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MG PAU

Céc van dé lién quan dén day s6 1a mot phan quan trong cua dai s6 va giai
tich toan hoc. Day s6 c6 mot vi tri dac biét quan trong trong toan hoc, khong chi
nhu 12 mot doi twong dé nghién citu ma con déng mot vai trd nhu mot cong cu dac
luc cua cac mo hinh roi rac cta giai tich trong 1y thuyét phuong trinh, 1y thuyét xap
xi, Iy thuyét biéu dién...C4c vén dé lién quan dén day s6 rdt phong phii. Hién nay c6
nhiéu tai liéu dé cap tdi cac bai toan vé day so. Tuy nhién, cac tai liéu nay chu yéu
quan taAm dén cdc tinh chét cia day s6 nhu: Gidi han cia day so, so hang tong quat

cua day s, ddy so tang, giam, tinh bi chan ...

Tinh chat s6 hoc clia cdc phan tlr cia mot day s6 1a mot van dé kha thu vi.
Nhitng bai todn lién quan t6i van dé nay déu la cdc bai todn hay va khé. Tac gia luan

van da suu tdm, chon loc cdc bai todn nay va phan loai chiing theo timg chi dé nho.

Muc dich cua luan van 1a trinh bay mot cach hé thong, chi tiét mot s6 bai toan
vé tinh chat s6 hoc clia cdc phan tir trong mot day s6. Luan van duge chia thanh 4
chuong:

Chuongl: Mot s6 kién thitc chudn bi. Luan van trinh bay lai mot cach c6 hé thong
cac kién thitc co ban vé day s6 va s6 hoc 1am co sG cho viéc giai cac bai toan vé day
s0 trong cac chuong sau. Noi dung chinh cta luan van dugc trinh bay trong chuong
2, chuong 3 va chuong 4.

Chuong 2: Ddy so va tinh chinh phuong. Trong chuong nay tac gia da hé thong
mot sO vin dé néu ra vé tinh chinh phuong déi véi cdac phan tir cua diy s6, qua do ta
thdy c6 nhiing day s6 goém toan s6 chinh phuong hoidc mot s6 phan tir nao dé trong
day so la s6 chinh phuong.

Chuong 3: Ddy so va tinh chia hét. Trong chuong nay dé cap dén tinh chia hét ctia
cdc phan tr trong day s6. Trén co s& 1i thuyét s6 hoc vé tinh chia hét. Tac gia chia
noi dung chuong thanh 2 phan: phan thit nhit da dé cap t6i mot s6 bai toan vé day
sO nguyén td, qua cac bai toan ching ta phan nao thdy duogc bic tranh vé su phan
bd, khoang cach gitra hai s6 nguyén t6 lién ti€p, day so 14y vo so gia tri nguyén to...;
phan thit hai dé cap dén mot s6 bai toan vé tinh chia hét ctia cdc phan tlr trong mot

day s6 cho cung mot s6 hoac cho chinh s6 tha tu cua phan tir d6 trong day s6 hoac



gilta hai phan tit trong cing mot day so ...

Chuong 4: S6" hoc vdi cdc day ddc biét. Trong chuong nay tac gia da dé cap téi
tinh chia hét, tinh chinh phuong va mot so tinh chat s6 hoc khac véi day s6 1a cap
sO cong, cip sO nhan. Trong day Fibonacci da xét cac bai toan véi ndi dung néu nén
moi lién hé giita tinh chia hét, tinh nguyén t6 cing nhau va s6 thit tu cia cic phan

tu trong cung day sO, cing mdt so tinh chat s6 hoc khac.

Luan van dugc hoan thanh véi su huéng dan khoa hoc tan tinh, chu ddo cta

PGS. TS . PHAN HUY KHAL Téc gia xin bay to 1dong biét on sau sic t6i Thay.

Téc gia xin chan thanh cdm on cidc quy co quan da tao diéu kién gitip do vé
moi mat dé luan van hoan thanh ding han.

Tac gia xin chan thanh cdm on cédc thay gido, co gido da nhiét tinh giang day
cung cp cho chiing em ¢6 thém kién thic.

Téc gia xin bay to long biét on dén nhitng nguoi than, ban bé va cic ban dong
nghiép da tan tinh gidp dd dé to6i hoan thanh luan van nay.

Ha Noi, thang 9 nam 2006

Tac gia

Lé Van Tai



Chuong 1.

Mot sé6 kién thirc chuan bi

1.1. Day so

1.1.1. Cac khai niém co ban vé day sé

Pinh nghia 1. Day u,, la ddy cdc s6 uy, us, us, ... tudn theo mot quy ludt nao do.

- Cdc sO uy, ug, us, ... goi la phan tir ciia day.

- Day duoc goi la vo han néu chiing ¢6 vé han phdn tu.

- Day duoc goi la hitu han néu sé phdn tir cia ddy la hitu han. Phan tir u; duoc goi la s&

hang thit i cua day.

Dinh nghia 2. Day uy, us, us, .. duoc goi la:

- Day don diéu tdng néu u, 1 > u, véi moin = 1,2, ...

- Day don diéu khong gidm néu u, 1 > u, véi moin =1,2...
- Day don diéu giam néu u, | < u, voimoin =1,2, ...

- Day don diéu khong tang néu u, 1 < u, véi moin =1,2, ...

Dinh nghia 3. Day uy, us, us, ... duoc goi la:
- Bi chdn trén néu ton tai s6 K sao cho u,, < K vdi moin = 1,2, ...
- Bi chdn dudi néu ton tai s6'm sao cho u, > m voimoin =1,2, ...

- Day bi chdn la day vua bi chdn trén vita bi chdn duoi.



Pinh nghia 4. Day uy, us, us, ... dugc goi la ddy ditng néu ton tai sé nguyén duong N, sao

cho u,, = C vdi moi n > N, ¢ ddy C' la mot hang s6 nao dé (va goi la hang s6 ding).

Pinh nghia 5. Day uq, us, us, ... goi la tudn hoan néu ton tai so nguyén duong n va sé
nguyén duong k sao cho voi moi p = 1,2, ... ta co
(

Up, = Un+kp

Unp+1 = Un+1+kp

Untk—1 = Untk—1+kp-

S6'k duogc goi la chu ky cua day tudn hoan.

V6i day so ta dinh nghia cac phép toan nhu sau:

Cho hai day {u,} : uy,us,us, -+ va {v,} : v1,vs, 03, - Ta dinh nghia:

Dinh nghia 6. Phép cong hai ddy néi trén la day
{tn + vn} 1wy 4 v1, U + Vo, ug + 3, - - -
Pinh nghia 7. Phép nhdn hai day noi trén la day
{upvn} : ugvy, ugve, usvs, - - -

(chii y néu vy, # 0 vdi moi k = 1,2, - thi ta ¢6 thé néi dén thuong cuia hai day néi trén la

Up | UL U2 U3 )
Up ) v vy v '

1.1.2. Cach xac dinh moét day so

day

Dé xdc dinh mot day s6 ngudi ta o thé tién hanh theo cic cdch sau day:



a) Cho cong thic so hang téng quat .
Thi du: Day s6 {u,} xdc dinh nho cong thic u,, = 2n + 1 véi moi
n=20,1,2,--- chinh 1a day s6 tu nhién 1& 1,3,5,7, - - -
(chi y trong nhiéu trudong hop diy c6 thé bit ddu tir u, tic 1a ta xét day
Ug, Uy, Ug, -+ ).

b) Day so duoc xac dinh theo cong thiic truy hoi.
Thi du: Cho day s6 {u,},n=0,1,2,-- dugc xac dinh nhu sau:

Ug = Uy = 1
Upt1 = Up_1Upi1, VOIiMOin =1,2,3,---
¢) Day s6 dugc xac dinh theo cach miéu ta.
Thi du: Cho cdc s6 tu nhién k va n. Lap hai day s6 {u;}, {v;}(j = 1,2, ,n)
nhu sau:
Bu6cl: Chia k& cho n dugc thuong 1a u; va phan du 1a v;.
Budce thtt j : (j =2,3,---,n) xdc dinh u; va v; nhu sau:

Chia k + v;_; cho n dugc thuong 1a u; va phan du la v;.
Vi day nay ta co
k = nuy + vyq;

k 4+ vy = nug + v9;

k 4+ vy = nus + vs;

k + v,_1 = nu, + v,.

Trong c4c phuong phap dé xac dinh day, nguoi ta hay sit dung phuong phap phuong

trinh dac trung cta day. Phuong phap nay dua vao phuong phéap sai phan sau day.

So lugc vé phuong phap sai phan:

Pinh nghia 8. Cho ham s6'y = f(z). Gid sit gid tri f(x) tai cdc diém xqy,xo + h, xo +
2h, -+, xog+nh,--- (hla mot hang s6") tuong ting la: yo, Y1, Yo, "+, Yn, - - - . Khi dé ta goi

hiéu



Ay; = y; — ;1 la sai phdn cdp 1 cua ham [ voi moii = 1,2, --

AQyi = Ay, — Ay = (yz - yi—l) - (yi—l - yi—Q) = Y; — 2Yi—1 + Yi—2 la sai phdn

cdp 2 cia ham f voi moi i = 1,2, - - -
Cit nhu vay ta c¢6 thé dinh nghia sai phan cip cao hon.

e Mot s tinh chét clia sai phan:
- Sai phan moi cap déu co6 tinh chét tuyén tinh, tic 1a
AF(f £ g) = AF(f) £ A%(g)
- Sai phan cép k clia mot da thiic bac n s€ bang 0 khi k& > n; bang hang s khi
k = n (va nguoc lai néu sai phan cap k cia mot ham ma bang hang s6 thi do 1a
mot da thic bac k)

YAy =(y1—yo) + (v — 1)+ (W3 —y2) + -+ (Yn — Yn-1) = Yn — Yo
i=1

e Phuong trinh sai phan:
Cho ham s6 y = f(z).
Cac gia tri tuong tng cua ham s6 tai xq, o + h, vg + 2h, ..., 1o + nh, ... tuong tng
12 Yo, Y1, Y2, v Yn, ... MOt biéu thifc ¢6 dang

UnYnti T Un—1Yn—14i T An—2Yn—24it- -+ a1Y14+aoy; = 0 (*)

goi la phuong trinh sai phan tuyén tinh thuan nhéat cip n, trong d6 ag, ay, as, ..., a,
1a cdc hang so.
Dé giai duoc phuong trinh trén cin cho trudc n gia tri ban dau yo, vy, ..., y, 161
bang phuong phdp truy toén, ta tinh cdc gia tri cla 4, Yni1, ...
Phuong trinh sai phan (¥) c6 céac tinh chat sau day:
- N&U U7, Uity s Uitn VA Y Yhsts s Yisn 12 hai nghiém cta (*), thi téng hoac
hiéu cua ching 7; + v}, Jix1 £ Y/t 1, -+, Uign £ Y., cling 12 nghiém cua (*)
Nghiém tong quét clia (*) ¢6 dang y; = A} + ) + -+ + ¢, AL, trong d6
c1,C2,C3, ..., ¢, 12 cdc hang s6 tuy ¥ con Ay, Ao, ..., A, 12 n nghiém phéan biét cta
phuong trinh a,\" + a, 1 A""' + -+ + a; A + a9 = 0. Phuong trinh nay goi la
phuong trinh ddc trung cia (¥)
Chi y: Néu phuong trinh dic trung ¢6 nghiém boi, chiang han )\, c6 boi s, thi

Yi = 1N+ ot X+ 3PN 4 BTN e Ay e G



Ta ap dung phuong phap sai phan trinh bay & trén vao viéc xac dinh day trong
thi du sau.

Thi dul: Cho day s6 hitu han dugc xac dinh nhu sau:

u =1, u =-1; wuy=-1; wug=1; wuy=>5;

us =11; ug=19; wu; =29; wug=41; wug=55.

Hay tim cong thic cho s6 hang v6i n = 0,9. Lap bang sai phan sau day:

y=f(z)|1 -1 |-1 1 5 Iy {19 (29| |41 55
Ay -2 0 2 4 6 8 10 12 14
A%y 2 2 2 2 2 2 2 2

Ta nhan thdy sai phan cap 2 khong déi (bang 2). Vay day da cho 1a day gia tri
ctia tam thic bac hai ax? + bz + ¢, trong d6 x 1a s6 thit tu cua cac so trong day.
Pé tim a, b, ¢ ta 1an luot cho . =0, 1,2 va c6

up =yo =1 =¢

uy =1y =—-1l=a+b+c

Uy = Yo = —1 =4a+ 2b+ c.
T hé phuong trinh:
c=1

a+b+c=-—1

da+2b+c=—1

\
suyraa=1;b=—-3;c= 1.

Vay day s6 da cho tuan theo quy luat 22 — 3z + 1, tic la:

up, =n®>—3n+1,n=0,9.

Thi du 2: Day s6 {u,} dugc xac dinh nhu sau:

UQ:1

U1:2

Up = Up_1 — 2Up_o VOI N = 2,3, ...



Hay tim cong thic cho s6 hang téng quat w,.

Tu cong thic truy hoi, ta ¢6 u,, — 3u,_1 + 2u,_» = 0. Vay phuong trinh dac
trung cua day 1a: A2 —3\+2 = 0. Phuong trinh nay c6 hai nghiém \; = 1, A\, = 2,
do d6 s6 hang téng quat u,, cia ddy c6 dang:

Uy, = 1 AT + oA} hay u,, = ¢ + 2™,
Pé x4c dinh ¢, ¢, ta cé
Up=1=cy+co; u;y =2 =c; + 2¢s.

T hé phuong trinh

Cl+02:1
Cl+202:2,
suyrac; =0; co = 1.

Vay s6 hang téng quét ctia day da cho c6 dang u, = 2".

1.1.3. Mot vai day so dac biét

a) Cap so cong

Pinh nghia 9. Ddy s6 uy, us, ug, ... dugc goi la cdp s6 cong vdi cong sai d (d # 0), néu

nhu u, = U, 1+ dvoi moin = 2,3, ...

e Vai tinh chit ctia cip s6 cong:
1) u, =uy + (n—1)d, v6i moin =1,23, ...
i)
U—1 + Uk41

Up = véi moi k= 2,3, ...

iii) Cho mot cép s6 cong hitu han wuy, ug, ..., u,_1, u,. Khi do ta c6
Uy + Up = Ug + Up—1 = U3+ Up—2 = " *

Mot cach tong quat: u, + u, = Uy + Uy, V6i MOi k =2,3,...,n — 1.



e Tong cua mot cip s6 cong:

- Cho cap s0 cOng uy, us, ... vGi cOng sai d. Dat
Sp =Up U+ - F Up_1 + Uy,

Khi do ta co

g _ (ur +up)n  [2u1 + (n — 1)d]n
n - 2 - 2 .

- Vai tong dic biét:

Pat
S1=142434+---+mn;
Sy =1"+2" 43"+ +n%
Sy =1 +2°+3* 4+ ... +n’.

Khi d6 ta co

S — n(n;— 1)
n(n+1)(2n+1)

Sy = 9 )
2 1 2

S, — n (n4+ ) '

b) Cap s6 nhan.

Pinh nghia 10. Ddy uy, us, us, ... duoc goi la c¢dp sé nhdn vdi cong boi q, (¢ # 0,q # 1)

néu nhiu ta 6 w, = u,_1q voi moin = 2,3, ...

e Vai tinh chéit cua cdp s6 nhan:
i) u, =u¢" P véimoin=1,23, ...

ll) Uz = Up—1Uk+1 voi m01 k= 2, 3,

e Téng clia mot cap s nhan:
- Cho cap s6 nhan uy, uy, us, ... véi cong boi q. Pat S, = uy +uy + - - - + .

Khi d6 ta co
S = u1(q" — 1)'
qg—1

¢) Day Fibonacci.



Dinh nghia 11. Dady uq, us, ... xdc dinh nhu sau:
(
Uy = 1,u2 =1

Up = Up_1 + Up_o, VO moi n = 3,4, ...

\
duoc goi la day Fibonacci.

e Cong thiic tong quat ctia day Fibonacci:
Viét lai cong thic truy hoi duéi dang: w,, — u,_1 — u,_» = 0. Vay phuong trinh
dac trung cta day la: A> — X\ — 1 = 0. Phuong trinh nay c6 hai nghiém:

1++5 1—+/5
5 .

va )\2: 5

A=

Do d6 theo phuong phéap sai phan ta c6

1++v5\" 1—+v5\"
_Cl)\l +Cg)\2—01< 2\/_) +CQ( 2\/_) .

Bay gi0 ta xac dinh ¢y, ¢, nhu sau:

1 \/5 1—\/5

U2—1—01

1+\f f _%

5
@(””) (5 e
1+\/5)”_ 1 (1—\/5)”‘

%( 2 VAL 2
e Vai tinh chit ctia day Fibonacci:

T d6 suy ra

Uy =

Cho day Fibonacci uy, usy, - - -. Ta c6 cac tinh chat sau:

1) UL+ U3+ Us + -+ -+ Usp—1 = U2y,

1) U + Uy + ug + -+ + Uy = Ugpy1 — 13
V) U3, = ujug + gz + « -+ + Uy Usp;
V) Upi1Ungo — Uplpys = (—1)n§

Vl) u% — Up—1Upt1 = (_1)71-1—1.

10



1.2. So hoc

1.2.1. Tinh chat chia hét trong tap hop s6 nguyén

Pinh nghia 1. Vi hai sé nguyén a va b, ta néi rang a chia hét cho b (hay a la boi cia b,
hay b la udc cua a), néu ton tai s6 nguyén k sao cho a = k.b. Liic dy ky hiéu la a : b.

Truong hop nguoc lai ky hiéu la a /b va ta néi rang a khong chia hét cho b.

DPinh nghia 2. Mt 56 nguyén duong p > 1 duoc goi la s6 nguyén té néu né chi cé hai uoc

so'la 1 va p.

Cac tinh chat co ban cua tinh chia hét.

i) Néu a, b nguyén duong ma a : b, thi a > b.
ii) Néu a; : b v6i moii = 1,n thi (a; +as+---+a,) : b.

iii) V6i hai s6 nguyén khong am bét ky a va b, trong d6 b # 0, ludn ludn ton tai

duy nhat mot cap s6 nguyén ¢ va r sao cho a = bg + r trong d6 0 < r < b.

1.2.2. Udc s6 chung 16n nhat va boi so chung nho nhat

Cho a va b 1a hai s6 nguyén duong.

Pinh nghia 3. Udc s6 chung lon nhdt ciia a va b (va ky hiéu la UCLN (a,b), hay don gidn

la (a,b) ) la s6 nguyén duong I6n nhdt ma cd a va b déu chia hét cho né.

DPinh nghia 4. Boi s6 chung nho nhdt cua a va b (va ky hiéu la BCNN (a,b) hay don gidn

la [a,b] ) la s6 nguyén duong nho nhdt chia hét cho cd a va b.

Pinh nghia 5. Cho n s6 nguyén a,, as, ..., a,.

i) 86 nguyén duong d goi la UCLN cuia ay, as, ..., a, néu nhy thod mdan dong thoi hai

diéu kién sau:

11



e a;:dvdimoii=1,n.

o Néu d' la s6 nguyén duong ma a; : d', Ni=1,n thid:d, khi dé ta thuong ding ki

hiéu sau: d = (ay,as, ..., a,).

ii) S6 nguyén duong b goi la BCNN cua ay, as, ..., a, néu nhu thod mdan dong thoi hai

diéu kién:

e b:a; Yi=1,n.

o Néub' la s6 nguyén duong ma b : a;, Vi=1,nthi b :b.

Khi dé6 ta thudong dung ki hiéu sau: b = [ay, as, ..., a,].

Cac tinh chat co ban cua UCLN va BCNN :

i) Cho a va b 1a cac s6 nguyén duong, khi d6 ta cé (a,b) = (a,a + b).
ii) Cho m la mot s6 nguyén duong, khi dé ta co

(ma, mb) = m(a,b);

[ma, mb|] = mla,bl.

. » . .fab _l
iv) Neéu (a, b):d thi (d’ d) = d(a, b).

v) Hai s6 a va b dugc goi 1a nguyén t6 cung nhau néu (a,b) = 1. Cho a,b,c 1a 3 s0

nguyén duong sao cho ab i ¢. Néu (a,¢) =1, thib: c.
vi) Hai s6 nguyén lién ti€p thi nguyén t6 cung nhau.

vii) V&i moi s6 nguyén duong a, b ludn ton tai caic s6 nguyén z,y sao cho

ax + by = (a,b).

viii) Hai s6 nguyén duong a, b 1a s6 nguyén t6 cung nhau khi va chi khi ton tai cac

sO nguyén x va y sao cho ax + by = 1.

12



1.2.3. SO nguyén to

Cho n 12 s6 nguyén duong (n > 1). Khi d6 n luon ¢6 thé biéu dién mot cach

duy nhat (khong tinh dén viéc sap x€p thi tu cdc nhan tir) dudi dang sau.
n=pipy o pt

trong d6 k,a; (i = 1, k) 1a cdc sO tu nhién p; (i = 1, k) 12 cdc s6 nguyén t6 thod man
1 <p <ps<--- < p Khido dang phan tich trén goi 1a dang khai trién chinh téc
ctia s6 nguyén duong n.
DPinh li Euclid
Ton tai vo han s6 nguyén to
Pinh li co ban vé moi lién hé giira tinh chia hét va s6 nguyén to
Gia stt a,b 1a hai s6 nguyén duong con p l1a s6 nguyén t6 sao cho ab : p. Khi do ta

phai c6 hoac la a : p, hoac la b : p.

1.2.4. DPong du

DPinh nghia 6. Néu hai sé nguyén a va b chia cho sé tu nhién m (m # 0) ¢é cung s6 du thi

ta néi a dong du vai b theo modulo m va viét a = b (mod m).

Cac tinh chat co ban cua dong du
a) Hai s6 nguyén a va b dong du v6i nhau theo modulo m (m 1a s6 nguyén duong)
khi va chi khi (a —b) : m.
b) Quan hé dong du 1a mot quan hé tuong duong trén tap hop s6 nguyén Z.

c) Néu a =b (mod m) va ¢ =d (mod m) thi

a+c=b+d (modm),
a—c=b—d (modm),
ac =bd (mod m).
d) Néu p la mot sO6 nguyén té va ab =0 (mod p) thi a =0 (mod p)

hodac b =0 (mod p).

13



1.2.5. Vai dinh li co ban cua s6 hoc

DPinh li Femat nho: Néu p 1a s6 nguyén t6 va a 1a mot s6 nguyén tuy y, thi
(a? — a) = p. N6i riéng khi (a,p) =1, thi @' =1 (mod p)
Pinh li Euler: Néu m 12 s6 nguyén duong va (a,m) = 1, thi a®™ = 1 (mod m), &
day ¢(m) 1a cac s6 nguyén duong nhd hon m nguyén té cung nhau véi m (¢(m) goi
1a Phi- ham Euler).
DPinh li Wilson: p 1a s6 nguyén t6 khi va chi khi (p — 1)! + 1 chia hét cho p.
DPinh li Fermat- Euler: Néu p = 4k + 1 thi ton tai cadc s6 nguyén duong a, b sao cho
p = a® + b
Pinh li phan du Trung Hoa : Gia stt 7 va s 1a cic s6 nguyén duong nguyén t6 cing
nhau, a va b 1a hai s6 nguyén tuy y. Khi d6 ton tai mot s6 nguyén N sao cho
N =a (mod r) va N = b (mod s). Ngoai ra N dugc xac dinh mot cach duy nhat

(hiéu theo nghia modulo rs).

1.2.6. Ham phan nguyén

Pinh nghia 7. Cho z la s thuc, ta goi phan nguyén cia x (ki hiéu [x] ) la s6 nguyén lon

nhdt khéng vuot qud .

Mot so tinh chat co ban cia ham phan nguyén
i) [x] =a< 1z =a+d, trong d6 a 12 s6 nguyén va 0 < d < 1.
i) [x+y] =z, thizlasonguyén va 0 < y < 1.
iii) Néu n 1a s6 nguyén thi [n + z] = n + [x].
iv) [z +y] > [2] + [y].

n n
vi) Néu n 1a s6 tu nhién thi n[z] < [nx].

v) Néu n 1a s6 nguyén duong thi {@} - [f]

vii) VGi moi s6 tu nhién n va g (¢ # 0) thi g [ﬁ] < n.
q
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Chuong 2.
Day so va tinh chinh phuong

Trong chuong nay dé cdp toi mot s6 bai todn vé tinh chinh phuong cuia cdc
phdn tir trong mot dday sé. Noi dung chinh cua cdc bai todn nay nhu sau: Cho mot
ddy s6'véi cong thiic tong qudt cho dudi dang truy hoi, bai todn yéu cdu chiing minh
phdn tit nao dé cua ddy la sé chinh phuong hodc phdi tim sé chinh phuong trong
dady da cho. Trong cdc ddy s6 nguyén, ¢é nhiéu ddy s6’ ma tdt cd cdc phdn ti cua né
déu la so chinh phuong, nhung viéc xdc dinh sé hang tong qudt cua ddy s6 dé lai la
mot van dé rdt khé khdn. Trong viéc xdc dinh cong thitc tong qudt, nhiéu bai todn
ta phdi mo mam, du dodn cong thiic roi diung phuong phdp quy nap dé chitng minh.

Chiing ta xét mot s6 thi du sau.

Bai toan 1. Day s6 khong am {u,}, n =0, 1,2, ... thoa mén cic diéu kién sau:
) up =1

.. 1

1) Uy + Upn = §(U2m +ugn), Vm>mn; myneN.

Chitng minh moi phan tit ctia day 1a s6 chinh phuong.
Loi giai

Lay m = n = 0, thi tr tinh chat ii) cia day ta cé

1
uO+U0:§(UO+U0):>2U0:UOZ>U0:O.
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Lay m = 1,n = 0, thi tir tinh chat ii) lai cé
1
Uy + Uy = §(UQ +UO) = 2(U1 +U1) = U2 (dO Ug = O)

Vi u; = 1 nén tir d6 suy ra uy = 4. Nhu th€ ug = 02, u; = 1%, uy = 22
Ta sé& chiing minh w,, = n? bang quy nap.

Gia sir diéu khing dinh da ding dén n = k.

Lay m = k,n = 0 thi ti tinh chat ii) ta c6

1
U + U = é(u% + UQ) = Ugp = 4uy,.

Vi th€ theo gia thiét quy nap cé
Ugp = 4K>. (1)

Lay m = k,n = 1, va van theo tinh chat ii) ta c6
1
Ug41 + Up—1 = 5(“% + ug).

T d6 suy ra

1 1
Ug41 = §U2k + §U2 — Up—1 (2)

Theo (1) thi ugy, = 4k?, con theo gia thi€t quy nap thi us = 2% v, = (k — 1)% Thay

lai vao (2) ta duoc:

1 1
ukH:§4k2+§.4—(k—1)2:2k2+2—k2+2k—1:(k+1)2.

Vay diéu khang dinh ciing ding khi n = k& + 1.

Theo nguyén 1i quy nap suy ra u, = n?, Vn = 0,1,2,... Nhu vdy moi s6 hang clia

day s6 da cho déu 1a s6 chinh phuong (dpcm).

Bai toan 2. Day s0 {u,} xac dinh nhu sau:

U = liuy = —1
Uy = —Up_1 — 2Up_2; N > 3.

Chiing minh rang s6 a = 220% — 742, 1a s6 chinh phuong.
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Loi giai

Dat v, = 2" — Tu,_y thi @ = va05 = 229 — TuZyy,.

Ta sé chiing minh rang:
Vp = (2Up + Up_1)?, ¥ 0 =2,3, ... 3)

Ta chiing minh bang quy nap nhu sau:

Khi n = 2, theo cach xéc dinh thi v, =23 — 7u? =8 — 7= 1.

Mat khac (2us + uy) = (=2 +1)? = 1. Vi th€ vy = (2uy + u;)?. Cong thic (3) ding
khi n = 2. Gia st (3) da ding dén n = k (k > 2), tic la:

V. = (2U1€ + Uk_1)2.
Xét khi n = k + 1. Theo cich x4c dinh day, thi
Vg1 = ort2 _ 7uZ.

Theo cach xac dinh day {u,}, ta c

(Qupr1 +up)? = [2(—up — 2up_1) + ug)* = (—up, — dug_1)* = ui + Supup_1 + 16u; | =
= 2(4u+Aupup_+ud_ ) +H14u | —Tul = 2(2upt+ug_ )2+ 140 —Tui =
= up, + 1du} | —Tul = 202" — 7wl )+ 1dul | —Tul =282 — 7wl =
= Vk+1-

Vay: vp1 = (2upiy + up)?.

Nhu vay cong thic (3) ciing ding v6in =k + 1.

Theo nguyén Ii quy nap toan hoc thi (3) ding Vn = 2,3, ...

Tu (3) truc ti€p suy ra moi s6 hang cua day {v, } déu la s6 chinh phuong.

Tl d6 suy ra a = 229 — 742, 1a s6 chinh phuong. D6 chinh 1a (dpcm).
y 2004

Bai toan 3. Day so {u,} xac dinh nhu sau:
up =1; ug =2
U1 = Up(uy, — 1) +2; n=2,3, ...

Lap day s6 méi {s,} nhu sau:

sp=(ud +D(us+1)...(u2+1)—1, Vn=1,2,..
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Ching minh rang moi s6 hang cua day {s, } déu 1a s chinh phuong.

Loi gii
Ta sé chiing minh rang:

sk = (U1 +1)°. )

Thatvay véik=1this; = (i +1)—1=ui=1*=(2—-1)* = (uy — 1)~
Vay (4) ding khi k = 1.
Gia st (4) ding dén k = n, tic 1a s, = (u,yq — 1)°
Xétvoi k=n-+1,tacod
Sn1 = (Ui + 1) (W3 +1). (w2 + 1) (w2 +1) — 1= (s, + 1) (vl +1) — 1=
= [(nr1 =12+ 1(ug + 1) = 1= [(uf + 1) = 2ungr +1(ufy +1) — 1=
= (Unt1 +1)* = 2up i1 (Ul +1) + (Uppr +1) = 1=
= (upy + 1% = 2uppa(uf g + 1)+l =
= (u2 1 +1—up)

Theo cach xac dinh day thi
uiH +1—tupy1 = U1 (Upr1 — 1)+ 1= [upi1(tppr — 1) +2] = 1 = tpqe — 1.

Suy ra s, = (u721+1 +1 = tpy1)® = (Ungo — 1)%

Vay (4) ding khi £k =n + 1.

Theo nguyén 1i quy nap suy ra (4) ding v6i moi £ = 1,2,... Vi uy, uy nguyén nén
theo cong thic truy hoi xac dinh day suy ra u, nguyén véi moi n. Vi I€ dé ta c6 s,

nguyén véi moi k = 1,2,.... Vay moi s6 hang cta diy {s,} déu la s6 chinh phuong.

Trong cdc bai todn vé tinh chinh phuong cua cdc phdn tit trong ddy so, viéc xdc
dinh duoc cong thitc s6" hang tong qudt cua ddy s6 duoc cho bdi cong thiic truy hoi
gilip ta gidi quyét dugc bai todn dd cho. Trong mot s6 truong hop ta cé thé sit dung

phuong phdp sai phdn dé tim s6" hang tong qudt.
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Bai toan 4. Day s6 {u,} dugc xac dinh nhu sau:

Uy = 3,U1 =17
Uy = 6Up_1 — Up_9; N =2,3,...

N

2
) . . —1
Chitng minh rang v6i moi n =0,1,2,... thi v, = Un

la s6 chinh phuong.

Loi giai
Xét phuong trinh dac trung:

22 —6x+1=0.

Phuong trinh nay c6 hai nghiém z; = 3 + /8 va 2, = 3 — /8. Vi th€ s6 hang téng

quat u,, c6 dang:

u, = a(3 +V8)" +b(3 — V8)".
T ug = 3, u; = 17 suy ra hé phuong trinh sau dé xdc dinh a, b

a(3+8)" +b(3 —+/8)" =3
(34+ V) +b(3— V8 =17

=
a+b=3
a(3+V8) +b(3—8) =17
=
a:%(3+\/§)
b:%(S—\/g).
Vi vay:
un:%K3+v@W“+w3—v@W“]

Do d6 ta co

Uy = %(ui —-1)= % : %{[(3+\/§)”+1 +(3— \/g)n+1}2 —4} =
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I[BB8 VBT
=3 5 :
Ap dung cong thitc nhi thitc Newton ta c6 (34 /8)"t! = M + Nv/2, 3 day M, N 1a

cac sO nguyén duong.

Tur d6 suy ra %(ui — 1) = N* (dpcm).

Bai toan 5. Cho day s6 {a,} duoc xac dinh nhu sau:

apg = 1,@1 =2
Qpyo = 4Gy — an, Yn e N.

Tim tét ca céc gid tri cia n dé a, — 1 1a s6 chinh phuong.

Loi giai
Xét phuong trinh dac trung: t* = 4t — 1.
Phuong trinh ndy c6 hai nghiém ¢, = 2+ /3, t, = 2 — /3. Vi th€ s6 hang a,, clia day
c6 dang:

an = a2+ V3)" + 52— V3)" (o, €R).

Tt ag = 1,a; = 2 suy ra hé phuong trinh sau dé xac dinh o, 3:

a+ =1

2(a+B) +V3(a—p) =2

cazp=l
Vi vay
an = 5124 V3" + (2 - V)]
Do
(2+V3) = %(x/§+ 1)’ = (\/g\/_g b2,
(2-3) zéwﬁ—l)?: <“§¢;1)2.
Nen suy ra

(V3+1)r—(vV3-1)]
(V2

(5 (5
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Dé a,, — 1 12 s6 chinh phuong thi

(V341" — (E-1)"

A, = (\/5)”4'1

€ Z.

Ta lan luot xét cac truong hop sau:
Neun=0= A, =0¢cZ.
Neun=1= A, =1¢c7Z.

Néu n = 2k, k € N*, xét:

(VB+1) = (VB-1' _ @+ vBE -V

(V2 V2

Ta c6 2 ++/3; 2 — /3 1a cdc nghiém clia phuong trinh dic trung t? = 4t — 1 nén {b;}

thoa:

bpt2 = 4bpy1 — by,

ma b, = 6 = b, € Q,Vk € N*. Tix d6 suy ra a,, — 1 khong phai 12 s6 chinh phuong
véi n = 2k, k € N*,
Néun =2k + 1,k € N*.,

Ta co ,
(V3+D)"—(V3-1" _ VB+1I(V3+1)"—(3-1)"| _
(V2)r+! 2 (vV2)mt
VL4 VB - 2 VB,
Df}.t: Ci = \/§2+ ! [(2+\/§)k—(2—\/§)k], k € N* thi dﬁ_y {Ck} thoa man Cky2 = 4Ck+1—01€.

Mac =5=c¢, €7,V keN*
Vay v6i n = 2k + 1,k € N thi a,, — 1 14 s6 chinh phuong.

Trong nhiéu bai todn vé so chinh phuong trong ddy so chiing ta khong sur dung
ditgc phuong phdp sai phdn dé xdc dinh s6 hang tong qudt cua ddy sé. Chiing ta cé
thé sit dung phuong phdp ddt dn phu, cu thé ta bién doi cong thiic truy hoi ciia ddy
s0 da cho, tim cdch ddt dn phu moét cdch thich hop dé dua ddy so da cho thanh day
50 la cdp so cong hodc cdp s6 nhdn hodc thanh mot day sé” don gidn hon dé khdo

sdt ddy s6 da cho.
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Bai toan 6. Cho day s6 xac dinh nhu sau:

Uy = 1,UQ =3
Upto = 2Upy1 — Uy +1, n=1,23, ..

Ching minh rang, Vn nguyén duong, s6 A, = 4u,u,- + 1 12 s6 chinh phuong.

Loi giai
Tu cong thic truy hoi u, 9 = 2y 11— U, +1ta SUy 12 Uy o —Upy1 = Uy —Up+1.
bat w2 — upi1 = vy Ta duoc v, 15 = v, + 1 12 MmOt clp sO cong véi cong boi
d=1.
Ta co up = (up —tn—1) + (Un-1—Up—2) + -+ (ug —u1) +ug = Oy +Vp_1 4+ Vo +up.

Do d6 theo tinh chét ctia cip s6 cong ta co

" — [2v9 + (n — 2)d](n — 1) 1= 2.2+ (n—2).1](n—1) 1o n(n + 1)‘
2 2 2
1 .
Vay u, = R(RTH vGin =12 .. Tidétacé

n(n+1) (n+2)(n+3)
2
Diéu do ching to rang A, 1a s6 chinh phuong v6i moi n nguyén duong (dpecm).

A, =4 +l=nmn+1Dn+2)n+3)+1=n*+3n+1)>

Bai toan 7. Day s6 nguyén {u,} c6 tinh chat sau:
Unto + Upn1 = 2(Ups1 +uy), Yn=1,2 ..

Ching minh rang ton tai s6 nguyén M khong phu thudc vao n sao cho véi moi

n=1,2,...,86 M + 4u,u,,, 1a s6 chinh phuong.

Loi giai
T diéu kién da cho wu, o + wn_1 = 2(tni1 + u,) €6 thé viet lai dudi dang dudi day:
Upt+2 = Upt1 — Up = Upt1 — Up — Up—1 + 2Up,.

bat v, =uy0 —upi1 —u,, n=12.Tacodv,=v,1+2u,,Vn=2,3,..

Tit d6 Vn = 2,3, ..., thi
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vE = (V1 + 2uy)? =02 | 4+ A, quy, + AU =02+ AUy — Up — Up1) Uy + AU =

2
= U5+ AUty — AUp Uy,

Nhu vay Vn = 2,3, ..., thi

2 2
v, — Ay 1ty = U, — dUp Uy,

Dang thitc ching t6 ring dai lugng v? — 4u,_,u, 1a hing s6 khong phu thuoc n.

Goi M 1a hang s6 dé, tic 1a

2
M = v, — duptpi.

Khi d6 r6 rang M + 4u,u,; 1a s6 chinh phuong véi Vn = 1,2, ...(dpcm).

Bai toan 8. Cho day s6 {u,} xac dinh nhu sau:
Uy = 1, Uy = 3
Upt1 = (N +2u, — (n+ Dup—1, n=2,3,...

Tim tét ca cdc gid tri cia n dé€ w, 1a s6 chinh phuong.

Loi giai

Vi moéi n > 2, ta dat

Uy = Up — Up_1.
Khi d6 néu n > 3 thi

Up_1 = Up_1 — Up_2.
Theo cach xac dinh day s6 {u,}, thi Vn > 3, ta c6
Uy = (M4 Dtp_1 — N2 Uy — Uy = N(Up_1 — Up_2).
Tl do ta c6
Uy = NU,_1.

Vivo=u—u1 =3-1=2=0v3=303,=32=6=3.
Nén bang quy nap suy ra v, = n!, V n > 2.
Véi moin > 2taco

Up, = (U —Up_1)+ U1+ Up o)+ -+ (ug—uy)+us = v+ 0, 1 +v, o+

=nl4+ -1+ +24+1=> Kk, Vn=12.
k=1
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Suy ra

wy =1 4+204+30+41+ ) "kl VE>5.
k=5

Vivn >5thi k! =1.2.3.4.5...k nén k! : 10.
Do vay

ik!sm, Y k> 5.

k=5
Taco 1!+ 2! +3 44! =142+ 6+ 24 =33=3 (mod 10).

Vay ta ¢6 u, =3 (mod 10), ¥V n > 5.

Vi s6 chinh phuong chi c6 thé tan ciing bang 0,1,4,5,6,9. Nén u, khong thé 1a s
chinh phuong véi n > 5.

Ta c6

u =1=1=12

up = 1!+ 2! = 1 + 2 = 3 khong phai 1a s6 chinh phuong.
uz=1+2143=1+2+6=9=3%

ug =11 +21+ 3 +4! =1+ 2+ 6 + 24 = 33 khong phai la s6 chinh phuong.

Tém lai: Trong day s6 {u, } n6i trén, chi cé hai s6 hang u; va usz la s6 chinh phuong.

Véi nhitng ddy sé" dugc cho dudi dang sé hang tong qudt thi viéc cdn lam la phdi
bién doi so6"hang tong qudt theo noi dung yéu cdu cua bai todn ddt ra va chiing minh

chiing la cdc s6 nguyén. Ta xét bai todn sau.

Bai toan 9. Day so {u,} xac dinh nhu sau:

Up = (3+\/5)n+(3_\/5)n—2, n=12,..

2 2

Ching minh rang moi s6 hang 1€ cuia day 1a s6 chinh phuong.

Loi giai

o = (“2“5)7} (3—2¢5)”_2: [(\/E;l)n_ (ﬁQ_l)nr

Ta co
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vy = (\/52+1)n_ (\/52_1)”, n=1,2..

R6 rang v, > 0 v6i moin = 1,2, ... va ta co

o (\/5+1)”+2_ (\/5—1)”+2 )

2 2

B (5 55)-

VE4+1\" VE—1\"| V5+1+5-1
T (5) suy ra
eN néu n 12 so 1é
v, = (6)

mvV5,m € Z néu n l1a so chan.
That vay, ta ¢é v; = 1, v, = /5, vay khang dinh da ding v6i n = 1, 2.
Gia sir khang dinh da ding dén n = 2k, khi d6 theo (5) ta c6

Va1 = VBUap — Vg1 = Hm — v € Z.

(Vi theo gia thi€t quy nap thi vy, = mv/5 v6i m € Z, va vy € 7).

Ta lai c6 vyp12 = \/gvzkﬂ — U2k

DO voi1 € Z, vor = VB VSi m € Z nén vayyo = V/5h Vi h € Z. Nhu vay diéu khang
dinh cling dang v6i n = 2k + 1, 2k + 2. Theo nguyén 1i quy nap suy ra (6) diang Vn.
Ti (6) suy ra néu n 1€ thi do v, € Z, nén u,, = m? 1a s6 chinh phuong.

Nhu vay moi s6 hang 1é ctia day {u,} déu 1a s6 chinh phuong (dpcm).

Bai toan 10. Day s6 {u,} duoc xac dinh nhu sau:
Uy, =28 +210 42" n=1,2, ...

Tim tat ca cac s6 hang cta day ma la s6 chinh phuong.

Loi giai
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Gia sur s6 hang u;, cua diy 1a s6 chinh phuong, diéu d6 c¢6 nghia la:
B 4oty ok — 42 aeZ.

Twr d6 suy ra
2F = a% — (28 4+ 2M) = a® — (256 + 2048) =

=a® —2304 = a® — 48° = (a + 48)(a — 48). (7
Tw (7) suy ra
a+ 48 =27
a— 48 = 29,

trong do6 p, ¢ 1a cac s6 tu nhién, v6i p+q = k,p > q.
T d6 ta c6 2P — 27 = 96 hay 29(2P~7— 1) =23=¢g=5va2r91-1=3

=>p—q=2=p=T7T=k=5+7=12.

Thr lai ta c6

28 + ol 4+ 212 — 6400 = 80°.

Vay s6 hang u;, 1a s6 hang duy nhét ctia day da cho 1a s6 chinh phuong.

Trong bai todn sau, trong cdch gidi da bién doi khéo léo diéu kién da cho dé dan
dén mot phuong trinh bdc hai cé nghiém nguyén ma biét s6' A chinh la biéu thiic cdn

chitng minh la so chinh phuong.

Bai toan 11. Cho day s6 nguyén duong {u,} xac dinh nhu sau:

Uy = 1,U2:45

Upto = 4DUpi1 — Tup; n=0,1,2...
Ching minh rang v6i moi n = 0,1,2, ... thi
A, = 1997u2 + 4.7

1a s6 chinh phuong.
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Loi gii
Ta s& chiing minh rang v6i moi n =0, 1,2, ...

2 _ Pn+l
Uy g = Uplpgo = 77,

Néu n = 0, thi

UZL | — Uplngo = Uf — Ugug = 45% — (45uy — Tug) = 45% — (45° —7) =7 =701,

Vay (8) ding khi n = 0.

Néu n =1 thi

U2 — Uplpio = U3 — ugug = (45uy — Tug)? — 45(45us — Tuy) =
= (45uy — 7)% — 45[45(45uy — Tug) — Tuy| =
= 4522 — 45.14u; + 7% — 45(45%u; — 7.45 — Tuy) =
= 45 + 7% — 14.45% — 45" + 14.45% = 7% = 71,

Vay (8) ding khi n = 1.

Gia st (8) dung dén £ tic la:

2 _ k1
Upyq — UpUpyo = 77,

Xétkhin =k-+ 1. Taco

2 2 2 2
Up g — Ups1Ukt3 = Ujyo — Ukt (4DUpso — TUkt1) = Uppo — 4DUK 1 U2 + TUp .

Ap dung gia thiét quy nap (9), ta c6

Uppo = Ui UWkts = Upyp — 4DUpirUig2 + T(T + upuyyn) =
= TF2 — 45w Upgs + TURUE2 + Ui+2 =

= 7" 4+ uppo (upgo — 45Upqr + Tuy, =

Do o = 45upy1 — Tuy, NEN SUY TA U} 5 — Uyt Upr3 = 7hF2,

(8)

)

Vay (8) cling ding khi n = k£ + 1. Theo nguyén li quy nap todn hoc thi (8) ding véi

moin=0,1,2,...

Tix (8) va ap dung cong thic truy hoi xac dinh day, ta c6

u31+1 — Uy, (45Up g — Tuy) — 7" =0 = UZH — 45Uy + Tu — T = 0.

Dang thitc d6 ching td rang phuong trinh bac hai

2® — 4bu, + Tul — 7" =0,
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c6 ngiém nguyén u, 1. Vi I€ do6 biét thiic
A = 45%u2 — 4.7u? + 4.7 = 1997u2 + 4.7"1 = A, phai 1a s6 chinh phuong.
Vay A, 1a s6 chinh phuong v6i moi n =0, 1,2, ... (dpcm).

Vdn dung phuong phdp phdn chitng cung nhiing suy ludn logic ciing la nhiing cong
cu ddc luc trong viéc gidi cdc bai todn vé tinh chinh phuong trong day so. Ta xét bai

todn sau.

Bai toan 12. Cho day s6 {p,}, trong d6 p; < ps < p3 < --- la day tit ca cac so
nguyén t6. Chitng minh rang gitta hai s6 py +ps + -+ -+ pp VA Py +pa + - -+ Pi + Prst

luon tim dugc mot s6 binh phuong ding.

Loi giai
Ta chitng minh mot diéu khang dinh tdng quét hon:
Ménh dé: Gia st py, pa, ps, - - - 12 ddy s6 nguyén t6 sao cho p; = 2, p, > 3,
Prs1—DPn > 2,Yn = 2,3, ... Khi d6 trong s6 cac sO tu nhién gitta s6 s,, = p1+pa+- - -+pp
VA Spy1 = p1+po+ -+ Pp + Pugr lu6n tim duge mot s6 binh phuong ding.
Ching minh ménh dé:
Gia thiét phan chiing ton tai mot s tu nhién n sao cho gitta hai s0 s, va s, ; khong

c6 s6 binh phuong ding nao, tic 1a ton tai s6 tu nhién k£ sao cho:
E* < sp < Spp1 < (K4 1) (10)
Suy ra
Prit =Sl — S < (B+1)? =k =2k +1=p, < Ppy1 — 2 < 2k — 1.
Qua trinh ay ci tiép tuc va ta co

Pn-1 < 2k — 3a

Pn—2 < 2k —5;
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pr=2<x—2

Chi ¢6 hai kha nang xay ra véGi sO x:
i) Néu z = 3, thi do p, > 3 = p, = 3 va tir d6 suy ra tat ca cdc bat dang thic trén déu

trd thanh dang thitc (p,41 = 2k + 1, ppq = 2k — 3, ..., po = 3). Tt d6 suy ra
Spp1=2+pa+ A+ Pua >1+3+5+ -+ (2k+1)=(k+1)% (11)

RO rang (11) mau thuin véi vé€ trai cua (10)

iil) Néux > 5thidox —2> 3tasuyra
Sn=2+pa+  +p, <14+3+5+ -+ (2k—1) =k

R6 rang diéu nay mau thuan véi vé trdi caa (10).
T6m lai trong moi kha nang ta luon di dé€n mau thuan, vay gia thi€t ching minh

1a sai, suy ra ménh dé duoc chiing minh va bai todn da duoc giai.
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Chuong 3.

Day so va tinh chia hét

3.1. Day so va so nguyén to

S6" nguyén to' la la so tw nhién lon hon 1 khong cé udc nao khdc ngoadi 1 va
chinh né. Dinh li Euclide da chi ra tdp hop cdc s6 nguyén té'la vo han. Néu chiing ta
ddnh s6 cdc s6 nguyén té theo thit tu tdng dan p, = 2,ps = 3,p3 = 5, ....pp < Ppii, ...thi
cho dén nay nguoi ta ciing chua tim dugc mot biéu thiic tong qudt nao cho s6 nguyén
10 p,, thit n theo chi s6 n cua né, néu xét khodng cdch giita hai s6 nguyén to'lién tiép,
tiic la xét hiéu d,, = p,1 — pn. Ta thdy ngay rang p; = 2 va py = 3 la cdp s6 nguyén
10’ lién tiép co khodng cdch dy = 1 con lai voin > 1 thi d, > 2, voin > 1 thi d, la
mot s6 chdn vi moi cdp s6 nguyén t6 lién tiép déu la 2 so6'lé. Néu d,, = 2 thi ta ndi
Pn VA Ppy1 la cdp s6 nguyén t6 sinh doi. Cé bao nhiéu cdp s6 nguyén té sinh doi la

mot vdn dé cho dén nay chua duogc gidi quyét, voi d,, > 2 ta c¢é bai todn sau.
Bai toan 1. Tim 9 s6 nguyén t6 nho hon 2002 1ap thanh mot cap s6 cong.

Loi giai
1) Trudc hét ta chitng minh bo dé sau:
Bo6 dé. Néu ba s6 nguyén t6 16n hon 3 1ap thanh mot cp s6 cong thi cong sai d
chia hét cho 6.

Chitng minh bé dé. R rang moi s6 nguyén t6 16n hon 3 déu c6 dang 6n + 1
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hoac 6n + 5.

Vi ba s6 nguyén t6 16n hon 3 lap thanh cdp s6 cong, nén theo nguyén 1i Dirichlet
phai c6 it nhit hai s6 cung dang tic 1a hiéu so ctia hai s6 d6 chia hét cho 6. Goi d 1a
cong sai cua cap sO cong, thi hiéu clia hai s6 hoac 1a d hoac 1a 2d. Nhu th€ hoac 1a
d : 6 hodac 1a 2d : 6 vi cong sai d la hiéu cua hai s6 nguyén t6 16n hon 3 nén né la s
chan. Vid:3 vad:2nénd: 6. D6 chinh la (dpcm).

2) Gia su ta c6 9 s6 nguyén to 1ap thanh mot cap s6 cong vGi cong sai d. RO rang
trong 9 s6 d6 bao gid cling ton tai 3 s6 nguyén t6 16n hon 3 1ap thanh mot cip so
cong. Theo bd dé ta phai cé d : 6.

Ta s€ ching minh 4 : 5. That vay goi s6 hang dau tién cua cép s6 cong 1a a;.
Xét 5 s0 sau day:
a1 +4d,a; 4+ 5d, a1 + 6d, a; + 7d, a; + 8d.

Néu d /5 thi (d,5) = 1 nén a; + id,i = 4,5,6,7,8 1a h¢ thang du ddy di (mod 5).
Vay trong 5 s6 d6 phai ¢6 mot s6 chia hét cho 5. Diéu nay vo 1i vi 5 s6 d6 déu 1a s
nguyén té 16n hon 5.
Bang 1ap luan hoan toan tuwong tu, thi d : 7. Do 5, 6, 7 nguyén t& cling nhau.
Vay d : 210 = d = 210k, v6i k la nguyén duong.
Ta cb ag = a1 + 8d < 2002 = d < 250, ma d = 210k = d = 210.
Do d =210 = a; < 322.

- Néu a; = 11, thi ay = 11 + d = 221 = ay : 13. Vay loai truong hop nay.

- Néu a; = 13, thi a4 = 13 + 3d = 1272 = a4 : 19. Vay loai truong hop nay.
Goi 71, 713 tuong tng 1a s6 du cua aq, khi chia cho 11 va 13. Theo cong thic cua cip
sO cong, ta co
apn=a1+n—1d=a;+(n—-1)210=a; + (n —1)(11.19+ 1) = k.11 + 71 + (n — 1),
k nguyén duong.
Dol<n—1<8nénmn, &{3,4,5,.., 10}
That vay, néu 711 = s v6i 3 < s < 10), thi ajo_, ¢ 11, v6i chd ¥ rang 3 < s < 10
= 2 < 12 — s < 9 vi th€ 7y; chi ¢6 thé 1a 1 hodc 2. Mat khdc, ta lai c6 biéu dién:
a,=a+n—1)d=a;+(n—-1)210=a;+ (n—1)(13.16 +2) = m.11+ 13+ 2(n — 1),

m nguyén duong.
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Dol<n—-1<8=2<2(n—-1)<16nén:
Ti3 & {1,3,5,7,9,10,11,12}.

(Chitng minh tuong tu nhu trén), vi thé 75 chi c6 thé 1a 2,4,6,8.

Vay a; phai 1a s6 nguyén t6 nho hon 322 va khi chia cho 11 chi c6 thé du 1 hoic 2
va khi chia cho 13 chi c6 thé du 2,4,6,8. Bing phép thir truc tiép ta thdy a, chi c6 thé
la 67,199, 277.

Néu a; = 67 thi ay = 697 : 17. Vay a; = 67 bi loai.

Néu a; = 277 thi a3 = 697 : 17. Vay a; = 277 bi loai.

Néu a; = 199 bang phép thir truc tiép ta thu dugc diy so sau:

199, 409, 619, 829, 1039, 1249, 1459, 1669, 1879.

9 56 4y 1a 9 s6 nguyén t6 va lap thanh cép s6 cong. D6 1a nghiém duy nhat can tim

cua bai todn.

Bai toan 2. Biét rang 10 sO nguyén t6 sau day lap thanh cép s6 cong vGi cong sai
d = 210:
=199, 409, 619, 829, 1039, 1249, 1459, 1669, 1879, 2089.

Ching minh rdng khong ton tai mot cap s6 cong gébm 11 s6 nguyén t6 véi cong sai

dthoaman: 1 < d < 2310.

Loi giai
Gia st phan chiing ton tai cap s6 cong gom 11 s6 nguyén t6 z; = a+id (i = 0,1, ..., 10)
vGi cong sai d thoa man 1 < d < 2310.
Ta nhan xét rang néu p 1a s6 nguyén t6 va (d, p) = 1 thi day s6 {a +id}(i = 0,1,...,p)
la hé thang du day di (mod p) do d6 phai c6 mot s6 chia hét cho p. Tir nhan xét dé

ta co d : 5. That vay goi s6 hang dau tién cta cap s6 cong la a. Xét 5 s6 sau day:
a+6d,a+7d,a+ 8d,a+ 9d, a + 10d.

Néu d /5 thi (d,5) = 1nén a+id,i = 0,1,2,3,4 1a hé¢ thang du day da (mod 5).

Vay trong 5 s6 d6 phai ¢6 mot s6 chia hét cho 5 diéu nay vo 1i vi 5 s6 d6 déu 1a s6
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nguyén té 16n hon 5.
Bang 1ap luan hoan toan tuong tu, thi d :2,3,7 = d : 2.3.5.7 = 210.
Néu d: 11 thi d:2.3.5.7.11 = 2310. Vay d > 2310. Trai véi gia thi€t. Vay (d,11) = 1.
Theo nhan xét trén trong day s6 nguyén t6 {x;} (: = 0,1,...,10) phai c6 mot s6 chia
hét cho 11. Suy ra s6 d6 1a 11.
Vay z; = 11 +id (i = 0,1, ..., 10) v6i d = 210k (k = 1,2, ..., 10).
Tuy nhién, vé6i
d=210= x; =11+ 210 = 221 = 13.17;
d =420 = x5 = 11 + 2.420 = 851 = 23.37;
d =630 = x5 =114 2.630 = 1271 = 31.41;
d =840 = x; = 11 4+ 840 = 851 = 23.37;
d =1050 = x3 = 11 + 3.1050 = 3161 = 109.29;
d=1260 = xy = 11 + 1260 = 1271 = 31.41;
d=1470 = x5 = 11 + 2.1470 = 2951 = 227.13;
d=1680 = x; = 11 + 1680 = 1691 = 89.19;
d=1890 = x5 = 11 + 2.1890 = 3791 = 223.17;
d=2100 = x4 = 11 +4.2100 = 8411 = 13.647.
Vay day s6 {a+id} (i =0,1,2,...,10) khong phai la gom toan cac s6 nguyén t6. Vay

gia thi€t phan ching 1a sai va d6 1a (dpcm).

Bai toan 3. Hoi c6 ton tai hay khong mot day vo han cac s6 nguyén to pi, po, ps, ...
thoa man dong thoi hé diéu kién sau:

1) Pri1 > e, VE > 1,

1) | pry1 — 2pk |= 1, Vk > 1.

Loi giai
Gia thiét ton tai day vo han cdc s6 nguyén t6 pi, po, ps, ... thoa man cac yéu cau dé
bai.
Do day 1a vo han nén khong giam tinh téng quat cé thé cho 1a p; > 3. Xét s6 hang

petuy y (k> 1).
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Néu pp = —1 (mod 3) thi py,1 = 2p; + 1. That vay, vi | pri1 — pr |= 1 nén:
a) Hodc 12 pyy1 — 2px = 1 = pra1 = 2pi + 1 va diéu nhan xét 1a ding.
b) Hoac 1a ppy1 — 2pp = —1 = pry1 = 2pp — 1.
Do pp = —1 (mod 3) = 2p, — 1 =0 (mod 3) = pry 3. Diéu nay mau thuan vi p, 4
la s6 nguyén td 16n hon 3. Vi thé truong hop b) khong say ra.
Nhu thé ta chi ra rang néu p, = —1 (mod 3) thi p,, = 2p;. + 1.
Hoan toan tuong tu, ta cé néu p, = 1 (mod 3) thi pyy = 2pp — 1.
T d6 suy ra
1) Néu p; = —1 (mod 3) thi pp1 = 2py, + 1,Vk > 1.
That vay, néu p; = —1 (mod 3), theo trén ta c6 p; = 2p; + 1. Do p; = —1 (mod 3)
nén 2p + 1= —1 (mod 3), tic 1a p, = —1 (mod 3).
T d6 bang quy nap suy ra py,; = —1 (mod 3), tic la p, = —1 (mod 3) va tir d6 ciing
bang quy nap suy ra pyy = 2p + 1, Vk > 1.
Bing quy nap ta co

pre=2""p+ (2" =)= p=(2""—1) (mod py),Vk > L.

Do p; > 3, nén v6i k = p; ta c6 p,, = (2771 — 1) (mod py).

Do p; 1a s6 nguyén t6 nén theo dinh 1i Fermat nho ta c6 2771 — 1 1 p,.

Tur d6 di dén p,, : p;. Diéu nay mau thuan véi tinh nguyén tg cua p,,.
2) Néu p; =1 (mod 3), thi py 1 = 2p, — 1,VEk > 1.

(chiing minh tuong tu nhu phan 1).

Bing quy nap ta ¢6
pr=2""p — (2" =) Vk>1=p,=—(2""—1) (modp), Vk > 1.
Do p; > 3, nén véi k = p; thi
Pp =—(2"7" = 1) (mod py).

Theo dinh 1i Fermat nho suy ra p,, : p;. Di€u nay mau thuan véi p, 1a s6 nguyén to6.
Vay gia thiét ton tai ddy vo han cac s6 nguyén to py, py, p3, ... thod man cac yéu cau

cta dé bai 1a sai. Nhu vay cau tra 16i & day la: Khong.
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Nhu vdy la cé cdp s6 nguyén td'rdt gan nhau (py va py) va c¢é nhiing cdp sé nguyén
t0'lién tiép c6 khodng cdch bang 2, song ta ciing chitng minh duoc rang véi moi so' tu
nhién m 16n hon 1 tuy y cho trudc dt ¢é nhiing cdp sé nguyén té'lién tiép cé khodng

cdach lon hon m. Ta xét bai todn sau:

Bai toan 4. Cho day so tu nhién vo han 1,2,3, ..., va k& 1a mdt so tu nhién cho trudc.
Hoi ¢6 thé trich ra tir ddy trén mot ddy con gém k so hang, sao cho ching 1a k so tu

nhién lién ti€p va moi s6 cua day con déu khong phai 1a s6 nguyén t6 duoc khong ?

Loi giai

Xét k s6 sau day:
(k+D)!+2;(k+ 1)+ 3 (k+ 1) +4; .5 (k+ D+ (B+1).

D6 1a k s6 tu nhién lién tiép.

Mat khac, néu 1dy m tuy y sao cho 2 < m < k + 1, thi ta c6
k+D)!+m=12..mm+1)..(k+1)+m

=m[l.2...(m—1)(m+1)..(k+1)+1].
Tu d6 suy ra (k+ 1)! +m : m = (k+ 1)! +m khong phai la s6 nguyén t6. Vay doé la

ddy con cAn tim. V&i bai todn trén ta c6 cau tra 16i khing dinh.

Nguoi ta ddt vdn dé xem xét ¢é hay khong mot ddy so ldy vo so gid tri nguyén t6?
D61 vai nhi thitc bdc nhdt ta ¢6 dinh li: "V di hai s tw nhién a,b nguyén té cung nhau,
nhi thitc bdc nhdt ax + b ldy v6 so gid tri nguyén t6"". Pinh li nay dugc nha todn hoc
Dirichlet nguoi Piic chitng minh nam 1937. Nguoi ta ciing chitng minh duoc rdang
VvOi a xdc dinh va b < a thi cdc s6 nguyén té dang an + b la vé han. Chdng han a = 4
ta c6 vo s6 s6 nguyén té dang 4n + 1 va vo s s6 nguyén t6 dang 4n + 3. Ta xét bai

todn sau:

Bai toan 5. Cho day s6 {u,} dugc xac dinh nhu sau:

U, =4n+3, n=1,2, ...

35



Ching minh rang trong day s6 trén c6 vo sO s6 hang cta day 1a s6 nguyén to.

Loi giai
Tru6c hét ta xét bo dé sau day.
Bo dé. Moi s6 nguyén duong n c6 dang 4k + 3,k € N, déu c6 it nhit mot udc s6
nguyén t6 ciing ¢6 dang 4p + 3,p € N.
Chitng minh: Chi c6 hai kha nang say ra:
1)Né&u n = 4k + 3 12 mot s6 nguyén td, thi bé dé hién nhién diing.
ii)Néu 7 1a hop s6. Khi d6 n = a.b v6i a,b € Nval < a,b < n. Do n lalé nén a,b
déu 1€, suy ra a va b c6 dang 4p + 1 hoac 4p + 3.

Néu ca hai s6 a va b déu ¢ dang 4p + 1 thi n c6 dang:
n=A4p+1)(4g+1)=4l+11leN

Diéu nay trdi v6i gia thiét vi n ¢6 dang 4k + 3.

Gia stt a c6 dang 4p + 3.

- Néu a 1a s6 nguyén t6: Bo dé dugc chitng minh.

- Néu a 1a hop s0, lai ti€p tuc 1ap luan nhu trén a phai cé ude s6 c¢6 dang 4p + 3.

Do qua trinh phan tich 1a hitu han, vi thé€ s6 nguyén duong n phai cé it nhat mot ude
s6 nguyén t6 c6 dang 4p + 3. Bo dé duoc chitng minh.

Bay gio tro lai bai toan da cho.

Lay s6 nguyén duong m > 4 va xét s0 sau:
n=m!—1=(234..m)— 1.
Tur d6 suy ra n c6 dang:

n=4(235.m—1)+3 =4k + 3.
N —
k

Vi n ¢6 dang 4k + 3, vay theo b6 dé n c6 it nhdt mot uc s6 nguyén t6 p ma p c6
dang p = 4s + 3.

T dang n = 2.3.4...m — 1 suy ra n khong chia hét cho cac s6 2,3, ..., m,
man:p=p>nm.

Dé ching minh trong day {u,} c6 vo han s6 nguyén t6 ta dua vao két qua trén va
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lam nhu sau:

Chon m; = 4. Khi d6 theo trén ta c6 s6 nguyén té p; > my (tdc p; > 4) ma p; cd
dang 4k, + 3.

LAy my = p1, (mg > 4). Theo két qua trén ta cé sO nguyén td p,,

( p2 > ma, tlc 1a p; > p;) ma p, c6 dang 4k, + 3.

Va qua trinh 4y ci ti€p dién mai. Nhu thé ta ¢6 day s6 nguyén t0 p; < py < p3 < ...,
trong d6 p; = 4k; + 3, k; € N. Diéu d6 c6 nghia 1a day vo han cic s6 nguyén t6 {p;}
la day con cua day {4k + 3}(dpcm).

Vé vdn dé s6 nguyén td, nam 1742 Goldbach va Ole dd néu ra gid thiét sau day:
"M&i mét s6 chdn lon hon 2 déu biéu dién duoc dudi dang tong cuia hai so nguyén
10"

Hon 260 ndm da tréi qua nhung dén nay gid thiét dé van chua duoc chitng minh
hoan chinh. Bdy gio' chiing ta xét bai todn vé su phdn tich mot so’ tu nhién thanh tong

cua hai s6 nguyén té

Bai toan 6. Tim day s6 tu nhién lién ti€p nhiéu s6 hang nhat sao cho méi s6 hang

trong day 1a tong ctia hai s6 nguyén to.

Loi giai
Vi mbi s6 hang cuia day 1a tong clia hai s6 nguyén t6, nén méi so 1é trong diy 12 tong
cta 2 va mdt sO nguyén to 1¢.

Gia st day céc s0 1¢ trong day s6 tu nhién lién ti€p nay la:

Khi d6 p,p + 2,p + 4, ... cling la nhitng s6 nguyén t6 1¢ lién ti€p. Vay trong 3 s6 do
phai c6 mot s6 chia hét cho 3. Tudosuyrap =3 suyrap+2=>5;p+4="7;p+6 = 0.

Vay day so 1é trong ddy s6 tu nhién nay chi cé nhiéu nhat 3 s6 hang

Mt khéc ta lai c6
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4=2+426=3+310=3+T.

Tir d6 ta thdy day s6 trén c6 nhiéu s6 hang hon diy s6 thoa man dé bai ma day so 1é
chi gbn c6 3 s6 1€ lién ti€p. Vay day s6 tu nhién cé nhiéu s6 hang nhét thoa man dé

bai la day sau day: 4,5,6,7,8.,9,10.

Khi xét tinh chia hét vdi cdc phdn ti cua ddy cdc s6 nguyén té chiing ta ciing thu

duoc mot s6” két qud thii vi sau.

Bai toan 7. Ching minh ring ton tai day vo han {p,}(n = 1,2,3,...) cdc s6 nguyén

t0 phan biét c6 tinh chat:
pn =1 (mod 1994™),Vn =1,2,3, ...

Loi giai

bat p = 1999 va chd ¥ rang p 1a s6 nguyén t6. Xét day {4, } dugc xac dinh nhu sau:
A, =" —1,n=1,2,3, ..
Ta co

- . . "Y1 o1 A,
(2p 1)O+(2p 1)1_}__._+(2P 1)17—1:( ) — —

I | IPn—1 Ay
Twr d6 suy ra
An - An—l‘Bn—l‘
Véi
p—1
n—1.,;
Bo1=) (2" )
i=0

Gia stt p,, 12 u6c nguyén té cua B,_,, ta ching minh rang A,_, [ p,.
That vay, gia thiét phan ching A, : p,, tic 1a 21 : p,.

Pata=2M-1tacéa=1 (mod p,).

Ta co
p—1 p—1
B, 1 = Z(anfl)i = B,_1 = Z a'ip (mod p,).
i=0 i=0
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Mat khac, do p,, 1a uc nguyén t6 cia B,,_; nén B, ; =0 (mod p,).
Trdétacép=p,=a=1 (mod p).

Theo dinh 1i Femat nhé ta c6 a = 2" = 2 (mod p). Mau thuin nay chiing to
An_1 [ pn.

RO rang tir cach xay dung day {A,}, tacé A, : A, néu n > m. Nhu vay néu n > m
thi A, : p, nhung A,, [ p,. N6i riéng {p,} 1a day cac s6 nguyén t6 phan biét.

Do A, i p, nén 2" =1 (mod p),.

Goi h,, 1a s6 nguyén duong nho nhat dé 2" =1 (mod p),,. Ta c6

Pn t By ()

D — 1% hy, (%)

Ti (*) suy ra h, = p* v6i k < n. Néu k < n thi 2" —1 =2 — 1 = A, / p,, do dé
k =n tacla h, = p".
Tu (**) suy ra p, =1 (mod p") = p, =1 (mod 1999"),Vn = 1,2, ... D6 la (dpcm).

Bai toan 8. Day so {p, } xac dinh nhu sau: p; = 5; v6i n > 2 thi p, la thlra s6 nguyén

t6 16n nhat ctia 86 1 + pips...p,—i. Chiing minh rang p,, # 7 véi moi n.

Loi giai
Tacdp, =5=1+p; =6 va 6 co thira s6 nguyén t6 16n nhat 1a 3 nén p, = 3. Lai c6

14+ pipo = 16. Vi 16 = 2* = p3 = 2. Do d6 véi moi k < 4 thi
Nk =1 + pip2...Pr—1 = 1+ 5.3.2...p1€_1.

Vay s6 N; khi k& > 4 s& khong chia hét cho 2,3,5.
T d6 suy ra py, # 2, pi # 3, pr # 5,Vk > 4. Gia sit ton tai k > 4, dé p, = 7. Néu thé
thi

Ne=1+pipa.ppr1=T7"
(Vi N, khi khai trién ra thira s6 nguyén t6 khong chita thira s6 2, 3, 5 ma 7 lai 1a thira
s0 nguyén to 16n nhat trong khai trién Ay)
Tir d6 ta di dén

pip2.-Pp—1 =17 — 1.
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Vip=5=7=1 (mod 5) =r=4t,t € N.
Laic6 7= -1 (mod 4) = 7" = (—1)* (mod 4) = 7" =1 (mod 4). Nhuvay 7" —1: 4
hay
PiP2..Pr_1 : 4.
Do p3 = 2 nén suy ra

P1DoD4a-Pr1 : 2.

Chi y rang p; = 5;ps = 3 VA py, ..., pr—1 déu khac 2 (va cdc p; déu 12 cdc s6 nguyén

t0 ) nén:

P1P2Pa--Pr—1 [ 2.

Vay ta din dén mau thufn. Vay gia thiét phan ching tén tai k > 4 dé p, = 7 1a sai.
Nhu vay ta c6 p, # 7,Vk > 4. . Ngoai ra p; = 5,py = 3,p3 = 2. Diéu d6 c¢6 nghia 1a
pn # 7 v6i moi n. D6 1a (dpem).

3.2. Tinh chia hét trong day so

Trong so hoc thi tinh chdt chia hét giit mot vi tri quan trong trong ly thuyét
s0. N6 la co sé dé dua ra va gidi quyét cdc bai todn vé so nguyén to, hop sé, udc
chung lon nhdt, boi chung nho nhdt, ly thuyét dong du ..., vdi hai so nguyén a, b bdt
ky néu ton tai s6 nguyén q sao cho a = bq khi dé ta néi a chia hét cho b, néu a khéong
chia hét cho b thi ta cé phép chia cé du. Trong phdn nay ta xét dén tinh chia hét ciia
cdc phdn tit trong moét ddy s6. Cho mot ddy sé thi cdc phdn tir cua né cé thé cung
chia hét cho cung mot s6 nao doé hodc cdc phdan tir chia hét cho s6 thit tu cuia s6 do,
hodic la chi ¢6 moét s6 phdn tit cung chia hét cho mot sé cho trudc. Sau ddy ta xét
mot s6 ddy sé ma cdc phdn tir ciia né cung chia hét cho mot s6. Doi voi nhitng day
50 dugc cho bdi cong thiic s6 hang tong quadt, ta thuong ding phuong phdp quy nap
hodic sit dung cdc tinh chdt cua phép chia hét dé chitng minh. Chiing ta xét bai todn

sau.
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Bai toan 1. Ching minh rang v6i moi s6 tu nhién n, s6

A, =333 _26n — 27

chia hét cho 169.

Loi giai
Véin=0taco Ay =333 —26.0 — 27 =0 : 169.
Vay ménh dé ding véi n = 0.
Gia st ménh dé ding véi n = k nghia 1a A, = 3%%*3 — 26k — 27 chia hét cho 169. Ta
phai chiing minh ménh dé ding v6i n =k + 1.
Ta c6 Apyy = BEEIE _96(k + 1) — 27 = 3343 — 26k — 27 + 26.333 — 26 =
Ap+26.3%43 —26 = Ay +26.(330+D — 1) = A, +26.(33 — 1)(27F 42714+ - +27+1) =
A +169.4.27F + 2771 . 4 274+ 1).
Vay Aj,q : 169. Bai toan da dugc ching minh.

Trong ddy so khi xét dén tinh chia hét cia cdc phdn tii trong ddy s6. Cé nhiéu
cdp ddy so dan xen nhau vé tinh chia hét va khong chia hét cho cing mot s6. Ta xét

bai todn sau.

Bai toan 2. Cho 2 day so

a, = 22n+1 + 2n+1 + 1
b, = 2201 _ontl 41 =0,1,2, ...

Ching minh rang v6i méi s6 tu nhién n ¢6 mot va chi mot trong hai s6 a,, b, chia

hét cho 5.

Loi giai
Xét a, — b, = (2201 4 2n L 4 1) — (2% — onFl 1) = 227 = 272 25 vi 86 d6
khong c6 tan cung la 0 hoac 5

Mat khdc ta c6 a,.b, = (2271 4271 - 1)(2201 — 27+l 1) = (22041 1 1)% — (27F1)2 =
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242 4 1 =4.16" + 1.
Véin > 0 thi a,.b, = 4.16™ + 1 c6 tan cung la 5 nén chia hét cho 5.

Vay v6i moéi s6 tu nhién n ¢cé mot va chi mot trong hai s6 a,, b, chia hét cho 5.

Khi xét vé tinh chia hét cua cdc phan tir trong moét ddy s6 vdan dé dat ra la cé
nhitng ddy s6 ma cdc phdn ti ctia né chia hét cho chinh s6’ thit tu cia né. Bai todn
sau gidi quyét vdan dé néu ra. Trong bai todn nay da sit dung phuong phdp ddt dn
phu dé dua day so da cho trd thanh ddy so don gidn hon dé tim duoc cong thiic ciia

s0 hang tong qudt va st dung dinh li Fermat nho trong chitng minh.

Bai toan 3. Day cic s0 nguyén {u,} dugc xac dinh nhu sau:

Uy = 1,UQ = 2,’&3 =24
2 2
0wy, Up—3 — SUp_1U; o
un = ,n Z 4
Up—2Un—3

Ching minh rang véi moi n thi u, : n.

Loi giai

Tir cong thitc truy hoi ta co

U, _ 6un71un73 - 8u72172 — 6. Up—1 8. un—2.
Up—1 Up—2Un—3 Up—2 Up—3
Dit: v, = " =2,3, ... suy ra vy = 2,05 = 12
Un—1
Uy, = 6Vp—1 — Up_o. (1)
Ta s& chiing minh rang véi moi n = 1,2, 3, ... ta ¢6
Upyq = 47 — 27, )
(2) duoc chiing minh bang quy nap nhu sau:
Véin=1,tacéuv = 2 =2=4" 2 vay (2) ding khi n = 1.
Uy
. . 24 . .
V(’nn:2,tacovgz@:?:12:42—22,V$1y (2) ding khi n = 2.
Uz
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Gia str (2) diung khi n = k > 2, tic la:
Vg = 4% — 28, (3)
Xét khi n = k + 1. theo (1) ta c6
Vg2 = 6V 11 — 8. 4)
Ap dung gia thiét quy nap (3) ta c6
Vo = 6(4% — 2F) — 8(4FFt — 2k 1) = 6.4k — 2.4F — 42F = 4.4% — 228 = 4FF1 _ oFFL

Vay (2) cling ding khi n = k + 1.
Theo nguyén i quy nap thi (2) ding véi moin = 1,2,3, ...

Ta co
Up, Up—1 U2
Uy = . crr— U = UpUp—1. ... .UV2.U7.
Up—1 Unp—2 Uy
Vi thé tir (2) suy ra
U, = (4771 = 2nh(4n2 - 2n7) (4 — 2). (5)

V6i moi s6 nguyén to p, theo Pinh 1i Femat ta c6
(41 —1)=0 (modp); (2°'—1)=0 (mod p).

Suy ra (4771 — 2r71) = 0 (mod p) = (4P~' — 2P71) i p vGi moi s6 nguyén to p.
Ti d6 suy ra néu s 1a boi cta p — 1, thi (45 — 2°) : p.
Gia str n 12 s6 nguyén duong tuy ¥, va n c6 dang khai trién sau:

T To

Tk
n=py Py P,

(6 day p; < pa < -+ < pg la cac s6 nguyén t0).

Tun:plsuyran:p,n:pi ...,n:pl, tic la:
n:d1P1:d2P%:“':an§i-
Suyrad, >dy >--->d,, =n—dy<n—dy<---<n-—d, vataco

n — dl = dl(pl — 1),
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n — dy = dy(p] — 1);

n— dTi - dri(p? - 1)

Nhu vay ta cé n — dy,n — ds, ...,n — d,, 1a r; boi khac nhau cua p; — 1.
Theo trén ta co

(4m— % —n=dk)y oy VE=1,2,.., 7.

Tu d6 dua vao (5), ta c6 u, : pi*.
Lap luan tuong tu ta cé

Uy pgj, (Vj=2,3,..,k).

Suy ra
Uyt P pY..pik hay u, i n. (dpem).

Bai toan 4. Cho day s6 {u,} v6i u, = 2" +2,n = 1,2, .... Chiing minh rang c6 vo s

sO hang cua day da cho c6 tinh chat u : k.

Loi giai
Ta c6 nhan xét sau day:
N€u c6 s6 tu nhién p chan va p > 2saocho 2?7 +2:p; 2?7+ 1: (p—1), thi s6 tu nhién
m = 2P + 2 cling thoa man hai tinh chat twong tu, tic 1a 2™ +2:m; 2" +1: (m—1).
That vay: 2° + 2 p < m = 2P + 2 = pl, v6i [ 1€ (That vay, do p chan nén 27 : 4 =
2P + 2 74, vi th€ néu [ chén thi do p cung chidn nén pl : 4 va dan dén diéu vo 1i).
Dollasolénén2m+1 =2/ +1=(2¢)' +1': 27+ 1 =m — 1. Nhu vay ta da ching
minh duoc 2™ +1:m — 1.
Lai thay:
2 +1:(p+1)e 20 +1="nh(p—1), v6i h 1é. Do h 1a 1¢ nén:

oM 42 = ohp=UHl 9 — 9(9h(=1) 4 1) 1 9(2P71 4 1),

44



Ma 2(2°7! + 1) = 2P + 2 = m. Vay ta da ching minh dugc 2™ + 2 : m. Nhan xét da
duoc chitng minh

Bay gio trd lai bai toan da cho. Ta thdy néu lay n =2, thi 22:2; 22 +1: (2—1). Khi
d6 theo nhan xét trén, n€u ldy m = 22+2 =6, thi 26 : 6 ; 2+ 1: 5. Va quy trinh ay ct
tiép tuc, khi d6 ta c6 day con vo han sau: vy, vy, ... trong d6 vy = Uy ; Vo = Ug ; Vpsy
duogc xac dinh nhu sau: néu vy, = u,, thi vy 1 = usayo. RO rang day con nay thoa man

yéu cdu dé ra 1a day vo han va u; : k. D6 1a (dpecm).

Néu ta ddc biét hod tdp chi s6 ciia ddy sé, cu thé la néu ta xét tdp hop cdc chi
s6 cua ddy s6'la tdp hop cdc s6 nguyén to thi dang bai todn trén trd thanh dang bai

todn sau.

Bai toan 5. Day s6 {u,} dugc xac dinh nhu sau:
u=0,uy = 14, u3 = —18
Upt1 = (Up—1 — 6U,_9; N = 3,4, ...

Chiing minh rang véi moi s6 nguyén td p, thi u, : p.

Loi giai
Twr hé thic xac dinh day u,, ta c6 phuong trinh:
d —Tr4+6=0
la phuong trinh dac trung ctia day so do.
Ta c6
= Tr+6=0&2"—-1-Tz+7=0
S@-D@*+z+1)-T7x—-1)=0
S (@—-1)(2>+2-6)=0
< xe{l,2,-3}.

T d6 suy ra

U, = a1+ 02" 4+ ¢(=3)", Vn > 1. (6)
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Trong (6) lan lucgt thay n = 1,2,3 va do u; = 0,uy = 14,u3 = —18, ta di dén hé

phuong trinh sau dé xdc dimh a, b, c.

a+2b—3c=0

S a+4b+9c=14

a+8b—27c = —18.

\

Giai hé nay ta dugc: a = b= c = 1. Vay:
U, =14+2"+(-3)" n=12,..
Vé6i p 1a s6 nguyén t6, theo dinh 1i Fermat nho, ta c6

2P =2 (mod p).

(=3 =-3 (mod p).

Vi thé tir (7) suy ra
u,=1+2-3 (modp)=u,=0 (modp).

Do vay véi moi s6 nguyén to p thi u, : p. D6 la (dpcm).

Bai toan 6. Cho day s6 {u,} xac dinh nhu sau: w, =2"+1, n=1,2, ...

a) Chiing minh rang c6 vo s6 hang cta diy trén thoda man tinh chat uy : k.

b) Tim s6 hang u, ctia day sao cho w, : p va p la s6 nguyén to.

Loi giai

(7

a) Xét voi n # 0, va khi d6 v6i moi s6 tu nhién n > 1, ta c6 2" + 1 déu 1a s6 1é.

Ta c6 nhan xét sau day:

"Néu2"+1:in, thi2™+1:mvdim=2"+1".

That vay, do 2" +1:nva2" +11asd1é nén m = 2"+ 1 = In vGi [ 1a s6 nguyén 1&.

Vith€ 2™ +1=(2") + 1l = (2" + )20 4 27(=2) .o 4 1], suyra 2™+ 13127 +1

hay 2™ + 1 : m. Nhan xét da dugc chimg minh.

RO rang u; : 1;us & 3. Vay tir nhan xét trén suy ra ton tai vo sO sO tu nhién &k dé vy, © k.
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b6 1a (dpcm).

b) Gia str ¢6 sO nguyén t6 p sao cho (22 — 1) : p. Do 27 + 1 1a s0 1€, nén p # 2.

Theo dinh 1i Fermat nho, ta c6 (2°~! — 1) : p. Vi p nguyén t6 (p # 2) nén (p,2) = 1.
Tasuyra (2?—2)ip=[2?+1)—3]ip. Vi (2?4 1) : pnén suy ra 3 : p. Két hop véi
p la s6 nguyén t6 nén p = 3.

Vay ¢6 duy nhét s6 hang uz ctia day s6 da cho c6 tinh chat ma diu bai yéu cau.

Bai toan 7. Cho day s6 {u,} dugc xac dinh nhu sau:

U1:2
Up = 3Up_1 +2u —9IN>+9n -3 ;n=23, ...

p—1
Chiing minh rang véi moi s6 nguyén t6 p thi 2006 Z u; chia hét cho p.
=1

Tir gia thi€t véi moi n = 2,3, ... ta co

Uy + 1 =3u, 1 +30° — > +In—-3=u,+n*=3n,1+3(n-17>° (8

Ap dung lién tiép cong thic (8) véin = 2,3, ... ta c6
U, +n®=3,1+3(n—1)>=3up_1 + (n —1)%] = 3[3up_2 + 3(n — 2)3
= Bfun—2+ (n - 2)°]

— 37wy + 1%) = 377124+ 1) = 37,
Vi thé€ u,, = 3" — n?, Vn = 2,3, ... Mat khic, u; =2 = 3' — 13, do d6 ta co

u, =3"—n®, Yn=1,2, .. 9)
p—1 p—1
-Néup=2thi Y u;=u; =22, tic 122006 w; i pkhip=2.
- Néu p la s6 ngzu;én t0 1é. Theo (9) ta co -
p—1 p—1
Du=> (3 -)=@B+3 443 -4+ 4 (p- 1. (10)
=1

=1

Véimoii=1,2,...p—1thi

P54+ (p—1)® =i+ p® — 3p%i + 3pi® —i® = p* — 3p?i + 3pi.
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Diéu d6 c6 nghia la:
PP (p—i)ip Vi=1,2,...,p—1. (11)

Ta co
p

3 [i*+ (p— 1)%. (12)

i=1

N —

P+2 4+ +(p—1)P°=
Ap dung hing déng thiic
a" —b" = (a—b)(a" +a" "+ Fab” .
Ta c6
!

1
3+32+_._+3p—1:3(1_{_3_’_..._’_317—2):3' — 25(31’_3), (13)

Do p 1a s6 nguyén t6 nén theo dinh 1i Fermat nho ta c6
¥ 3. (14)

Tu (11) va (14) suy ra

p—1

{3 -3) Iy (-0} ip

i=1

Hay
¥—3 185 .
2{ 5 +§;[23+(p—1)3]} . (15)

Tir (10),(12),(13)va (15) suy ra

p—1
2 ZUZ i .
i=1

p—1
Vi 1€ d6 2006 Z u; * p vOi moi p l1a s6 nguyén to 1€.
=1
p—1
Két hop lai, ta c6 v6i moi s6 nguyén td p, thi 2006 Z u; * p (dpcm).
=1

Lai ddc biét hod thém mot budc nita ta cé thé xét xem mot phdn tir nao dé trong

day so'da cho cé chia hét cho mot s6 cho trudc hay khong? hodc cé thé xét xem cdc

phdn tit cua ddy s6 ¢é chia hét cho mot sé cho trude nao dé hay khong ? .
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Bai toan 8. Day s0 {u,} dugc xac dinh nhu sau:

u=b,uy =11
Upt1 = 2Up — FUp—1, N =2,3, ..

Chitng minh rang usg chia hét cho 11.

Loi giai
Dé thiy uy = 5,up = 11, u3 = 7, uy = =19, us = —59.
Do —19=-211+3;-59 = —6.11 + 7, nén tir d6 ta co

uy =5 (mod 11)
us =0 (mod 11)
us =7 (mod 11)

uy =3 (mod 11)

us =7 (mod 11).

\

Vi vay néu goi r, 1a phan du cta u,, trong phép chia cho 11, n = 1,2, ... thi tit trén suy

rar;, =579 =0,r3 =7,74 = 3,75 = 7. Ta s& chiing minh rang véi moi k =0, 1,2, ...

Tokt1 =95 Tokt2 = 05 Topt3 = 75 Tokta = 35 Tokys = 1
Pé 1am diéu ndy ta sir dung nguyén li quy nap todn hoc.
Theo trén nhan xét nay da dang khi &£ = 0.

Gia st nhan xét da ding dén k = p, tic la:
Tspr1 = 93 Tspya = 03 75p43 = T5T5p14 = 33 T5p5 = 7.

Xét khi k = P+ 1. Tacé Us(p4+1)+1 = Usp+6-
Theo cach xéac dinh day thi usg,41)41 = 2uspes — 3uspia.

Theo gia thiét quy nap thi

r5p+5=7:>u—5p+557 (modll):>u5p+5:11l+7,l€Z.

Tspra =3 =>u—5p+4=3 (mod1l) = uspyq = 11s+ 3,5 € Z.
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Suy ra
Uspin)sr = 2(110+7) — 3(11s + 3) = 11(2] — 3s) + 5. (17)

Do 2] — 3s € Z, nén tux (17) suy ra
Uspi1)+1 =5 (mod 11) = r541)41 = 5.
Bang céch lap luan tuong tu, ta ¢6

Tspr1)+2 = 05 Tpp1)43 = 75 Tspt1)+a = 35 Tsp1)+5 = 7.

Vay nhan xét cling ding v6i & = p + 1. Theo nguyén li quy nap todn hoc thi (16)
ding v6i moi k£ =0,1,2, ...

Ta c6 2002 = 400.542, vay 7y = 0, diéu d6 c6 nghia 12 uyy : 11. D6 chinh 1a
(dpcm).

Bai toan 9. Day s6 {u,} dugc xac dinh nhu sau:

(2+V3)" —(2—V3)"
2V/3

a) Chiing minh rang v, 1a s6 nguyén véi moi n = 1,2, ...

Uy = ;n=20,1,2,..,

b)Tim moi s6 hang ctuia day chia hét cho 3.

Loi giai

a)Data:%;ﬂ:%,khidéun:a—ﬁmcé
OCEAV: ARNCTY:
n+1l — 2\/3 2\/5
=a(2+V3) - B(2—V3).
Tuong tu:

Unio = a(2+V3)2 = B2 —V3)2 = a(7T +4V3) — B(7T — 4V3)

=402+ V3) — 432 — V3) — (a — B) = 4upy1 — Un.
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Vay ta co

Uny2 = 4un-{—l — Un. (13)

Nhu vay day u, xdc dinh nhu trén c6 thé xdc dinh theo cdch sau day:

uozl,u1:1

Upto = 4Upiq — Uy, VR =0,1,2, ...

Tir d6 suy ra ngay moi s6 hang ctuia day déu 1a s6 nguyén (dpcm).
b) Tur (18) ta c6

Upy2 = 3un+1 + (unJrl - un)

Do u,41 € Z nén 3u,, : 3, suy ra

Upto = Upyr — Uy, (mod 3). (19)
Bing céch tinh truc ti€p ta thay 8 s6 hang dau tién cua day uy, us, ..., u; khi chia cho
3 ¢6 cac sO du tuong tng 1a 0,1,1,0,2,2,0. Vay theo (19) suy ra

Upte = Up, (mod 3).

T d6 ta thdy trong day sO ndi trén moi s6 hang c6 dang us, k = 0, 1,2, ... chia hét

cho 3, va chi nhiing s6 hang ay ma thoi.

Trong bai todn vé tinh chia hét cua cdc phdn t trong day so cho sé a khi dé so
cdc s6 du khdc nhau la a. Nhu vdy chiing ta cé thé dp dung nguyén li Dirichlet doi
Vi a + 1 bo hitu han cdc so du cé dugce trong phép chia dé va khi dé phdi ton tai it

nhdt hai bo sé du trung nhau. Tw dé lam co sé cho viéc chiing minh nhiéu bai todan .

Bai toan 10. Day s6 {u,} duoc xac dinh nhu sau:

up = 20;us = 100
Upy1 = AUy + DUp_1; N =2,3, ...

Ching minh rang ton tai it nhat mot s6 hang ctia day s6 chia hét cho 1996.
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Loi giai
bat u,, = 1996, + 7,,, n = 1,2, ..., trong d6 «,,, 7,, 1a cac s6 nguyén va 0 < 7, < 1995.

Xét day cac cap so sau day:

(7'1,7'2); (7'2,7'3); s (TnaTn—l—l);

Vi day nay vo han, ma cédc s6 7; 1a hitu han do d6 phai ton tai hai s6 tu nhién [, m

(gia st m > 1) sao cho (71, 7141) = (Ty, Tms1) hi€u theo nghia:

T = Tm
Ti+1 = Tm+1-

Ta sé& chitng minh rang khi d6 7,_; = 7,,_;. That vay, ta ¢

5(Up—1 —Up—1) = (Upmg1 — 4y, +1976) — (w41 — 4w +1976) = (U1 —Upsr) — (U —wy).
Vi u;, = 19960y, + 71, nén ta co

5(um—1 — wi—1) = [1996(mr1 — qr41) + (Tt — Tig1)] — 4[1996(cvn, — 1) + (73 — 71))]

= 1996[(tms1 — 1) — 4(am — a1)] = 5(Up—1 — up—1) : 1996
ma (5,1996) =1 nén ta c6 (w1 —w_1) : 1996
CO w1 — w1 = 1996(vy 1 — g1) + (Ton1 — T1-1)
= 1996(m 1 — 1) + (Tt — T1-1) 1996 = (7501, 711) | 1996
Do0< 71,71 <1995 = —1995 < 73,01 — 711 < 1995 suy ra 7,,,_1 — 7,1 = 0 hay
TI—1 = Tim—1-
Bang 1i luan tuong tu, ta s&€ di dén 7,,_o = 7,_5, va cif ti€p tuc qud trinh d6 ta s& di
dén:

T2 = T24(m—1)
T1 = Ti4+(m—1)-
Ta chiing minh rang w,,_; chinh 1a s6 hang ctia diy ma chia hét cho 1996.
That vay, theo cidch xac dinh day, ta c6
DUp—1 = Upm—j12 — dUpm_j11 + 1976 =
= 1996112 + Ton—i42 — 4(19960m_141 + Tim_iz1) + 1976 =
= 1996 (142 — 4m—141) + (Tm—t42 — An_is1) + 1976 =
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= 1996 (142 — 4 _142) + (T2 — 471) + 1976.
Do
u; = 20 = u; = 0.1996 + 20 = 7, = 20.

uy = 100 = ug = 0.1996 + 100 = 7o = 100.

Suy ra 5u,, 1 = 1996(cvy, 110 — 4, _11) + 1996. V1 oy 40 € Z va 141 € Z.
Suy ra 5u,,_; : 1996 (dpcm).

Bai toan 11. Day s6 nguyén {u,} xac dinh nhu sau:

w1 = 1990, ug = 1989, u3 = 2000

Upys = 19Up10 + YUpiq +u, +1991, 0 = 1,2, ...
a) VGi moi n goi r,, 1a s6 du cua phép chia u,, cho1992.
Ching minh rang day r,,n = 1,2, 3, ... 1a mot day tuin hoan.
b) Chitng minh rang ton tai vo sd s6 = cua day u, sao cho

51992 4 51991 4 41975 4 841915 4 941990 4 1122 4 48 chia hét cho 1992

Loi giai

a) Xét cac bo ba so du

(7“1,7“2,7‘3)§ (7“2,7“3,7“4); s (Tiari+lari+2; (Ti+1,7“z'+2,7“z'+3);

S6 cdc bo ba s6 du 1ap dugc theo cach trén 1a vo han. Tuy nhién, do chi ¢6 hitu han
s0 du khac nhau trong phép chia x,(n =1,2,3,...) cho 1992 nén chi c6 hitu han cac
bd ba khac nhau. Vi vay, theo nguyén Ii Dirichlet, phai ton tai hai s6 nguyén duong

m, s $a0 cho (7, "1, Tma2) = (Pmtss Tmaiss, 'ma2+s), Nghia la ta cé

T'm = T'm+s

T"m+1 = Tm+1+s

Tm+2 = "m42+s-
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Nhu vay rp, =rp s VOBl k=m,k=m+ 1,k =m + 2.

Giasuttadacor,=rps, Vi:m<k<p (p>m+2).

Xét k = p+ 1. T gia thi€t suy ra

Upt1ts — Uprr = 19(Uprs — up) + I(Up-11s — Up1) + (Up—24s — Up—2)

=19(rpts — 1) + 9(rpr14s — rp—1) + (Tp—ats — 7p—2) (mod 1992) =0 (mod 1992).
Do d6 74145 = Tpi1.

Theo gia thiét quy nap, ta c6
Tk = Tkys, VE > m. (20)

Tiép theo ta s€ ching minh rj, = ry,,, Vk > 1.

That vay:

Néu m = 1 thi ta c6 ngay diéu phai ching minh.

Néu m > 1 thi do (20) nén ta chi con phai ching minh rp, = rp,, VEk: 1 <k <m—1.
Twr cach xac dinh day ta c6

Um—1-s — Um—1 = (Um+2+s - Um+2) — 19U g 145 — Umg1 — Npgs

= (Fmtots — Tma2) — 19(Pmt14s — Tma1) — Y(Tmgs — 'm) (mod 1992) =0 (mod 1992).
Do d6

"m—1 = Tm—1—s-

Sau m — 1 buéc xét tuong tu, ta s€ dugc:

Tm—1 = Tm—144sTm—-2 = Tm—2+4s; .-y 12 = T245, 71 = T'14s-

Vay r, = rp1s, Yk > 1, va di€u nay ching té day r,,,n = 1,2, 3, ... 1a ddy tuan hoan.

b) Do bat dau tir u, day u, 1a ddy tang vado s > 1 (Vir, = —2 # r, = —3) nén
Us < Ugs < "'<uks<u(k+l)s < e

bit p(z) = 521992 + 52199 4 42197 4 821915 4 241990 4 1142 + 48. Ta s€ ching minh
p(ugs) * 1992, Vk > 1. That vay, ta c6
Uks = Upsts — 1QUksro — psr1 — 1991 = rpars — 197ks12 — Irpssq + 1 (mod 1992)
=r3— 1979 — 9r; + 1 (mod 1992)
= 84 (mod 1992).
Suy ra
p(ugs) = p(84)  (mod 1992). 21)
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Do 84™ : 24,Vn > 2 va do 48 : 24 nén p(84) : 24. Hon nita, do 84 = 1 (mod 83) nén
p(84) : 83 ma 24.83=1992 va UCLN(24,83)=1 nén tir d6 suy ra p(84) : 1992.
Két hop véi (21) ta duge p(uys) : 1992, VEk > 1. D6 1a (dpem).

Néu ta lai xét dén tinh chia hét cua chinh cdc phan tir trong cung mot ddy s cho
nhau, xét hai phdn tir bdt ky trong cung mot ddy so thi chiing cé thé chia hét cho

nhau hodc khéng chia hét cho nhau. Ta xét bai todn sau.

Bai toan 12. Cho wuy, uo, ..., u,,; 12 diy cac s6 tu nhién sao cho:
1<u <us < <y < Upyr = 2n.

Chiing minh rang ton tai hai s6 tu nhién i, j sao cho u; * u;.

Loi giai
Ki hiéu f(u;) 1a uéc 1€ 16n nhat cia wu;, tic 1a u; = 27 f(u;), v6i f(u;) 1a s6 nguyén
duong 1é.
Dowu, < ug < -+ < Uy < Upgpp = 2n suy ra v6i moi i = 1,2,...,n + 1 ta déu cé
fu;) < 2n.
Xétn+ 15018 f(uy), f(uz), ..., f(uny1). Cc 86 1€ nay déu duong va bé hon 2n. Theo
nguyén 1i Drichlet phai ton tai hai s6 4,5 v6i 1 <i < j < n+1saocho f(u;) = f(u;).
Mt khéc, ta c6

u; = 2P f (u;)

u; = 2P f(uy).
Vii < jmnénu < u; = 27 f(u;) < 27 f(u;) = 2P < 277, Diéu d6 ching to rang

2P 1 2P =, : u; (dpem).

C6 nhiing ddy s6 ma hai phan tit ciia né khéng chia hét cho nhau va ciing khéong
cung chia hét cho bdt ky mot s6 nao doé khi do ta c6 hai so nguyén té cung nhau.

Chiing ta xét bai todn sau.
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Bai toan 13. Cho day s6 {u,} v6i u, = 2.22°" — 1,n = 1,2, ... Chitng minh ring cic

sO hang cua day trén d6i mot nguyén t6 cung nhau.

Loi giai
bata, =2"-1,n=1,2,... Khi d6 u,, = 2% —1,n = 1,2, ...

Véi moi n, k € Ntaco
A =22 1= 1= (a, - 1)+ 1L

Tu d6 suy ra a,, =2 (mod a,),do 2 /a, nén a,,, = m.a, + 2 v6i moi m € N,
suy ra

Uppp = 20k — 1 = 2M0H2 ] = 4(2™% — 1) + 3.
Ta lai 6 2™ — 1 = (200)™ — 1 = (2™ — 1)} (200 — 1) = (2™ — 1) | 4.
Vay suy ra u,,x = 3 (mod uy,).
bat d = (Upyr, un). Vi ug = 31 va biéu thic u,; = 3 (mod u,) ding véi moi n, k
nén ta cé u, =3 (mod 31) (lay n =1,k =n —1). T d6 suy ra u,, /3 vi 3 [ 31.
Nhu thé d /3. Mat khac, ta c6 u, ., =3 (mod u,) va 3 /u, nén suy ra

Un+k = ﬁun + 37 ﬂ € Z.
Do d = (upyk, uy) NéN ta €6 u, . = and, u, = asd V6i ag,ay € Z. Tt d6 ta c6
ard = ﬂO&Qd +3=3= d(Oél — /BQQ).

Do ay, a9, €Znén 3 :d. Kéthop véid /3 suyrad=1.
Nhu thé ta ¢ (up41, un) = 1,Vn, k € N. Diéu d6 c¢6 nghia la cic s6 hang cua day doi

mot nguyén t6 cung nhau (dpcm).

Khi ta khong quan tam dén cdc phan ti cua ddy sé cé chia hét cho mot s6 cho
trudc nao doé khong. Khi dé dan dén bai todn chitng minh su ton tai hop sé trong day

s6 dd cho. Chuing ta xét bai todn sau.

Bai toan 14. Cho a, b, ¢ 1a ba s6 nguyén duong cho truée. Day {u,} cac so tu nhién
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dugc xdc dinh nhu sau:

Ug = C

Up = AlUp_1 + b, VB i MOI N = 1,2, ...

Ching minh rang trong ddy da cho ¢6 vo han hop so.

Loi giai
Tur gia thiét suy ra {u,} 12 ddy s6 don diéu tang va u, > a,Vn (co thé trit ra u).
Chi ¢6 hai kha nang xay ra:

i) Néu a, b khong nguyén t6 cung nhau. Khi d6 (a,b) > 1. Nai riéng a va b ¢
udc chung 16n hon 1. Tt d6 u,, 1a hop s6 v6i moi n = 1,2, ... K&t luan cta bai toan la
hién nhién ding trong trudng hop nay.

ii) Néu a, b nguyén to6 cung nhau, tic la (a,b) = 1. Khi d6 (a,u;) = 1 v6i moi
k=12, ...

That vay, n€u khong phai thé thi ton tai u,(p > 1) sao cho (a,u,) =d > 1,

suy ra a = myd;u, = mad, trong dé (my,me) = 1. Theo cdch xdc dinh day ta c6
aup—1 + b = mad, suy ra myu,_1d + b = mod. Tt day suy ra b : d vay d 1a u6c chung
ctia a,b do d6 d > (a,b) = 1. Ta thu dugc mau thuan (vi d > 1). Nhan xét dugc chiing
minh.

Lay N la s6 nguyén duong ma (a, N) = 1. Xét cic sO sau day:

Uy, U2, U3y .oy UNy UN 41 -

Theo nguyén 1i Dirichlet phai c6 hai s6 khi chia cho N c6 cung s6 du. Goi hai s6 d6

1a u,, uy (p > ¢). Khi d6 u, — u, : N. Nhung theo cdch x4c dinh day thi
Up — Uy = a(Up_1 — Ug—1).
Do u, —u, i N va (a, N) = 1, nén tir dang thic trén suy ra

Up—1 — Ug—1 - N.
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Tuong tu ta cé

Up—2 — Ug—2 N,

Up41—q — U1 * N.

Chd y rang 1ap luan trén ding v6i moi s6 nguyén duong N ma (a, N) = 1.

Theo chid y trén thi (a,ux) =1 v61 moi k£ = 1,2, ..., vy no6i riéng chon N = uy, ta ¢
Uitp—q : 2uy. DO uy > 1, nén uy,, , ¢6 udc chin 16n hon 2, nén chiac chan u,,_, phai
12 hop s6. Nhu thé trong cic 6 uq, us, ..., uy, un41 chic chan phai cé hop s6 chang
han 12 w,,.

Bay gio lai xét day con wua1, Ugta,s -, Unrrar1, O dAy (a, M) = 1 va lap lai qua trinh
nhu trén. Ta lai khang dinh dugc rang trong ddy con niy cta diy da cho lai tim duoc
mot hop so khac.

Qua trinh nay ci ti€p dién vo han 14n, va két qua 1a ta thu dugc vo s6 s6 hang trong

day da cho 1a hgp s6 (dpcm).
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Chuong 4.
So6 hoc véi cac day so dac biét

4.1. So hoc voi cap so cong va cap s6 nhan

Cdp s6 cong va cdp s6 nhdn la nhiing ddy sé ddc biét, trong cdp sé cong {u,}
thi hiéu giita hai phan tu lién tiép bdt ky u; 1 —u; = d,i = 1,2, ... vdi d la cong sai cua
cdp s6 cong d # 0 la mot s6 khong doi. Trong cdp sé nhdn {u,} thi thuong ctia hai
phan tit lién tiép bdt kY u,., : u, = q vdi q la cong boi ciia cdp s6 nhdin q # 0,q # 1
la mot s6 khong doi. Véi cdc ddy s6 la cdp so cong va cdp so nhdn, khi xét cdc
phdn ti ctia né la sé nguyén to (Bai todn Iva 2 chuong 2) chiing ta ¢é két qud sau.
Dd tim duoc 9 so nguyén to ldp thanh mot cdp sé cong vdi cong sai d = 210 va dd
chitng minh duoc khong ton tai mot cdp sé cong gom 11 s6 nguyén to vdi cong sai

1 < d < 2310 con vdi cdc phdan tit cia ddy s6 la hop so'ta co két qud sau day.

Bai toan 1. Cho n 12 mot s tu nhién n > 2. Ching minh rang ton tai mot cap so
cong goém n sO hang wuy, us, ..., u, sao cho moi s6 hang ctia né déu 1a hop s0, va cic

s0 hang cua cép s6 cong nay doi mot nguyén td cling nhau.

Loi giai

Goi p 1a s6 nguyén t6 16n hon n va ¢ 1a mot s6 tu nhién sao cho:

qg>p+(n—1)n!
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Ta xay dung day s6 sau day:

ur = ¢!+ p;
us =q'+p+nl;

us = q! +p+ 2nl;

Up, =q'+p+ (n—1)nl

R& rang {u,} 1a cap s6 cong véi s6 hang dau u; = ¢! + p va cong sai d = n!.

Véimoi k=1,2,...tacd

up = ¢! +p+ (k—1)n!

Rorangdol <k <n=p+(k—1)n!<p+(n—1)nl<qg=4q :[p+ (k—1)n]

= uy : [p+ (k— 1)nl]. Mat khac, do 1 < p+ (k — 1)n! < uy, nén uy 1a hgp s6 véi moi
k=1,2,...,n. Nhu vy moi s6 hang ctia cip s6 cong ndi trén déu 1a hop so.

Con lai ta s€ ching minh moi s6 hang ctia cap s6 nay doi mot nguyén t6 cung nhau.

Xét hai s6 hang bat ky ctia n6

up =¢q'+p+ (k—1)n!

Um =q'+p+ (m—1)n!, Vol 1 <k <m<n.
Gia thiét phan ching u;, va u,, khong nguyén t6 cung nhau, tic 1a u;, va u,, c6 mot
uGc sO chung nguyén t6 1a d .

Nhu vay uy, : d va u,, : d nén u,, — uy : d suy ra (m — k)n! : d tic la

1.2.3...(m—k)*..(m —k)n i d.

Do d 1a s6 nguyén t6 nén c6 it nhiat mot trong cac s6 1,2,3,....(m — k)2, ..., (m — k)n
chia hét cho d. C6 hai kha nang say ra:

Néu (m—k)?*:d=m-—kid=mn!id(dom—Fk<n)=q:d Matkhic u,, :d
nén t u,, = ¢! +p+ (m—1)n! suy ra p : d. Do p va d déu 1a s6 nguyén t6 nén d = p.
D6 1a diéu vo 1i vi d < n ma p > n. Vay néu (m — k)2t d s& dan dén diéu vo 1.

Né&u mot trong cac s6 1,2, ..., (m — k)n chia hét cho d thi cling 1i luan nhu trén.

Tém lai, tir gia thi€t phan ching 1a sai suy ra hai s6 hang bat ky ctia cap s6 cong noi
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trén déu nguyén t6 cung nhau. Nhu thé€ cdp s6 cong xay dung nhu trén thoa man moi

yéu cau dé ra. D6 1a (dpcm).

Bai toan 2. Cho a,b 1a hai s6 nguyén duong sao cho d = (a,b). Chiing minh rang

trong cap sO cong +a, 2a, 3a, ..., ba s&€ chita ding d s6 hang chia hét cho b.

Loi giai
Vi (a,b) = d nén
a = da
b=db,
trong d6 (a/,0') =1

Ta co

ka:b< (kdd'): (db') < ka' V'(do(d',b") =1).

T d6 suy ra k 18y cac gia tri O, 20, ..., db’ va chi cac gia tri &y ma thoi.
Vay trong cép s6 cong da cho c6 ding d s6 hang chia hét cho b d6 1a v'a, 2V a, ..., dV a.
b6 chinh 1a (dpcm).

Viéc chitng minh bai todn 1 dd khdng dinh rang ton tai mot cdp sé cong gom n so
hang sao cho moi s6 hang ctia né déu la hop s6 va cdc s6 hang cua cdp s6 cong nay
doi mot nguyén to cung nhau. Bdy gio ta lai ddt vdn dé cé ton tai hay khong mot cdp

s6 cong vo han ma cdc phdn tit ciia né déu la s6 chinh phuong. Ta xét bai todn sau.

Bai toan 3. C6 ton tai hay khong mot day s6 vo han cdc s6 chinh phuong lap thanh

mot cip sO cong.

Loi giai
Gia thiét ton tai cip sO cong vo han +a? a3, a3, ... trong d6 a; < ay < az < ... 1a day
vO han céac s0 tu nhién.

Hién nhién ta c6 a2 — a2 = a3 — a? = (a3 + a2)(az — a2) = (az + a1)(as — ay).
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Do a3 + a; > as + a; nén ta suy ra az — a; < as — a;. Tié€p tuc 1 luan nhu vay ta di
dén day so tu nhién sau: ay — ay, a3 — az, ay — as, ..., a; — ax_1, ... PO 1a mot day so6 tu
nhién vo han giam dan, trong d6 a;, — a;—; > 1,Vk. Pay 1a diéu vo 1i. Vay gia thiét
phan ching 1a sai, tic 1a khong ton tai day vo han cac s6 chinh phuong 1ap thanh cap

sO cong.

Bdy gio ta lai khong quan tdm dén tinh chia hét, tinh chinh phuong ctia cdc phdn
i trong ddy sé ma quan tam dén tinh chdt riéng lé ciia moi phdn tit trong day so.
C6 dday so'ma phan tit cia né thod mdn yéu cdu nao dé ma chiing ta ddt ra. Ta xét

bai todan sau.

Bai toan 4. S6 hang thd nhat va cong sai d ciia cap s6 cong la nhitng s6 nguyén.
Ching minh rang ton tai mot s6 hang ctia cip s6 cong dy sao cho trong dang thap

phan cua né c6 chit s6 9.

Loi giai

Goi u, la s6 hang thit p cta cap so cong, ta co

up =ur + (p—1)d (D

& day w, 1a s6 hang thit nhat va d 12 cong sai clia cap s6 cong. Khong giam tong quat
ta c6 thé cho d 1a s6 nguyén duong (vi ta khong quan tam dén diu clia cdc s6 hang ).
Xét d s0 c6 dang sau:

9,99,999,n,99i“£y

R& rang trong d s6 nay hoac c6 so chia hét cho d, hoac c6 hai so khi chia cho d c6
cing s6 du (diéu nay suy ra tir nguyén Ii Drichlet). Vi hiéu ctia hai s& bét ky trong
day d so trén c6 dang:

99“90;Q

O day 1 < k < d. Vi thé tir 1ap luan trén suy ra luon luon ton tai s6 c6 dang

<
%thO(O\k<®

62



chia hét cho d.

Gia st u; 1a s6 hang dau tién ctia cap s6 cong co n chit so:

Uy = X19...0,.

Vi
99...900...0:d = 99...900...0 :d.
k k+n
Gia su

99...900...0 = md.
k+n

Khi dé theo cong thiic (5) ta c6
Uma1 = Uy +md = u; + 99...900...0
n+k
l1a s6 hang thit m + 1 ctua cdp s6 cong. R rang wu,,,, trong cach vi€t thap phan co

dang:

U1 = 99...900...0 vy va...au,,
k

nghia 12 trong céch viét thap phan ciia n6 chac chin c6 s6 9. D6 chinh 1a(dpecm).

Bai toan 5. Cho cép s6 cong + — 1, 18,37, ...(cong sai d = 19). Hay tim tét ca cac sO

hang cutia cap s6 cong trén sao cho moi chit s6 cuia n6 toan la so 5.

Loi giai
Trudc hét ta chitng minh bé dé sau:
Bo6 dé: Xét so
A, =55..5+1

Pé s6 A, chia hét cho 19 diéu kién can va du lan = 18k + 5, v6i k= 0,1, 2, ...
Ching minh:

Véi k = 0 thi 16 rang As = 55555 + 1319,

Véi n = 18k + 5, thi

A, =55..5+1.
——
18k+5
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Do dé

5 5
Ay = Ag = 85,5 55555 = £ (1077 10%) = £.10°(10"9)* — 1)
184k

5 ”
= §.105(1018 —1)(1+a+a®+ - +a" "), v6ia=10".

Theo dinh 1i Fermat nhd, néu (n, p) = 1 va p 1a s6 nguyén td, thi n?~!—1:19. Nén ta c6
10" —1:9, con hién nhién 10'® —1 : 9 ma (9,19) = 1 nén 108 —-1:199= A, —A45:19
ma A5:19 nén A,,:19.

Nhu vay ta da chiing minh dugc A,,:19 néu n c¢6 dang n = 18k + 5,k =0,1,2, ...
Néu A, chia hét cho 19, do As 1a s6 bé nhat trong cac s6 A,, ma chia hét cho 19, theo

trén véi n > 5 ta co
) n 5 i) 4 2 n—>
Ay = Ay = 5.(10" = 10°) = 5.1019.(10 + 10° 4+ 410" 7).
Vi A, va A5 chia hét cho 19, nén A, — A5 : 19 ta lai c6 (5.10%,19) = 1 nén suy ra
(10 +10% + -+ - +10™7°) £ 19. 2)

Ta co

1=1 (mod 19),
10=10 (mod 19),
10°=5 (mod 19),
10° =12 (mod 19),
10*=6 (mod 19),
10°=3 (mod 19),
10°=11 (mod 19),
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10"=15 (mod 19),

10* =17 (mod 19),

10° =18 (mod 19),

1010

Il
©

(mod 19),
10" =14  (mod 19),
10? =7 (mod 19),
10" =13 (mod 19),
10" =16 (mod 19),
10 =8 (mod 19),
10" =4 (mod 19),
10" =2 (mod 19),
10 =1 (mod 19).

Ta thdy 10™,m = 1,2, ... chia cho 19 ta dugc 18 s6 du khac nhau va ta lai c6 véi
m # 18k, k=1,2,3, ... thi

D> 10°#0  (mod 19).
=1
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Nén dé c6 (2) ta phai c6 n — 5= 18k = n = 18k + 5.
Vay bo dé da duoc chiing minh.

Bay gio tré lai bai toan dang xét. Gia str s0 55...5 1a s6 hang cua day.
n

Ap dung b dé néu trén ta cé

95..5 = —14+ k.19 = 55..5+1 = k.19.

n n

Do d6 A, = 55...5+1  19. Theo bd dé thi n = 18k + 5.
——
Tém lai s6 55...5 v6in = 18k + 5,k = 0,1, 2, ... 1a tat ca cac sO hang ctia cap sO cong

n
néi trén ma moi chit s6 cua nd toan 1a so 5.

Trong cdc ddy so'la cdp sé nhdn thi cdc phdn tit ctia né déu la hop s6 chi cé thé
ngoai trix s6 hang thir nhdt, vi voi cdp sé nhdn ay, ay, as, ..., a, trong dé a, = ¢" a;
vdi q la cong boi déu chia hét cho a,. Con khi xét dén tinh chinh phuong cua cdc phan
1 trong cdp s6 nhdn thi ta ¢6 vo s6 cdp s6 nhdan ma phdn tit cua né déu la so chinh
phuong. Thdt vdy, xét day s6 {a,} vdi a; = b*,ay = qb* a3 = ¢*b*, ..., a, = ¢"V* chi
can ldy b € Z,b # 0 va cong boi q la s6 chinh phuong thi tdt cd cdc phan tir ciia ddy
s6 d6 déu la so chinh phuong. Bdy gio chiing ta ddt van dé vé tinh chdt so hoc cua

tong hai hay nhiéu sé hang trong ddy so’.

Bai toan 6. Cho mot cap s6 nhan c6 n s6 hang (n > 3), trong d6 méi s6 hang va
cong boi déu 12 s tu nhién. Chitng minh ring khi d6 téng ctia n s6 hang dé khong

thé 12 luy thira cta 5.

Loi giai
Goi a la s6 hang dau tién clia cap s6 nhan va ¢ 1a cong boi ctia nd. Khi d6 ta c6 day
a,aq,aq® aq®, ...,aq" ', 6day n > 3,9 > 1,a > 1.

Gia thiét phan chiing S, = a + aq + ag®* +---+aqg"* = 5,1 € N, suy ra
a(l+q+@d+ -+ H==1+q+F+ - +¢ =5 keN 3)

Trudc hét ta chiing minh riang n 1a s6 1&. That vay, néu khong phai nhu vay tdc 1a
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n = 2m, khi d6 dua vao hing dang thic:
a" = b= (a—b)(a" "t +a" b+ -+ ab" 2+,

T (3) suy ra

L el S et W ik VUSRS
q—1 q—1 q—1
= ¢" =1 (mod 5) va ¢ = —1 (mod 5).
Day 1a diéu vo i, nhu vay n phai 1a s6 1é.
Gidsitn — 2m+1. Khi d6 tt 3) tacé k > 0vin > 3,¢ > 1. Tix déng thic 5* — qqn_ 11

suy ra ¢" — 1 chi ¢6 thé tan ciing 1a 0 hoac 5.

- Néu ¢" — 1 ¢6 tan cung la 0 thi ¢™ phai c6 tn cung 1a 9 nén ¢ phai c6 tan cung
12 3 hodc 9 nhung vi n 12 s6 1€ nén ¢ chi ¢6 thé tan cung 12 9
=qg=-1(modb5)=1+q+¢+ - +¢™=1 (mod5) = 1+q+¢*+---+¢* ! /5.
Diéu nay mau thuén véi (3).

- Néu ¢" — 1 c6 tan cung 1a 5 thi ¢" phai ¢6 tan cung 1a 4 suy ra ¢ phai c6 tan cung
12 2,4,8. Vi n 12 s6 1€ nén ¢ chi c6 thé c6 tan cung 1a 4 vay ta cé
¢g=-1 (modb5)=14+qg+¢@F+ - +¢"=1(mod5) = 1+q+¢@+---+q¢" /5.
Diéu nay mau thuin véi (3). Tém lai trong moi truong hop ta déu dan dén di€u mau

thuén va bai toan dugc ching minh.

Bai toan 7. Cho mot cap s6 nhan véi s6 hang dau tién 1a nguyén va cong boi ¢ la
mot s6 nguyén khic 41 va 0. Chiing minh ring tong clia hai (hay mot s6 16n hon)

céac s6 hang tuy y chon ctia n6 khong thé bing s6 hang nao ctia cdp s6 nhan da cho.

Loi giai
Goi u; la s6 hang dau tién, ¢ 1a cong boi, con u, 1a s6 hang thit p ctia cép s6 nhan.
Ta co

_ p—1
Uy = u1q" .

Gia st trai lai, két luan cta bai toan khong ding, tic 1a ton tai cac s6 nguyén khong

am kq, ks, ..., k,pq sao cho

g™ g™ 4 gt = wgtr
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RO rang u; # 0 nén suy ra
¢+ ¢ gt = g “)

Chi ¢6 hai kha nang xay ra:
i) Néu k1 = min{ky, ko, ..., kp, kg1 3. Khi d6 chia ca hai vé€ cua (4) cho ¢Fm+1,
Ta c6

1= qklfkm+1 =+ qu*km+1 et qkm*km+1'

Khong giam tinh tong quat, ta gia thiét ky, < ky < --- < k,,, nén ta c6
1 = qk1*km+1(1 4 qk27k17km+1 et qkm*klfkmﬂ) (5)

do ¢ nguyén va k; — ky — k1 >0,V =2,3,...,m. T (5) suyral:qg=qg= =+l
Ta thu duoc mau thuan vi theo gia thiét ¢ # +1.

i) Néu min{ky, ko, ..., km, ka1 } = ko V61 a € {1,2,...,m} thi 1ap luan hoan toan
tuong tu nhu trén ciing dan dén ¢ = £1 1a diéu vo Ii.

Tom lai gia thi€t phan ching 1a sai, vay bai toan da duoc chiing minh.

4.2. So hoc v6i day Fibonacci

Fibonacci la biét danh cua Léonerdo Pisano ¢ thanh Pi-sa, nha todn hoc
thé ky XIII. Ong la tdc gid ciia day s6 Fibonacci. Ddy s6 Fibonacci ¢é nhién img dung
dén noéi nam 1963 mot hiép hoi Fibonacci duoc thanh ldp va xudt bdn tap chi The
Fibonacci Quarterly ra 3 thang mot ky. Bai todn tho dé con dan dén day Fibonacci
nhu sau:Cé bao nhiéu cdp tho vao cudi ndm, néu tix dau ndm cé mot cdp tho (duc
va cdi) va cit sau mot thang thi méi cdp tho dé ( ké cd cdp thd ban ddu ) lai sinh ra
mot cdp tho con (duc va cdi)?

Trong bai todn trén s6 cdp tho sinh ra sau cdc thdng chinh la cdc phantir 1,2,3,5,8,
13,21,34,55,89,144,233 cua day Fibonacci. Trong ddy Fibonacci thi chi s6 cua cdc
phdn tir c6 mot vai tro ddc biét trong viéc nghién citu cdc tinh chdt s6 hoc cua cdc

phan tit trong dady. Chiing ta xét mot sé bai todn sau.
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Bai toan 1. Cho day s6 Fibonacci {u,},n = 1,2, .... Chiing minh rang:
1) (Un, Ung1) = 1

ii) Néu n chia hét cho m thi u,, chia hét cho w,,;

iii) Néu u,, chia hét cho w,, thi n chia hét cho m véi m > 2;

V) (U, Up,) = ug VO1 d = (n,m);

v) Day s6 Fibonacci chita mot tap vo han nhitng s6 d6i mot nguyén t6 cung nhau.

Loi giai

TrudGc hét ta chitng minh dang thic:
Uppm = Up—1Upm + UpUmi1 (6)

ding véi sO tu nhién bat ky n > 1 va véi moi m = 1,2, ...
Ta chiing minh bang phuong phdp quy nap todn hoc theo m.
Vé6im=1taco

Up—1Um + Uplmy1 = Up—1 + Up = Up41.
Vay (6) ding v6i m =1

Gia st v6i s6 m nao do cac dang thic sau ding:

Up4m = Up—1Um + UpUm41; (7)

Uptm+1 = Up—1Um+1 + UpUma2.

Ta s& chitng minh dang thitc sau ding:

Unt+m+2 = Upn—1Um+2 + UpUm3.

That vay cong ting vé ctia hai dang thiic trong (7) ta duoc:

Untm + Untmi1 = Un—1(Um + Umnt1) + Un(Ums1 + Unmp2)

= Uptm+2 = Un—1Um+2 + UpUm+3.

Theo nguyén 1i quy nap todn hoc thi ding thitc ¢ duoc chitng minh.
1) Theo (6) ta cé

(U Unt1) = (Un, Up—1 + Up) = (Up—1,Up) = -+ = (ug,u2) =1

ii) Vi n chia hét cho m nén ta c6 thé viét n = km, k = 1,2, .... Ta s& chiing minh

quy nap theo k.
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V6i k = 1 khi d6 n = m nhu vay u,, : u,, 1a hién nhién.

Gia sit u,,;, chia hét cho w,,, ta xét w,,1). Theo cong thiic (6) ta cd

Um(k+1) = Umk+m = Umk—1Um + UmkUmt1-
S6 hang thit nhat chira u,, nén né chia hét cho wu,, s6 hang thit 2 theo gia thiét quy nap
chia hét cho u,,. Nhu vay tong clia hai s6 hang chia hét cho u,, suy ra w1 chia
hét cho u,,.

Theo nguyén Ii quy nap toan hoc ta c6 (dpcm).

iii) Ta chiing minh theo phuong phap phan ching. Gia sit ngugc lai n / m
khi d6 3 ¢,r e N*saochon=gm+r, (0 <r <m)

Theo cong thic (6) ta co
Up = Ugm4r = Ugm—1Ur + UgmUy41-

Theo ii) ta cé gm @ m NEN Uy : Uy = UmgUpi1 & Uy

Theo gia thiét ta c6 u,, : u,, nén suy ra
Upg—1Uy & Up.- (8)

- Néu (up, uy,) = 1t (8) SUy 12 Ugp—1 & Upp. TA CO Ugyyy & Uy VA(Ugrry Ugm—1) = 1 NEN
Uy = 1 = m = 1,2 diéu ndy mau thuin vdi gia thiét.
- Néu (u,, uy,) =d # 1t (8) suy ra

. U,
Ugm—1 + —-
/ d

Theo tinh chét cua day Fibonacci ta c6 ugm+1 = Ugm—1 + Ugm = Ugm—1 = Ugm+1 — Ugm
Nen Uy 1Ur = (Ugmt1 — Ugm)Ur = Ugm+1Ur — UgmUy €O Ugm Uy & Uy, = Ugm1Uy & Uy,
Suy ra

. U,

Ugm+1 + —7 -
I d

Theo cong thic ., = Upm_1Uy, + U, talai co

(uqurl;uqul) - (uqul + uqmauqul) - (uqm>uqul) == (u2au1) = 1.

T d6 suy ra

—=1=u,, =d.
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Tacou, :d=u>d=1u,vim>2vam>r = u, > u,. ladi dén mau thuin.
Vay trong cac truong hop ta déu di dén mau thuén, tir d6 dan dén gia sir 1a sai.

b6 1a (dpcm).

vi)- Néun,m <2tacdd=1hoac d =2 nén uy =1 va ta co (u,, u,) =1 = uy.

-Néun,m>2khidotheoi)tacoOn:dvam:d= u,: ugva u,, : ug. néu:

Up & U,

Um, Ug' -

Ta phai chiing minh ugy @ ug.
Theoiii)tacon:d vam:d nhungd = (n,m)néntacdd:d = ug:ugy = (Un, Uy) =
Ug-

v) Theo ii) ta chi can xét day cac s6 nguyén td sanh doi mudn vay day chi s6 co
thé chang han 13 diy cdc s6 nguyén t6 2,3,5,7,11,13, ... Vi tap cdc s6 nguyén to 1a

vO han nén c6 vo s6 cap s6 doi mot nguyén té cuing nhau trong day Fibonacci.

Bai toan 2. Cho day Fibonacci 1,1,2,3,5,8,...
1)Ching minh rang u, : 5% < n k.
2)Ching minh rang u, : 2 < n i 3.
3)Chiing minh rang u, : 22 < n i 6.
4)Ching minh rang:
a) u, cotan cung 1a 0 < n : 15;

b) u, c6 tan cung 1a hai s6 0 < n : 150.

Loi giai
1) Ta da c6 cong thic ctia s6 hang u,, cua day Fibonacci duoc tinh bing cong

thuc:

&

oy —xy 1+
VOl 11 =

NG 2

Ta ching minh rang: us, = 5u,q,, O day ¢, 7 5.

1-V5
2

Uy = ;T = n=1,2,3,...

That vay,
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Vbug, = 2" — 25"
bat a = 27,0 = 2% thi
VBus, = (a —b)a* + ab(a? + b%) + a?b* + bY] = (a — b)[(a® + b*)? — a®b® + ab(a® + b?)],
trong d6 ab = (z122)" = (—1)";
a + 1% = (a— b)2 + 2ab = 5u2 + 2(—1)".
Tur d6 ta c6

1 2 n\2 2n n 2 n\l __
Usn, = E\/gun[(wﬂ(—l) )" = (=07 + (=1)"(Buy, +2(=1)")] =

= 5w, [5up 4 5u(—1)" 4+ 1] = Supg, VOi g, = dup + 5u(—1)" + 1.

RO rang ¢, /5. Vay ta da ching minh dugc us, = 5u,q, V61 q, /5.
T d6 v6i n = 5%, (t,5) =1 tacd u, = 5°usA,, trong d6 A,, /5. Néut /5thiu, /5,
do d6 u, : 5% & s >k < n: 58 D6 1a (dpem)
2) Ta ching minh khi n = 3k thi u, : 2. That vay,
Khik=0tacouys=0:2.
Khik=1tocodus=2:2.
Gia st diéu khéng dinh da ding dén k = p tic 12 ug, : 2.
Khi k=p+1,taco

U3(p41) = U3pt3 = Ugpt2 + Uspr1 = U3py1 + Usp + Ugpr1 = 2Uzpy1 + Usp. 9

Do us, : 2 theo gia thi€t quy nap, cOn us,;; nguyén nén suy ra 2us,; : 2
vi the tlr (9) suy ra us(,yq) : 2. Vay diéu khang dinh cling ding khi k& = p + 1.
Theo nguyén 1i quy nap suy ra u,, : 2 khi n = 3k.

Ta ching minh khi n = 3k + 1 thi u,, /2. That vay, khi k =0thiu; =1 /2.
Gia stt diéu khang dinh da ding dén k = p tdc 12 ug, 1 © 2.
Xétkhi k=p+1taco

U3(p41)+1 = U3pyd = U3py3 T Uspr2 = Uspya + Uspr1 + Uspra = 2Uspyo + Usgpyr. (10)

Do uspio € Z = 2uzpio : 2 CON uzyyq /£ 2 (theo gia thi€t quy nap), vi the tir (10) suy

ra uz(p+1)+1 /2.
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Theo nguyén 1i quy nap suy ra u,, /2 khi n = 3k + 1.

Ta ching minh khi n = 3k + 2 thi u,, /2. That vay, khi k =0thi uy =1 /2.
Gia str diéu khang dinh da ding dén k = p tic 12 ug, o 7 2.
Xétkhi k =p+2tacd
U3(p4+1)+2 = U3py5 = U3pyq + Uspr3 = Uspy3 + Uspia + Uspy3z = 2Uzpy3 + Ugpia.
TU uspi3 € Z VA ugpys /2 (theo gia thi€t quy nap ) suy ra uspii)2 / 2. Vay diéu
khang dinh ciing diing khi k& = p + 1.
Theo nguyén 1i quy nap suy ra u,, /2 khi n = 3k + 2.
Ta ¢6 u, : 2 khi n + 3k ; u, /2Kkhin=23k+ 1hoacn =3k + 2.
Diéu d6 c¢6 nghia la u,, : 2 < n =3k < n i 3. D6 1a (dpecm).

3)Ta chiing minh rang khi n = 6k thi u,, : 22. That vay, khi k = 0 ta ¢6 ug = 0 :22
khi k=1tacous=28:2%
Gia str diéu khang dinh da ding khi k = p > 1, tic 12 ug, : 2%
Xétkhi k=p+1tacd
U6(p+1) = Uep+6 = Uep+s + Uspt+a = Usp+a + Usp+s + Uspts + Uspt2

=Ugp+3 + Uspra + 2(Uspr2 + Uspr1) + Uspr1 + Usp

=Ugpt2 + Usp+1 + Uspra T 2Uepr2 + 2Uppr1 + Uspr1 + Ugp
= 4(Ugp+2 + Uspt1) + Ugp- (11)

Do ugpio € Z, ugp1 € Z Va ug, : 2% (gia thi€t quy nap), nén tir (11) suy ra ug41) : 27
Vay diéu khang dinh ding khi n = p + 1. Theo nguyén If quy nap suy ra u, : 2
khi n = 6k.

Tuong tu nhu phan 2) ta chiing minh dugc u,, /22 khi n = 6k + 1,n = 6k + 2,

n =6k +3,n = 6k +4,n = 6k + 5. Vi thé:
U, : 2 & n =06k < ni6 (dpecm).

4)a) u,, c6 tan cung la 0 khi va chi khi u, chia hét cho 2 va cho 5.
Theo phan 1) w, :5 < nib.
Theo phan 2) w, :2<n 3.
Vi th€ u,, chia hét cho 2 va 5 n @ 15.
Nhu vay u, cé tan cung 1a 0 < n @ 15.

b) u,, ¢6 tan cing bang hai chit s6 0 < u,, : 100 < wu,, chia hét cho 22 va chia hét cho
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52.
Theo phan 1)va2) thi u, ¢6 tan cung la hai chit s6 0 < n chia hét cho 6 va 25 < n i 150
(vi (6,25) = 1).

Qua bai todn 1 va 2 ta thdy trong ddy sé Fibonacci cé vo s6 hop so, ¢6 vo s6 co
tdn cung lal 2,... chit s6'0. Ta ddt vdn dé trong hitu han phan tit cho trudc ciia dady
cé ton tai 6 ¢6 tdn cung la mot sé hitu han chit s6'0? Bai todn sau gidi vdn dé ddt
ra va trong bai todn nay nguoi ta da khéo léo vdan dung nguyén li Drichlet do6i voi

cdc cdp s6 du trong viéc chitng minh.

Bai toan 3. Xét day s6 Fibonacci 1,1,2,3,5,8,... HOi riang trong 10% + 1 s6 hang dau

tién cta day wg, u, Uy, ..., ujgs €O sO ndo tan cung bang 4 chit s6 0 hay khong?

Loi giai
Gia st u,, = 7, (mod 10*) & day 0 < r,, < 10%.
Xét day (ro,r1), (11,72), -, (7108, T108+1) 2OmM 10 + 1 cap sO (r4,7511)-
Vi chi ¢6 108 cap s6 (a, b) khac nhau v6i 0 < a < 10%,0 < b < 10%, nén theo nguyén 1i
Dirichlet phai ton tai hai cap s6 (r;, ;1) va (r;, ;1) trang nhau, véi (0 < 7 < j < 10%).
Diéu d6 co nghia la:

T =T

Tit1 = Tjt1-
Tu d6 Suy ra r;—y = rj_; = ... Ct ti€p tuc nhu thé ta s€ cé ry = r;_;,
hay u;_; =0 (mod 10*). Ta thiy 0 < j — i < 10%. Vay trong day ug, u1, ug, ..., uygs

c6 ton tai s6 tan cling bang 4 chit s6 0. Bai todn c6 cau tra 16i khang dinh.

Viéc xét mot sO tinh chdt s6 hoc vdi cdc phan ti ciia ddy Fibonacci dd cho chiing
ta mot s6 két qud thii vi. Trong phdn sau ddy chiing ta xét mot sé bai todn sé hoc ddt

ra véi mot s6 biéu thitc dai sé cé chita cdc phdn tit cua ddy Fibonacci.
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Bai toan 4. Xét day Fibonacci 1,1,2,3,5,8,.... Dat:
f(n) = 1985n% + 1956n + 1960.

a) Chiing minh rang ton tai vo han s6 hang u,, ciia day Fibonacci, sao cho f(uy,) : 1989.
b) C6 t6n tai s6 hang u; nao cta day Fibonacci, dé€ cho 2 + f(u;) chia hét cho 1989
khong?

Loi giai
a) Ta c6 1985n2 4+ 19561 + 1960 = 4n? + 33n + 29 (mod 1989).
bat h(n) = 4n? + 33n + 29. T d6 suy ra
F(n) : 1989 < h(n) : 1989.
Xét day so {v,}, trong d6
Vg = —1, V1 = 1
Uptl = Up +Up_1,n =12, ...

Ta c¢6 day {v,} la ddy sinh ra boi day Fibonacci {u,} : 1,1,2,3,5,8, ... bang cich
thém vao truGe day nay ba s6 hang -1,1,0.
Goi r; 1a phép du trong phép chia v; cho 1989 (: = 0,1,2,...). Nhu vay ta c6

0 < r; < 1988. Xét day cac cap so6 sau day:

(T()a Tl)? (Tla TQ)? (T27 T3)7
Vi méi s6 r; chi nhan mot trong 1989 gia tri. Vay cac cdp khdc nhau t6i da 1a 19892,
T d6 theo nguyén 1i Dirichlet thi trong 1989% + 1 cap dau tién thi c6 it nhét c6 hai

cap trung nhau. Gia st hai cap ay la:

(Tp7,rp+1)7 (Tptas Tp-l—a-l—l)?pu aeN

diéu &y c6 nghia 1a: r, = r,4;7ps1 = rprar1. Theo cdch xdc dinh day, ta c6

Up—1 = Up+1 — Up

Up+a—1 = Uptatl = Upta
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= Upta—1 — Up—1 = (Upta+1 — Upt1) — (Upta — Vp) =
= (Tptat1 — Tpt+1) — (Tpra —7p) (mod 1989) =0 (mod 1989).

Tudésuyrar, ;| =rpiq_1.

Tuong tu ta cé

Tp—2 = T'pta—2,

o = Ta+2,
1T = Ta+1,
To = Tq-

TUrg =70, =Tar1 VA U1 = Uy + Uy SUY TAT; =Ti04,Vi=0,1,2, ...

Do VAY, 1) = ' = T'oq = T'3q = -+ = Tk, Yk > 1, suy ra
h(vga) = h(vg) (mod 1989) = h(—1) (mod 1989) =0 (mod 1989).

RO rang v, Vk = 1,2,3,... déu 1a s6 Fibonacci, suy ra c6 vo s6 s6 hang cua day
Fibonacci vy, ma f(vg,) : 1989 (dpcm).
b) Ta c6 thé chiing minh dugc nhan xét sau:
Néu n 1a s6 nguyén t6 thi 4n? + 7n+1 [ 13.
That vay, ta thiy:
16(4n* + T +1) = (8n+7)> — 7 —2.13.

bat 8n+ 7 = 13n £ ¢(0 < ¢ < 6), m, ¢ nguyén, khi do ta c6
(8n 4 7)? = 13(13m* + 2mq) + ¢* = 16(4n* + Tn +1) = ¢* = 7+ 13k, k € Z.
RO rang v6i ¢ = 0,1,2,3,4,5,6 thi ¢> — 7 /13, do dé
dn? 4+ Tn+1 113,Vn € Z.

Nhan xét da ching minh xong.
Ta co

f(n)+2=1989(n* +n+1) — 26(n + 1) — (4n* + Tn + 1).

Do 1989 : 13 = f(n)+2 /13,¥Yn= f(n)+2 /1989, Vn. N6i cach khac khong ton
tai s6 hang w;, ctia day Fibonacci dé cho f(u;) + 2 chia hét cho 1989.
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Bai toan 5. Cho {u,} l1a ddy Fibonacci va k, n 1a cac s tu nhién tuy y. Chiing minh

rang phan sd sau day 12 t6i gian:

kun+2 + Uy
kun+3 + Up—1

Loi giai
Gia thiét phan chiing ton tai cac so tu nhién n, k sao cho:ku,, o + u, va ku, 13+ Up_1
cung chia hét cho s6 tu nhién d > 1. suy ra
(kupystuni1) — (Kupyotuy) i d = k(ugrs—tpyo)+ (unpr—uy) 2 d = (kg1 +u,_q) i d.
Ap dung 1ap luan trén vG&i kunyq + wp 1 VA Kty o 4 Uy SUY 12 ki, + U & d.
Qua trinh Ay ct tiép dién va ta di dén kuy + uy ¢ d va kus +u;  d. Suy ra
(kug + ug) — (kus +uy) i d = k(ug —ug) +ug —uy : d = kuy * d.
Nhu vay ta di dén di€u sau day k : d va 2k + 1 :d, ma d > 1. D6 1a diéu vo .
Vay gia thiét phan ching 1a sai, tic 1a v6i so tu nhién &, n cho trude thi phan s6

kun—f—? + Up

————— la phan s0 toi gian (dpcm).
Kty g3 + tn_q

Bai toan 6. Gia st F}, 1a s6 hang thit k£ cia day Fibonacci. Chiing minh rang vGi moi

sO tu nhién n > 3, thi s6 A, = 4F,_oF, F, 2F, 4+ 9 l1a s0 chinh phuong.

Loi giai

Trude hét ta ¢ nhan xét sau day: VGi moi s6 tu nhién n > 3, thi
Un :‘ Fn+4Fn—2_Fn+2Fn ‘: 3. (12)

That vay,
On =| (Frya + Foys) Fooo — Fopo By =] Fuysllo + Fua(Fae — F) [=
=| Fual o — Fopo P |=] Fugs(Fooy — Fog) — FogaFa |=
=| FosFo 3+ Fo1(Fuys — Fopa) =] FupsFoog — Fop Bt |[= vn.
Tt v, = v,_1, va qua trinh dy cu lap lai, ta di dén: v, = v3, Vn > 3.

Ta c6 vz =| F7Fy — F5F3 |=| 13.1 — 5.2 |= 3 nhu thé€ nhan xét (12) dugc ching minh.
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Tu (12) suy ra
FosaFoo=FyFrio£3= A, = 4F,Fpio(FyFyio £ 3) + 9 = (2F, Fpo £ 3)2.
Do F, nguyén Vn € N, suy ra A, 1a s6 chinh phuong véi moi s tu nhién n > 3

(dpcm).

Bai toan 7. Cho day s6 Fibonacci {u,},n = 1,2, ... chiing minh rang ton tai duy nhét
bo ba cic O a, b, c € N dong thoi thoa man hai diéu kién sau day:
)b<a,c<a.

ii) V6i moi n € N, thi (u,, — nbc") : a.

Loi giai
Tru6c hét ta chiing minh bo dé sau:
Bo dé. Bo ba s6 a,b,¢c € N V6i b < a, ¢ < a thod min hai diéu kién da néu khi va chi
khi ta ¢6 dong thoi hai diéu kién sau day:
a) be =1 (mod a);
B) nbc™ + (n — 1)be" ! = (n + 1)bc"™™  (mod a), Vn € N.
Chitng minh bé dé:
1) Gia stt a, b, c € N thoa man hai diéu kién cua bai toan. Ta s& chiing minh rang né

thoa man «), 3). That vay tir diéu kién
U, — nbc" : a,Vn € N. (13)

Khin=1,tacé1—bcia= bc=1 (mod a). Vay «) dugc thoa man.

Trong ( 13) 18y n = 2, ta ¢6 uy = 2bc? i a hay 1 — 2bc® : a, suy ra 2bc> = 1 (mod a),
tic 1a be = 2bc* (mod a) ndi khac di 3) ding khi n = 1.

Trong (13) 1an luot thay v6in — 1,n + 1, ta c6

Upi1 = (n+ 1™ (mod a).

Do {u,} la day Fibonacci, nén wu,; = u, + u,_1, suy ra

nbc" + (n — 1)bc" ' = (n + 1)bc™™  (mod a).
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Vay ) ding khi n > 1, titc 1a diing Vn € N.

2) Bay gio ta chiing minh ngugc lai. Gia st a,b,¢ € N(b < a,¢ < a) thoa man «) va
/3), ta phai chiing minh né thoa man yéu ciu dé bai, tic 1a phai ching minh vn € N
ta co

U, — nbc" : a. (14)

Ta sé& chiing minh (14) bang quy nap.

Theo «) ta ¢ be =1 (mod a) thc 1a 1 — be & a hay u; — 1bc' © a.

Vay(14) ding khi n = 1.

Theo (3) ta c6 be = 2bc? (mod a) hay us — 20c¢? : a vay ( 14) ding khi n = 2.

Gia st ( 14) ding dén n, tic 1a ta co

Up_1 — (n—1)bc" ! i a;

u, —nbc" : a.
Tu d6 w, 1 + u, = (n — 1)bc™ ! + nbc™ (mod a), suy ra
Upy1 = (n — 1)bc™ ! +nbc"™  (mod a).
Theo di€u kién 3) thi
nbc" + (n — 1)bc" ' = (n+ 1)bc™* (mod a).
Vay, ta suy ra
Upi1 = (n+1)bc™ (mod a), hay u, 1 — (n+ 1)bc" ™ 1 a.

Vay ( 14) ding v6i moi n.

B6 dé dugc ching minh hoan toan.

Bay gid ta giai bai todn da cho véi diéu kién ban diu duoc thay bang hé diéu kién
), B).

Do bc =1 (mod a) nén (b,a) = (¢,a) = 1.

That vay, gia thi€t phan ching (b,a) =d > 1 = b= pd;a = qd.

Ta c¢6 be — 1 = ka = pdc — kqd = 1 = d(pc — kq) = 1. Pang thifc vira thu dugc 12 vo
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lidok >1vaqc—kdeZvay (b,c) = 1. Tuong tu (c,a) = 1.
Tu diéu kién 3) ta c6 Vn € N thi

(n + 1)bc™™ —nbe” — (n — 1)bc" ' 1 a.

Do (c,a) =1= ("'a) =1=b[(n+1)c* —nc— (n—1)] : a. Lai do (b,a) = 1 nén

(n+1)c®*—nc—(n—1):asuyra
(n+1)(c®—c—1)+(c+2)ia,VneN.

Vi diéu Ay ding Vn € N, nén phaicé > —c—1iavac+2:ia

Suyra (> —c—1)—(c+2)(c=3)ia=5:a.Doa>1(via>ba>c)=a=05.
Doc+2:a=c+2:5mac<b=c=3 Dobc=1 (moda)nén3b=1 (mod5)
ma b < 5= b= 2. Vay ton tai duy nhat bo ba s6 phai tinlaa = 5,0 = 2,c = 3. D6
chinh 1a (dpcm).
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KET LUAN

Céc bai toan vé day so da dugc dé cap ¢ hau hét cac tai liéu vé giai tich, dai
0, nhu tic gia da gidi thiéu trong phdn md& diu, trong luan van nay chi dé cap dén
tinh chat s6 hoc clia cac phan t trong day s6. Luan van da trinh bay hé thong mot
sO bai toan thoa man tinh chat s6 hoc nao dé dat ra nhu 1a tinh chinh phuong, tinh
nguyén td, tinh chia hét ... d6i véi cac phan tir cta day s6. Pong thoi luan van cling
trinh bay so luoc phuong hudng giai quyét van dé néu ra, véi cac diy so 1a cip so
cong va cap s6 nhan luan van cling xét dén tinh chia hét, tinh chinh phuong, tinh
nguyeén td ... d6i véi cac phan tlr cia nd, dac biét 1a luan van da dé cap téi mot s bai
toan vé€ udc chung 16n nhat, tinh chia hét, tinh nguyén t6 ctia cdc phan tir trong day
Fibonacci va m6i lién hé gifta s6 thit tu ctia phn tir trong ddy s va tinh chia hét. Dé
lam duoc nhitng diéu nay ngudi ta da két hop mot cach khéo 1éo cac phuong phap
co ban cua Ii thuyét day véi cac nguyén 1i ctia s6 hoc lam cho viéc chiing minh bai
toan thém phén hap dan, tao nén su da dang, phong phd trong kho tang toan hoc cua

nhan loai.
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