ x nguyén la |5y +
3] 2 |7(y-2) [« (By + 3)* ~(Ty -14)> = 0

11 17
@ 12y -11)( -2y + 17) =2 0> -1—-2s y g._z.

Vi y nguyén nén chi nhén céc gia tri trong bang sau:
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1
Y
-3
(o8]

y 1 oz 3 4
v+ 3| s 13 18 23 28 33 38 43
Tw-2] -7 o 7 14 21 28 35 42

3 By+3
T(y—2)

Khoéng nguyén

Két qua l1a khong thu duoge gia tri x nguyén nao.

Chung ta luu y rang phuong trinh vo nghiém thuong cd cach
giai hay. Néu de ¥ hé s6 cta x va xy la 14 va 7 ta co cach giai

gon hon nhu sau:

Cach 2: 14x = y(7x =5) -3
3 _ 5 14 + 3 13
Do7x—a¢0(\:7x:¢":)nény=--———-:-2+ _
7 Tx -5 7x =D

D& y nguyén thi 7x -5 phai la udc s6 nguyén cua 13,tuc 1a 7x
-5 =13, -13, 1, -1 = Tx = 18 ~-8; 6; 4
= x khong nguyén. Bai toan khong co nghiém nguyén.
Cach 3:
5y + 3 - 10+ 10

Tx =
y -2
13
T7x = 5+ 9:..—1;
3 7
—_— =+ 13, = 1
y -2

Nhung t khong co dang 7x nén vo nghiém

Bai todan 20. Phuong trinh 14 x + 5y = Txy + 12 c6 nghiém
nguyén hay khong?
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GIAI

Cach 1.

14 x = y(7x -5) + 12. Do 7x -5 = 0 (vl X nguyén) nén
14x - 12 -2

y=——" =94+
7x -5 7x -5

D& y nguyén thi 7x -5 = + l, + 2= Tx =6;4: 7: 3.
Chi c6 mot gia tri x = 1 nguyén, khidé y = 2 -1 = 1.
Vay phuong trinh ¢d nghiém nguyén.

Cach 2:

Sy = Tx(y =2) + 12. Néu y = 2 thi 10 = 12;vo ly. Vay y = 2
5y ~-12

Suy ra x =———— Do Sy =12 % 0 nén diéu kién
T(y - 2)

cdn  d€ x nguyen la |5y - 12| > [Ty -2)| ¢

(By ~12)° =(Ty -14)> > 0 — (12y - 26)(-2y + 2) > 0
13

! sys—s—:}y: L, 2.Gia tri y = 2 bi loai

Viy v = 1, khidd x = 1 phuong trinh ¢ nghiém nguyén.
(Cach 2 khéng hay bing cach 1. NG chi hay hon khi phai thi vai
s6 truong hop it hon han).

§ 4. PHUONG TRINH ax2 + by2 = ¢
Taco thé datX = x°, Y = y* va trude hét tim nghiém nguyén

khéng am ctia phuong trinh aX + bY = ¢ quen thudc, réi ti dg
tim lai x va y. |
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Tuy nhién, vdn dé khong qua don gidn nhu vay. Nhiéu hoc
sinh gioi trong cac ky thi vé dich da phai bo tay truéc mot sé
phuong trinh dang nay, vi bat luc trudc s6 phép thu hau nhu vé
tan trong mot thoi gian han ché. Ngay ca khi co nhiéu thoi gian
viéc ¢6 tim chi mét vai nghiém nguyén cia mét s6 phuong trinh
dang ax” + by’ = c cling rat kho khan. T6t nh4t la ching ta hay
bat tay vac viéc gidi cdc bai todn.

Bai toan 21.

Tim cac nghiém nguyen cua phudng trinh
17x" + 12y 23

GIAI
Rb rang x y “1a csc s6 nguyen khong am. Néu x°, j 1 thi
7x + 12y > 29. Nhu vay, it nhat moét trong hai so x7, v phax

bing 0, tuc 12 v& trai sé bang 17, 12 hoac 0. Diéu d¢ khéng thé
xay ra, vay bai toan vd nghiéwm.

Bai toan 22. Ton tai chdng ngh;em nguyén cua phuong trinh
6x" -5y” = 34

GlAl

Dat X =x" 20, Y =y = 0= 6X ~-5Y = 34

34 + DY 40 + 3Y -6 0(8 + Y
-w X = -1
, 6 6 6 |
Dé& X nguyén thi phdi co 8 + Y = 6t v6i t nguyén,vay Y = 6t
-8 X = 5t -1,

‘ 4 1
Y = 0 khit = 3 , X =20khit-z—-
Diéu kién can la t =234, ..

Chang han, voit = 2thiX = 9,Y = 4 nén (x,y) = (3; 2), (3;
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=2),(=3;2), (-3;-2). Véit =3 thi X = 14 khong chinh phuong
nén khéng cd x nguyeén ... .
T4t nhién, ngay ti dau ching ta cling co thé duara x = 3
y = 2 va khang dinh phuong trinh da cho cg nghiém nguyén.
Bai todn 23. Ching minh phuong trinh
4x* + 231y% = 1613
v6 nghiém trong t4p hop s6 nguyeén.

?

GIAI
Dat X = x° 2 0,Y = y* > 0 — 4X + 231Y = 1613
1613 -231Y 1+ Y
=X = y = 403 -58Y +——

D& X nguyeén, v6i Y nguyén thi 1 + Y = 4t vai ¢ nguyén
=Y =4t -1, X = 403 -58(4t - 1) + ¢
: = 461 -231t
1 461
YzOkhitz——,XaOkhits-———<2.
4 231
Vay dé X va Y cung khong am thi t = 1. Nhung vdi t = 1 thi
Y=3= y2 —> y khéng nguyén (dpcm).
Bai todn 24. Tim cac n%hién nguyén duong cta phuong trinh
x" -3y =1

GIAI

Ta vist 1 = (x + y¥3)(x -yV3)

Nhu vay cdn phan tich 1 thanh tich cta hai s6 v6 ti g dang
(x + yV3) va (x -yV3) véi x, y 1a cdc s6 nguyén duong. Cé bao
nhiéu ciach phan tich nhu th& thi cg ngin 4y nghiém.

Nhan thdy phuong trinh da cho cg nghiém x = 2,y = 1. D¢
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la nghiém nho nhét trong cac nghiém nguyén duong cd thé cd.
Vian dé 1a lam thé nao d€ tim tdt ca cdc nghiém nguyén duong
con lai khi da biét dugc moét nghiém. Ching ta nhd lai phuong
phép 2 tim nghiém nguyén cia phuong trinh ax + by = c (trang
12). Bay git cd thé viét :

1= x+ W3 x -y
va nhan thdy vdi k nguyén duong bat ky thi

x + yV3)* = x¢ + w3

(x —y\lﬁ)k = Xk -yk\[g
ma  x; va y la cdc s6 nguyén duong.

Do d6 (%, yi) la nghiém cua bai toan da cho.

Ching ta da doan duge x; = 2, y; = 1 va x,, y, dudc xac dinh
nhu sau:

Voik = 2=x,+ yV3 = 2+ V3)’ = T+ 4V3

Vayx; = T,y; = 4 |

Voik = 3mpxs+ y3V3 = (2+ V3) = 26+ 15V3

Vay x; = 26, y3 = 15,...

S6 nghiém ré rang 1a v han.

Phuong trinh viua xét 1a mot trudng hgp riéng cia phuong
trinh x° - Py2 = 1, v6i P 1a s6 nguyén duong khong chinh
phuong, dugc goi 1a phuong trinh Pell.

Phuong trinh Pell ¢6 nghiém x = £ 1, y = 0 dugc goi 1a
nghiém tam thuong. No luén co v6 s6 cac nghiém khong tam
thuong. Gia st x,, y, la cdc s6 nguyén duong nghiém ding
phuong trinh Pell, thé thi cac cap s6 (x,, ~¥,), (—Xg Yo { —Xo
-y,) cing la nghiém. Thanh thi, dé tim cdc nghiém khong tdm
thuong ctia phuong trinh Pell, ta chi c4n di tim cdc nghiém
nguyén duong cia nd. T4t ca cac nghiémr nguyén duong x,, vi
duae xdc dinh ti dang thuc




‘ Xk + };\fl—’ = (x1 + yiVP)*

vGi k = 1, 2, 3,... Trong dd x,, y, 12 nghiém nguyén duong nhé
nhat. | |

Véi P nho, viéc tim x,, y; khéng khd khan 14m. Ching ta chi
viéc thit 1an lugt y = 1, 2, 3,... d& tim x> = Py’ + 1 la mot s6
chinh phuong. Nhung véi P 16n, xdc dinh duge X1, y1 khéng qua
don gidn. Chang han, khi P = 13, ta cg:

| 18y° = x° -1

x cd dang 13m + a véi m nguyén khong am, va a = 0, £1,
+2, £3, +4, +5, +6.

ix® -1 = (13m + a)® -1 = 169m> + 26am + a* -1 nén diéu
kién can d€ phuong trinh cd nghiém nguyén la (a2 - 1) chia hét
cho 13. D& thdy ring a’ = 0, 1, 4, 9, 16, 25, 36 va trong dc chi
c6 a® = 1.thi (a® - 1):13.

Vay x = 13m 1. Tt d6 tim dugc x, = 649,

Nghiém nguyén duong nhé nhat cia phuong trinh Pell x’ -
Py’ = 1 ing véi P tit 1 dén 20 (loai trit céc s6 chinh phuong)
duge tinh va ghi lai trong bang 1.

Bang 1. Nghiém nguyén duong nhé nhit cia phuong trinh
Pell v6i P < 20

P x* -Py* = 1 X1 1
2 Xt -2y% = 1 3 2
3 x -3y’ =1 2 1
5 x* -5y° = 1 9 4
5 x* -6y =1 5 2
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p X ‘Pyz =1 X1 y1

7 x" =-Ty" = 1 4 3
8 x" -8y =1 3 1
10 x> -10y° = 1 19 6
11 2 -11y% = 1 10 3
12 xZ-12y° = 1 7 2
13 x> - 13y° = 1 649 180
14 x* -14y° =1 15 4
15 = x*-15y" =1 4 1
17 -1y =1 33 ' 8
18 x> -18y° = 1 17 4
19 x2 -19y° = 1 170 39
20 x* -20y° = 1 9 2

Bai todn 25. Ching minh rang phuong trinh
2 2
x -13y" =1
khong  thé€ cd nghiém nguyén duong x,, y, ma x, <649

GIAL
Nhéan thdy x, = 649 nghiém ding phuong trinh (lic d6 y, =
180). Gia su day khong phai la nghiémv nguyén duong nho nhat
Xy, ¥, tuc 1a k = 2. Ta co:
(x1 + yV13)* = 649 + 180V13.
Néu k = 2 thi x;° + 13y, + 2x,y,V13 = 649 + 180V13.
Vi vay '
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3 + 13 y3 = 649
{ x1y1 = 90
Tu hé phuong trinh 4y suy ra
-649 x°; + 13.8100 = 0
nén le = 325 (khoéng chinh phuong)
324 = 18°

Két qua la x, = 18, y; = 5. Nhung cap s6 nay khong théa man
ding thdc x* - 13y° = 1.

Nhu vay xi = 649 khong thé 1a x,. Néu k = 3 thi gia tri x,
dugc tinh tuong tu nhu trén (néu cd) sé nhé hon 18. Nhung dé
dang ki€m tra dudc cdc s6 nguyén x = 1, 2, .., 18 khéng cho y
la s6 nguyén. T dd suy ra diéu phai ching minh.

Bai toan 26. Tim nghiém nguyén ctia phuong trinh

x —81y2 =1

GIAI

Néeuy = 0mpx =+ 1.
~ Gia st phuong trinh c6 nghiém x,, y, nguyén duong, thé thi
no cling c6 cac nghiém (x,, y,), (-x,, ¥5), (=X, —¥,), do dd chi
can tim cdc nghiém nguyén duong la suy ra cdc nghiém nguyén
con lai.

Phuong trinh da cho cd thé viét lai l1a

= (x + 9y)(x —-9y)

Dox y>0nenx+ 9y > 0 =» x ~ 9y> 0. Vay x + 9y = 1,
x -9y =1—-=x=1/2, vy = 0. Cac gia tri nay khong théa man,
phuong trinh da cho chi cd nghiém (x, y) = (1; 0), (- 1; 0).
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Mot cach téng quat: phuong trinh
x* --kzy2 =1
voi. k =1, 2, 3,... chi cd nghiém tdm thuong x = +1,y = 0.
Bai toan 27. Ching minh phuong trinh -
X - 2y2 = 5 khong co nghiém nguyén.
GIAI
.Dé thdy x, y # 0. Do trong phuong trinh chi c6 ldy thita
bac chén cua x va y nén néu phuong trinh cd nghiém thi no phai
c6 nghiém x, y nguyén duong. Phuong trinh da cho co thé viét
a4+ 2y = x-Dx+ 1) >0
Doxétx >0nénx+ 1 >0,suyrax -1 > 0.
Diéu kién can d& phuong trinh da cho c¢d nghiém la (x -1)(x
+ 1) la tich cua hai sé chdn lién tiépx -1 = 2k, x + 1 = 2(k
+ 1) vdi k nguyén duong. Nhu vay:
4+ 2y° = 2k2(k + 1)

2+ vo = 2k(k + 1)
y phai la s6 chan, dat y = 2t v61 t nguyén
2+ 4t° = 2k(k + 1)

V& phai 1a s6 chia hét cho 4 vi k(k + 1) 14 tich cia hai s6 tu
nhién lién tiép (nén chia hét cho 2), con vé€ trai khoéng chia hét
cho 4. Tt do suy ra diéu phai ching minh.

Bai toan 28: Ching minhk phuong trinh

X" --Zy2 =n
khong  c¢d nghiém nguyén néu n = 8k *+ 3 vdi k 1a s6 nguyén.

GIAI

Tuong tu bai todn 27,°xét x > 0. Phuong trinh duge viét lai 1a
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(x+ D(x-1) = 2(5° + 4k )
V€ tréi phai chdn, nén nd 1a tich cta hai s6 chén lién tiép x
=1 =2m,x+ 1=2(.+ 1) vési m nguyén duong, nhu vay
2m(m + 1) = y* + 4k *}
Nhung m(m + 1) 1a s6 chdn vi 1a tich hai s6 ty nhién lién tiép,
dat m(m + 1) = 2t véi t nguyén duong:
4t =yt + 4k Y
suy ra y2 = 4t -4k :12 = 4S5 3_
V6i S = t -k 1a mot s6 nguyén. Nhung khong s6 chinh phuong
nao co dang 4S -1 hoac 4S + 2. That vay:
- Binh phuong ciia mot s6 chin 2n 1a 4n%, ¢6 dang 4k véi k
nguyén. ‘
- Binh phuong ctia mot s6 18 2n -1 1a 4n° —4n + 1 co dang
4k + 1 véi k nguyén.
Tt d6 suy ra diéu phai ching minh.
Bai toan 29. Ching minh ring phuong trinh
% —iZ.y2 = ~1
c6 T vb s6 nghiém nguyén.

GIAlL

Nhin thay phuong trinh c6 nghiém x = y = 1, va c6 thé viét
dudi dang

-1=x+ W2 -yV 2

Thay x =y =1 vao thi duoc

-1 = (1+ V2) 1-V2)

Né&u néng hai v& lén liy thita bac 1é 2k-1 véi k nguyén duong:
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-1 = (1 + ﬁ)zk"l (1 _ﬁ)flk—i
thi’ 1+ V)™ = x5 + yV2
(1 -V = x -yV2
voi  x,, yx 1a cdc s6 nguyén duong. D6 1a cdc nghiém nguyén
duong cua phuong trinh da cho. Vay phuong trinh co vé sé
nghiém vi c¢d v6 s6 gid tri k nguyén duong.
Ta goi phuong trinh dang x° --Py2 = -1

v6i P nguyén duong, khong chinh phuong la phuong trinh déi
Peil. Khong phai phuong trinh d6i Pell nao ciing ¢d nghiém
nguyén. Nhung néu nd da c¢6 mot nghiém nguyén thi s6é nghiém
nguyén cta no la vé han. Xhi dg, ta can truéc hét xac dinh
nghiém nguyén duong nhé nhat (tuong tu nhu déi vdi phuong
trinh Pell).

Xét cac phuong trinh déi Pell trong pham vi P < 20. Cho y,
=1 thix, lan lugt 14 1, 2, 3, 4 ing v6i P 1a 2, 5, 10, 17 1a nhiing
sO P cd dang n”+ 1 véin nguyvén duong, di€u dJ khong cd g la.
Nhung that ngac rhién khi khé ma tim duge mét nghiém cua cac
phuong trinh d8i Pell khac (vdi P<20). Dén néi chung ta nghi
ngo rang phai chang cdc phuong trinh d6i Pell, hodac cd nghiém
y; = 1, hoac khong co nghiém nguyén. N&u didu d6 ding thi cing
that tha vi, |

Ching ta di theo hudng xdc dinh kh4 nang vé nghiém
(nguyén) cua phuong trinh déi Pell.

V6i méi P, diéu kién cdn d6 phuong trinh d6i Pell x° -Py* =
—1 cd nghiédm nguyén dugc xdc dinh nhu sau: s6 nguyén duong
x chi c6 thé nhan mét trong P dang Pk + a véi k nguyén khong
am,a’= 0,1, 2, ..., P - 1. Phuong trinh d4i Pell dugc viét lai la
Py’ = (Pk+ a)’ + 1 = Pk’ + 2Pka+ a’+ 1 va diéu kién cdn
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d€ no co nghiém nguyén a~+ 1 chia hét cho P. Cai "sang" nay
dd nhanh chong chan ding cic phuong trinh d6i Pell con lai
- trong' pham vi P < 20, cki trit trudng hop P = 13 (ching ta nhé
lai cing vé6i P = 13, phuctg trinh Pell dd cé mét dot bién nhu
thé nao). Nghialavai P = 3, 6, 7, 8, 11, 12, 14, 15, 18, 19, 20,
phuong trinh déi Pell khong c6 nghiém nguyén. Riéng véi P =
13, phuong trinh x* - 13y2 = -1 co thé cd nghiém nguyén x =
13k +5. Mac dau vay, ta vin nghi ngd kha nang cd nghiém, va
¢6 ching minh nd v6 nghiém. Nhung, lai mot bat ngd nira, cac
c6 gang theo hudng dé khong mang lai mot két qua nao. Phuong
trinh cd nghiém ching? Va su that khix = 18 thiy, = 5. Nhiing
két luan 4y dugc ghi lai trong bang 2 va bang 3. Ching ta cing
thdy rang phuong trinh d6i Pell khong cé nghiém khéng tdm
thuong. " |

Bang 2. Nghiém nguyén duong nho nhit cta phuong trinh
dsi Pell x* -Py* = -1 v6i P < 20

P x° —Py2 = -1 X yi
2 x* -2y% = -1 1 1
5 x2 -6y° = -1 2 1
10 x> -10y° =—1 3 1
13 x> -13y° = 4 18 5
17 %' -17y* =-1 4 1

Bang 3. Cac phuong trinh d6i Pell v6 nghiém (nguyén) vai
P< 20

P xz-Pyzz—l
3 XX -3y" = -1
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6 " -8y = -1

T X - 73,7’2 = -~
8 Xt -8y" = ~1
11 -1yt = 4
12 %2 - 12y° = 1
14 x* - 1dy° = -
15 x> - 16y° = 4
18 x* - 18y = 4
19 ° XX - 19y = 4
20 x> =20y = 4

Bai_toan 30.
Tim cac nghiém nguyén cia ; hiiong trinh
ol

X7 ~tky! = -1

vii  k nguyén duong.

GIAl

Néu k = 1, phuong trinh cd nghiém x = 0,y = + 1.

Néu k = 2, phuong trinh khéng nghiém ding vdi x = 0, hoac
y = 0. Do chi ¢6 cdc liy thita chdn trong phuong trinh, nén trudc
hét ta chi can xét cac nghiém nguyén duong. Vi phuong trinh c6 thé
viet 1a (ky + x)(ky -x) = Il néndox,y > Osuyra ky+ x > 0,
do do ky -x > 0.

Vay ky + x = 1, ky —x = 1 = x = 0. Gia tri nay khong thich
hgp, phuong trinh da cho khong cé nghiém nguyén voi k = 2.

Bai toan 31. Tim nghiém nguyén cda phudng trinh

x> -5y° = 5
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GIAI

Diéu kién can d€ phuong trinh cd nghiém nguyén 1a x = 5k
voi k nguyén, suy ra y2 -5k = . Day la phuong trinh d6i Pell
ma P = 5. Dé thdy nghiém nguyén duong nhé nhit 1a y1 =2, k4

= 1, (nén x; = 5). Nghiém nguyén duong thi n Ia Y Kqmay,
+ Ik V5 = (v, + k¥B)P = 2+ vB )P

Chang han, véi n = 2 thi

v2+ koVB = (2 + VB =8+ 34. V5 + 325+ 5V5 = 38 +
15 =y, = 38, k; = 17, (m x, = 5.17 = 85).

Phuong trinh da cho ¢d cac nghiém nguyén

(%) = (Zn, ¥a), Kny =¥n)y (~Xp, ¥0)s (=Xp, =y.) VGin = 1,2,3,...

Bai toan 32. Tim nghiém nguyén cia phuong trinh

(9 ]

2 2
X —8y = 4

GIAI
x phdi la s6 chan, dat x = 2k v6i k 1A s6 nguyén
~ 4k* -8y’ = 2 > 2k” -4y’ = 1. Phuong trinh v6 nghiém vi
vé trai 12 s6 chan, € phai 1a sd lé.
Bai toan 33. Tim nghlem nguyen cua phuong trinh
x -3y = 5

GIAl

| x’-2 = 3(y ‘4t 1). Néu x = 3k vdi k nguyén thi phucmg trmh
v6 nghiém vi 2 khong chia hét che 3.
Néux =3k = 1 phtidng trinh da cho trc thanh |
9k° ;_.6k-2=3(y +1)
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Vé phai chia hét cho 3, vé trai khong chia hét cho 3 nén
phuong trinh vé nghiém |
Bai toan 34: Chung mmh rang phuong trinh
—21y 340
c6' , vé s6 nghiém nguyén duong.

GlAl

Dé thdy nghiém nguyén duong nhé nhit cta phuong trinh 1a

X9 = 19,y, = 1. Ta ching minh bai toan tdng quat: Néu phuong

trinh xz Py m (voi m nguyén khac khong, P nguyén duong

khong chinh phuong) c6 mét nghiém nguyén duong thi sé co vo
s6 nghiém nguyén duong. Ta cd:
' .qu -Pyzo = m

2 -
Xk =Py =1

N

Ma x,, v, & mot nghidm nguyén duong cua phuong trinh
x” ~Py” = m (ton tai do gia thiét) va x,, Yy, 701 K tu nhién l1a
cac nghiém (luon co) cua phuong trinh Pell x~ -Pv = 1. Mhan

cac v€ cua hai phuong trinh ching ta duoc:

-+

2.2 2 2
K+ Py Tyt -PxT T -

m = (7 =Py )x’y ~Py’y = x°
Py o x7k

Con 36 thich hop duge cong va trit thém vac vé phai la
2Px x\y.Yy, khi dd ta co:

m = (XoxXi * Pyoyk)2 - P(xoyk = xkyc,)2 = sz —PY:';;

R6 rang Xy = |x.x¢ = Py v, Y= %9 % Vs |
la nghlem cua phuong trinh tdng quat.

m = Py Vi s6 nghiém x,, y, cuia phuong trinh Pell 1a vo
han, nén s6 nghiém cda phuong trinh x* —Py = m la voé han.

Tuy nhién, dd khong phai 1a tat ca cac nghiém. .
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Trd lai phuong trinh x* --2137z = 340 co nghiém nguyén duong
nho nhdt x, = 19, y, = 1. Phuong trinh Pell tuong ing x* =21
= 1 ¢d nghiém nguyén duong nhd nhit x; = 55, y; = 12 (con
x, = 6049, y, = 1320) nén nghiém x = Xy, ¥y = Y, cta phuong
trinh da cho 1a X, = |x.x; £ Pyy;| = ]19.556 = 21.1.12| = X3
= 793, X’ = 1297
Y= [x.% £ x5, | = 11912 £ 55.1| =»Y, =173,Y" = 283.
Chung kh(‘)ﬂg chia nhitng nghiém, ma bang cach thua truc tiép
ching ta cé dugc lay = 1, 3, 4, 7, 12, 19, 23.... véi cdc gia tri
tuong Ung x = 19, 23, 26, 37, 58, 89, 107,... (T4t nhién, van du
dé két luan 1a ¢d vo s6 nghiém).
Bai toan 35: Tim tit cA cic nghiém nguyén cia phuong trinh

x* —2y2 = 8

GIAI

Khong th& chi dya vao 1y luan ching minh phuong trinh
x” -Py = m cd vé s6 nghiém khi c6 mét nghiém (nguyén duong)
nhu & bai toan 34, vi khong chi ra duge tdt ca cac nghiém.

Nhan thdy x = 2k vdi k nguyén, nén phuong trinh da cho tré
thanh 2k* - y2 = 4. Lai thdy y ciing phai la s6 chan 2t (v6i t
nguyén),do do K- -2t = 2.

Cuéi cung k = 2m véi m nguyén, nén

2 —2m® = - 1.

Day la phuong trinh déi Pell ma nghiém nguyén duong nho
nhit la t, = m; = 1. Cac nghiém nguyén duong khac dugc xac
dinh tit ding thidc

ts + msV2 = (t; + mN—) 81 (1+ \lm)"s1
véi s la s6 nguyén duong.

Thi du: ta+ myVZ = (1 + V2)° = 7+ 52
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Véyt2=7,m2==5suyrax2=4m2=20,y2=2t2= 14.
(Cbnxl =4m1 =4 y1=2t1 =2)

Cac nghiém nguyén cua phuong trinh da cho la (x,y) = (4m,,
2ty), (4mg, - 2t),(-4mg, 2t), (- 4m,, -2t).

$ 5. PHUONG TRINH ax? + by2 = ¢ + dxy

Ching ta tién thém mét budc bang viéc dua thém s6 hang
chéo xy vao phuong trinh, va tim cdch giai phuong trinh dd trong
tap hgp s6 nguyén.

Cdch gidi thu nhdt:

Xem phuong trinh la bac hai d6i véi x, con y 1a tham s6: ax”
—dyx + b) -c=0
Diéu klen can dé phuong trinh oo nghlém X nguyén la biét s6

A=k%= dqy -4a(by -c) = (d -4ab)y + 4ac 1a mét s6 chinh
phuong, tic 1a k nguyén.

Xét phuong trinh (@* —titab)y2 = k° -4ac
Dat A = d° —4ab thi Ay = k% —4ac
~Néu A = 0, Phuong trinh trd thanh 0.y° = k° - 4ac

PhUOng tnnh sé€ vb nghiém néu k? —4ac =0 va ding vdi moi
y néu k® - dac = 0

k - 4ac k2 - 4ac
~Néuld = 0 thly =5
d -4ab A

a) Dac biét khid = m” la mot s6 chinh phuong thi
2 2 '
(my)” -k“ = - 4ac
- (my+ k) (my -k) = ~4ac
Chi cdn phan tich ~4ac thanh tich ctia hai s§ cung chan, do
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téng hai s6 (my + k) va (my - k) la 3 chan 2 my.
Trudc khi tiép tuc Cach gidi thi nhdt ching ta xem xét mot
s6 bai toan. |
Bai todn 36. Giai phuong trinh
3x> + 48y° = 1003 + 30 xy
trong tap hop s6 nguyén.

GIAI

Coi phuong trinh la bac hai cia x :
3x% - 30yx + 48y~ -1003 = 0

thi A = (15y)° —3(48y° —1003) = 81y* + 3009 = k’ phai la
s6 chinh phuong dé cd x nguyén.

Nhu vay k 1a s6 nguyén. Giéi han trong viéc xét nghiém
nguyén duong cia phuong trinh

k? -81y* = 3009
(vi 1y do chi co k> va y°), ta nhan thay
(k + 9y)(k -9y) = 3009 = 3.17.59.

(do k y>O0=k+ 9y >0ak-9y > 0).

Xay ra b6n kha nang (chu y rang k + 9y > k - 9y)

k-9y =1 k -9y = 17

{k+ 9y = 3009 k+ 9y = 177

{k—9y=3 {k-—9y=51
k + 9y = 1003 k+ 9y = 59

Nhung khong trudng hop nao cho y nguyén

Vay bai toan vo nghiém.
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Nhung ching ta da qua sa da vao viéc thuc hién cac thu thuat
tinh todn ma quén m4t riang: chi cdn nhan thdy 1003 khong chia
hét cho 3 la dd két luan bai todn vo nghiém. Do l1a mét bai hoc
kinh nghiém can nhd!

Ba1 toan 37:

Tim nghiém nguyén cta phuong trinh v6 dinh

0x” + 4y’ = 15xy ~38

GIAI

Xem phddng trlnh co 4n s6 l1a x, con y 1a tham sé:
9x° - 15yx + 4y° + 38 = 0

Dé& x nguyén, diéu kién cdn la A = k® 1a s6 chinh phuong (k

nguyén kh()ng am)?
A =k = (15y)° -4.9. (4y + 38) = 81y* - 1368

Nhan thay phuong trinh 81y -k* = 1368 chi 6 cac iy thia
bac chan nén tim cdc nghiém nguyén duong sé suy ra duge caic
nghiém con lai (dé thady y = 0, k = 0). Dang thtic co thé viét lai 1a

9y + k) (9y -k) = 1368 = 2°.3°19

Viy, k >0nén9 + k >0suyra9 -k > 0

Can phan tich 1368 thanh tich cta hai s6 nguyén duong (co
12 kha nang). Nhung nhan thdy (9y + k) + (9y -k) = 18 y nén
chi xét hai trudng hop cd téng hai s6 1a boi cia 18 (loai mudi
truong hgp con lai ) i

- Truong hogp 1:

9y + k=114
{'Qy—k-lz . 2y=17%k=51



15y £+ k 15.7 + 51
Viy x = 18_ =—T = 3 (loai nghiém khoéng nguyén)

Suy ra cdc nghiém (x,y) = (3; 7), (-3; -7

- Truong hop 2:

oy + k = 228
=y =13 k=111
{gy—k=6 d -
15.13 + 111 195 = 111
Vay x = = = 17
18 18

(loai- nghiém khong nguyén)
Suy ra.(x, y) = (17; 13); (-17; -13).
Tdm lai bai todn cd bdn nghiém
Bai toan 38: Tim nghiém nguyén cia phuong trinh.
3x* -12y* = -5 + 12xy

GIAI
“Bai todan vo nghiém vi vé trai chia hét cho 3 con v& phai khong
chia hét cho 3 v4i moi x, y nguyén.

b) Né&u phuong trinh ax’ + by2 = ¢ + dxy, vdi cac s6 nguyén
a,b,c,dmacoi = d? - 4ac khac 0, cing khong phai la sé
chinh phuong, nhung nhé hon 0 thi ta cd cach gidi han y trong
mot khoang.

Bdi vi d€ t6n tai nghiém x ctia phuong trinh bac hai thi phai c6
A= Ayz + 4ac =2 0

Do A <0 nén bdt phuong trinh - /lyz_ + 4ac = 0 hodc vo
nghiém hodc cd nghiém trong mot khodng y, <y < y,.
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Bai toan 39. Tim nghiém nguyén cia phuong trinh
3x° + 2y° = 19 + 4xy

GIAI

Phuong trinh dugce viét lai 1a _
3x7 -4yx + 2y° =19 = 0
D& ton tai x thi phai c6 A’ = -2y° + 57 = 0
4 57
Suy ra y° < ’e s |y| < 5,338.
Viy nguyén nény = 0,1, 2, 3, 4, + 5,

D€ co x nguyén thi A’ phai 14 sé chinh phuong, hay chinh x4 -
~ hon niia: |

X =——-——§-—-—— 14 s6 nguyén

Chung ta tim dugc ddp s6 trong cdc trudng hdp sau day:

’

9 4 7 _
khiy=*22-y" =43A" =499 x = 3 =+1)-
5 + 8 £5
khiy = 4wy = 16 »A’ = 25 5 x = 3 =+1

Vay cdac nghiém la (x, y) = (1; -2), (1; 4), (-1; 2), (-1; —-4).
Bai todn 40. Tim nghiém nguyén ctia phuong trinh
x> + 4y* = 4zy + 169.

GIAI

Phuong trinh bac hai déi véi x:
x> —4yx + 4y° -169 = 0
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Co A’ = 4y° - (4y” - 169) = 169

Vay x = -2y + 13. Phuong trinh c6 vo s6 nghiém 13 y nguyen
bdt ky, con x =2y +13. M6t phuong trinh hiém hoi chang?
Khong phai! Ching ta cd thé tao ra vo s6 phuong trinh nhu vay.
(D0 1a khi A = 0 va ac 1a mot s6 chinh phuong), hoac A = 0 va
be 1a s6 chinh phuong. Trudng hgp sau thi cé nghiém x nguyén
bat ky). '

Bai todn 41. Ching minh phuong trinh

47x* + 34y° = T+ TTxy
khoéng cd nghiém nguyén

GIAI

Coi la phuong trinh bac hai d6i véi x, con y la tham sé:
4T -TTyx + 34y* -7 =0
D€ co x thi dléu kiéncanla A =2 0
= (TTy)* -4.47. (34y* -7) = -463y* + 1316 = 0

, 1316
=’y$

-

<2.85

b4

Vi y nguyén nén chi cd thé la 0 hoac + 1.

N&uy = 0 - 47x° = 7 — x khong nguyén

Néuy = 1> 47x° -77x + 27 = 0. Lic nay A = 853
khong  phai s6 chinh phuong nén x khong phai la s§ nguyen.

Néuy = ~1=47x°+ T7x +27 = 0 vin c6 A =853 nén xA
khéng nguyén.

Viy phuong trinh da cho khéng cd nghiém nguyén. a

@" Néu 4 > 0 nhung khong phai 1A s6 chinh phuong thi diéu. |
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kién cdn dé& cd x nguyén ia
A=A v + 4ac = K’
l1a mot s6 chinh phuong. Tic 1a ta phai di tim nghiém nguyén
cia phuong trinh
K -Ayz = 4ac
a4 . chung ta da biét cach giai. T4t nhién duong 16i nay thuong
phic tap.
Bai toan 42. Tim nghiém nguyén cia phuong trinh
X+ 3y‘2 = 6xy — 6

GIAI
Dé& phuong tnnh bac hai d6i vm x
—6yx + 3y + 6 =0

¢6 nghiém x nguyén (x = 3y £ Vv A) thi diéu kién can va dt
la biét so.

| = 3y)} -(3y° + 6) = 6y* -6 = m’
phai  1a s6 chinh phuong, tic la m nguyén.

Rorangm 1a boi s6 cua 6, nenmlabmso cua 6, datm = 6t
v6i t 12 s6 nguyén, ching ta co 6y -6 = 36t hay y -6t° = 1.

Day la phuong trinh Pell v4i P = 6 ma nghiém tam thuong la t
=0,y= % 1, vénghiémnguyéndudngnh(’)nh{itléy1=5t1=2.
Cac nghiém nguyén duong y,, t, dugc xac dinh tit dang thuc

vk + V6 = (5 + W6

vsi  k 1a s6 nguyén duong.

Vay cdc nghiém phai tim 1a (z,y) = (3;1), (=3; -1),(3;5),(-=3;—
9), (27,5), (-27;-5),....

Bai toan 43: Tim nghiém nguyén cia phuong trinh
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2x* + 3y’= 6xy -6
GIAI |

Dua tdt ca vé v€ trai ma xem nhu mét phuong trinh bac hai

cua x : |
2x° —6yx + 3y°+ 6 = 0
Dé€ cd x nguyén thi diéu kién cin la
A = (3y)’ -2By° + 6) = 3y* 12 = m?

14 s6 chinh phuong, tdc m nguyen.

R6 rang m” phai chia hét cho 3 nén m chia hét cho 3.

Dat m = 3n—v6i n nguyén, ta dugc

y* -8n% = 4.

Dé thdy y va n phai cung chin hay cung 1, do d¢

3y +m 3y +3n 3(y xn)
T2 T 2 T
nguyén = (chia hét cho 3) khi y va n nguyén

Phuong trinh y2 -3n’ = 4 c6 nghiém y = 2, n = 0 va nghiém
nguyén duong nhé nhit y; = 4, n, = 2. Khi dd cac nghiém tuong
Ung cua phuong trinh dd cho la (x = 3,y = 2), (xy =3,y = 4),
(x’;"= 9, y; = 4). T4t nhién phuong trinh dang

ax’ + by2 = ¢ + dxy

né’u cd nghiém (x, , y,) thi ciing cd nghiém (-x,, -¥,). Dé thdy
trong bai todn nay x va y cung d4u.

Phuong trinh y° —3n° = 4 ¢ thé viét lai la

y+ nV8 y-nV3
2 2

Do d6 cac nghiém nguyén duong y,, n, duoc x4c dinh ti dang

thuc.

X luén la mét s6
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vk + 0V3 (Y1+n13)k 4+ 203
2 2 o 2
>y + ny3 =22+ y3)¥

Véik=2—y,+ n,¥3 = 22+ V3)°= 14 + 83

r4

3
Vﬁy y = 14, Ny, = 8 = X7 ="§' (yﬂ + 1'12) = 9,33

Voi k = 3=y + nyV3 = 22 + V3) = 52 + 30v3

"]

Vay y3 = 52, n3 = 30 = 23 =— (y3 £ n3) = 33:123

2

Phuong trinh ¢ v6 s6 nghiém vi ¢d vd s6 k nguyén duong.

Cach gidi thu nhat d kha nang giai quyét tdt ca cac bai toan
dang ax’ + by?‘ = ¢ + dxy. Tuy nhién, trong mét sé bai toan, khi

quyét theo mot hudng khac, don gian hon.

Céch gidi thit hai:

khong yéu ciu tim tadt ca cdc nghiém thi chung ta ¢ thé giai

Luu y rang a, b, ¢, d 1a cac s6 nguyén, ching ta nhan thay?

~Né&u phuong trinh co nghiém x = 0 thi by2 = ¢,do d6 c¢/b phai

/

trinh khong cd nghiém x = 0.

la s6 chinh phuong. Né&u c¢/b khéng chinh phuong thi phuong

~Xét nghiém x = 0 cua phuong trinh. Lic nay cd thé viét

y C ¥
a+.b(—) " =—+ dl—)
X - X X

v
Dat a =— . Viy va x nguyén nén « la 56 hiu ty.

Ta co



Cc

c
a + ba’ =—+ da = ba® ~da + a~—3=
X X

Diéu kién cdn d€ phuong trinh bac hai c¢6 nghiém hitu ti 1a
biét s6 A cia nd phai la binh phuong ctia mét s6 hitu ti p/q vai
p,q nguyén. Tic la:

2
Cc
A = d —dbla ~—5 ) =5
S
2
2 4bcq

Riat ra x™ =
p2 —qz(dz -4ab)

Day la dong tac tach x. R6 rang x phai 14 uéc sd8 chinh
phuong cua 4|bc]q2 nén x la uéc sé nguyén cia 2qy|bc|

Tuong tu y 1a uéc s6 nguyén cua ZSW . Viéc xac dinh q
hoac s khong phai don gian.

Sau day 1a mot s6 bai toan ma cach giai thd hai cho 13i giai
kha gon.

Bai todn 44. Phuong trinh 41x* -61072y” = 369 + 15453xy
cd nghiém nguyén hay khong?

GIAI
c

Via =41, ¢ = 369 nén — = 9 la s6 chinh phuong
a

Do dd phuong trinh c6 nghiém y = 0, x = 3.

Bai todn 45. Ching minh phuong trinh

2x” + py2 = 4p + pxy
¢6y it nh&t ba nghiém nguyén véi moi p nguyén td.
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< GlAI

y 1a udc s6 nguyén cua 2Vac = 2V24p = 4V2p ‘

nény co thé la +1, £2, +4. N&up =2 thi y con cd thé 12 +8.

CNéuy =+ 1= 2x +px-3p=0=A=p + 24p khong
chinh phuong nén x khong nguyén. |

2

~-Néuy = * 2= Ix”

—

+2px = 0=zx=0; xp
-Néuy = =+ 4:.;)(2 F+2x+ 6p = 0= A’ <0 = khong co x
Tém lai, vdi moi p nguyén td, phuong trinh da cho cd it nhat
bén nghiém nguyén (x, y) = (0;2),(0;-2),(p ;2), (-p; -2) thoa man
dau bai.

Bai toan 46. Chung mmh phuong trinh
-3y = 36 + 2xy

¢6 it nhdt 10 nghiém nguyén. Chi ra cac nghiém do.

GIAI

x 1a udc s6 nguyén cua 2 \f[-ba- = 2V3.36 =

=123 =2x =+ 1, + 2, i-"’é, + 4, + 6, £ 12. Chi cdn xét
cac x > 0 vi nhan thdy néu phuong trinh co nghlem (Xo ¥o) thi
cing ¢ nghiém (-x,, —y,)?

-néux = l=p 3y2+ 2y + 34 = 0= A < 0, khong co y

il

~ndux = 2= 3y + 2y+ 28 = 0= A’ < 0, khong ¢ y,
-néu x = 3:a-y2+ 2y + 6 = 0=> A’ < 0, khong co y. l’
-néu x = 4.—.:7’3y2 + 8y+ 4 =0=y=-2.Phuong -trinh

co nghiém (x, y) = (4;-2), (-4 2},



-néu x = 6=;y2+ 4y =12 = 0 9 y = -6; 2. Phuong trinh
¢ nghiém (x, y) = (6;-6), (6;2), (- 6;6), (-6;-2).

-Ngux =129 3y° + 24y -252 = 0 = y =—14; 6.
Phuong trinh cd nghiém (x, y) = (12,- 14), (12;6), (- 12;14),
(- 12;-6). |
Ta da liét ké dugc 10 nghiém nguyén cua phuong tnnh da cho.
Bai toan 47. Tim a dé phuong trinh
4x* + 31y’ =a+ 6 -17 xy

co nghiém nguyén (x, y) duy nhat.

GIAI

Néu phuong trinh cd nghiém nguyén (x,, y,) thi nd cing cd
nghiém (-x,, -y,) . Do dd, diéu kién can d&€ phuong trinh cd nghiém
nguyén duy nhit la x, = -x,, y, = ~y,,tdc la x, = y, = 0 khi d¢
a=-6.

Day ciing 1a diéu kién kién da vi phuong trinh da cho vdi a
=-61a

4x* + 31y = - 17 xy

Xem phuong trinh la bac hai déi véi x, con y 1a tham sd thi
A =207y DEcSxthi A >0 =y = 0. Lic d6 4’ = 0. x = 0,
Phuong trinh co nghiém duy nhdt x = y = 0.

§ 6. PHUONG TRINH AX+ BY? + CXY+ DX+ EY + F = 0
Ching ta da tich ldy si@c manh d€ t4n céng vao dinh liy kién

c6 nhit cia phuong trinh v6 dinh bac hai c¢d hai 4n sé.
ax” + by2+ cxy +dx+ ey+ f=0
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trong ds a, b, ¢, d, e, f1a cdc s6 nguyén.

Viét lai dudi dang phuong trinh bac hai déi voi x, con y la
tham sé:

ax” + (cy + d)x + by2+ cy + f=20
Diéu kién can dé cd x nguyén la biét sd
A= (cy + d)2 ~4a (by2 +ey + ) = k2

1a mét s6 chinh phuong (k nguyén khong am). D€ phuong
trinh bac hai co d4n s6 (¢ —dab)y” + (2cd —4ae)y + d° -4af
K =0
cd nghiém y nguyén thi diéu kién can la biét s6 o cua né la
moét s6 chinh phuong m” (m 1a s6 nguyén khong 4m). Dang thic
d = m” Ia phuong trinh vo6 dinh co dang m’ ~Ak® = C vai A C
la cac s6 aguyén mA ching ta da bist cach giai.

Bai todn 48. Tim nghiém cta phuong trinh

\
28" + 2v7 -bxy+ 3x2y-3 = 0

GIAI
Xem phuong trinh 14 bac hai déi vdi x:
2x” +(3 - 5y)x+ 3y*— 2y -3=0
D& c6 x nguyén thi diéu kién céan la
A = (3 -5y)* -4.2 (3y"-2y - 3)
=y -l4y+ 33 = K

1a 50 chinh phuong (k nguyén khong am).

Lai xem y- ~ 14y + 33 -k~ = 0 la phuong trinh bac hai déi
véi y. D& cd y nguyén thi diéu kién can la:

& =49 -(33 -k = 16 + &* = m" la mot s5 chinh phuong
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(m nguyén duong). Dé thdy s6 nguyén duongm > k = 0. Vi 16

=(m+ k(m-kkmam+ k>0nénm-k > 0, tétnhxénm
+ k >m-k > 0. Nhan thdy (m + k) va (m - k)cotdnglasd
chin 2m nén ching déng théi chdn hay 18. Do dd cdn phan tich
16 thanh tich cia hai s8 chdn sau day 16 = 8.2 = 4.4.

a)" m+ k =
{m{;k = 2
Suy ra m = 5, k. = & Lic dé phuong trinh
y2—14y+ 33 -k° = O0conghibmy =7+ 5 = 12; 2
9y -3+ k 512-3+3
va. - x = = — = 15
4 4
(loai nghiém khéng nguyén) khi y = 12,
5.2 -3 £3

X = 1 = 1 (loai nghiém khéng nguyén) khiy = 2,

phuong  trinh da cho ¢ nghiém (x, y) = (15;12), (1;2)
b) { m+ k =

m-k =

Suy ra m = 4, k = 0. Tuong tu nhu trén, bai toan cé thém
hai nghiém (x,y) = (13;11), (3;3)

Bai toan 49: Tim nghlém nguyén cua phuong trinh.
- 6x° -2y + 6xy + 8x + 3y = 168
GIAI

Viét lai duéi dang phuong trinh bac hai cta x:
~6x° + 23y + 4)x -2y + 3y -~ 168 = 0
Xét bist s6 A’ = (3y + 4)° - (-6)( -2y + 3y - 168)
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= -3y + 42y - 152

-

-3y - 7)* +~;-] <0

i

Phuong trinh khong ton tai x, vay khong thé co nghiém
nguyén. '
Bai toan 50. Tlm nghiém nguyen cia phudng trinh
1987x* + 1988 y* = 3000 - - 2% y”

GIAI
Dé thdy rang X" va y2 khong nghiém ding khi chung cung
bang 0, cung bang 1 hoac mot s6 bang 0, s6 kia bang 1.
Néu x~ = y- = 1 thi v& trai 16n hon v& phai.
Su sai khae cang 16n khi [x} va |y| tang lén.
Vay phuorg trinh vo nghiém (nguyén).
. Bai toan 5i. Chung minh rang ton tai duy nhat mot cap o
nguyén (x,y) cung am thoa man dang thuc
8x~ -7y = 100

GIAI
Dat x- = X > 0 = 3X -7y = 100
9X - 100 X -2
zy = =X -14+

-—
-

DE v nguyén, véi X nguyén thi X -2 = Tt voi
t nguyén. Vay X = Tt + 2,y = 8t - 12

| 2
Nhan thdy X > 0 =«t >~— =t = 0,1, 2

Ldyins
i
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va Y <0t <-1—:;-2—- »>t=10-1,-2,..

Do dg d& ton tai x* va ¥, t chi cd thé la 0 hoac 1

Néut = 0> X = x* = 2 khong phai 12 s chinh phuong nén
x khéng phai 1a s6 nguyen.

Néut=1-X=x*= 9-»x=+3vay =-4.

Vay cd mét cap s6 nguyén am duy nh4t

= -3,y = -4 thoa man diu bai.
Bm toan 52. Giai phuong trinh
2x° + 3y 19 -4x

'tfong: ~ tap hop s6 nguyen.

GIAI

Viét lai phuong trinh da cho
| 2x° + 4x + 3y2 -19 = 0
VA&  coi dd 1a phuong trinh bac hai véi x
-2tk

Dé phuong trinh c6 nghiém x =T la mot

s6. nguyén thi diéu kién can (va da) 1a blet S6A =k°=4- 2(8y
-19) = 42 - 6y 12 s3 chinh phuong chin K (k la s6 nguyén chén).
Nhu vay 6y = 42 -k’ nen
2
‘=7 ——k— < 7
y 6

Tu do suy ra s6 chinh phudngy la 4, 1, 0 ma cac gla tri tuong
Ungk/61a367Suyrakla18 36, 42 .

Chi c6 mot gia tri thich hop K = 36, y = 1.
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Khidéx = -1 3-—=x =24
Phuong trinh da cho cd bon nghiém (x, y) 1a (Z;1), (2D, (—4;1),
i-4; - 1) '
Bai toan 53. Ching minh rang phuong trinh
5y? —Ty ~32 + 8m” = 0

khong cd nghiém y nguyén am v0i moi m nguyén.

GIAI

Nghiém cua phuong trinh phai cd dang

y = voi k= A = 49+ 160 (4 -m")
10
ma k la s6 nguyén duong (k = 0 thi y khong nguyén). Nhu vay
7+ k 7 -k
y = >0,cony = -
10 10

nhé hon O khi va chi khi 7 -k <0 ek > 7.
Licds A = k° > 49 nén 4 -m” > 0 » m" <4
Vi m nguyén nén m” = 0; 1.
Né&u m> = O thi A = 689 khong phai 13 s6 chinh phuong nén
khoéng cé y nguyén.
7 -23

Néum?=1thiA=520 =23 my= — khong

nguyén. Tu dd suy ra dpcm. |
Co thé dé dang tim dugc tdt ci cic nghiém nguyén lay = 3
khim=+1vay=0khim= % 2bdi vi A > 0 khi va chi khi

689
m<—— ,ticlam=0, 1, £ 2.
160
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Bai toan 54.

Tim cac nghiém nguyén cua phuong trinh
6x° -5y = -40x -3

GIAI

Viét lai: 32x* + 1) = 5 (y* -8x)

Nhu vay 2x* + 1 chia hét cho 5. Vi 2x> + 1 1a s6 Ié nén phai
tan cung la 5, do do 2x° tan cung la 4, suy ra x’ tan cung la 2
hoac 7. D6 la diéu khong thé x4y ra vi cic s6 chinh phuong chi
co thé tan cung la 0, 1, 4, ¢, 6, 5. Vay bai toan v6 nghiém.

-Bai toan 55. Tim nghiém nguyén cua phuong trinh
x 2 -200xy + p =0
v8i p la cac s6 nguyén td f‘ 1999.

a} Véi p = 1999, phUdnth'rinh da cho c6 nghiém nguyén x,
= 100y % k khi va chi khi k= A = (100y)2 —-1999 la s6 chinh
phuong, tic la k nguyén. Vi s6 mii cia y va k trong phuong trinh

1999 = (100y)* -k* = (100y + k) (100y —k) = x,x, la chén
nén trudc hét xét nghiém nguyén duong cta phuong trinh. Do y,
k > 0 nén 100y + k > 0,do d6 100 y -k > 0. 1999 la s6 nguyén
tonén 100y + k =1999, 100y -k = 1. Suyray = 10, k = 990
nén x; = 1999, x;, = 1.

Phuong trinh ¢6 cac nghiém (x,y) = (1,10), (1999, 10),
(-1,-10), (-1999, -10) ,

b} Véi p 1a s6 nguyén t6 nhé hon 1999, ching ta ching minh

két qua t8ng quat sau day:

Phuong trinh da cho v6 nghiém (nguyén) véip = q'fl trong do
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m ia s6 18 duong, con g la 56 nguyén t4 khong 6 dang 200 n ~ !

That vay, ta ¢ A’ = (100y)” -q™ = k° aén
{100y + k) {100y ~k) = q"

Dé thdy rang nghiém x nguyén (néucd)lax = 100y + k. Gia
st x, = 100y + k x, = 100y -k |
Dognguyéntd nén 100y + k = + q°, 100y ~k = + qh vai
a+ b= m,a>blacdc 30 nguyén duong. Theo dinh Iy Vi - ¢t
X] k%2 =g + qb = % 200y
hay q (@' "+ 1) = + 200y (¥)

Roranga ~b = a+ b -2b = m ~2b la 56 & (do m 1&) nén

4 ~-bh : adyd A , L
q + 1 =.q+ lig -q + -+ L
g v 1t

L3 so lé o ja tAang cna mot 8 18 (g ~hy cde a0 hang, mor <o

()]
o
(Y1)

bang déa & Thay vao ¢

s

LY

qig+ Dt o= o= 200y

3

Dang thuc nay khong dung viq vatlacacsé lé cong+ ! kiong
chia hét cho 200.

Trd lai bai todn cia ta cac s6 nguyén t6 ¢d dang 200n — !

nhe hon 1999 12 199, 599, 1396:

=khi p = 199 thi (x; y» ={1.1),(199:1),(~1,-1) (499, -1}

»
-khi p = 599 thi (x, y) = (1,2){599.2), (- 1,.-8),(-599,-3)

~khi p = 1396 thi x,y) = (1.7),(1399.7), (-4, =1}, (~1399,-7]

—~—
»
-3



Chuong III
NHUNG PHUONG TRINH VO DINH
Cac phuvc)ng trinh vo dinh that da dang, va cac cach
giai chuing cang that la da dang. '
3 1. PHUONG TRINH BAC HAI VA BAC HAI MO RONG

Bai todn 56. Tim nghiém nguyén cua phuong trinh
x(x+ D+ 2) x+ 3) =y

GIAI

x(x+ HE+ Dx+ 2) = &+ 3>+ 3x + 2)

y p——g
G+ 3+ 1=+ 3+ 1+ 1) = 2+ 3+ 1% -1

Trong day sé chinh phuong 0, 1, 4, 9, ... chi c6 mot trudng hop
higu ciia hai s61a 1, d la y* = 0va &+ 3x + 1)? = Ltic la

y=0vax’+ 3x+ 1=+ 1
= x = 0, -1, -2, -3. C4c nghiém phai tim la

(x,y) = (0;0), (-1;0), (-2,0), (-3,0)
Bai todn 57.Tim cdc cap s6 nguyén (x,y) sao cho

x(x+ 1)@+ N(x+ 8 =y2
(D€ thi chon vao ddi tuyén thi Toan quéc té& caa Viét Nam)
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GIAI

.

Ta bién d8i nhu sau:

2 2 2 1T
X"+ 8x) "+ 8&+ 17 = (x+8x+2—2)(x+-8x

I
2

y pd
7 2 7 2
2) (x+8x+2)—(2)
= 4y° = (2x° + 16x + 7)° -49

= (2x"+ 16x+ T+ 2y)(2x°+ 16x + T -2y) = 49
Hai thua s6 & v€& trai 1a hai s6 nguyén 18 cung d4u cd tich la
49. Tt d6 suy ra cac nghiém (x,y) = (0,0), (-1,0), (1,12), (1,-12),
(=9,12), (-9,-12), (-8,0), (-7,0), (-4,12),(-4, -12)
Bai todan 58: Giai phuong trinh.

x(x+ 8)(x + 9) (x+ 1) _y‘l+ 54y + 713

trong  hgp sé nguyén.
GIAI
V& trai co thé viét la:
X+ %) &+ I+ 8 =+ I+ 4-4) (CF Ox+ A+ 4) =
=&+ 9x+ 4)°%-
Con vé& phai y*' + 54y° + 683 = (y° + 27)° —
Do d6 phuong trinh da cho trs thanh|x’ + 9x + 4| = y> + 27
17 ) a}Né’uxZ: 9x + 4 = 0 (tyc lax >—;—
hoac x < —-—5—) thi x” + 92 + 4 = y° + 27 . Xem nhu phuong
trinh la bac hai déi véi x con y Ja tham sé6:
x %+ 9x --y2 -23 =0
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Dé co nghiém x -:—2:2—!—_ 1a s6 nguyén thi didu kién can
va dilaA =4y’ + 173 = 12 1a 55 chinh phuong 18 (tic k 16
nguyén duong)

Chi c4n xét y nguyén duong vi phuon% trinh da cho néu co
nghiém (xoy ¥o) thi ciing co nghiém (x5, ¥,)- |

Do 178 = & -4y% = (k + 2y) (k -2y) va k + 2 > 0
nén k-2 > 0. Vi 173 Ia s§ nguyén t6 nén k + 2y = 173, k
-2y =1.Tacd k = 87,y = 43,

-9+ k -9+87
X = = = -48; 39.

2
Ca hai gié tri nay déu ndm trong khoing dang xét

b) Néu x4+ 9% + 4 < 0 cdn tim hghiém nguyen cua phtwng
trinh = -9x -4 --y + 27. Phuong trinh x° + 9x + y + 31

= 0 v6 nghiém vi

A = -4y® -43 <0 v6i moi y. |

T6m lai, phuong trinh da cho chi ¢6 bén nghiém (x, y) = (48,
43), (48,-43), (39, 43),(39, 43).

Bai todn 59: a} Tim nghxem nguyén cia phuong trinh

x@x -1) (2 -4) = T3y -83

b) Ching minh phuong trinh x(x - 1) (x 4) 73x - 83

khong c6 nghiém nguyén. ¢ R

GlAI

) VEtrdi P = (x -2)(x ~1)x (x + 1) (x + 2) la tich ciia nam
s6 nguyén lién tlé’p nén chia hét cho 120. That vay, trong nam
s6’ nguyen lién tiép cd it nhdt hai s6 chén, va cd it nhAt mét 56
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chia hét cho 4 nén P chia hét cho 8. Trong P ciing co it nhdt mot
s6 chia hét cho 3, it nhat mot s6 chia hét cho 5, vay P chia hét
cho 3, P chia hét cho 5. Vi 3, 5, 8 nguyén t6 cung nhau nén P chia
hét cho 3.5.8 = 120. Vay, vdi x nguyén bat ky P = 120 t ma t
la s6 nguyén.
Phuong trinh da cho co th€ viét la
73y -83 = 120t

120t + 83 - 26t + 10
Suy ray = =2t + 1 + —
73 73
2(5 - 13t) 26+ 73 -13t -73)
=2t+ 1+ =2t+ 1+
7 73
| 2[13(6 -ty - 73] 26(6 —t)
=2t+ 1+ =26+ 14+ —— =32
- 73 T3
260 6 -t}
=2t -1+
73

Vi (26, 731 = 1 nén dé y nguyén trong khi t nguyén, phai cc
6 -t =73 kvdi knguvén. Vayt = 6 -73 kvay =2t -1+ 26k
= 11 -120 % voi k nguyén bt ky, con x dude xdc dinh ti ddng thuec.

x ~2Mx - 1) x(x + Dx + 2) = 120t = 120 (6 - 73k).

Thiduvoik =0thiv=1lvax-2)x-Dxx+ 1 (x+
2y = 1206 = 2.34.56, vay x = 4

b/ Nghiém nguyén cua phuong trinh

x(x” - 1) (x" -4) = 73x -83 (1)
14 ga tri x = y nguyén cia phuong trinh
X(x” =1) (x “-4) = 73y - 83:(2)
Ta da bit x = 4 thiy = 11. Khi x tang thi y tang nhanh hon

nén (1) khong cd nghiém nguvén idn hon hay bang 4. Néu x =
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3thiy= (120 + 83) : 73 = 4,42. Néux = 2, 1, 0, -1, 2 thi v&
. trdi caa (2) bdng 0, cony = 83: 73 = 1,14. Néux = -3 thiy
= -0,5, néu x = -4 thi y = -8,7. Lic nay y gidzm nhanh hon
nén (1) khong thé cd ﬁghiém nguyén nho hon hay biang 4. Tom
lai (1) khéng cd nghiém nguyén.
Bai toan 60. Ching minh phuong trinh
x° + y2 =4m -1 (1)
khéng  cd nghiém nguyén v8i moi m nguyén.

GIAI

Cd thé€ bién ddi nhu sau:
x+ y)? = 4m -1 + 2xy (2)

Do 4m -1 14 s6 1é nén x va y khong thé cung &,
suy ra xy = 2t la s6 chian (t nguyén)

Vay x + y)) = 4m + t) -1 (3) .

R6 rang (x + y)2 la s6 chinh phuong, con 4(m + t) -1 = 4s
-1 khong thé la s6 chinh phuong vdi moi s nguyén.

That vay, binh phuong mét s6 chdn 2 k ¢d dang 4s, binh
phuong mot s6 18 (2k - 1) = 4k* -4k + 1 ¢ dang 4s + 1. Tw
d6 suy ra diéu phai ching minh.

Bai toan 61. Ching minh phuong trinh

(1953x 1988 y)° = (x + 1)° + (x+ 2%+ (x+ 3>+ (x + 4)°

+ (x + 5)° khong cd nghiém nguyén.

GIAI

Dat vé trai la k’ thi k nguyén. V& phai rit gon la 5(t2 + 2)
néu dat x + 3 = t. Dang thic k> = 5(t° + 2) ching té k chia hét
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cho 5,suy ra t*+ 2 cliing chia hét cho 5 nén t° co tdn cung la 3

hoac 8.

Diéu nay khong th€ xay ra vi cac s6 chinh phuong chi cd thé
tan cung la 0, 1, 4, 5, 6, 9. Vay phuong trinh da cho khéng cd
nghiém figuyén. -

Bai todn 62. Tim nghiém nguyén cta phuong trinh

x* - 1989 X y Z y-z z-X X-y

y2 =(y-z+z—x +x—y)( X ¥ y ¥ z )
bigt x+ y+ z=0.

GIAI

Trude hét rit gon vé phai B = B, . B,

trong do

X (x =y)z -x) + yly ~2)(x -y) + z(z -x)(y -2)
= ?

(x —-y)Ny -2z)(z —x)

-Z zZ-X X-— z(y -z) + zx(z -x) + xv(x -
B, -z L2y yay y(x -y)
X y z XyZ

Xét Bi:chox = 0, khidy tux+ y+ z=0cdy = -z, ti cua
B, la T, = 0. Vay T, chia hét cho x. Tuong tu T, chia hét cho
y, Ty chia hét cho z. Vay T, = axyz. Dé thdy « la hing s6 (bing
-9) vi T, Ia ham bac ba.

Xét By: khi x -y = 0,y -2 =0,z ~x = 0thi t& T, cia B,
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déu bang 0. Ta co
| T2 = Blx -y)y=)(z -x) (*)
T> 12 ham bac ba nén 8 1a hing s6. Ta x4dc dinh dugc B =4

khi cho x, y, z nhitng gi# ‘ri bat ky doi mot khac nhau (chdng han
x =1y =2 z =-3) vao dén- nhait thic (*)

- Oxyz - (x -y)y -z)(z -x)
(x -y)Ny -2z)(z -x) Xyz

Vé.y B = BI'B2 =

B =09

Phuong trinh da cho trd thanh

x* -9y" = 1989 = 9.13.17 » (x - 3y)(x + 3y) = 9.13.17.

Né&u phuong trinh co nghiém (nguyén) thi phai cg nghiém
nguyén-duong x > y > 0. Khi dé x + 3y > Onén x -3y > 0. T4t
nhién x + 3y > x -3y. Lai thdy (x + 3y) ~(x -3y) = 6y nén 1989
can phén tich thanh hai thita s6 ¢ hiéu chia hét cho 6. Nhung
1989 chi co thé 1a tich cua 1989 va I, 221 va 9, 153 va 13, 117
va 17 khéng cap nao cd hiéu la boi cta 6. Vay bai toan vé nghiém.

Bai todn 63. Tim t4t ca cac nghiém nguyén duong (x, y) cta
phuong trinh
x° --2y2 = 1
thoa’ man diéu kién 80 <x <120.
(Dé tuyén vao lop bdi dusng cia Bé Gido duc lap doi tuyén
Viét Nam thi toan quéc t& 1an thu 16 (1974))
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GlAI

Nhan thdy phuong trinh cd nghiém nhé nhét x; = 3, y; = 2.
Vil= (x+ yW2)(x -yV2) = (3 + 2V2)(3 -2V2) nén 1 = (3 +
2v2)¥(3 -2V2)* v6i k nguyén duong. |

Lai thiy ring (3 + 2V2)* = x, + V2 thi

(3 —2\[5)k = X -y V2 vai Xy, Y nguyén duong nén

%, + yNZ = 3+ 2027 = 17+ 122 »x;, = 17, y,
x3 + yNZ = 3+ 202 = 99 + TOVZ = x5 = 99, y3 = 70
xs+ yV2 = (3+ 2V2)" = 577+ 408VZmr x4 = 577, y, = 408.

12

Vay x5 = 99, y3 =70 théa man diu bai.

Ciing cd thé giai theo cach sau day: viét lai phuong trinh da
cho (x -Dx + 1 = 2y°

RG rang (x —1) va (x + 1) 1a hai s3 chén lién tiép, chi cé udc
s6 chung la 1 va 2. |

Do dé néu x —1 ¢ udc s nguyén td 18 1a p thi y2 chia hét cho
p=yipvipnguyén t6=oy2 chia hét cho p2==y x-D&xx+ 1
chia hét cho pz. Nhung (x -1)(x + 1) khong cling ¢ udc s6 p nén
(x - 1) chia h&t cho p°. Tuong tu déi véi (x + 1).

Vay x -1 va x + 1 1a hai s6 chén lién tiép cung cd tinh chét:
néu chia hé&t cho sé nguyén t6 18 p thi phai chia hét cho pz.

Trong céc s8 chén tit 80 d&n 120 chi ¢d cip s6 80,100 cd tinh
chat dy.

Vayx -1 =98 x+ 1 = 100 = x = 99, y = 70.




Bai toan 64.
Tim nghiém nguyén duong cia phuong trinh
4[123 + 234+ 345+ .+ x(x+ D(x+ 2]+ 1 = y°

GIAI

Bing quy nap, dé dang ching minh duge

X =123+ 234+ ..+ xx+ Dx+ 2) -_4—‘1— x(x+ 1)(x + 2)x
(x +3) (1)

That vay, (1) ding véi x = 1.

Gia su (1) ding v6i x, ta phai ching minh ng cing ding vdi
x + 1, tic l1a ti (1) suy ra

123+ 234+ . +xx+ 1)@+ 2+ x+ Dx+ 2)x+ 3)

= (X + D+ 2)x+ 3) (x+ 4) (2)

Do (1), v& trdi cta (2) 1a

T —lx(x+ 1) x + 2)(x+ 3) + (x+ Dx+ 2)x+ 3) =

(x+ Dx + 2)(x + 3)(-—x+ 1) ——(x+ ) x+ 2)(x+
(x+ 4)

Vay (2) ding, va theo nguyén ly qui nap (1) ding.

Dodéy’ =x(x+ Dx+ Qx+ 3)+ 1 |
=@+ 3+ 1-D &+ 3+ 1+ D)+ 1
= (x2 + 3x + 1)2

Vay x = t nghyén duong bat ky, y = |t2 + 3t + 1|

Bai todn 65. Tim cdc s6 hitu ti x sao cho gid tri cua biéu thic

*+ x+ 61a mot s6 chinh phuong _
(Thi chung khdo vé dich CHDC Pc -1978).
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GIAI

Dat x -—-g— véi p, q nguyén (p, qQ =1vaq >0

Tttx +x+6—( )+( )+6-y volynguyendudng

Suy ra p’ = q (- p 6q + y'q)

Diéu dé chiing té p, q cd uéc sd chung. Vi (p,q) = 1 nén q =
1. Vay x = p. Bai toan trd thanh tim nghiém nguyén cia phuong
trinh p* + p + 6 = y° |

D& phuong trinh p2 + p+ 6 -—y2 = 0 cd nghiém

-1+ VA ‘

p == nguyén thi diéu kién cdn va da la

A=1-4(6-y) =k
la - s8 chinh phuong 1é (k ngiyén duong)

Vi 4y® k> = (2y + k) (2y -k) = 23 la s6 nguyén t6 va 2y +
k >0 (=»2y -~k >0) nén 2y + k = 23, 2y -k = ].

,. -1tk
Vayy = 12,k = 11l nénx = p =—— = 5; 6.

. 2
Bai todn 66. Ching minh phuong trinh:
3x2 + (1989 -2y™)x + 4y + 2y° = 1989

khong cd nghiém nguyén véi moi n tu nhién.

GlAl

Phuong trinh bac hai d6i vdi x nay khong cd nghiém x nguyén
vi biét s6 A khdng phai 1a s6 chinh phuong do cac hé s6 déu Ié.

That vay, phuong trinh ax 2+ bx+ ¢ = 0 véi a,b,c 1é co
nghiém
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b + VA

x =——— la s6 nguyén chi khi

A = b” -4ac = k° 1a s6 chinh phuong 1é. Dat k = b+ 2m véi
m nguyén ta co k* = b2+ 4m” + 4bm _

Nhung k* = b® -4ac nén b® ~4ac = b> + 4m’ + 4bm

S = -ac = m(m + b)

Dang thic nay khong thé xay ra vi vé trai la s6 18, vé phai la
s6 chan.

Ching ta co thé ching minh duge diéu tong quat: Phuong
trinh dai s6 bac chdn khéng c6 nghiém hitu ti néu tit ca cac hé
s6 déu lé.

Bai toan 67. Tim nghiém nguyén ctia phuong trinh

9x" + 29" + 2" —6xy 6y + 22+ 10 = 0

GIAI

Bién .ddi phuong trinh da cho
O‘ = (3x)2—6xy+ y2+ y2 -6y + 9+ 25+ 22+ 1
=@z -y)t e+ -3+ 2+ 1P Y
Viy 3x -y =0,y-3 =0,z + 1=0-¢z=;-1.y=3,x=<_l
Bai toan 68: Ching minh ring tén tai vo s6 bd ba sé tu
nhién x, y, z sao cho
4xy -x -y = 25 -1
(Dé du bi thi toan Qudc t& — 1984 Ba Lan dé nghij).

GIAI

Phuong trinh cd v6 s6 nghiémx =1,y = 3k? ,z =3k voi k
tu nhién.
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m(m -1)
Cing co thé dua ra v6 s6 nghiém sau: x =———,

2
m(m + 1)
2
Bai todn 69. Ching minh phuong trinh

> o ‘s
y ,Z=m -1 v6i m tu nhién.

4xy -x -y = 7
khong  co nghiém nguyeén.

GIAI

. St dung dinh ly nho Ferma vdi moi p nguyén t3, a nguyén thi

a” —a chia hét cho p
(didu. dd6 tuong duong véi aP chia p du 1, tdc la aP = 1
(modp) vdi p nguyén t6, a khong chia hét cho p, a nguyén)

Tu phuong trinh da cho suy ra

4x -4y -1) = 4 Z° + 1.

Goi p la uéc s6 nguyén t8 bt ky cua 4x —1 thi p cing la uéc
s6 cua 4Z° + 1, vay 4Z° chia p du - tic la 4Z° = - (mod p).
Theo dinh 1y nhé Ferma thi (2Z)°" = 1 (mod p) nén

= @2 = @z = (@ffY? (mod p)

Suy ra-g-;— = 2k = p = 4k + 1, k nguyén duong.

Vay, tdt cA cdc ubc s6 nguyén tf cia 4x -1 déu’cd dang 4k
+ 1. Suy ra 4x -1 clng phai cd dang 4k + 1, nghiala 4x -1 =
4k + 1 = 4x = 4k '+ 2 (vo ly)

Trén day la bai todn Euler da chi y dén trong qua trinh
nghién cdu dan dén phat minh mét dinh Iy co ban trong Iy thuyét
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s6. Ong da ching minh dugc nho dinh ly nhé Fecma, nhung diéu
dd lam ong chua ung y. Nho goi y cua nha toan hoc Gén Bach-
(Gold Bach), Euler da dua ra cach gfai chi dung kién thuc don
gidn nhu sau: ‘

Gia st phuong trinh ¢d nghiém lax = m,y =n,z =avaa
1a s6 nhd nhat cd thé co cua Z. Ta viét (4dm -1) (4n -1) -1 =
4a® (1)

Cong hai vé vai 4(4n -1)° - 8a(4n - 1) duge

(4k —1) (4n -1) -1 = 4(a -4n + D* (2)
trong do k = m -2a+ 4n - 1.

So sanh (1) va (2) thdy phuong trinh da cho cing c6 nghiém
laz =|a-4n + 1|. Vi a 1a s6 nh6 nh4t nén a <|a -4n + 1]
=a’ <(a -4n + 1) :

Suy ra, vé€ trai cida (1) nho hon v€ trdi caua (2), tu dd mit ra
4n-1 >2a

Tuong tu 4m -1 >2a

Dat4m -1 =2a+ b ,4n -1 = 2a + cthi b, c la cdac sé tu
nhién. Nhu vay:

(4m -1) (4n -1) = 42" + 2a (b + c) + bc (3)

So sanh (3) va (1) thdy rang 2a(b + ¢) + bec = 1: v6 li vi a,
b, ¢ 1A cdc s6 tu nhién. T d6 suy ra diéu phai ching minh.

Bai todn 70. Tim cac sé n tu nhién sao cho n’+ 6n+ 1989
l1a s6 chinhk phuong.

GIAI

bat n’ + 6n + 1989 = k° thi s6 nguyén duong
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k >40dok’ > 1 + 6+ 1989 = 1996

Ta cé (n° + 3)% -k* = -1980
hay (m+ 3+ k) (n+ 3-k = -2232511,

Trong hai thita s6  vé trai, t4t nhien n+ 3+ k >0 con n +
3-k <O)honnitan+ 3+ k >44 vik >40,n = 1.

Téng(n+ 3+ k)+ (n+ 3-k) = 2 (n+ 3) la s6 chin nén
chi c6 thé xay ra cac trudng hop sau:

(n+ 3+ k;n+ 3-k) = (990, 2), (330, -6), (198, -10), (110,
-18), (90,-22), (66, -80) nén cdc gi4 tri n thoa man dau bai la 491,
159, 91, 43, 31, 15. |

Bai todn 71: Tim cdc s6 nguyén x dé N = 8+ 8x + 11a
s6 chinh phuong.

GIAI

Dat N = yz* thi y 1a s6 nguyén. C4n tim nghiém nguvén cuaa
phuong trinh 8x° + 8x + 1 -y* = 0.

Diéu kién can d€ c¢d x nguyén 1a A’ = 16 -8 ( 1 -yz) =8 +
8y* = k° 1a s6 chinh phuong

Nhu vay k’ chia hét cho 8 nén k chia hét cho 4, dat k = 4t
vOi t nguyén suy ra 8 + 8y2 = 16t°. Vay y2 - ot? =-1.Day la
phuong trinh d6i Pell véi P = 2 (xem chuong II).
4 + k 4 + 4t -1+t

8 8
can . va di d&€ x nguyeén 1a t 18. Ta biét phuong trinh déi Pell

Vix =

nén diéu kién

y2 f-2t2 = ~1 c0 nghiém nguyén duong nho nhdt yi =t =1,
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vay Xy =

Céc nghiém nguyén duong khac 1a xy, yk dugc zdc dinh tu
dang thic
v+t 2 = (1 + V25T,
tu .- dd suy ra xy.
Thi du:
k=2=y+ t2N2 =1+ V2 =T+ 58>t =5
- x2 = 2, 3.
k—-3—>y3+t3\l— (14 V2)°) =41 + 29V 2 = t3 = 29
=+ x3 = 14, 45
k=4—>ys+ taV2 = 1+ V2)' = 239 + 169V 2 = t4 = 169
=» x4 = 84, 85

Bai toan 72: Ching minh phuong trinh sau khéng cd nghiém
nguyén duong; .

=x(x+ 1)+ 2)(x+ 33,(x + 4)(x +5)(x + 6)( x + 7)

Cach 1: O v& phéu nhom cac cap ddu vd cudi dugc
=&+ T(x"+ Tx+ 6) x*+ Tx+ 10) x"+ Tx + 12)

m(m + 6) (m + 10)( m + 12)
= (m® + 14m)® + 56m* + 720m

trong d6 m = x* + Tx la s6 nguyén = 3.
Pat Ty = (m’ +14E+K)% va xét hiew
y° - Tk = 2m* (28 -k) + 4m(180 - 7k) -k’
Ta sé ching minh ridng, v4i moi x nguyén duong, y2 ludon ndm
gitta hai sd chinh phuong lién tiép.

—Truc‘mgh()plzx=l=:m=x2+ Tx = 8 =
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¥ -Te = -k* -352 k + 9344.
Viy? =Ty = 20 >0 nén y2 >Tys = (m® + 14m + 24)
y* =Tys = -81 <0 nén y <'r25 (m® + 14m + 25)°
Nhu vay T,4 <y <T,s nén y khong phai 1a s6 chinh phuong.

-TrubnghOpZ x = 2; 3-»18<m < 30. Taco(m+14m
+ 26) = T26 <y <T27 = (m + 14m + 27 )' do dd y k.hbng
chinh phuong.

~Trudng hop 3:x > 4> m > 44. T,; <y’ <T,5.Vay y° khong
chinh phuong. )
T d6 co diéu phai ching minh.
Cich 2:y* = @+ TR} (x> + Tx + 6) (x* + Tx + 10)%
x(x? + Tx + 12)
=M-60 MM+ 4(M+ 6)
trong do M = x° + 7x + 6 >0.
Nhan thdy y2 1a s6 chdn va né ndm gilta binh phuong cta hai
s6 chdn lién tiép
(M? + 2M -22)% < y2 < (M® + 2M -20)°
(=>-4M° +56M + 484 <0 <64 M + 400)
Diéu v6 l{ d& chitng minh bai toan.

Bai toan 73:. Ching minh rang néu cac sé nguyén duong
a,b,c théa man ding thuc
24+ (a+ b —c)
.2 (@a+ b)a+ ¢ 2 b+ )b+ a) 5, (c+ a)c+ b)
a". + b”. : + c". .
(a =bXa -c¢) b -c)b fa) (c —a)(c -b)
thi - ching tao thanh mot c4p s6 nhan.
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GIAI
a, b, c phai déi mot khac nhau. V& phai P ¢d mau s chung B
= (a =b)(b ~c)(c —a) thi ti s

A = a’(a+ b)a+ c)cb) + bib+ c)b+ a)a-c) + cc
+ a)(c + b)(b:—a)

Khi a = b thi A = 0 nén A chia hét cho (a -b). Vi trong A,
vai trdo cia a, b, ¢ nhu nhau nén

A = (a -b)(b —c)(c —a) f(a,b,c)
Lai thdy A = O khia+ b+ ¢c = 0 nén
fa,b,e) = (a+ b+ ¢) gla, b, ¢)

Vi A 1a ham bac nam nén g(a,b,c) 132 ham bac nhat va ab,c
binh ddng nén g(a,b,c) = k(a +b +c¢).

Vay A = k(a -b)(b -c)(c —a)(@ + b + c)*

Héang s6 k dugc xac dinh bang cich cho a, b, ¢ nhitng gia tri
tuy ¥. Ta tinh duge k = 1.

Tu d6 suy ra
A 2
P:—-—-:(a+ b + C)
B

Phuong trinh da cho trd thanh
24 =(a+ b+ o -(a+ b-cf =2+ b). 2
hay' (a+ b)e =6 (=6.1=32) |
Do ab nguyén duong khic nhaunéna+ b = 3=+a+ b = 6; 3.

Néua+ b = 3 thi c = 2. Mot trong hai gia tri a hoac b bing
2, trung vdi c, khong thoa man bai toan.
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Néua+ b=6thic =1, avab chicd thé mot s6 1a 2, s6 kia
1a 4. Suy ra diéu phai chiing minh.

Bai todn 74. Tim nghiém nguyén cia phuong trinh
x* - 38y = 23

GIAI

Tacéx’ -4 = 38y + 19 = 192y + 1)
hayy (x+ 2)(x-2) =192y + 1)

Suy ra x 1é. Vi 19 1a s nguyén t8 nén hodc x + 2, hodc x -
2 phai chia hét cho 19.

Né&u x + 2 = 19t (vdi t nguyén duong 1é) thi
x> -23 (19t -2)*> - 23

x =19t -2vay=

38 38
19%t% -4.19t + 4 -23  19t° -4t -1
- 38 T
Néu x -2 = 19t (v6i t nguyén duong 18) thi
x=19t+ 2vay= 19t2+24t-1

Bai todn 75: Tim cdc nghiém nguyén cia phuong trinh

Tx* + 13y 1820
(Dé thi quéc gia chon hoc sinh gioi todn lép 9
nam hoc 1993 - 1994)

GIAI

Nhan thdy 7 va 13 1a cic udc s6 cita 1820 nén x° chia hét cho
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13 = x chia hét cho 13, y* chia hét cho 7 =» y chia hét cho 7. Vay
x = 13u, y = Tv v6i u, v 1a cdc s6 nguyén.

Tu phuong trinh d4 cho suy ra

13 + T = 20 .

Khong thé c6 u = 0 hoac v = 0, do d6 13u® > 13, 7v% > 7,
vi vay 18u° + v’ > 20, ding thic zay ra khi va chi khi u® = v>
= 1. T4 d6 suy ra bdn cap nghiém (x, y) = (13, 7), (13, -7), (<13,
7, (=13, = 7).

Bai todn 76: Tim nghiém nguyén ctia phuong trinh

3 5 y o 2 5
( 2 ) ( X ) x 2 )

GIA!
7 -
Taco ==—Hx" +—+ 4x ~— )(x" +— -d4x +— )
X 2 2
nén y2 = xz(x2 + 4x + 1)(x2 -4x + 4)

v: = x°[(x + 2)° -3] (x -2)°

Diéu kién cd4n va du d€ y nguyén la x = 0 hoac x = 2, hoac
(x + 2)° -3 = k% 1a mot s6 chinh phuong (k nguyén duong).

Nhan thdy 3 = x + 2+ kK{x + 2 -k}

V& phai la tich cda hai s6 nguyén cung diu.

Xét cac truong hop co thé xay ra, ching ta o thém nghiéni
X = —4,

Do d6 cac nghiém phai tim 1 (%, y) = (0, 0}, (2, 0), (-4, 24),
(-4, -24).

Bai todan 77: Tim nghiém nguydn cda shuong trinh
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v = x2+1
GIAl
ox 1+x+8
y = x2+1

D€ y nguyén, v6i x nguyén thi diéu kién cdn va dalax+ 8
chia hét cho x + 1. |
Néux+ 8 = 0 thix = 8,y = -17 12 m6t nghiém cta bai toan.

Né&u x + 8 = 0 thi diéu kién can d& x + 8 1a boi cia x* + 1

la |x + 8 >x°+ 1.

> (x + 8)2 )(x2+ l)z-o(x2+ x + 9)(-xz+ x+ =20

5 1-vY29 1+Y 29 7
< € X < <

2 2 2

Trong cac s6 nguyén x = 2, 1,0, 1,2, 3 chico x = 0 vax
= 2 théa man bai toan. Vay cic nghiém phai tim la (x, y) = (8,
<17, (0, 7, (2, 5).

Bai todn 78: Tim nghiém nguyén cia phuong trinh

xy’ + 2y(x -14045) + x = 0

a—x2+'x+ T20= -

GIAI
Néu v = 0 thix = 0.

Xét y # 0, phuong trinh cé thé dua vé dang

X 2
— (y + 1)° = 28090.
y

Diéu kién cdn d€ v + 1 14 s6 nguyén la x/y 12 mdt sd nguyén.
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Khi d6 (y + 1)* 1a uéc s5 chinh phuong cta 28090 = 532.2.5.
Vay (y + 1)° chi c6 thé 1a 1 hoac 532 -
Néu(y+ D°=1thiy+ 1 =+ 1=y = 2 (ta dang xét y

# 0),suy ra x = -56180.

Néu(y+ 1> = 53" thiy+ 1 = + 53 w y.= 52, 64,
53%.10y

W mEXETE
C4c nghiém nguyén cia phuong trinh da cho la
(x, y) = (0, 0), (-56180, -2), (520, 52), (- 540, —54)
Bai toan 79: Tim nghiém nguyén cia phuong trinh

= 10y = 520, - 540.

=X +—x -—x
y 6 2
GIAl
3 2
. 3 X 52 X X
V& phdi P = 2x° +— + 25%“ + — - 2x +—
6 2 3
3 2 X3+ 3X2+ 2x
= 2x° + 25x° -2x + .
x(x+ 1) (x+ 2)
= 2x° + 25x° -2x + -

Dé dang ching minh dugc tich ba s6 nguyén lién tiép x(x + 1)(x
+ 2) chia hét cho 6. Vay bai toan c6 nghiém x nguyén b4t ky,
x(x+ D+ 2)

y = 2x° + 25x° -2x +

Ching ta cd thé ching minh dugc ring:
~Diéu kién can va du dé f(x) = ax° + bx* + cx + d nguyén
vOi moi x nguyén la 6a, 2b, a + b + ¢, va d 1a cac sé nguyén.
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-Diéu kién can va du d€ g(x) = ax’ + bx + ¢ nguyén v6i moi
X nguyén la 2a, a + b va c la nhitng s6 nguyén.

§ 2. PHUONG TRINH VO Ti

Bai todn 80. Tim nghiém nguyén duong cia phuong trinh

x2.-xA+ 2
7 =
xy + 1

GIAI

Nhan hai v&€ véi y dugc

xzy—xy-i- 2y 1+ 2y -x
yz = =x-1+
xy + 1 xy + 1

D€ yz nguyén. khi x nguyén thi diéu kién cdn 1a hosc 1 + 2y
-x = 0, hoac 1 + 2y -x2xy+ 1

a) Néu 1 + 2y -x =0thiyz=x-1. Suyrayz = 2y nén z
= 2. Lic ndy y = t nguyén duong bdt ky, x = 1 + 2t

b Néu 1+ 2y -x > xy+ 1thi 2y > x(y + 1)

2y 2y + 2 -2 2
hay x < = =2 - <2
y+ 1 y+ 1 9 y+ 1
Vay x chi co thé€ 1a 1, khi dg =1

y+ 1
nén y = lsuyraz= 2

Bai toan 81. Trén d6 thi cia ham sé
y=Vx-2Vz-1+Vx+8-6Vx-1l

tim nhiing di€m co toa dd la cdc s6 nguyén.

| GIAI
' Vix-—2\lx—1==x-1-2\]x—1+1=(Vx-—1—1)2véx+

89



8-6Vx -1 =x-1-6Vx -1+ 9= x=1-3)7°

nén

Wx-1-1]+ |[Vx -1 -3

X -1] + |X-3| wiX =Vx -1 >

~2X. D€ y nguyén thi X = 0; 1.

~Khi0 < X < 1thiy = 4
Lic d6 y = 4; 2 va céc gia tri tuong ing x = 1; 2.
~Khil s X<3thiy=2 Licdd 1l <sVzx-1s<3

]l <x-1<9=2<x<10=x=2 3 4, ., 10.

-Khi X = 3 thiy = 2X -4. D€ y nguyén thi diéu kién cAn va
da léXﬁ= t nguyén = 3. Licdot =V x - 1 =» " =x-1->x
= 1~-t,cony = 2t - 4.

Tom lai, phuong trinh da cho cd nghiém

(x,y) = (1, 4), (2, ?), (3, 2), (4, 2), (5, 2), (6, 2), (7, 2), (8, 2),
(9, 2), (10, 2), (1 + t7, 2t —4) véi t nguyén lon hon 2.

Bai toan 82. Tim nghiém nguyén cua phuong trinh

X"JX"I" y\rx+y\[x+ .+ ywWx+ yWy + Dx (1)

GIAi
Phuong trinh co nghiém x = 0, y la s6 nguvén bat ky.

Néux >0, thiy+ 1 = 0,tdclay = -1. Ta xét ba truong hop:

x bang, nhé hon hoac I6n hon v + 1.

a]x=y+ 1-—>y=x-—1

(1) duge nghiém dung. V:?_ly (1) co nghiém lay =t véi t

nguvén > -1, x =t + 1.
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b)0<x<y+ L
Khi d6 x° < (y + )x nén x < V(y + 1)x, suy ra
yx <yV(y + Dx, va (y + 1)x <x + yV{y + 1)x, do dg:
Vo + Dx <V x+ ym
Tom lai 1a tu x<y + 1 ta co
Vetrdsi=x <Viy+ Dx < Vx+ yWy + Dx
va, lién tiép suy ra
Vx + ywWy + Dx <Jx + yVx + yW(y + Dx < ..<v& phai
o) Néu x >y + 1 thi tuong tu ta lai cd :

Vé trdi 16n hon vé€ phai.

Vay phuong trinh chi ¢cd nghiém y = t, x =t + 1, véi ¢
nguyén = -1

Bai toan 83. Ching minh ring phuong trinh

B

-

z 1
+
Vi+ x Vy-3

c6 vO s6 nghiém nguyén.

=2+ 2jz] =Y 7T+ x-Vy-

GIAI
Diéu kién d& bidu thic co nghia: x > 7,y >3.

Phuong trinh ¢6 thé vidt lai 1a

1
X +Vy-3=2+ 2{zf{ (1)
V7 + x \)V-S Y- 2|

——— + VT F x 2 Wz = 2|z] (2
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1
Vy-3
Déang thic (1) x4y ra khi va chi khi déng thoi xay ra ddu bing
3 (2) va (3), tdc la

+Vy-3=2(

va

2 .
yA
—_—=y T+ x
\I,7+X
{ "1 #{7+x=z
m=\ly—3 y-3=1

tdic lékhiy=4,z=tnguyénkhéc0v?ax=t2-7.
Vi cé v6 s6 t nén bai toan di cho cé vé s6 nghiém.

Bai toan 84: Tim cac s6 nguyén duong 1 < x,y,z< 9
nghiém ding ding thdc

VX. X-yV.y=72z.z
WD s L S
2n n n

v8i  moi s6 n tu nhién.

GIAI

Dang thic da cho cd thé viét nhu sau:
10 -1 10"-1 , (10" -1)?

, ——————=z [f(Ty
g 7 9 9

hay  9x(10" + 1) -9y = z*(10" - 1)
hay  10%(9x -2°) - (9y —9x —z%) = 0 (1)

X.

Xem (1) 1a phuong trinh ¢ 4n 14 n, cdn x, y, z 12 cdc tham sé.
N6 nghiém ding v6i moi n tu nhién khi va chi khi cd cdc hé sé
9x -z = 0 va 9y -9x —2z° = 0. Ta c6 z° = 9x,do dd z° chia hét
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cho 9 nén z chia hét cho 3 suy ra z = 3; 6; 9 va cdc gia tri tuong
dng x = 1; 4; 9, y = 2; 8; 16. Bai toan chi cd hai nghiém (x, y,
z) = (1, 2, 3), (51;, 8, 6). ' :

Bai toan 85. Tim nghiém nguyén ctia phuong trinh
x+ V20y -18 = 2y + V 12x -22

GIAI

Ta c6 x -2y = V12x -22 -y20y -18. (1)

" Vé6i moi x nguyén thi 12x -22 khong phai 13 s6 chinh phuong
vi nd 1a s6 chin nhung khong chi hét cho 4. Vay V12x -22 1a s6
vl ti.

Do x -2y la sé hitu ti (hon nita: 1a s6 nguyén) nén (1) xay ra
khi va chi khi hai v& cta (1) cing bang 0. Tic la x -2y = 0,
V 12x =22 -V 20y -18 = 0
Hé phuong trinh x = 2y, 12x -22 = 20y - 18 cho ta nghiém

x = 2, y = 1 théa mén d4au bai.

§ 3. PHUONG TRINH MU

Bai toan 86. Tim cac bo ba x, y ngayén, p nguyén to thoa
man ding thic p' + 1 = y2

GIAI

p* = y* -1 = (y+ 1)(y - 1) la s6 nguyén nén x = 0. Véi méi
%, ta cd hai gia tri y trai d4u nén chi can xét y nguyén duong. Vi
p 1a s6 nguyén t6 nén (y + 1) va (y —1) la céc ldy thua cua p.
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Daty -1 =p‘,y+ 1 =p"" *véi k, s1a cac s6 nguyen khong am.
Nhan thdy 2 = (y+ 1) -(y 1) = pk+ *-pf= pk(pS -1) ta suy
rap=2k=1s=1.
Nhu vayy = 1 + pk= 1+2=3va2 =3"-1=8~x=3 "
Bai toan 87. Tim nghiém nguyén cta ph'erng trinh
2" = Ty + z (1)

GIAI

V& phai la s6 nguyén nén x = 0 . x chi ¢ thé 1a 3k, 3k + 1,
3k + 2 véi k nguyén khong am.

aj Xét x = 3k

Lic nay |

2 =8mag1=08-1)68"+8%+ +8+1)="7m©@
vai m nguyén duong nén 2° = 7m + 1.

So sanh véi (1) it ra 7y + z = Tm + 1.

Phuong trinh nay nghiém ding vdi y = t nguyén b4t ky,

z=Tm+ 1 -7y = gk - 1t.

Vay (1) cé nghiém lax = 3k, y = t, 2 = 8 =7t (¥).

W Xét x = 3k + 1.

Tit (2) suy ra 14 m = 2(8* 1) = 2.2% 9 =

=2l g =2 g

Ta ¢ 14m + 2 = 2*. So sanh véi (1) rit ra

bat ky, z = 14m + 2°=Ty = 2* -7y
= 2% 7y = 28 -1t

7y + z = 14 m + 2. Phuong trinh nay cd nghiém y = t nguyén
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Vay (1) cd nghiém x = 3k + 1,y = t, z = 2.85 =Tt (**)

c) Xétx = 3k + 2

T (2) suy ra 28m = 4(8° 1) = 2" % -4 = 2" -4,

Nhu vay 2 = 28 m+ 4. Nhung 2 = Ty + znén Ty + z =
28 m + 4. Phuong trinh nghiém ding véi y = t nguyén bat ky
vaz =28m+ 4-Ty = 2% -1, -
Vay (1) c6 nghiém x = 3k + 2,y = t, z = 4.8 =7t (**%)
Tdm lai, phuong trinh da cho cd cdc nghiém (*),(**),(***) véi

k nguyén khéng am, t nguyén.

Bai toan 88. Tim cdc bé nghiém (x,y,z) nguyén ctia phuong
trinh

< + y2 = 11°%

GIAI
Vi v€ trai 1a s6 nguyén nén z = 0.
Nhan thay cac s6 (11t + a)2 v6i t nguyén,a =0, £ 1, + 2,..,
+ 5 khi chia cho 11 ¢6 céc s§ du a’ la:
0,1,4,9,16,25
Trong day s6 dd, tdng cua hai s6 bdt ky khong chia hét cho 11.
Nhu vay, diéu kién cdn dé€ bai toan co nghiém la x = 11x,,

y = 11y, v6i x;, y1 12 cdc 6 nguyen. Khi dé (11x))° + (11y)°
= 117% nén v

2 2 2
X+ yy o= 117

Lai thdy x; va y, la béi cia 11 n€n cuéi cung ta cd:

2 -
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ma  z -2m bang 0 hoac 1, (m la s6 nguyén) con
' x = 11" xpm, vy = 11™ . yy . '

-Néu z -2m = ], t‘l'rc z 18 thi ‘xzm + yzm = 11 v6 nghiém.

~Néu z -2m = 0 tic z chdn (z = 2m) thi phuong trinh xzm
+ yzm = L. Do dd, trong hai s6 x, y,, thi mot s& bang 0, s8 kia
co tri tuyét d6i bang 1. Vay cac bo nghiém (x, y, z) = (0, + 117,
2m), (£ 117, 0, 2m) v6i m nguyén khong am.

Ta cd th€ md rong bai todn bing céch thay s6 11 bang sé
nguyén t8 1é p cd tinh ch4t la: Trong day

-1
0,1, 4,9, 16, ..., ( -?—é—- )2

tdng  hai s bat ky khong chia hét cho p.

Bai todn 89. Tim nghiém nguyén cua phuong trinh
F+ 171 = y°

GIAl

Phuong trinh co thé viét 1a

9(3* "% + 19) = yz, nén dé&)lguyén thi diéu kién can va da
a3 7%+ 19 = 2 1a s6 chinh phuong (z 1a s6 nguyén duong).

~Néu x -2 = 2k la s6 chan thi

19 = (z+ 3% (z -35

Do 19 1a s6 nguyén t6 nén z + 3* = 19, z-3%=1.

Ta suy ra z = 10, 3* = 9,vay k = 2.

Nghiém cua phuong trinh da cho 1a
+x=2k+2=6,y =3,z = 30.
~Né&u x -2 1a s6 18 thi x = 1 khong nghiém ding. That vay,
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dat x = 2k + 1 vdi k nguyén duong, ta cé
2 =3"2+19=38%14+ 2
=20+ @-DE*T+ 353+ o+ 341

V

2k -2

= 20+ 2(2m + 1)
Nhan thdy véi moi k thi z khéng phai 1a s6 chinh phuong vi
no 1a s6 chdn nhung khéng chia hét cho 4.
Tom lai, bai todn cd mot nghiém x = 6, y = 30

Bai toan 90: Tim nghiém nguyén cia phuong trinh
10° -1 = Ty.

GIAI

Vi 10" = 1 + 7y la s6 nguyén nén x > 0. Nhan thdy
x = 0, y = 0 théa man d4u bai.

Xét x >0. Tacé 10° -1 = 9..9
S
X

nén bang cdch ldy 9 ... 9 chia cho 7 ta thdy:
—— :
X

s6 duong x nhé nhat théa mian ddu bai l1a

x = 6 (khi d6 y = 142857). Tic la A = 999999 : 7

Nhu vay cac s6 A...A chia hét cho 7 (va chi cd cdc s6 dd).

Bai todn cé nghiém y = BB...B,trong d6 B = 142857, x = 6n

oe . S,

vOl n nguyén, khéng am. r

Céng cd thé giai theo cach sau day:
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Tacdx = 0,y = 0 12 mot nghiém. Nhan thdy s6 x = 6 1a s6
duong nho nhit nghiém ding bai toan

10° -1 999999 . .
(khi  d6y =—— =——— = 142857), tutc la (10° ) { 7.

Nhu vay (10°" -1) $ 7+ 10°" -1 = (109" -1 = (10° -1). M
v6i M nguyén duong. S6 nguyén duong x cd thé vidt dudi dang
Xx = 6n+ a. .

Ta cdn tim a nghiém ding bai toan.
T4t nhién a = 0,1,2,3,4,5,6.
CG thé viet Ty = 10 -1 = 10°" "2 -1 =
= 10" (10°" - 1) + (10° - 1)
Déng thic xdy ra khi va chi khi (10° - 1) chia hét cho *.
Nhung ching ta da biét, trong cdc gid tri a = 0,1,2,.... 6 chi
co a = 0 théa man. Vay phuong trinh ¢6 nghiém x = 6n,

10°" - 1
Y=y

voi n nguyén khéng am.

Bai toan 91. Tim cdc s6 a; théa man ding thic
T = ajazaz ... ap, = 8. azas...apay

GIAI
‘T4t nhién a,; 14 cac s6 nguyén (cd thé giéng nhau) ti 0 tdi 9.
Dé thdy rdng a;, = 1 con a; = 8 hoac 9.
a) Xét a; = 8, ta ¢6 phép nhan
1.3.33.4....a.n.lan8
x 8

8 laj..a ja,
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Thuc hién phép tinh trén, ddu tién tim ra a, = 4. Thay 4 vao
a, 6 s6 bi nhan, timraa , = 8

Ct tiép tuc lam phép tinh cho dén khi con s6 ¢ s6 bi nhan la
s6 1, va s6 & két qua 1a sé 8. Khi dd ta duge két qué caa phép
tinh nhan la: A = 8101265822784.

Cing cd thé thuc hién phép tinh chia

8asa; ... ap4a, | 8

l (a,ajay.a, 8)
8:8 =1, vy a, = 1. Thay 1 vao a, & s6 bi chia, ... cho téi
khi ¢ thuong xudt hién sd 8, va déng thdi s6 du bing 0 thi duge.
b) Xét a; = 9. Thuc hién phép tinh tuong tu nhu trén, ching

han phép nhan

laz a4 ... a,9

» 8

91as.... a, |

sé dugc két qua
B = 9113924050632.

Néu cdc phép tinh trén duge tiép tuc thuc hién thi & két qua
ta lai thu dugc céc con sé lap lai ding cdc con s6 & chu ky A hoac
B. Do dd, cdc s6 T théa man dau bai la

Ty AAvaT2 BBvOlt—123

! e
t t

Bai toan 92: T1m nghiém nguyen cua phtwng trinh

g’ 1 4 9 20741 3 205, 2P es 10=0
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GIAI

Viét lai dudi dang:

£ Bx+ 2+ 2 —4x* + ¥ = -10 () va goi bi€u thic
trong ngoac la f(x).

Vi xzy_.2. = (xyz‘)2 = (x")* 1a binh phuong cia s6 nguyén xy, nén
no 12 s6 nguyén va déng thoi do (1), nd 1a udc s6 chinh phuong
ctia 10. Vi cdc udc s6 nguyén cta + 101a +10, =5, + 2, + 1 nén
@ =1-x" = +1

~Néux = -1thix = -1, Y18 tayy. Licds f(d) = -7 nén
v€ trdi cua (1) bang 7 = - 10.

~Néux' =1 thi: hoacx = 1,Y= y?' nguyén khong Am bit ky,
hodc x nguyén tuy y,con Y = y2 = 0.

Truong hop x = 1 khong xay ra vi f(1) = 3, v& trai cua (1) 1a
3 = —10.

Trudng hop y = 0, lic d6 f(x) = 0. RS rang 1a x = 0.
" a) Xét x nguyén am. Ta da biét f(--1) = - 7.
Khix < -2 thi f(x) = 3z + x° + x -2x°(2x° -1) <~ 10
Vi 2x’(2x*-1)>8.7=56vas3x+ x + x'< 0
Vay phuong trinh khéng cé nghiém x nguyén am.
b} Xét x nguyén duong. Ta da biét f(1) = 3.
Nhan thdy f(2) = - 10 théa man ddu bai.
DG 1a gid tri duy nhat vi f(3) = —27 va khi x > 4 thi
fx) = 3x + 2x° + x° + x'(x -4) >0 >-10.

Tom lai phuong trinh da cho ¢c6 mét nghiém x = 2, y = 0.
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(Ching ta ciing cd thé tim dugc nghiém nguyén cua phuong
trinh f(x) = - 10 bing cdc cich khac).

Bai todn 93. Tén tai hay khong nghiém nguyén cia phuong
trinh 31% + 12% + 1979% = y?

GIAI

Nhéan thdy 31, 12 va 1979 déi mot nguyén t6 cuing nhau nén
khong thé€ c6 nghiém x <O.
Néu x = 0 thi y2 = 3 nén y khong nguyén.
Xét x >0. Khi d6 v& trai 1a téng cha cdc s6 nguyén chinh
phuong. T ding thic
3t + a)* = 9t° + Gat + a
vol  t nguyén, a = 0, £ 1, nhan thdy:
-Binh phuong cia mét s8 chia hét cho 3 thi chia hét cho 3.
-Binh phuong ctia mét s6 khong chia hét cho 3 thi khi chia
cho 3 s& du 1. Suy ra s6 chinh phuong khéng o6 dang 3k + 2.
Ta c6 12° chia hét cho 3, 31%* chia 3 du 1, 1979™ chia 3 du 1. V&
tréi cia phuong trinh da cho cd dang 3k + 2 véi moi x nguyén duong
nén khong thé 1a s chinh phuong yz. Vay bai todn v6 nghiém.
Bai todan 94. Ki hiéu n! = 1.2....n
Tim nghiém nguyén duong cia phuong trinh
10+ 115+ 6 = V3"

2

GIAI

Vix = 1 nén 11% tan cing la 1 va 6 tan cing .a 6, do d6 vé&
trai tan cung 1a 7.
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V& phai ( 3 = 3 1.23.4.5..y/2 _ 3345y
sé tan cungla 1 néu y = 4, vi khi dd
(34935 - (81)35+Y
Nhu vay, diéu kién cdn d€ bai todn cd ngh..iém lay < 3.
-Xéty =1: 10+ 11"+ 6" = V3
Khong cd x nguyén duong théa man ding thic nay vi vé& phai
12 s6 vo ti, v€ trai 1a s6 hitu ti.
-Xéty =2:10+ 11+ 6" = (W3)* = 9
Khong cd x nguyén duong vi v&€ phai khéng cd tan cung la 7
(cing cd thé& thdy ring 10 + 11"+ 6* >9 >V3 véi moi x).
~Xéty =3: 10+ 11"+ 6" = 3> = 27
11"+ 6" =17T=x =1
Bai toan cd nghiém duy nhédt x = 1, y = 3.
Bai todan 95. Ching minh ring khéng t6n tai mot sé tu nhién
m sao cho 1978" -1 chia hét cho 1000™ 1.
(Thi v6 dich Lién X0 lan thy 12 —nam 1978)

GIAl
Xét phan thuc
1978™ 4
X =————
1000™ 4
1978™ -1000" 2™(989™ -500™)
Tasuyrax-1= = = -
1000™ -1 1000™ -1

Nhan thdy 1000™ -1 la s6 18, 2™ la sé chén, 989™ -500™<
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1000™ -1 v6i moi m tu nhién, nén x — 1 khong thé 1a s6 nguyén.
Vay x khong phai 1a s6 nguyén, bai toin dugc ching minh.

§ 4. PHUONG TRINH BAC BA
Bai todn 96.
1) Phan tich ra thita sé:
A=x + y3 + 2 - 3xyz.
2] Tim nghiém nguyén cia phuong trinh
X + y3 + 2 = 3xyz.(1)

GIAL
1) Nhan thiy khix + y+ z = 0, tdclakhix + y = -
thi* A=x + y3 x>+ y3+ 3xy(x + y)] + 3xy(x + y) =
Vay A (x + y + z). Thuc hién phép chia A cho
x+ y+ 2z) dvaA x+y+ z)(x2+ y2+ zz—xy -yz -ZX)
=7 (x+ y + o) -y + ¥ -2+ (2 -x)’]
2 Phuong trmh (1) tuong duong vdi

hoacx =y =z

A:O#’[-
L hoacx+ y+ z=0.

Do d6 (1) ¢ nghiém la:
x=y=2z=1t
hodcx = u,y=v,z =~-(u+v)
véi  t, u, v nguyén bt ky.
Bai toan 97. Tim nghiém nguyén cia phuong trinh
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x> -y3 = GXy+ 8.

GIAI

Day la bai todn 96 phdn 2) ma x, y, z 14n luot dugc thay bang
X, -y, 2 néncé nghitbmlax = -y = -2e x = -2, y = 2 hoac
X-y-2=0=x=y+ 2=y =tnguyén, x =t + 2.

Bai todn 98. Tim cdc nghiém nguyén cia phuong trinh
X+ y3 + 2 -xyz = x(y —z)2 + z(x --y)2 + y(z --x)2
théa '~ man diéu kién

max (x, y, z) <x + y + z ~max (x, y, z) (*)

GIAI
Ap dung hang de”mg thic & cau 1) bai todn 96 ta cd
x3+ y3+ z3 -Xyz =

1 2 2 2

=3 @+ y+2)x-y) "+ -2+ z-x7 Q)
Nhung tu diéu kién (*) ta-co:
sxx+y+12)>xy 2
suy

x+ y+ z)(x —y)2 = z(x —y)z (2)

&+ y+ 2y -2 2 x(y -2)° (3)

—;— x+ y+ 20z -x° 2y (z-x° @)
Tu (1), (2), (3), (4) ta co
X + y3 + 7 -xyz = z(x —y)2 + x(y --z)2 + y(z --x)2 (5)
Dau bang & (5) x4y ra khi va chi khi déng thdi cd ddu bang
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6 (2), (3), (4). Vay phuong trinh da cho nghiém ding véi x = y
= z = t nguyén bat ky.
Bai toan 99. Tim nghiém nguyén ctia phuong trinh
8x + 12x° + 6x + 2 = y2

GIAI

V=8 + 12x°+ 6x+ 1+ 1= (2x+ 1)+ 1
-2z +1)0 = (1+ y)y-1

Do vEtriilas6lé nén 1+ yvay— 1 1a céac s6 18. Hon nita
ching la céc s6 18 lién tiép nén nguyén t8 cing nhau. Bdi vay co
thé vist 1 + y = a’ vay -1 = b véi a, b Ia hai s6 18 lién tiép.
Licdd2=(1+y) -y -1 = a’ -b°. Trong day lap phuong cta
cac s6 nguyén:

.. =27, -8, -1, 0,1,8, 27....

Hiéu lap phuong cua hai s§ 18 lién ti&p bang 2 khi va chi khi
a’ = 1, b’ = -1. Tasuyray =1+ b = 0, 2x + 1)’ = -1 nén
x = -1. Vay x = -1, y = 0 12 nghiém duy nh4t cia bai todn.

Bai todn 100: Ching minh phuong trinh

x> -6x°y + 8xy° -2xy + Tx + 3 = 0
khéng  c6 nghiém nguyeén.
GIAI

Dat vé trai la f(x), xem d6 14 ham s3 cla x, con 'y 1a tham sé
nguyén. Gia st phuong trinh cé nghiém nguyén la x = t. Thé thi
f(x) = (x -t)g(x) véi g(x) 1a s6 nguyén vi cd cic hé s6 nguyén.

Nhan thdy f(0) = 3 1a s6 18. Ma £(0) = -t.g(0) nén t la s3 1é.

Mat khac f(1) = 1 -6y° + 8y* -2y + 7+ 3 1a s6 1& ma £(1)
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= (1 -t)g(1) nén 1 —t lé,suy ra t 1a s6 chén.
. 86t khong thé ton tai. Bai toan duge ching minh.

Bai toan 101. Phucwng trinh .
X+ 3% a7 = 2(3xy + 1000)

c0 nghiém nguyén hay khoug.

GIAI

V€ trdi cia phuong trinh c6 thé viét lai la:

x3+ 312+ 2x -6x + 12 = 12 -6x + x(x2+ 3x + 2) =

=12 -6x + x(x+ 1+ 2).

Vi x(x + 1)(x + 2) la tich cia ba s6 nguyén lién ti€p nén chia
hét cho 6 (trong ba sé nguyén lién tiép it nhit moét s6 chan va
mot s6 chia hét cho 3 ma 2 va 3 nguyén t6 cung nhau).

Phuong trinh da cho vé nghiém vi véi moi x, y nguyén vé& trai
chia hét cho 6 con v& phai khéng chia hét cho 6.

Bai todn 102: Tim nghiém nguyén cta phuong trinh
d4x + 1 =y + 8y

GIAI

Tacd4x -2y) =y -1 =(y -y + y+ 1)

Nhan thdy y°+ y+ 1 = y(y + 1) + 1 1a s6 1& nén d€ x -2y
1a s6 nguyén, diéu kién can va di la y -1 = 4t vdi t nguyén. Vay
y =4t + 1.

Lic do 4x =

= 16t> + 12t° + 11t + 2.

Y+ 8y-1=(4t+ 1)+ 8@4t+ 1) -1

Bai toan 103. Giai phuong trinh sau véi nghiém nguyén:
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C+Hxy+xy’+y =8xE+ xy+ yh+ 1)
(Thi v6 dich Ba Lan - 1981)

GIAI

Nhan thdy x va y phai cung chan hoiac cung lé.
Néu x = y thi phuong trinh trd thanh
X -6x* -2 =0
- Nghiém nguyén cta nd (néu cd) phai la +1, +2 (udc sé

nguyén cua —2). Nhung khong gid tri ndo nghiém ding.

Vay x = y.
Do X, y cing tinh chin, 1é nén |[x -y| = 2suy ra
(x —y)z = 4, vay x>+ y2 = 4 + 2xy.
Ta ¢é x° + y2 = |2+ 2xy| (1), bai vi
xX*+ y° > 4+ 2zy >|2+ 2xy| néu 2 + 2xy = 0
(1)
- 2 2 2 pa
X Yy >2+2%y| = -2 -y X -y) =+ y) > -2
néu |2 + 2xy| < 2.
Phuong trinh da cho tuong duong véi
X+ P+ y) = 8x+ y) + 8xy + 1) =
&+ y)x + y-8) = 8xy + 8 (2)
Ta co phuong trinh hé qua:
O+ Y L x+ y -8 = 4|2y + 2|
Do (1) nén |x + y -8| <4
=>4 <x+ y <12

Vi x + y la s6 chdn nén nd chi cé thé la 6, 8 hoac 10. Véi x

+ y bang 6 hay 8 thi (2) khong cd nghiém nguyén.
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Khi x + y = 10: thay vao (%) duge Xy = 14. Vay x va y 1A hai
nghlem cua phuong trmh

~10z+ 16 = 0
Giai duge Z), = 2; 8 suy ra (x, y) = (2, 8), (8, 2).

§ 5. PHUONG TRINH BAC 4

Bai toan 104. Tim nghiém nguyén duong cia phuong trinh
xyz = 10(x+ y + z) (1)

GIAI

Xét nghiém nguyén duong cia phuong trinh
xyz =t + y+ z) (1))
Vi %, y, z binh ding nén c6 thé giai thist
x=2y =2z >0(2)
(I’) suy ra xyz = tx + t(y + z) hay
x(yz-t) =ty + 2 (3
Vi v& phai cia (3) 1a s6 duong va x >0 nén yz -t >0 hay y >t/z.(4).

suy rat(y+ z) = yzz -tz nén y(z2 -t) < 2tz (6)
-N&u z° -t < 0 tdc z°<t thi (6) ding

2 ; tz
~Néu z" -t >0 thi (6) =y < > t(7)

7° -
2tz 2t
hay 1 < thay z < Y 3t (8)

th z -

Suy -, raz <
Tu (5) vadox = y ta cd zy2 -2ty —tz <0
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t+ V 2+ tz2 —
nén suyray < ~ hayyzst+\}t+tz
z .

Do (8 nényz < t+ 2t = 3t (9)

Lan lugt dya vao (8), (9), (4), (2), (5) ta tim duge nghigm cia (1
Ching han, v6i t = 10 ta cd phuong trinh ddu bai.

Khidd z < V 30 = z <5 |

3t 30
~Véiz=5mb=z<ys —=——=6=2y=5;6
z
nhung  x khéng nguyén’
-30
-Véiz=4-24=2z<ys 7 =y =4567T. Chi cd x nguyén

(bing 9) khiy = 5.

. 100 ¢ 30 i .
-Véiz =3 =3 = <y < 3= 109y = 4,5,...,, 10.C6 nghiém
(x, y) = (35, 4), (16, 5)
. 10 ¢t 30
-VGiz =2 5 = <y < 5 = 15 = y=6, 7, 8,...,15

Co nghiém (x, y) =(40,6), (12,19).

t
-V6iz=1=10=—<y <30=y=11,12..30
Z

10(y + 1) 10y +10 - 100 + 100 110
Lic nay x = = = 10 +
y - 10 y -10 y -10
= y-10 = 110, 11, 10, 2, 5, 1, 22, 55 =
y = 120, 21, 20, 12, 15, 11, 32, 65. Chi xét csc gia tri y trong
khoang 11 téi 30, ching ta cé bén nghiém (x, y) = (21,20), (65,
12), (32,15), (120,11) »

Tat ca cac nghiém cua (1) 12 nhing nghiém da tim duge ma
trong mdi bd nghiém thi x, y, z 14y nhiing gia tri tay y.
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Bai toan 105: Tim nghiém nguyén cua phuong trinh

x2 + y2 + 2% = xyzt (1)

GIAI

Né&u mot trong cdc thua s6 ¢ vé& phai bang 0 thi v& trai bang
0, nén x = y = z = 0, t nguyén bat ky 14 nghiém cuaa (1).

Xét x, y, z, t # 0. Diéu kién can dé ¢6 (1) 1a s6 gia tri Am
trong moéi bo nghiém phai 1a 4, 2 hoac 0. N&u (1) cd nghiém am
X, Yoy Zo» to thi N6 cling cd nghiém x, y,, z,, t,. Hoac néu co
nghiém x,, ¥, 2o, to DAY Xg, ¥o» Zor to --- thi NG cling cd nghiém
Xo, Yor Zo» to- Vi vdy chiing ta chi cdn tim nghiém cua (1) trong
tap hop s6 nguyén duong réi suy ra tdt ca (bang cach cho hai
hodc ca bdn gia tri trong m6i bd nghiém ddi ddu).

Gia sl x, v, z, t nguyén duong nghiém ddng (1), ta cd thé xem
x nhu nghiém cua phuong trinh bac hai

X? —yztX + y2 + 25 = 0 (2)

Nhu vay X =-—y—z-t—-2§-l—{- voi K* = A = (yzt)? —4(y* + 2°) = 0
(k  nguyén khong am).

Thanh thd, ng véi méi bd y, z, t c6 dinh ta cd hai gia tri x
thoa man dau bai 1a x va x’ ma
. yztt+ k
2 - T 2
Diéu d6 ciing xay ra tuong tu d6i vdi y hay z.

zt —k
AT 3)

X

Tuy nhién, khong thé déng thdi cd x°, y°, z° = xyzt/2,vi lic

.5
dé v€ trdi cta (1) khong nhé hon 3 xyzt.
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Nhung tén tai xz, yz, < iyg-t- chang han nhu x = y =z =
1,t =3
yzt xzt xyt
Xét mot bd x; y, z nhu vy (x s—-—z—— Y s-—-z—, z S—)
Khong mit tinh tdng quat, gid st x = y = z70.
(1) co thé viét lai l1a
x> + y + z" -2x —Xit"* (“')"‘zz—t)z = (_Y_Z;)z

yzt yzt
hay y“+ z°+ (“2—-x)2=(—;)2(4)
5 zt zt
Tu (4) suyray2+ z" + (y;»--y)2 > (—%—)Z (5)

: \yzt | yzt
bai 1

H s

yzt« - “ yztz
Khi doy + o+ S— "+ yT —yTzt 2 { — \ nén
2 2
2 2 P ol 2,
2y" + 27 2 yzt,suy ra 3y” = yzt (viy = z >0).
Vay 3 2zt t = 1, 2, 3.

a) Khit = 2 thi 2t = 2 nén (1) trd thanh

x° + y + 1 =2xy - (x - y) -1, vo li. Trudng hgp nay

khong xay ra.

bl Xét t = 3:

Do vai tro x, y, z 12 nhu nhau, ching ta sé di tim toan bd cac
nghiém nguyén duong ma khong cdn phan biét gia tri nao la x,
y, Z

Tu nhan xét (3), néu x, y, z (khong can theo thu tu) l1a a, b,
c thi ta sé& cd nghiém khdc (a’, b, ¢) ma a’ = 3bc ~a. So dé tim
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nghiém nhu sau:
(1,1,1) - (1,1,3.1.1. -1 = 2) -
29,23.29.2 -5 = 169 —

52352-1=29—> [
[ 29,53.2.9.5 ~2 = 433> _

- (21321-1 =5) -
- 1353135 -1 = 194 - __

33—

451351 2=13> [
13,1,3.13.1 -5 = 34 —» __

of Xét t = 1
Nhan thidy c6 mét song anh gilta nghiém c6 t = 3vat = 1. Néu
, ¥, 2, 3) 12 mot nghiem, tic la x° + y2 + 22 = 3xyz thi (3x)% +
(By)* + (32)° = 1(3%)(3y)(32) nén (3%,3y,32,1) ciing la nghiem.
~Mat khac, véi t = 1 thi nghiém nguyén duong nhé nhai la «
=y =z = 3. Lai c¢6 dinh haj s6, 36 con lai duge thay bang a’ =
bc -a’ = 33 -3 = 6 thi dé thdy rang x, y, z 1a bsi cua 3. Suy ra
néu (3x, 3y, 3z, 1) la nghiém, tdc la (3%)° + (8y)* + (32)% =
1@x)By)(32) hay 8°(x™+ y* +2%) = 27xyz hay x? + y2 + 2 =
3xyz thi (x, y, z, 3) cing la nghiém. |
) Tom lai, tu cacnghiém (x,_y,i, t) = (x4, ¥o, Zo, 3) ta co nghiém
(34, 3y,, 32z, 1) cung vdi cac hodn vi va déi ddu haj hoéc ca bon
gia tri x, y, z, t ta dudc moi nghiém khéng tam thuong cua (1)
trong tip hop sé nguyén.
Bai todn 106. Tim nghiem nguyén cia phuong trinh
(x2 + yz)2 = 8xzy2 + 4xy + 1

GIAI

Né'ux=0thiy=:t1.Né’uy=0thix=t1
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Do la cac nghiém cuda bai toan.

Xét x, y # 0. Néu phuong trinh co nghiém (x, yo) thi cﬁng
co nghlém (x4, ¥,). Viét lai phuong trinh da cho: (x -y )
(2xy + 1)%

Khido’x—y2=12xyi1. _

Coi 1a phuong trinh béc hai d6i véi x. D€ cd nghiém x =y +
VA’ thi diéu kién cén (va da) 1a A’ = 2y2 + 1 = m” la s6 chinh
phuong (m nguyén). Phuong trinh m* --2y2 = 1 la phuong trinh
Pell co nghiém nguyén duong nhé nhdt m; = 3, y; = 2;céc
nghiém nguyén duong khac (my, y,) dugc xdc dinh tit ddng thuc

m + yeV2 = 3 + 2v2)*

Con phuong trinh m” -2y° = -1 la phuong trinh d6i Pell cd
nghiém nguyén duong nhé nhdt m, = 1, y, = 1 va cdc nghiém
nguyén duong khic (mg, y,) dugc xac dinh tit ddng thic

ms + yV2 = (1 + V2)*7

Tu do ta dugc (xy, y,) hodc (x, y) va suy ra ciac nghiém
nguyén ctia phuong trinh da cho. '

Bai todn 107. |

Tim nghiém nguyén ctia phuong trinh

y4=x4+ 2%° + 3x° + 3x + 1

GIAI
Xét ba truong hgp
=0thiy==%1

+ x = 1, nguyén : x4<y4<(x + D =xt+ 0+ 6+ dx+ 1,
suy ra y khong thé€ 1a s6 nguyén
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+ x < -1, nguyén: dit x = -1 -t thit = 0.
Phuong trinh da cho trd thanh
=(1+ t) -2(1+ £)° + 3(1+ t) “3(1 + t)+ 1
hanthéyt\y t+2t+3t+t<(t+1)
D4u biang xay ra khi va chi khi
2> + 3t + t =0

1
Suyrat =0, -1, -?’.chi c¢d t = 0 thudc

khoang dé,ng xét, licdéx = -1,y =0
Bai toan 108. Tim cdc bo ba: x , y nguyén, Z nguyén to thoa
méan dang thidc
x'+ 4’y4 =7.

GlAI

Khong thé c¢d x = 0 hodcy = 0 vi lic d6 z khong phai la s0
nguyén t8. Vi chi co liy thita bac chin ciax vay trong dang thuc
nén trudc hét ta xét x, y nguyén duong.

Khidé Z =x + 4y4 = (1-;2 + 2}'2)2 --4::2372

= (x"+ Zy‘2 —ny)(x2 + 2y2 + 2xy)
=[x -y + ¥ &+ y° + ¥]

D& Z 1a s6 nguyén t8, diéu kién cén 1a (x —-y‘)2 + y2 = 1 vi thua
s6 con lai lubn 16n hon 1 (do y= 1). Suyrax =y = 1,2 = 5.
D3i ddu moét hoac ca hai gia tri x, y ta dudec moi nghiém phai tim.

Bai todn 109. Tim nghiém nguyén cia phuong trinh
384 y

2 + 1)* -1 = 4
* ) 2x -1)° -
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GIAI
Suy ra 384y =

(4x* + 4x)(4x> -4x)
hay 24y =

-1+ 1)

-Né&u x 1€ thi (x -1)(x + 1) la hai s6 chdn lién tiép,nén cé mot
s6 chia hét cho 4,nén (x + 1)(x -1) : 8.

Trong ba s6 x, (x - 1), (x + 1) cd mot s6 chia hét cho 3. Vay
X (x -1)(x + 1) = 24 t v6i t nguyén vi (8,3) = 1. Phuong trinh

da cho cd nghiém x = 2k + 1,y = (1/6) k (k + 1)(2k + 1)? k
nguyeén.

~N&u x chén thi (x -1)}(x + 1) 1a cac s6 8.

Trong ba s6 %, (x -1), (x + 1) cd mé6t s8 chia hét cho 3. Diéu
kién d€ phuong trinh cd nghiém la x*’ 8 suy ra x : 4. Do do bai
todn co nghiém x = 4k, y = (1/6)k (dk - 1) 4k (4k + 1).

Bai toan 110. C6 hay khong cic s6 nguyén t6. x, y, z théa
méan phuong trinh

2+ g =2

(Thi vo dich Lién X6 lan thu 14 - 1980)

GlAj

Khong thé cd ba s6 cung 18, tdc 1a it nhiat mét s6 bang 2.

~-Gia s z = 2: khi d6 x° + y3 = 16 =» y chi cd thé la 2,nén
5
x = 8; vo li (x khéng nguyén)

-Gidsty = 2:taco 8 = (zz + x)(z2 -x). iz + x >0 nén

z° -8 >0 . Tdng (z* + x)+ (z° -x) = 22° phai 12 s6 chin nén phan
- tich 8 = 42, nhung 4 + 2 = ~222: v6 li (z khong nguyén)
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~Giastx =2 khidsy = Z°+ 2) (z° -2)

Do (z2 + 2) —(z2 -2) = 4 nén 22 + 2 va 27 -2 chi cd 1dc s6
nguyén t6 12 2 (tdc lay = 2)
hoac 22 -2 = 1. Truong hop sau khong xéy ra con néuy =
2, khi da c¢d x = 2 thi z phai chan.

Vi z nguyén t6 nén z = 2. Truong hgp nay khong nghiém
ding ding thuc da cho.

Bai toan vo nghiém.

Bai todn 111: Tim nghiém nguyén cia phuong trinh
8x’ --4y~4 + 22 =ttt ()

GIAI

Gia st phuong trinh cd nghiém nguyén (x, y, z, t) thi t = 2t,
phai chan, tdc la t; nguyeén.
Thay vao (1) dugc 4%’ —i?.y4 + z = 81;4o
Tuong tu nhu trén, lai phai cé z = 2z, chan nén
2x4 - y4 + 8z40 = 4t40
Lai phai c6 y = 2y, chian nén
x4 —8y40 + 4z04 =2t40
Lai phai c6 x = 2x, chdn nén 81;04 —4yo4 + 2204 = tq

4

4

So sanh vdi (1) ta thdy (X, YosZoto) cling la nghiém,
. X y vA t
ma ,x0=-—é—,yo=——-2",zo=7,to=-—2—.
C4 tiép tuc nhu vay ta thdy x, y, z, t chia hét cho 2" véin la
s6 tu nhién tay y. S6 dd, hoac phai 16n vd cung, hoac bang 0.
Nhung khong cd s6 16n vé cung nén phuong trinh cd nghiém
nguyén duy nhit lax =y =2z = t=0 |
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'§ 6. PHUONG TRINH BAC CAO

Bai toan 112. Tim nghiém nguyén cia phuong trinh
53 53
X + y = b3Z.

GIAI

Vi Z 1a s6 nguyén nén x> + y - chia hét cho 53.

Nhan thdy 53 la s6 nguyén t6 nén theo dinh Iy nhé Ferma thi
x*> -x chia hét cho 53, y°> -y chia hét cho 53.
Phuong trinh da cho cé thé viét lai 1a
53Z = (x> -x) +(y53 -y)+(x+y
NG co nghiémkhi va chi khi x + y = 53 t véi t 1a s6 nguyén.
Vay bai todn cd nghiém la x = u nguyén b4t ky, y = 53t —u va
«>> + (53t -u)*> 52

Z = = t [0 -’ (B3t- W+ (53t - u)’-
53

~u®3t -u)® + -+ (53t —u)*?

Bai todn 113. T6n tai hay khong nghiém nguyén cta phuong
trinh
XIZ + ylZ + Z12 — 2(191953 + 881953)
GIAL.

Ta co

1993 = 92+ D% = 09a + 1
71953 _ 53.651 = (38.9 + NPl = ge + 1

1953

x

VAy v& phal shucug trinng da cho od dang
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292+ 1+ 9+ 9c+ 1) =M+ 4
Xét s6 nguyén bat ky n. Ta c6 thé viet n = 9k + a vdia =
0,1, £2 +3 + 4.

Nhan théy n® = 9k + a)’ maa® = 0, £ 1, + 8 + 27, + 64
nén a> chia cho 9 cd s6 du 1a 0, +1.

Suy ra v€'trai cia phuong trinh da cho la téng cua x* )
(y ) (z*? chi c6 the nhan mét trong cdc dang 9s, 9s + 1, 9 s
+ 2, 9s £ 3 ma khong thé ¢ dang 9s + 4. Vay bai toan vé
nghiém.

Bai todn 114: Tim nghiém nguyén (x, y, z, t) cia phuong trinh

(x -y)1995 + Gy 195 4, - 0% = 4x - -y -2)(z ~x)

GIAI

Ta xét phuong trinh tdng quat
& -9+ -2+ @ -0 = tx -¥)y -2)(z -x) (1)

ma  k la s6 nguyén duong. Dat v& trai cta (1) 1a A. (1) chung
téA':(x—-y).CdnghEalék.hix—y:OthiA=0.‘ _

Thay x =y vao Adugec 0 = A = (y -z)¢ + (z -’-y)k (2)

-Néu k chan thiy = 2. Dem x =y = z_vao (1) thi ta nhan
thdy (1) c6 nghiém 14 x = y = z nguyén tuy ¥, t nguyén tay ¥,
k nguyén duong du chin hay 18.

-Néu k16: A = (y 2" ~(y -2)" = 0. Didu d6 ¢d nghia la A
: (x —y) khi k 18. Vi trong A, vai tro cia x, y, z nhu nhau nén suy
ra A chia hét cho B = (x -y)(y ~2) (z -x). Vay (1) con c6 nghiém
1a k 1é, %, y, z 1a nhitng sd nguyén b4t ky, t = A/B.

Tré lai bai toan da cho: véi k = 1995, nghiém cua phuong
trinh la
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X = u,y = u, z = u nguyén, t nguyén tily y.
. ~ A
hodc x, y, z 1a cdc s6 nguyén bét ky, t =3

Bai todn 115. Ching minh ring phuong trinh
-y + -2+ -0 = ku
¢  vo s6 nghiém nguyén x, y, z, u khi'k 12 s§ nguyén té.

GIAI

Dat vé trai cia phuong trinh di cho la A thi
A=[x-y -+ y-2° -6 -]+ (-0 -z -0]
Theo dinh ly nhé Ferma: méi s6 hang trong mdc vudng déu
chia hét cho k. Tit d6 suy ra diéu phai ching minh (nghiém la x,
y, z nguyén bt k}‘r va suy ra u nguyén tuong uing).
Tit bai toan 114 va 115 ching ta thdy ring: Phuong trinh.
(x --y)k + (y -5 + (z -x)* = kt(x -y)y -2) (z -x)
nghiém ding véi x, y, z, t nguyén bdt ky, k nguyén td 1é.

s 7. PHUONG TRINH CAN DONG DANG

Trong mot ky thi chon hoc sinh giéi ¢ Lién X6 c6 bai toan sau
day:
Bai todn 116. Phuong trinh Vx + Vy = V1960

cd  bao nhiéu nghiém trong cic s6 nguyén?

GIAI

Trudc hét ta dua ra 13i giai cta dép an:
T phuong trinh da cho ta cd x = 1960 + y - 28Y10y.
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Véi x, y nguyén suy ra 28V10y nguyén( vi binh phuong cua
mot phan s6 t8i gian khéng thé nguyén). Vay 10y = kz,v td dé y
= 10t*. Tuong tu ching mink dude x = 10s”. Khi d6 tit phuong
trinh da cho cd |t| + |s| = 14. Vay vdi s nguyén |t| ta co 15
gia tricéd th€é co t = 0, 1,2,..., 14. Phuong trinh da cho co 15
ngﬁiém.

Néu d€ ¥ rang ¥ 1960 = 14V 10 la mot s6 vo ti ching ta sé
cd 101 gidi dep hon nhiéu. V& trai can phai 1a can thde déng dang
véi V10, tic 1a Vx = av10, Vy = V10 vdi a, b nguyén khong am
théa méan ding thica + b = 14,

Co 15 giatria = 0, 1,..., 14 nén bai toan co 15 nghiém.

Nhu vay khéng nén "tranh" s6 vé ti va chi thich "lam viéc" véi
céc 6 nguyén ngay ca trong nhiting bai toan tim nghiém nguyén.

Ta gap lai dang toan d6 6 mét ky thi chon hoc sinh gioi d€ lap
doi tuyén Viét Nam di thi toan quéc té.

Bai todn 117. Tim t4t ca cac cap s6 nguyén duong (x, y) sao

cho véi x<y:

Vx + Yy = V1980

GIAI

Ching ta sé khong thuc hién phép binh phuong, ciing nhu sé
khong tién hanh mot phép thé nao vi nhan thdy V1980 = 6 Y55
14 s vé ti.

Khi d6 v& trai 1a s6 vo ti. N6 1a tdng cia hai can thic (khéc
0) nén hai can thic dy phai dc‘;ng dang vdi V55, tuc la Vx =
avhh, Vy = bV55 véi a, b nguyén duong thdéa man ding thuc
a+ b = 6.
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Vi 0 <a <b <6 nén a = 1 hodac a = 2. Suy ra bai toan cd hai
nghiém (x, y) = (55, 1375), (220, 880).

Bai todn 118 Tim nghiém nguyén cia phuong trinh
13Vx - y = V2000

GIAl

V& phai Y2000 = 20V5. V& trai la hieu ctia hai s6 nén: hodc
mot trong hai s6 bing 0, hodc ca hai s6 la nhitng can thic doéng
dang véi V5, tdc la Vx = aV5, Vy = bV5 vdi a, b la cac s6 nguyén
khong am nghiém ding phuong trinh 13a-Tb = 20.

20 + Tb 7(1 + b)
=—— =l
13 13

Vi (13,7) = 1 nén d&€ a nguyén thi 1 + b = 13 t vdi t nguyén.

Suyrab=13t-1,a=1+ 7t. D€a,b =0

a

thi t phai nguyén duong. Cuéi cung:

x = 5a% = 5(1 + Tt)*, y = 5b% = 5(13t ~1)* véi t 12 s6 nguyén
duong.

Té&i day, ta xét bai todn tdng quat: Tim nghiém nguyén cia
phuong trinh.

avx + vy = Ve

voi a,b nguyém, ¢ nguyén duong khong chinh phuong. Ma
ching ta cé thé goi la phuong trinh v6 dinh cin dbng dang.

D€ giai phuong trinh, ta viét ¢ dudi dang c = sz, trong do
k, m 13 cac s6 nguyén duong, k khong chia hét cho bat cd s6
chinh phuong nao khac 1. D& thdy rang vdi méi c thi cach viét
¢ 1a t6n tai va duy nhdt. V& phai Ve = mvk 1a s6 v0 ti. V& trai

ia téng cha hai s4 nén hoac mot sé bang 0, hoac ca naj i nhilng
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s6 vo ti dong dang vai VK. Trudng hop a = 0 hoac b = 0 don gian.
Xét trudng hgp a, b = 0. Luc nay yx = uVk, Vy =
la cdc s6 nguyen khong am. Thanh thua:

: au + bv = m(*)

vWk véi u, v

Day 14 phuong trinh vé dinh ma chung ta da cd cach giai hét
sic ngan gon (chuong I’ Néum khong chia hét cho uéc s6 chung
khdc 1 cua‘a, b thi (*) khong ¢«

nghiém nguyen. Ngugc lai, néu
(*) cd nghiém nguyén u,, v, thi

au + bv = aqu, + bvy ( = m)

au, + bv,-bv b(v, -v) b’ (v, -v)
Vi vay u = =y, +—— ot ———
a a

v6i . ', b’ nguyén va (2’ b)) = 1.

D€ u nguyen thi Vo =V = a’t véi t nguyén, nén

vV =ve-a'tu = u, + b’t,

Do u, v = 0 nén Vo—-a't > 0 =a’t<v,
Ut b't = 0 = bty

Vi trong hai s6 a,b cd it nhat mot s6 duong nén trong a’,b’
nhét mét s6 duong. Khong mat tinh tdng quat, gia st b’ >0,

co it

prod k] uo
th€ thit > - —
b’
a2, ] 3 vo ’ uO vo
-Néu a’ <0 thit > —do dd t > max ( -— )
a’ b’ @
VoI . ug, vy, b >0, a’<0
, R Vo . U Vo
~Néu a’ >0 thits‘_‘—’-;do do TS St s —
a b . a

Vdi uO’ VO) b,) a, >O
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Cuéi cung ta dugec x = ku® = k (uo + b't)*
y = kv? = k(vo - a't)’

Phuong trinh vé dinh cin déng dang khéng chi bé hep & dang
da néu. Nhiéu phuong trinh sé dugc giai mot cich don gidn néu

nd dugc nhin dudi con mit nhu vay. Ching han nhu:
Bai todn 119: Tim cic nghiém nguyén cia phuong trinh

3x , 7
— -V =—§Z-m ~4 3

GIAI

Nhan thdy ¥4y -1 1a sé vo ti vdi moi y nguyén (vi binh |
phuong cia mot sé 18 c6 dang 4m + 1). Viét lai phuong trinh da

cho

3x T
—+ 4———5—: VI F 1 —Vdy =1 (1)

V& trai cta (1) la s6 hitu ti nén diéu kién can (va dd) d& (1)
c6 nghiém nguyén 1a ca hai v€ cia (1) cung bang 0. Dé dang tim

duge nghiém (duy nhéit) cta bai todn la x = §, y = 3.
Bai todh 120: Tim t&t ci cdc s tu nhién x va y théa man

phuong trinh’

Wx -Vy)* = 3361 -V11296320

( Bai du tuyén thi vé dich todn qudc té)

GIAI

Nhan thdy x va y 1a cac s6 nguyén khoéng am, va
V11296320 = 2°. 41 Y 1051a s6 v6 ti. Phuong trinh da cho cd
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th€ viét lais
&+ y)* + 4xy —4x + yWxy = 3361 -8 . 41y 105
hay  x+ y)® + 4xy 3361 = 4d(x+ y) Vxy -328 yI05.(1)

V& trdi cia (1) 1a s6 hitu ti nen diéu kién can va du d& phuong
trinh cd nghiém nguyen la c4 hai vé caa (1) cung bang 0. T6i day
cd hai cach giai

Cach 1: Ta c6 he

{(x + 9+ 4xy -3361 = o

4(x + y) Vxy ~328y105 = 0

hay { S*+ 4P -3361 = o 2)
SVP = 82 V105 (3)
| 82%.105
trong do’S=x+y,P=xy.Tir(3)rﬁtraP= )
3
Thay vao (2) duoc
2 4.82% 105
S* + 7 3361 = 0

hay S -3361S%+ 4.822 105 — 0
Biét s6 A = 3361° -4.4.822 . 105 = | suy ra
S =(3361+1):9 - 1681; 1680

1680 khong phai s6 chinh phuong, con 1681 — 41° nén S =
41, suy ra P = 420. Lic nay x, y 1a hai nghiém cua phuong trinh
2" ~41z + 420 = ¢,

Phuong trinh nay cé nghiém Z,= 29, Z, = 21.

Vay x va v, mot s6 la 20, s6 kia 1a 21.

T m——

Céach 2: tit (3) suy ta (x + yrixy = 32V105 (4)
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Déng thdc xay ra khi va chi khi hai can thic Vxy va v 105
déng dang. Nhu vay x+y = 82/k va xy == 105k°. Nhu vay, hai s6
x, y 1a hai nghiém cia phuong trinh: -

82

¢2 - t+ 105 k> =0

Phuong trinh nay chi ¢ nghiém néu
82 82
A =(—£— )2 —4.105 k> 2 0 = ¢ - )2 > 4.105 k°

- 82% 3 4. 105k° » k<2

Né&u k = 1, phuong trinh t*- 82t+ 105 = 0 khong c6 nghiém
nguyén | /

Né&u k= 2, phuong trinh t°-41t+ 4.105 = 0 c6 nghiém t,, =
20; 21. Vay x,y: mot s6 1a 20, mot s6 1a 21 nghiém ding phuong
trinh da cho. .
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T6i d4 md& ddu cudn sach bang dinh ly 16n Fecma, va téi khi
viét nhitng dong cudi cung nay, t6i mudn trd lai véi nd. Bai vi su
don gian bé ngoai, vé dep can déi va do khd cao cta phuong trinh
Fecma déc trung cho vé dep va dd khd ctia nhitng phuong trinh
Diéphang - nhitng phuong trinh v6 dinh.

Hon bat cd mot thong tin toan hoc nao khac cua moi thai da1
bai toan Fecma da gay nén 4n tugng sdu sic va dai dang. T6i da
tiing nim mo giai duge phuong trinh Phecma, sau nhiéu ngay vat
l1on véi no, d€ sang hém sau thic gidc long day that vong. Nhung
roi toi 1dn dan lén d€ hiéu: dinh ly 16n Fecma that la.... 16n!

Ban co biét khong, Fecma, niém vinh quang ctia nén khoa hoc
Phap, mot trong nhitng nguoi sang lap ly thuyét s6, nguoi da
cung Dé cac (R.Descartes , 1596 ~1650) dat nén mong cho hinh
hoc giai tich, cuing Pascan (B. Pascal, 1623 -1662) diat nén mong
cho ly thuyét xac sudt, khéng phai 12 mét nha toan hoc chuyén
nghiép. Ong 1a mét luat gia va chi nghién ciu toan hoc trong thai
gian ranh r6i. Trong linh vuc toan, Fecma 1a mot nguoi tu hoc
thién tai, nhitng thanh tuu cua "nha nghiép du" 4y dén nhiing
nha toan hoc chuyér nghiép ciing phai ghen ti. VAy ma, 6ng chi
thuc su chung mmh dmh ly ciia minh cho truong hop n = 4, tic
l1a phuong trinh X"+ y =z’ khéng co nghiém tu nhién. Loi giai
véi n t8ng quat cua 6ng khong duge ghi lai, phai chang vi 6ng da
nghi ngo su ding dan cia ng.

Lédna Ole, nha toan hoc vi dai cia Vién Han lam Pétecbua,
ngudi Thuy Si, ngudi da viét 866 cong trinh nghién cqu day gia
tri, ngudi ma Di do r6, mot triét gia Phap, "san sang danh d6i tat
ca nhitng diéu ma toéi xay dung dugc chi d€ 1&y mot trang trong
tdc phdm cua ngai Ole", ngudi ma Gauxo -hha toan hoc Duc,
duoc ngudi duong thoi ton sung nhu 6ng vua toan hoc -da phai
cong nhan : "Viéc hoc tap nhitng tac phdm cia Ole bao gid cing
la cach t6t nhat d& hi€u toan hoc", ngudi ma nam 13 tudi da trd
thanh sinh vién trudng Dai hoc Baden, 16 tudi duge nhan hoc vi
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tié€n si, ngudi ma sau khi mat di, Vién han lam Pétecbua phai
mdt 80 nam mdi dang hét trén tap chi cia minh nhitng céng
trinh dng viét cudi ddi chua kip cong b6, ngudi say mé nhitng
phuong trinh vé dinh, cing chi ching minh dugc dinh 1y 16n
Fecma cho truéng hop n = 3 (nam 1770).

Nuda thé&€ ky sau, vao nam 1825, Dirichlé (P. Dilichlet 1805 -
1859) va Lo gang dro (Alegendre 1752 -1833) mdi ching minh
dugc dinh ly 16n Fecma véi n = 5, sau mét loat phat minh vé ly
thuyét s6. Kumme nha toan hoc Diuc, d€ ching minh dudc cho
truong hgp n < 100, da phai sang tao ra ca mot phuong phap
nghién =du mdi duge goi la ly thuyét dai s6 cia cdc sé.

Ngay nay, véi su gitip d3 ddy hiéu qua cia mdy tinh dién tu,
cia cac phuong phdp tinh todan hién dai, cdc nha toan hoc trén
thé€ giéi mdi ching minh duge dinh ly 16n Fecma ding vdi n <
125 000 (nam 1978)

Gan day, Fanting (Gerd Faltings , sinh nam 1954), nguti
CHLB Dtc, gido su truong Dai hoc tdng hgp Prinxéton (My), giai
thuéng Fin* (Fields) 1986, bang hinh hoc dai s6 da ching minh
du doan Moocden (Louis Joel Mordell), dem lai hy vong tiép tuc
di ¢im 18i giai cho bai toan Fecma.

Vay ma cdi dich dy con bi kéo ra xa xdm hon niia bdi gia
thuyét Ole: V6i moi s6 tu nhién k va n sao cho 2< k g n,
phuong trinh Fecma t8ng quat

"+ x2+ Ak = kel
khong c6 nghiém trong tap hgp sé tu nhién.

Co phai chang nhitng phuong trinh v6 dinh van luén luén g
phia trudc..

T.T
* Gidi thudng qubc 1€ cao nhdt danh cho cdc nha t0dn hoc dudi 40 tuéi dd cé

nhitng céng hién rdt co bdn gop phiin thuc ddy su phdt rién todn hoc.Gidi thudng nav
c6 thé xem nhu neong duong voi gidi Nobel danh cho cdc nha vat N, héa hoc...
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