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GIGI THIEU

Ky thi Olympic Toan danh cho sinh vién cac trudng dai hoc, cao ding va hoc
vién trong ca nudc da dién ra tai Trusng dai hoc Pham Vin Déng, Quang
Ngii trong khoang thdi gian mét tuan, tu 07-13/4/2014. Quyén ky yéu nay
cht yéu danh d€ tap hop lai mot sb bai dé xuit clia cac trudng tham du ky
thi v6i mong mubn cung cip thém mét tai liéu tham khao cho cac sinh vién
quan tAm. Do thoi gian kh4 ngdn nén ngoai mét sb bai duge bién tip tuong
dbi k¥ cang, c6 mot sb bai ching t6i giit nguyén cach trinh bay nhu dé xuit,
cong tac bién tap trong trudng hop dé 1a danh may lai, kiém tra tinh chinh
xac vé ndi dung va chinh ta.

Quyén ky yéu chic chin con rit nhiéu 16i trinh bay, ching t6i dé nghi ngudi
doc luon dé y dieéu nay.

Nhom bién tap
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MOT SO THONG TIN VE KY THI

Trudng dai hoc Pham Vin Pdng - dén cac doan tham du ky thi. Nguén: PH Pham Vin Péng

1 Thong tin chung

Ky thi Olympic Toan danh cho sinh vién nim 2014 dudc t6 chiic tit 7-
13/4/2014 tai Trudng dai hoc Pham Vin Pong, thanh phb Quang Ngai, tinh
Quang Ngai. Ky thi 14 hoat d6ng phdi hop hang nim giita H6i Toan hoc Viét
Nam cling v6i mot cd sé dio tao, 2014 1a nidm thit 22 ky thi dién ra.

ba cé 85 tru’Ong dai hoc, cao dang, hoc vién tham du ky thi Olymplc Toan
hoc sinh vién 14n thtt 22. C6 719 lugt sinh vién du thi hai mén Dai s6 va Giai
tich.

Bén canh hoat dong chinh 14 viée t8 chic thi, chim thi va trao gidi, Ban t8
chtic ky thi phdi hop véi Trudng dai hoc Pham Vin Dong di t6 chitc mot hoi
thdo vé “P6i méi ndi dung gidng day toan 6 trudng ki thudt” va mot budi
"Giao luu gilta cac nha toan hoc va sinh vién" tai truong dai hoc Pham Van
bong.
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Cd quan td chiic
e B0 Giao duc va Dao tao
e Lién hiép cac Hoi Khoa hoc va Ky thuat Viét Nam
e Trung uong Hoi Sinh vién Viét Nam
e Hoi Toan hoc Viét Nam

e Trudng dai hoc Pham Vin Dong

Ban tb chiic

Trudng ban: GS. TS. Nguyén Hitu Du (Hoi Toan hoc) va PGS. TS. Pham Dang
Phuéce (Truong DH Pham Van Dong).

Phé trudng ban: GS. TSKH. Pham Thé Long (Hoi Toan hoc), GS. TSKH.
Phung HO Hai (Hoi Toan hoc), Th.S. ChAu Van Luong (Trudng DH Pham
Van bong).

Uy vién: TS. Doan Trung Cuong (Hoi Toan hoc), TS. Lé Cudng (Trudng DH
Bach Khoa Ha Noi), TS. Nguyén Thanh Hai (Truéng DH Pham Vin Dong).

2 Két qua
Vo6i két, qua thi cta thi sinh, Hoi dc?ng thi di théng nhét co ciu va mic trao
giai. S6 lugng giai dudc trao cu thé nhu sau:
a. Mén Dai s6
- Giai nhat: 27 giai.
- Giai nhi: 42 giai.
- Giai ba: 100 giai.
- Khuyén khich: 30 giai.
b. Mén Giai tich
Giai nhét: 28 giai.

Gidi nhi: 44 giai.

Giai ba: 95 giai.
Khuyén khich: 27 giai.
c. Giai dac biét
Ban t6 chtic ky thi da quyet dinh trao 11 giai dic biét cho cac sinh vién

hodc dat diém cao nhét cda mo6t moén hodc dat hai giai nhét cla ca hai
mon.



L£ 160 KT VA
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Thtt trudng B6 GD&DT Bui Van Ga va 6ng Cao Khoa - Cht tich UBND tinh Quang Ngai -
trao cac giai dic biét. Nguén: PH Pham Vin Pong






DIEN VAN TONG KET KY THI
Olympic Toan Sinh vién Toan qudc 1an thir 22

GS. TS. Nguyén Hitu Du
Chu tich Ho6i Toan hoc Viét Nam
Pbng Trudng ban t6 chitc ky thi

Subt ching dudng 22 nim qua, ciing 14 lac bit ddu clia mua hé chay béng 6
Mién Trung, Olympic Toan sinh vién di dong hanh cling véi cdc trudng dai
hoc, cao dang va hoc vién va di tré thanh su kién quan trong thiic ddy phong
trio hoc tip, gidng day Toan cda sinh vién va cac thiy, cac cd 6 cac trudng.

C6 1é con nhiéu tranh luin v6i nhau d€ khing dinh vai trd ctia toan hoc trong
chuong trinh gidng day, trong nén gido duc ctia nuéc nha cﬁng nhu su anh
hudng ctia né dén su phat trién kinh té&, xa hoi, an ninh quoc phong caa dat
nuée. Chi c6 mét diéu khong thé ai pht nhén 1a & tt cd cac nudce tién tién
trén thé g101 toan hoc c6 mét vi tri ddc bi€t quan trong tir bac gidao duc pho
thong co s& dén dao tao tién Sy. Toan hoc cung cap mot cong cu manh meé
gitip cho cac chuyén gia giai quyet cac vAn dé chuyén mon cta tAt ca cac
nganh, ngay ca nhiing nganh thudc linh vuc tudng chirng xa la nhu khoa hoc
x4 hoi va nghé thuat. Ngoai ra, mét vai trd khong kém quan trong, néu chua
noi la quan trong hon, la toan hoc trang bi cho ngudi hoc mét tu duy logic,
tu duy sang tao can thiét cho cudc song va nghe nghiép sau nay Do la chua
néi dén néu ai say mé toan hoc sé thay dugc stic hit manh mé cta no, sé
thay d6 1a thé gi6i ky diéu kich thich chiing ta kham ph4, sang tao. Chinh vi
vy ngay 6 mot dit nuée thue dung nhu Hoa Ky, khi d4 buée chin vao dai
hoc thi bt ctt hoc nganh gi, cac sinh vién déu phai trai qua cidc mén hoc vé
Toan.

Su nghiép gido duc va dio tao ctia nuée nha dang trong thdi ky chuyén bién
v6i nhitng budc ngodt mang tinh quyét dinh va dang dudc toan x4 hdi quan
tam. Viéc dinh hUOng dung chUdng trinh glang day trong cac truong hoc,
hoc V1en la cong viéc diu tién dé nang cao chét luong dao tao. NhUng ai do
nghi ring cac trudng co thé dao tao ra nhitng con ngudi c6 chuyén mén cao
va trach nhiém xa hoi bdi mot chuong trinh dao tao theo phuong chdm giam
thiéu vai tro mon toan, thim chi bé han mén toan ra khéi chuong trinh gidng
day, thi c6 1& d6 14 nhitng ngudi khéng thuc té va nhiéu thé hé sinh vién ra
trudng sé phai tra gia béi nhitng nhim 14n tai hai dé.

1. Trich n6i dung bai phat biéu tai 1& tng két va trao gidi Olympic Toan Sinh vién Toan
quoc lan thit 22, ngay 12/4/2014, tai Tp. Quang Ngéi, Tinh Quang Ngéi
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Cfing may 13 xu huéng mudn bé mén toan trong cac chuong trinh dio tao
chi méi x4y ra rai rac 6 mot sb trudng ning vé lgi nhudn kinh doanh. Chinh
vi thé, du gido duc & cdc bac PH va cao ding 6 VN dang c6 nhiing thing
trAm thi ky thi Olympic toan sinh vién van nhin dudc su hudng ng nhiét
tinh clia cac thiy cac ¢d va sinh vién. Su nhiét tinh d6 di gitp cho ky thi
Toan Olympic sinh vién hang ndm d& tré thanh ngay héi ctia dong ddo sinh
vién va gido vién cac trudng va cac hoc vién.

Muc tiéu chinh cta ky Olympic Toan sinh vién duong nhién la tao ra cudc
hoi ngd va tranh tai 6 dinh cao tri tué cda cac sinh vién yéu thich toan cta
cac truf(‘jng dai hoc va cao dang dé chap canh uéc mo cho nhﬁfng em c6 hoai
bao trd thanh nha toan hoc sau nay, la dip dé€ cac trudng khang dinh dugc
dang cip va thu’dng hiéu quoc gia vé dao tao cua minh. Tuy nhién, vuot 1én
nhiing diéu dé con c6 nhiéu muc dich cao dep khac. Cudc thi Olympic sé
13 noi gip g6 clia cac thiy co d€ ting cudng su hifu biét, ciing nhau hoc
tdp kinh nghiém giang day, dic biét la giang day mon Toan. Do ciing 1a noi
nhitng ngudi yéu thich nghién cttu toan hoc gip gd va trao d6i nhau, ciing 1a
dip hiém c6 cho cac sinh vién cac trudng c6 thé giao luu gip g véi cac nha
toan hoc nuéc nha dé thip mai ngon ldta dam mé toan hoc va sé lua chon
toan hoc nhu 13 nghé nghiép tuong lai ciia minh. Nhd d6, ky thi Olympic
toan chic chic sé gop phan thiic d4y su phat trién clia clia nén Ton hoc Viét
nam noéi riéng cling nén gido duc nude nha néi chung.

Ky thi Olympic toan hoc sinh vién toan qubc 1an thit 22 dién ra tir ‘ngay 08
dén ngay 12 thang 4 ndm 2014 tai Trudng Dai hoc Pham Van Pong, trén
Vung dét Quang Ngai giau truyen thong lich stt, van hda va tinh ngum Du
rang mdi c6 6 nam phat trién nhung Trudng da c6 nhitng bude trudng thanh
cta nhiing trudng cé bé day dao tao. Ky thi cling dugc dat 3 Quang Ngai,
mot tinh dang vuon ra tim hién dai ctia quéc té ma vén gilt dude nét dic
trung cta mot thanh pho Mién Trung. Nhitng ai dén vé6i ky thi 14n nay da
c6 dip d€ di qua tung goc pho ling ngdm nhin Thanh phé Quang ngal dang
d6i méi véi su ké thita cta nén vin hoéa Sa Huynh, da dudc biét cac di tich

lich stt, danh lam thang canh M§ Khé, khu du lich viin hoa Thién An, nui Ca
Pam, ddo Ly Son..., noi di sinh ra cac 1anh tu kiét xuit Truong Cong Dinh,
Pham Vin Déng... Ching ta ciing hi€u dugc tinh ngudi véi su gion tan, vi
ngot thanh, thAm diu ctia dudng phén x Quang.

Chi v6i ndm ngay cta ky thi, ching ta duge chitng kién su nd luc tranh tai
cta nhitng sinh vién tai ndng yéu thich Toan hoc 6 ky thi Olympic v6i quy mo
16n. Hon 700 ludt thi clia cac sinh vién tit 85 trudng dai hoc, cao dang va hoc
vién tit moi mién T6 québc tu hoi vé tranh tai hai mon Dai sb va Giai tich toan
hoc. C4c em d4 cho moi ngudi cdm nhén dudc toan hoc 1 diéu huyén diéu
va chling minh tai ndng cung v6i long say mé toan hoc tuyét voi cia minh.
S6 luong déng dio cac doan va cac sinh vién tham gia ky thi minh ching
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hung hén cho vai tro cia Toan hoc trong ddo tao va su quan tim dic biét
clia cac trudng dai hoc va cao dang. Su thanh céng clia ky thi khong chi phat
hién ra nhitng nhan tii todn hoc cta dit nuéc ma chic chin con gép phan
vao viée nang cao chit luong gidng day, dic biét 13 gidng day mén Toan hoc
3 cac bac giao duc 6 Viét Nam.

L S ? % L// 1N \\ \ » )
Céc thi sinh (trai) va Ban giam khao (phai). Nguén: PH Pham Vin Pong

Ban giam khao d4 1am viéc hét stic céng minh, khdn truong, chinh x4c. Chiling
ta d4 c6 dé thi phu hop trinh d6 dé€ xép loai dugc sinh vién. Ky tranh tai ciing
c6 11 em dat giai nhat ddng thoi ca hai mon thi, trong d6 c6 2 em dat 30
diém mon Giai tich. Trusng Pai hoc Khoa hoc Tu nhién, PHQG Ha Néi din
dau két qua thi v6i thanh tich 7 giai nhat. b 1a két qua dang tu hao ma cac
em di dat dugc va ching ta tin tudng rang néu cac em gitt viing dudc ngon
lta dam mé, cac em sé trd thanh nhitng nha Toan hoc 16n trong tuong lai.
Hiy d€ ching ta bay td su ngudng mé dén tai ning toan hoc clia cic em-
nhiing ngdi sao méi dang xuét hién trén bu trdi todn hoc Viét Nam.

Cudc thi di gianh dudce su quan tAm siu sic clia B6 Gido duc va bao tao,
cta Lién hiép hoi KH va Ky thuét. Chling ta vui mutng véi su ¢6 mat ctia Thit
trudng Bui Vin Ga, nguoi dang hang ngay chi dao c6ng tac dao tao dai hoc
cla cac truong va hoc vién.

Chiing ta cling that ngd ngang trude su nhiét thanh va phuong thitc t6 chic
khoa hoc ctia Trudng ding cai. Su chi dao cin thin dén ting chi tiét ctia Ban
Giam hiéu Nha trudng da gitip cho cudc tranh tai thanh cong rét tbt dep. Ky
thi cling nhin dudc su quan tAm dac biét ctia Lanh dao tinh Quang Ngai, cac
sd nganh lién quan thuc hién cac cong viéc gitp cho ky thi thanh céng. Cong
ddng Toan hoc Viét Nam xin gt 16i cdm on sdu sic t6i B Gido duc va Dao
tao, Tinh ty va Uy ban nh4n d4n tinh Quang Ngii va Truong Pai hoc Pham
Van D(R)ng.

Ching ta cling tu hio nhin manh rang su tai trg 16n nhit ma cac trudng va
hoc vién danh cho Ky thi 13 tao diéu kién cho cac em sinh vién c6 long yéu
thich toan hoc dude dén véi toan hoc. Vi thé, BTC cAm on dic biét ban gidm
hiéu céc trudng, ban gidm dbc cac hoc vién. Ching ta cling cAm on cac thiy
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cac cb6 da dong vién, day db cac em sinh vién glup cac em thap sang ngon
Itta say mé dé chinh phuc dinh cao tri tué. Ldi cAm on t1ep theo chic chin
phai danh cho cac em sinh vién. Cac em di phin ddu hét minh d€ ching
minh kha ning sang tao Toan hoc cta chinh minh. Chinh cic em 1 ngudn
déng luc chinh ddm bao cho su thanh cong tbt dep ctia ky thi va thap séng
ngon ltta Olympic Toan sinh vién. Chung ta cling cdm phuc cac em sinh vién
ve khat vong dat dugc dinh cao vinh quang. Mong cac em glu’ mai khat vong
vuon 1én dé khi tr vé chung ta s€ la nhitng sinh vién xut sic trong hoc tap,
sau nay tré thanh nhén tai ctua dét nude.

Ban T6 chic Hoi thi cling da nhén duge su ¢S vil vé tinh thin va sy Ging hd
vé vat chét clia cac co quan, don vi, cac t6 chtic chinh tri x4 hoi. Ching t6i
xin chdn thanh cam on Dai truyén hinh Viét Nam da giap do chung toi thuc
hién chuong trinh. Chung t6i cling chan thanh cam on su gop stic cua Tap
doan Viettel, Tong cong ty Dudng sat Viét Nam Ngan hang Nong nghiép quan
Tay H6, Ha N6i; Nha may loc ddu Dung Quét, Nha méy nuéc khoang Thach
Bich, chi nhanh Ngan hang Viét tin Bank, Chi nhanh ngan hang néng nghiép
va phat trién néng thén, Chi nhanh ngin hang BIDV, Chi nhanh ngin hang
VietComBank, Nha may Vina Soy tai Quang ngai. Su gitip d6 nay cua quy co
quan da la niém khich 18 16n da gép phin cho Olymlic 14n thit 22 thanh céng
tot dep.

LE TONG KET VA TRAO Glﬁ
K\Y{Tlij l]I.YJMPIGjTﬂA _ISI__] Vl__J'ljﬂA_J(l

Céc sinh vién dudc trao gidi nhat mén Gidi tich. Ngudn: PH Pham Vin Pong

Cuodc thi tranh tai clia chling ta di két thiic nhung ngon Ita nhiét tinh ctia kj/
thi Olymplc 1an tht 22 sé mii méi thap sang trong 10ng nhiing giang vién,
sinh vién va ngudi dan x Quang Tuy nhién, cing nhu bét ct cudc tranh tai
khéc, lac két thic sé c6 nhiéu em tu hio vé nhitng thanh tich minh dat duge
va 1& di nhién van con mot vai em vi Iy do nao d6 ma chua thé hai long véi
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két qua cia minh chi vi mét chat thiéu may mén. Du thé, cac em hay giit
virng niém tin va chac chan ngay nao do cac em sé€ dudc thanh tich cao trong
nhiing 1an tranh tai tiép theo cling nhu toan bd su nghiép ctia minh.

L4 ¢ Olympic Sinh vién Todn hoc di dude chuyén vé cho Pon vi ding cai
nidm 2015- Trudng Pai hoc Kinh té, Dai hoc Hué nhung nhiing tinh cam tbt
dep ma Trudng Dai hoc Pham Vin Dong va nhan din Quang Ngii danh cho
nh{ing ngudi tham du ky tranh tai Olympic Toan hoc Sinh vién vain con dong
mai trong tam tri moi nguoi.
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DIEN VAN TONG KET KY THI
Olympic Toan Sinh vién Toan qudc 1an thir 22

PGS. TS. NGUT. Pham Dang Phudc
Hiéu trudng Truong dai hoc Pham Van Déng
Dong Trudng ban t& chic ky thi

Kinh thua quy vi dai biéu, quy vi khach quy; cac thiy co gido va cic em sinh
vién than mén.

Ky thi Olympic Toan sinh vién toan quéc lan thtt XXII, nim 2014 dudc t8
chtic tlt ngdy 7 thang 4 nim 2014 dén ngay 12 thang tu nim 2014 tai trudng
Pai hoc Pham Vin DPdng tinh Quang Ngai d4 két thic va thanh cong tot dep.
Pén tham du ky thi ndm nay c6 85 doan tit cac trudng Dai hoc va cao ding
trén toan qube. C6 719 luct cac sinh vién du thi hai mén Dai sb va Giai tich,
c6 gan 200 thay c6 gido 13 trudng, phé doan va tham gia Ban Giam khao.

Thay mit Ban t§ chiic, cdc Thay ¢ gido va sinh vién trudng Dai hoc Pham
Van Ddng, t6i nhiét liét chao ming va cam on su c6 mit cla cac dong chi
lanh dao, clia tit cd quy vi dai biéu, cac Thay b gido va cac em sinh vién da
dén du 18 bé mac va trao giai cta ky thi.

Kinh thua Quy vi!

Trudng Dai hoc Pham Véan bong hén hanh 13 don vi ddng cai t6 chtic ky thi
lan nay. Trong mot tuan hoat dong, ky thi da dieén ra dang ke hoach:

Trong hai ngy mung 7 va 8 thang tu, Ban T6 chitc di dén tiép cac doan tu
cac Hoc vién, cic trudng dai hoc, cao dang tit moi mién ctia TS qudc vé ding
ky du thi. Cong tac dén tiép dudc trusng Dai hoc Pham Vin Dong chuén bi
chu ddo, trong khong khi thin tinh va néng 4m. Déi sinh vién tinh nguyén
clia trudng dai hoc Pham Vian Dong di hd tro cac doan du thi, dén cac doan,
gi6i thiéu ché an, 6, huéng din dudng di. Trong diéu kién Tinh Quang Ngai
con nhiéu khé khin, nhung cdc doan ciing di sém 6n dinh chd 8, yén tim
tham gia ky thi. Thanh phd Quang Ngii va trudng Dai hoc Pham Vin Ddng
it c6 dip dudc d6n tiép mot sb luong 16n ngudi tir cac tinh thanh trong ca
nude dén tap trung trong mot tudn doéng nhu viy. Dy 1a 14n diu nha trudng
ding cai t6 chitc mét su kién 16n, do d6, dé chudn bi cho ky thi dude dién ra
sudn sé, an toan, nha trudng di phdi hop véi chinh quyén dia phuong, cic
s3, nganh lién quan cda tinh, ddm bdo an ninh trét tu dia ban va khu vuc

1. Trich n6i dung bai phat biéu tai 1& tng két va trao gidi Olympic Toan Sinh vién Toan
quoc lan thit 22, ngay 12/4/2014, tai Tp. Quang Ngéi, Tinh Quang Ngéi
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thi; ddm bao vé sinh an toan thuc phdm, ddm bao cong tac thong tin, dién,
nudc, y te, ..., dé ky thi dudc dién ra thanh cong.

Céc hoat déng bén 1é cta ky thi ciing d4 duge chuin bi va t8 chite chu ddo.
Chiéu ngay 8 thang tu nim 2014, Ban tS chitc ky thi da t6 chdc Héi thao
vé “Phudng phap giang day toan & cac trudng Ky thuit”. Da c6 gin 200 cac
Thiy c6 gido day toan clia cic hoc vién, trudng dai hoc va cao dang dén
tham du. Héi thio di trao déi, thao luin sbi néi vé chuong trinh dao tao,
bién soan sach gido khoa, gido trinh va cac phuong phap day toan hién nay
trong cac trudng ky thuét; Hoi thdo cho thay su cin thiét d6i véi viée bién
soan Bo sach toan dé cac trudng ki thuit théng nhét stt dung, cin déi méi
chuong trinh gidng day toan & bic dai hoc va cao dang clia cac nganh k§
thuat cho phu hop hon v6i hinh thitc dao tao tin chi va phuong phap gidng
day méi. Chuyén tit phuong phap truyen thu klen thtc sang dao tao ky nang,
kha ning tu nghién cttu cho sinh vién trong diéu kién sb tiét gidng ngay cang
thu gon.

Sinh vién Truong dai hoc Pham Vin Ddng. Nguén: PH Pham Viin Péng

Hoat dong “Giao luu gitta cac nha toan hoc véi sinh vién” cting da dugc dong
ddo cac em hoc sinh, sinh vién hao hiing tham gia. Khach mdi dém giao luu
13 cac Nha khoa hoc, Gido su toan diu nganh clia ca nuéc va cac Giang vién
toan nhiéu kinh nghiém ctia cac trudng dai hoc, cao dang. bay la dip dé cac
em sinh vién yéu thich mén toan dudc tiép cin cac Nha khoa hoc, cac Thay
b gido day toan. Dugc trao déi nhitng vin dé chuyén mén, nhiing tim tu,
kinh nghiém trong viéc hoc toan va nghién cttu mon toan. Dém giao luu da
dem lai khéng khi phin khéi va niém tin cho cac sinh vién yéu thich mén
toan, mang lai su déng vién to 16n cho cac sinh vién Viét Nam tiép tuc cd
nhiing cbng hién, thanh céng trong linh vuc toan hoc.

Ngay 09 thang tu ndm 2014, sinh vién cta cac truong chinh thitc dy thi hai
mon Dai so6 va Giai tich. Ban TS chitc da chudn bi tot cac dleu kién vé co s6
vat chit dé t6 chitc ky thi. Trong nhitng ngay nay, thoi tiét tai Quang Ngai
kha néng nhung cac thi sinh di khic phuc khé khin, tham gia cac bubi thi
mot cach day du va nghiém tiic. Cac Thiy cb gido 1am cdng tac coi thi di thé
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hién tinh than trach nhiém cao, coi thi nghiém tdc va khach quan. Ban Giam
khao da khan truong trién khai viéc cham thi, 1én két qua.

Ngay 11 thang tu, Ban t8 chitc da hop cac trudng doan dé€ théng nhit két
qua ky thi. Ban t6 chitc nhiét liét chiic mitng thanh tich clia cac doan va danh
gia rat cao tinh thin hoc tip toan hoc clia tit ca cac sinh vién tham du ky
thi nay, vi cic em déu 14 nhitng sinh vién xuit sic clia cac trusng dugc ctt
di, cac em déu xiing dang dat giai. V6i két qua thi ctia thi sinh, Hoi dong thi
da théng nhét ¢ cau va két qua gidi cu thé nhu sau: C6 55 giai nhit (mén
dai sb c6 27 SV, mén giai tich c6 28 SV), c¢6 87 gidi nhi (mén dai sb c6 43 SV,
moén gidi tich cb 44 SV), cb 184 gidi ba (m6n dai sb c6 99 SV, mén giai tich
6 95 SV), ¢6 57 giai khuyén khich (mén dai s6 c6 30 SV, mén gidi tich ¢6 27
SV). Trong sb cac em dat giai nhit, c6 11 sinh vién dat giai dic biét - d6 1a
nhiing sinh vién dat tha khoa mén Dai s6 hodc Gii tich hoic dat gidi nhit
ca 2 mon.

T6i ngay 11 thang 4 ndm 2014, Trudng Dai hoc Pham Vin Déng t8 chtic dém
giao luu, gip g than mat cac Thiy Cb gido ciing nhu sinh vién cia tit ca cac
doan. Pém giao luu di dién ra vui vé, thin tinh, d4 d€ lai nhiéu tinh cam tét
dep gitta sinh vién cac nha truong, hoc vién.

Trong nhiing ngay luu lai Quang Ngii, dic biét 1a ngay 10 va 11/4, hau
hét cac doan di co dip duge tham quan cac danh thing va di tich lich st tai
Quang Ngii: nhu thim nha may loc diu Binh Son tai Khu kinh té Dung Quét,
thim mo cu Huynh Thic Khang, Khu chitng tich Son M§, bién M§ Khé; Khu
luu niém Bac Pham Vin Dong, Bénh x4 mang tén anh hung liét s§ - Bac sy
béng Thuy Tram, Khu Du lich Sa Huynh,...., dugc thudng thiic cac ddc san
clia qué huong Nui An, S6ng Tra. Quang Ngi chic chin d4 d€ lai nhitng 4n
tudng dep trong long du khach.

Trong subt thdi gian dién ra ky thi, khong cé su cb dang tiéc ndo x4y ra; an
ninh trit tu, an toan giao théng, sttc khde ctia cac thi sinh va quy Thay co
gido déu duge dam bao.

Kinh thua quy vi!

DE t6 chitc mot ky thi 16n, quy mé toan qubc, Hoi Toan hoc Viét Nam va
truong Dai hoc Pham Van Dong da c6 nhiéu co gang dé phoi hgp cong tac
cling nhu tranh thu sy gitip d6 ti nhiéu phia.

Ban T6 chitc va trudng Dai hoc Pham Vin Déng chén thanh cAm on B6 Gido
duc va Do tao di c6 nhiéu quan tAm chi dao va di ting Bing khen cho nha
trudng trong cdng tac t6 chitc ky thi. Dic biét, su ¢ mit ctia GS.TSKH Bui
Van Ga, Tht trudng Bé Gido duc va Dao tao trong budi 1& bé mac va trao giai
hém nay chinh 13 su khich 16, déng vién to 16n ddi véi phong trao day va hoc
to4n trong cac hoc vién, trudng dai hoc va cao ding clia ca nudc. Xin trin
trong cam on Thi trudng.
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Xin chén thanh cdm on lanh dao Tinh ly va UBND tinh Quang Ngai da co su
chi dao sau sat, su gitp dd tan tinh trong viéc to chtic ky thi tai trudng dai
hoc Pham Vin Déng, di dong vién va ting bang khen cho Hoi Toan hoc Viét
Nam. C4m on sy hé trg ctia cac sé, nganh va chinh quyén dia phuong dé ky
thi dién ra an toan va dat két qua tét.

Ban t6 chitc trin trong cam on cac co quan, doanh nghiép da tham gia tai
trg: Nha may loc héa diu Binh Son - Quang Ngii, Chi nhanh Ngin hang
ViettinBank tinh Quang Ngai, Chi nhanh Ngin hang No6ng nghiép tinh Quang
Ngdi, Chi nhanh Ngin hang dau tu va phat trién tinh Quang Ngai, Chi nhanh
Ngéin hang VietComBank tinh Quang Ngai, Nha may nudc khoang Thach
Bich - Cty duong Quang Ngai, Nha may sita Vinasoy - Cty dudng Quang
Ngai, Nha may Bia Quang Ngai - Cty dudng Quang Ngai, Cong ty Quang Cao
Thoi Nay; Tai Ha Noi ¢ cac nha tai trg: Tap doan Viettel, TAp doan DAu khi
Viét Nam va Ngin hang Néng nghiép quén Tay Ho, tht d6 Ha Néi. Qua su
quan tdm cua cac nha tai tr¢ da khich 1é phong trao hoc tip mén Toan cua
sinh vién Viét Nam.

Xin cam on Dai truyén hinh Viét Nam, Trung tdm truyén hinh Viét Nam tai
Thanh phé Da Néng, Dai phat thanh va truyén hinh Quing Ngii di dua tin
trong cac chuong trinh thdi su va td chiic truyén hinh truc tiép 18 khai mac
va bé mac Ky thi. Cam on cac phong vién bao dai tai dia phuong va ca nude
di dén du va dua tin vé cac hoat dong cta ky thi dién ra trong tun qua.

ot

Céac sinh vién dugc trao gidi nhat mén Pai sb. Nguén: PH Pham Vin Pong

Trudng Dai hoc Pham Vin Dong trn trong cam on Héi Toan hoc Viét Nam
da tin tudng chon trudng Dai hoc Pham Vin Dong lam don vi ddng cai cling
nhu su phéi hop t6 chiic thanh céng cac hoat dong cua ky thi.
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Xin cam on su cé mit ctia 85 doan clia cac trudng dai hoc, cao dang trong ca
nudc da ve tham du ky thi Olympic Toan lan thi XXII, ndm 2014 tai truong
Dai hoc Pham Vin Dong Quang Ngai, gop phan lam nén thanh cong cta ky
thi.

Véi tu cach la don vi déng cai, truéng Dai hoc Pham Vin Ddng da c6 rht
nhiéu cb ging trong codng tac chuan bi, t6 chtic ky thi, tuy nhién vin khong
the tranh dugc cac thiéu sét; rit mong dudce su thong cam va luong thi cia
tAt c& quy vi va cac em sinh vién.

Co thé noi, Ky thi Olympic Toan sinh vién toan quéc 14n thit XXII tai Quang
Ngai da két thic bt dep, xin hen gdp lai tai ky thi 14n thit 23, nim 2015 - tai
Truong dai hoc Kinh té, bai hoc Hué.

Trudng Dai hoc Pham Vin Ddng xin gui 10i chao tam biét dén tt ca cdc Thay
c6 gido va sinh vién cac truong, xin hen gap lai tai Quang Ngéi trong nhiing
dip khac.

Xin kinh chic cac déng chi 1anh dao, quy vi dai biéu, cac vi khach quy, cac
Thy b gido va cac em sinh vién ludn dbi dio stic khde, hanh phtic va thanh
cdng trong cudc sdng !
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DE THI CHINH THUC

1 DAISO

Thoi gian lam bai: 180 phit.

Bai 1. a) Chitng minh rang:

2 iy
aj, az(az—l) asz(az — 1)(az — 2) - H (a; — az).
( ) au( ) )

ay CL4CL4—].

det

—_ = = =

b) Gia thiét a;, as, as, ay 12 cac so6 nguyén, chiitng minh H (a; — a;) chia
1<i<j<d4

hét cho 12.

Bai 2. Cho céc s6 thuc phén biét a,, as, az. Chling minh rang v6i moi bo sb
thuc by, by, b3 ton tai duy nhat mot da thic P(x) bac khong qua 5 théa méan:
P(a;) = P'(a;) = b;, 1 =1,2,3, 8 diy P’ ky hiéu dao ham ctia da thic P.

Bai 3. a) Ky hiéu V, 1a khong gian véctd céc da thiic v6i hé s6 thuc véi bac
khong qua 4. binh nghia anh xa e : V; — V; nhu sau: v6i moi da thic f € V,
LII0) ,
e(f) := Z ‘f—,, trong d6 £ ky hiéu dao ham béc i caa f, (f© = f). Chiing
i
i=0
minh ring e 1a mot 4nh xa tuyén tinh kha nghich tu Vy vao chinh no.
b) Ky hiéu V' la khong gian vécto cac da thiic v6i hé so thuc. V6i moi da thiic

y = f@
f, dat e(f) = Z ]
i=0
nghich tit khong gian V' vao chinh né.

E, B
C E,
don vi E,,, E,, cAp m, n tuong ting va cic ma trn B, C véi kich thuée m x n
van x m tuong Ung. Chiing minh rang

. Chitng minh ring e 13 mdt 4nh xa tuyén tinh kha

Bai 4. a) Cho ma tran khéi X = ( ) dudc tao thanh tit cac ma tran

det(X) = det(E, — CB) = det(E,, — BC).
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b) Téng quat, cho ma trin khbi X = (gi

vuong, A kha nghich, chiing minh rang  det(X) = det(A) det(D — CA™'B).

) , trong d6 A, D la cac ma tran

Thi sinh chon mét trong hai ciu cua bai sau:

Bai 5. a) Cho P 1a mét da thitc bdc n v6i hé sb hitu ty. Gid st s thuc a 13
mot nghiém cta P v6i boi > n/2. Chiing minh rang a la moét s6 hitu ty.

b) Trén hinh vuéng ABC'D ta dinh nghia duong di gitta hai dinh X, Y (khéng
nhét thiét phan biét) 12 mét diy cac dinh ké nhau X X; X ... X,,_,Y. Nhu vay
Xo=X,X1,...,X,_1,X, =Y la cac dinh cia hinh vuéng va X, X;,, la canh
ctia hinh vuéng, s6 n dudc goi 1a d6 dai clia dudng di. V6i mbi sb tu nhién n,
g0l T, Y, 2, tUONg ting 12 s6 cac dudng di d6 dai n giita: mét dinh va chinh
né, mét dinh va mot dinh ¢b dinh ké né, mét dinh va dinh dbi dién (dinh
dbi xiing qua tAm). Vidu, zo = 1,50 = 0,20 = 0,21 = 0,41 = 1,21 = 0,29 =
2,y2 = 0,22 = 2.

1. Thiét 14p cong thitc truy hoi cho z,., y,, zn.

2. Tim cong thitc tong quat ctia ., Yn, zn.
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2 GIAI TICH

Thoi gian lam bai: 180 phit.

Bai 1. Cho day s6 (u,,) théa man u; = 1 Va u, 1 = \/u2 4+ a”,¥V n > 1, trong
dé a > 0. Tim a sao cho (u,,) hoi tu va tim gi6i han do.

Bai 2. Cho hai ham f(z) va g(z) xac dinh trén R va thda man diéu kién
(f(w) - f(y)> (g(w) - g(y)> =0,

v6i moi x,y € R. Chitng minh it nhit mét trong hai ham f hoac ¢ la ham
hang.

Bai 3. 1) Cho ham sb f don diéu trén [0, c0) va

T—+o0o I

1 T
lim — / f(t)dt = +o0.
0
Chting minh rang
lim f(z)= +4oc.
T—r+00

2) Két luan trén con ding khong khi f 13 ham lién tuc trén [0, co) nhung
khong don diéu trén khoang d6? Tai sao?

Bai 4. Tim tat ca cac ham s6 f(x) xac dinh, lién tuc trén doan [0, 1], kha vi
trong khoang (0, 1) va théa man diéu kién

2015

= Sopat 2013/'(x) +2014f(2) > 2015 ¥z € (0,1).

f(0) = f(1)
Bai 5. Cho day sb (z,) dugc xac dinh bbi x,, 15 = /Tpi1 + /Tn, 1> 0.
Tim lim z,, v6i diéu kién zq > 4; x; > 4.

n—o0

Bai 6. Thi sinh chon mét trong hai cau:
6a. Cho (a,) la day s6 xac dinh béi

a1:3—\/6,a2:3—\/6+\/6,...,an:3—\/6—1—\/6—1—...—1—\/6.

-

n lan
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\ ~ V4 0
Hay chting minh rang chuoi so > a,, hoi tu.

n=1

6b. Cho f 13 ham sb lién tuc trén [0, +o0c). Gia st rang

T 32'3
/ fAt) dt < =, Vx> 0.
0 3

T 2
Chitng minh rang / f(t)dt < % v6i moi x > 0.
0



CAC BAI DE XUAT: DAI SO

1 MA TRAN
11 0

Bai 1.1 (DH An Giang). Choma trdin A = |0 1 1 | . Hay tim tat ca cac
00 —1

ma tran X € M3(R) sao cho X giao hoan véi A.

Bai 1.2 (DH An Giang). Cho ma trin

= = O O
_— o O O
S O O
OO = =

Hay tinh A2014,

Bai 1.3 (PH An Giang). Cho K la mét truong va A, B € M,(K) théa man
A? = A+ B + BA. Chung minh rang AB = BA.

Bai 1.4 (DH Bac Li€éu). Cho ma tran A € M,(R) 6 hai gia tri riéng phan
biét la o va 8. Chling minh rang ton tai X, Y € M,(R) sao cho v6i moi so tu
nhién n, A" = o™X + Y.

Bai 1.5 (DH Bac Liéu). Cho M, N € M;3(R) thoa man

5o —6 2
MN = {6 -7 2
6 —6 1

Chitng minh N M kha nghich va tim ma trdn nghich dao cta N M.

Bai 1.6 (DH Bach Khoa Ha Noi). Cho A la ma trén vudng cip nva A* 1a ma
trdn phu hgp ctia A. Chitng minh rang, néu A la ma tran kha nghich va A co6
mot hang gom toan so6 1 thi téng tit ca cac phan tit clia A* 1a khéc 0.

1 -1
Bai 1.7 (PH Bach Khoa Tp. H6 Chi Minh). Cho A = | —1

1
1 0|.Tinh A™.
-1 0 1
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Bai 1.8 (DH Béach Khoa Tp. HoO Ch1 Minh). Cho A, B € M,(R) théa man
AB = 0,B # 0. Chting minh ring toén tai C € M, (R) khac 0 thda mén
AC =CA=0.

Bai 1.9 (DH Bach Khoa Tp. H6 Chi Minh). Tim tAt ca cic ma trin A € M,(R)
thbamin A= AT = A~%.

Bai 1.10 (DH Bach Khoa Tp. Hb Chi Minh). Cho A ¢ M ( ) (cac phan ti
nguyén) théa man I + A + A2 + --- + A% = 0. Tim tht ca cac sb nguyén
duong k < 100 thdéa man det(A* + A’“rl 4o+ A09) = £1.

Bai 1.11 (DH Béch Khoa Tp. H6 Chi Minh). Cho 4, B € M,(R) 1a hai ma
trdn do6i xing thuc. Chiing minh rang: néu ton tai hai ma trAn X, Y thda
AX + BY kha nghich thi A? + B? kha nghich.

Bai 1.12 (HV Buu chinh Vién thong). Cho ma tran A € M;3.»(R) va B €
My,3(R) théa man

8 2 -2
AB = 2 5 4
-2 4 5

a. Tinh (AB)%
b. Chttng minh rang ma trdn BA kha nghich.
c. Tim ma tréan BA.

Bai 1.13 (HV Buu chinh Vién th6ng). Cho A, B 14 hai ma tran dbi xiing cip
n, chttng minh rang Tr((AB)?) < Tr(A%B?). Dau bang xay ra khi nao?

Bai 1.14 (bH Coéng nghé thuc phdm Tp. HCM). Cho A, B 13 hai ma trin
vuodng cap n sao cho AB = A + B. Chling minh rang rank(A) = rank(B).

Bai 1.15 (DH Céng nghé thuc pham Tp HCM). Cho A la ma tran vuong cap
n > 2 sao cho A kha nghich va co cac hé so déu duong. Goi z, la so hé so 0
clia ma trdn A~'. Chting minh ring z, < n? — 2n.

Bai 1.16 (Du bi). Ma tran thuc A = (a;;),1 < i,j < n dudc goi la ma trdn
thuc su ngiu nhién néu thod mén cac tinh chét sau:

1) a;; > 0 v6i moi i, j;

2) apn +ap+ - +ap; =1véimoil <i<n.

Goi A 1a mdt ma trdn nhu vAy. Goi ¢ > 0 14 gia tri nhd nhét clia cac hé sb
cia A.

1. Chitng minh rang A* 13 mét ma trdn thuc su ngiu nhién v6i moi k > 1;
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2. V6imoi k > 1,1 < 5 < n, ki hiéu ; (k) (tuong u’ng, ﬁ ,) 1a gia tri nho

nhét (tuong u’ng, gia tri 16n nhit) clia cac hé sb trén cot thi j ctia A*.
Chting minh rang:

3. Chitng minh rang hm AF ton tai va gi6i han ciing 1a mét ma trin ngiu
k—o0

nhién.

Bai 1. 17 (bH Dong Thap). Cho A, B la hai ma tran thuc vuong cap n. Chiing
minh rang néu ma tran [ + AB kha nghich thi ma trdn I + BA cling kha
nghich.

Bai 1.18 (bPH Hung Vuong, Phi Tho). Tim tht c& cidc ma trdn A = ( CCL Z )

koopk
se 7 A > /. - A A 7 a b
v6i cac phan tl thue sao cho v6i moi s0 nguyén duong k, ta c6 AF = ( gk ) .

Bai 1.19 (PH Hung Vuong, Phii Tho). Tim tit ca ma trdn nghich d4o cia ma
tran sau:

0 a a?
al 0 a a?
A= -2 -1
a a 0 a
a3 a? al 0

Bai 1.20 (DH Hung Vuong, Pht1 Tho). Gia st A € M3,4(R), B € M.»(R),C €

0o -1 -1
Ms.3(R) sao cho ABC = —1 0 =1 |. Tinh CAB va chtng minh
1 1 2
(BCA)?> = BCA.
-2 —4 1
Bai 1.21 (CD Ngb6 Gia Tu). Chomatran A= | 2 4 —1| . Chitng minh
2 2 1

A2014 (22013 )A2 + (2 . 22013)14.

Bai 1.22 (CD Ngb Gia Tu). Cho A va B la hai ma trn vudng cling cip n.
Chting minh rang rank(AB — I) < rank(A — I) + rank(B — I).
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Bai 1.23 (PH Ngoai Thuong - Ha Néi). Cho {u,}, {v,}, {w,} 12 cac diy sb
thue dude xac dinh béi ug = vy = wy, va:

Upt1 = —Up — Top + Swy,
Upt1 = —2Uy — 8V, + 6w,
Wpy1 = —4u, — 16v, + 12w,

a. Hay tinh s6 hang téng quat ctia cac day sb {u,}, {vn}, {wn}.
b. Chéng minh rang v, — 2 chia hét cho 2" v6i moi sb nguyén duong n.

Bai 1.24 (bH Ngoa1 Thufdng Ha N01) Cho s nguyén duong n. Goi A 1a ma
tran Vuong cAp n 6 cac phan ti nam trén dUOng chéo chinh bang 0 va cac
phan ti con lai bang 1 hodc n — 1. Hay tim tit ca cac gia tri cé thé xay ra dbi
v6i hang ma trén A.

Bai 1.25 (DH Ngoai Thuong - Ha N6i). Cho A € M,(Q) (tap hgp cac ma tran
vuong cap 2 v6i hé so hitu ty) théa man: ton tai n € N sao cho A" = —1,.
Chitng minh rang A? = —1I, hodc A% = — 1.
Bai 1.26 (DH Ngoai Thuong - Ha No6i). Dat

Ky(Z) ={A|A € My(Z) va detA=1}.

a. Ton tai hay khoéng A, B, C' € K,(Z) sao cho A + B? = C??
b. Ton tai hay khéng A, B,C' € Ky(Z) sao cho A* + B* = C*?

Bai 1.27 (DH Néng nghiép Ha Néi). Ta dinh nghia vét clia ma trdn vudng
C' = (¢ij)nxn, ki hiéu la tr(C), la t5ng > ¢;. Cho A, B 1a hai ma trén thuc
i=1

vudng cip n théa man AB — BA = A. Tinh vét cia ma tran A2014,

Bai 1.28 (DH Pham Vin Déng). Cho ma trin vudng

A:

N O W
N = O
NI NI )

Tinh A2014,

Bai 1 29 (DH Pham Van Déng) Ta goi vét cla ma trdn A, ki hiéu béi Tr(A),
la tong tht ca cac phan t’ trén dudng chéo chinh cta A. Cho A = (a;j)nx, 12
ma tran vudng cip n théa man A2 = (. Tinh Tr(A).
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Bai 1.30 (HV Phong khéng Khong quén). Cho ma tran vu6ng cip n (cac
phan tt nam trén duong chéo chinh bang 2015; cac phan ti con lai bang
2014):

2015 2014 2014 ... 2014
A 2014 2015 2014 ... 2014
2014 2014 2014 ... 2015

Hay tinh A*, v6i k 1a s6 nguyén cho trude.
Bai 1.31 (PH Quang Nam). Cho cic ma trin vudng (cip n) A, B, C, D théa
BA' va DC" la ma tran doi xting va DA' — CB' = [. Chltng minh rang
D'A — BiIC = 1.
Bai 1.32 (DH Quy Nhon). a. V6i mbi ma trdn A € M,(R), xac dinh ma tran
B,C € Ms(R) sao cho

A=B>+C"
b. Ton tai hay khéng cic ma trdn B,C € M;(R) sao cho BC' = CB va

prco (0]

Bai 1.33 (PH Quy Nhon). Cho A, B 13 hai ma trn vudéng cip 2 théa min
(AB)? = (. Chitng minh rang (BA)? = 0. I§h§ing dinh trén c6 con dang cho
truong hop A, B la cac ma tran vudng c6 cap 16n hon 2 khong?
Bai 1.34 (PH Sao Dd). Cho ba day sb {z,},{ya},{z.} xac dinh béi z, =
Yo =20 = 1va

Tptl = Ty — 3Yn + 32,

Yn+1l = 3Ty — OYn + 32,

Zn+1 = 62, — 6y, + 42,.

Tim 2014

V10+2v5 V5 -1
1—v5  V10+2v5

Bai 1.35 (PH Sao bd). Cho A = ( ) . Tim A" véi
n € N*.
Bai 1.36 (bH Sao Dd). Cho A la ma trdn vudéng théa man A™ = 0 v6im € N*,
Chiing minh rang

rankA = rank(A + A% + ... + A").

Bai 1.37 (PH Su pham Ha Noi 2). X4c dinh tit cd cdc ma trdn X, Y théa
man

10
XYX—YXY—(O 1).
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Bai 1.38 (DH Su pham Ha No6i 2). Cho A € M,(R),n > 2015 sao cho trén
mdi dong clia ma trin c6 ding 2015 phan ti khac khéng, trong d6 phan tit
nim trén dudng chéo chinh thudc vao khodng (—oo, —2014) ddng thoi cac
phan ti con lai déu thude vao (—1,1). Ma trdn A c6 1a ma tran kha nghich
hay khong?

Bai 1.39 (DH Su pham Thai Nguyén). Tinh A*14 v6i A 1a ma trin
2014 0 0 O 0 2014

0o 10 0 1 O
0O 01 -1 0 0
0o 01 1 0 0
o 10 0 1 0
2014 0 0 0 O 2014

Bai 1.40 (PH Su pham Thai Nguyén). Cho A, B,C € M,(R). Chitng minh
rang

a. tr(AAT) > 0.

b. tr(A(AT — B")) +tr(B(B" = CT)) +tr(C(CT — AT)) > 0.

Bai 1.41 (CD Su pham Vinh Phuc). Cho A la ma trén vuéng cip n, théa man
A4 — (, Chitng minh rang B = I — A1007 — A008 ... A2013 13 ma trin
kha nghich.

Bai 1.42 (DH Tan Trao). Cho A la ma trn cAp n x n trén truong K. Ching
minh rang ton tai hai ma trdn U,V cap n x 1 trén K sao cho A = UV " va
Tr(A) =V'U, A% = Tr(A) A.

Bai 1.43 (bH Tan Trao). Cho
a b b ... bbb

S
S
S
S

A b b a ... b € My(R).
b b b ... ab
bbb ... b a

S

Hay tinh A" (n € N, n > 1),

2 DPINH THUC

Bai 2.1 (DH An Giang). Cho A € M,(R) sao cho
det(A) = d # 0va det(A + dA*) =0,
trong d6 A* 1a ma tran phu hop ctia A. Chitng minh rang det(A — dA*) = 4
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Bai 2.2 (HV An ninh nhan dén). Cho céc sb thuc a;, (i = 1, 2,...,n), thoa
man a; +a; # —1 (Vi,Vj =1,2,...,n). Xét ma trdn A = [a;;] cap n vOi

1
a;; = TTara
Chitng minh rang det (A) > 0.
Bai 2.3 (DH Bac Liéu). Tinh dinh thtc
1 1 1
D, = Fi(cos ) Fi(cos ¢2) Fi(cos ¢n) :
Fo q(cos¢y) Fn_1(cosgg) -+ F,_1(cospy)

Vél Fk(l') = ng$k + alkxk_l + -+ agg.

Bai 2.4 (HV Buu chinh Vién théng). Cho ma tran A = [a,;] vudng cip n va luy
linh (ma trAn A dudc goi la lily linh néu ton tai k € N sao cho A* = 0). Chiing
minh rang v6i moi ma tran B giao hoan v6i A, ta ¢ det(A + B) = det(B).
Bai 2.5 (HV Buu chinh Vién théng). Cho ma tran A = [a;;] vudng cap n ¢
vét bang 2014 va hang bang 1. Tinh det(A + I).

Bai 2.6 (PH Cong nghé thu’c\phé’m Tp. HCM). Cho A, B,C la cac ma tran
vuong cap 3 théa man cac diéu‘kién: AB = BA; AC = CA; BC = CB va
A+ B+ C = —I. Chting minh rang

det[A® + B> + C° = 3(A+ 1) (B +1)(C + I)] = —1.
Bai 2.7 (PH Cong nghé thuc phdm Tp. HCM). Chitng minh rang

1 o 22 ... 2" ab
1 @y 22 ... 23? af
2 n—2 n
1z, x;, ... x) T,
2 n—2 n—1
1z 2xf ... o , T X
2 n— n—
- 1 zy 23 T4 T4
= (1 + T4+ x)
2 n—2 n—1
1 z, =z A

Bai 2.8 (Du bi). Cho S 1a mét tdp hop ¢o6 luc lugng n va X;,..., X, la
mot ho cac tdp con db6i mot phan biét ctia S sao cho cac tip X; N X; ¢
ctng luc luong & > 1 v6i moi i # j. Ki hiéu z1,...,z, 1a cic phin ti cla
X vad,...,d, tuong Gng la luc luong cta X, ..., X,,. Xy dung ma trin
A = (a;;) € Myxn,(R) nhu sau: a;; = 1 néu z; € X;.
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a. Xac dinh ma trdn A. AT,
b. Tinh dinh thiic cia ma trdn A" A.
c. Chting minh rang m < n.

Bai 2.9 (PH bdng Thap). Cho A = _1 i va f(z) = 2? — 4 + 6,

g(z) = 2?1 + 2% — 5z + 6. Tinh det(g(A)) va [f(A)]?M.
Bai 2.10 (DH Dong Thap). Cho a;, bi,i = 1,2, 3,4 13 cic sb nguyén. Ky hiéu

ai ag as ay

az —a; —a4 a3
D(a17 ag, as, a4> —

as Qy —a1 —Qas

ay —as a9 —Qaq

St dung t1ch D(al, a9, as, a4)D(b1, b2, b, b4) chtIng minh rang néu hai s
nguyen 1a téng cac binh phlIOng cua bbn sb nguyén thi tich ctia ching ciing
13 téng cac binh phuong ctia bén sb nguyén.

Bai 2.11 (PH Hung Vuong, Pht Tho). Cho A = (a;;)42014x42014 1@ MOt ma tran
vudng cAp 42014 véi a;; € {8,10,12,14}(i = T,40214), a;; € {7,9,11,13}(i #
j,i,j = 1,40214). Chting minh rang det A # 0.
Bai 2.12 (CP Ngb Gia Tu). Cho A, B 14 cdc ma trdn vudng cip n thda man
AB — BA = B. Chting minh rang det(B) = 0.

Bai 2.13 (PH Ngoai Thuong - Ha N6i). Tinh dinh thitc cip n sau:

x 1 00 ... 00

n—1 T 2 0 ... 00

D, (z) = 0 n—2 2 3 ... 00
0 0 0 0 1 z

Bai 2.14 (HV Phong khéng Khéng quéan). Cho A 1a ma trdn vudng ceflp n.
Chting minh rang det(A* + 4I,) > 0, trong d6 I, 1a ma trn don vi cap n.
Dang thiic xay ra khi nao?

Bai 2.15 (HV Phong khong Khéng quin). Tinh dinh thic cia ma tran

1 2 3 ... 2013 2014
2 1 2 ... 2012 2013
A= 3 2 1 ... 2011 2012

2013 2012 2011 ... 2 1
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Bai 2.16 (DH Quang Nam). Cho cac ma trén thyc vuéng A, B thoéa man
ATA =1va B"B = I. Biét detA # detB. Chiing minh rang det(A + B) = 0.

Bai 2.17 (PH Quang Nam). Cho cac ma trén thyc vudng A, B,C' doi mot
giao hoan. Chitng minh ring ton tai cac sé thuc a, b, c khéng dong thoi bang
0 sao cho

det(aA + bB + cC) = 0.

Bai 2.18 (PH Quy Nhon). Cho A = [a;;] 1a ma tran vudng cip n dugc xac
dinh nhu sau:
0 néu # + ji = 3k,
Q5 = 1 néu Z]‘i‘]l:?)k‘i‘]_,
2 néu i + ji = 3k + 2.

Tim s6 tu nhién n 16n nhét sao cho det (A) # 0.

Bai 2.19 (PH Sao Dd). Tinh dinh thtc

0 1 22014 32014 20142014
1 0 1 22014 90132014
22014 1 0 1 ... 20122014}
20142014 90132014 20122904 20112014 | 0

Bai 2.20 (DH Su pham Ha Noi 2). Cho A € Msgy4xn(R),n > 1. Chling minh
rang

det (AAT + 4150,) > 2402,
Bai 2.21 (PH Su pham Thai Nguyén). Cho A € M(R), B € M3(R). Chiling
minh rang

a. det(A) = =[(tr(A))? — tr(A2)].

b. det(B) = =[(tr(B))? — 3tr(B)tr(B?) + 2tr(B3)].

O)In—l\DI)—‘

Bai 2.22 (DH Su pham Thai Nguyén). Tinh dinh thtc

a1 ... 1 1
1 a .. 1 1
-1 -1 ... .. 1
-1 -1 ... -1 a92014

Bai 2.23 (CD Su pham Vinh Phtc). Cho A = (a;;) la ma trdn vudng cip
n(n > 2) sao cho mdi phan t a;; déu c6 dang p* (p 1a s6 nguyén t6 16n
hon 3). Chting minh rang det(A) chia hét cho 2471,
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Bai 2.24 (DH Tan Trao). Tinh dinh thtc

a, T T r x
Yy ay T r x
pD_|¥Y YV a r x
vy vy (p—1 T
y vy vy Yy o an

3 HE PHUONG TRINH TUYEN TINH

Bai 3.1 (PH An Giang). Cho A = [a;;] € M,(R) thoa man A% = A. Hay giai
hé phuong trinh

a11T1 + a12T2 + - - + A1, T, = —T1
Q1221 + Q220 + - -+ + AopT,, = —To
Ap1T1 + Ap2T2 + -+ UppnTn = —Tp

Bai 3.2 (DPH Bac Liéu). Cho hé phuong trinh tuyén tinh

131+ZL’2—|—133+ZL’4—]€1’5 =0
Ty — X9+ ks +xs+ ks = 0
r1+ kre —x34+ 14 —25 = 0
kxi+kaxy —ax3—x4—25 = 0,

trong do a1, 9, 3, 14, x5 12 cac 4n va k 13 tham ) thudc R. Chiing minh r?!mg,
néu k ¢ {—1;3} va (a,b,c,d, e) la mét nghiém ctia hé thi a(3 — k) = e(8k — 2);
bB3—k)=ek+1);c(3—k)=e(2k—2)vad(k —3)=e(k—1)%

Bai 3.3 (DH Bach Khoa Ha No¢i). Cho a;; la cac s6 nguyén, gidi hé phuong
trinh

( 1
111 + Q12%2 + -+ AipnTy, — —T1
n
1
) @1t + axpry + -+ anr, = 55102
1
Ap1T1 + An2T2 + + UpnTn = Exn
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Bai 3.4 (DH Hung Vuong, Pht Tho). Giai hé phuong trinh sau
(1 4wy a3 =2013
T +x3 +x4 = 2013
T3 +x4 +x5 = 2013
Ty +xs5 +r¢ = 2013
Too1l +T2012 +T2013 = 2013
Toole +To013 +To014 = 2013
To013 +T2014  +x1 = 2013
(L2014 171 +x, = 2013

Bai 3.5 (CD Ng6 Gia Tu). Giai hé phuong trinh

T + 2(132 + - + 2014(132014 == 1
To014 + 21’1 + -+ 20141’2013 = 2014

Bai 3.6 (PH Pham Vin Ddng). Cho cic sb thuc ai; +aj; = 0, voii,j =
1,2, ...,2014. Hay gidi hé phuong trinh tuyén tinh

(CLH +2014)l’1 —|—CL121’2 +... +a172014132014 =0
(21T +(ag +2014) +... +a2,2014T2014 =0
2014,1T1 +G2014,2%2 +... +(ag0142014 +2014)29014 =0

Bai 3.7 (PH Sao D). Cho 3n sb Nguyen ai, as, ..., a,; by, ba, ..., by; c1, ¢, ..., Cy
théa man a,b; + azby + ... + a,b, = 0. Chitng minh rang hé phuong trinh sau
luén c6 nghiém

arbiz +asbsx +... +a,bpr =c¢ — 13
asbiz  +asbsxr +... F‘asb,xr = co — 19
apbix +a,box +... +abp,x =c, — 1,

Bai 3.8 (DH Su pham Ha Noi 2). Giai hé phuong trinh sau:

il +2[E2 + ... +2014ZL’2014
T +2I2 +... +2014l‘2014

2014 2014 _ 1
T +2 To +... +2014 L2014 —m]ﬁ'gop}
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Bai 3.9 (DH Su pham Thai Nguyén). Cho da thtc
P(z) = (x — 2)(z — 3)...(x — 2014).

Gia st P(z) = ay + asx + ... + ag0142%°"3. Giai hé phuong trinh sau:

axry  +ary +... +a2013T2013 +a2014T2014 = 0
(901471 +a1Ty +... +a2012T2013 +a2013T2014 = 0
axxry  +azry +... +ag014T2013 +a1T2014 = 0

Bai 3.10 (PH Tan Trao). Cho hé phuong trinh

T1 +29 = 2(11
) +I3 = 2@2
Z3 +x4 = 2@3
Tp-1 +Tp = 26Ln—l
[ Tn  Fr1 =204

a. Giai hé phuong trinh v6in = 4, n =5
b. Giai hé phuong trinh v4i moi n € N.

4 KHONG GIAN VEC TO VA ANH XA TUYEN TiNH

Bai 4.1 (HV An ninh Nhén dén). Cho ma tran A € M, (R) nhu sau

aq 1 0... 0 0
a, 0 1 0 0
as 0 0 0
A= .
Ap—1 0 0 ... 01
4, 0 0 ... 00
a. Hay tim moét véc to x € R" sao cho hé véc to {x, Ax, A%z, ..., A" 'z} dbc

14p tuyén tinh.
b. Gia st ma trdn A dong dang v6i ma trdn dudng chéo diag(by, bs, - .., b,).
Chiing t6 rang cac so by, b, . . ., b, khac nhau titng d6i mot.

Bai 4.2 (DH Bach Khoa Ha N¢i). Cho V; va V; 1a hai khéng gian con cla
khong gian vectd V' hitu han chiéu. Chting minh rang, néu dim(V; + V5) —
dim(V; N'V;) = 1 thi V; U V4 1a khéng gian con cua V.
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Bai 4.3 (DH Bach Khoa Tp Ho Chi Minh). Cho H la tap cac ma tran thuc
cap 3cod tong cac phin tit trén mdi hang bang nhau va bang tong cac phan
tl trén mbi cot. Chitng minh rang H 13 khéng gian con ctia R3. Tim sb chiéu
cua H.

Bai 4.4 (DH Bach Khoa Tp. H6 Chi Minh). Cho 3 véc to X;, Xp, X5 € R3
dbc 14p tuyén tinh. Tim tat ca cdc ma trn thuc A théa AX, = Xy, AX, =
X3, AX3 = X

Bai 4.5 (HV Buu chinh Vién thong). Cho Pi(z), P»(v), ..., () la cac da thitc
bac ny,ng, ..., n,. Chitng minh rang néu

r(r—1)
2

ny+ng+ ... +n, <

thi Py(z), P5(z), ..., P.(z) phu thudc tuyén tinh.

Bai 4.6 (DH Cong nghé thuc pham Tp. HCM). Cho A 1a ma trin dudng chéo
cap n trén R c6 da thiic déc trung la

p(t)=(r—c1)" (x — )™ ... (x — )™,

vOi ¢; # ¢;,Vi # j. Goi V' 1a khong gian cac ma tran B € M, (R) sao cho
AB = BA. Chiing minh rang dim V = 72 4+ r2 4 --- 4 r2.

Bai 4.7 (Du bi). Mét da thtic theo n bién 1,2, ..., 2, dudc gQi 1a thuin
nhét béc d néu téng cac s6 mil cta cac bién trong tling don thiic cua da thtc
doé bang d. Vi du 2223 + 23 1 da thitc thuin nhét béc 5 theo ba bién x1, 29, 3.
Tim so ch1eu ctua khong gian véc to thuc bao gbm da thiic 0 va cac da thitc
thuan nhit bac d theo n bién véi heé sb thuc.

Bai 4.8 (Du bi). Cho V 1a mot khong gian vécto n ch1eu trén trudng sb thuc
va f la mot tu dong chu tuyen tinh ctia V. V6i mbi sb nguyén khong am k, ki
hiéu f* hop thanh k 14n cta f v6i chinh né (nhu vay f° = Idy, f' = f, f2
fo f,....Chting minh ring

1. Ton tai mét sé nguyén khéng 4m m < n sao cho

Im oD TIm f'2Im f22 -2 Im f™=Im f™™ = Im ™2 =

ker f* Cker f' Cker f2C -+ Cker f™ =ker f™ =ker fm*? =

2. {dimker f*! — dimker f*}4—0,... 12 mot day s6 giam;

3. V=ker f"®Im ™

goee
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4. Moi ma trin vudng cip n v6i hé sb thuc déu tuong duong véi mot ma

A N 0 , \ A A - \ \

tran c6 dang (O C’)’ trong d6 N la ma tran vuong luy linh va C' la
ma tran vuoéng kha nghich.

Bai 4.9 (Du bi). Cho mot tdp hgp X. Ta trang bi cho khong gian F(X, R)
ciu triic R-khéng gian véctd cam sinh tlt ciu tric khéng gian vécto ciua R.
Chon >1 phén ta f1,.. fn € F(X,R). Chu’ng minh rang fl, ..., fn 1la mot
ho doc lap tuyen tinh kh1 va chi khi ton tai n phan t&t 2, ..., 2, € X sao cho
ma tran (f;(x;))1<ij<n 1a kha nghich.

Bai 4.10 (Dubi). 1. Cho f 13 mot tu dong cAu tuyén tinh cta khdng gian
C". Chting minh ring hai diéu kién sau 1 tuong ducng
i) f chéo hoa dudc;
ii) f? chéo hoa dudc va ker f = ker f2.

2. Tim diéu kién cin va du trén bé cac sb phiic (a1, . . ., a,) d€ ma trin
0 O a,
0 0 0
0 a9 0
aq 0 0

chéo hoa dugc?

Bai 4.11 (PH bong Thap). Cho V 1a mét khéng gian véc to trén mot trudng
K.Cho Fy,F,,...,F,(n € N,n > 1) la cac khéng gian con hitu han sinh cta
V. Chiing minh rang

dim(Fy + Fo + -+ F,) < dim F} + dim Fy + - - - + dim F,,.

Hon nita, ddu bing xay ra khi va chi khi Fy + Fy + - - - + F,, 14 téng truc tiép
trong V.

Bai 4.12 (DH Ngoai Thu0ng Ha N01) Cho V1, V5, V45 la ba khong gian véc to
con cua khong gian véc to 2014 chiéu V trén truong sb thuc R. Chitng minh
rang néu dim V; + dim V; + dim V3 > 4028 thi V; N Vo N V3 # 0.

Bai 4.13 (PH Nong ngh1ep Ha N01) Cho FE la mot R- khong gian véctd hitu
han ch1eu va mot tu dong cauwu cua E go1 la 1ty linh neu co sO nguyeéen dUOng
k dé u* = 0. Ta dinh ngh1a béc Iy linh ctia mot tu dong ciu lty linh « 1a so
nguyén duong p bé nhit ma v? = 0.

Cho u 14 mot tu dong ciu liiy linh béc p. Chiing minh rang tén tai mot vécto
z clia E sao cho hé vécto {z, u(z),...,u" ()} dbc 1ap tuyén tinh.
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Bai 4.14 (DH Su pham Ha Néi 2). Cho F 12 khéng gian véc to trén trudng sb
thue, mot tu dong cu tuyén tinh f cta E dudc goi la tu déng ciu tuyén tinh
lity linh néu ton tai mot s6 k € N sao cho f* = 0 13 tu dong cAu tuyén tinh
khéng (s6 k nhd nhit thda man diéu kién nay dudc goi 1a cap lity linh caa
£). Chitng minh ring néu f 13 tu dong cAu tuyén tinh lity linh cip p cta F thi
hé {idg, f,..., f7"'} 1a d6c lap tuyén tinh trong khong gian véc to End(E).

Bai 4.15 (CD Su pham Vinh Phuc). Xét V' la khoéng gian cac ham thuc lién
tuc trén doan [a, b] va gid st fi, fo, ..., fn € V sao cho

det ( / f.(2) fj(x)dx) ~0.

Chting minh ring hé vécto {f1, f2, .-, fn} phu thudc tuyén tinh trén V.

5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (DH Béach Khoa Ha Noi). Cho A, B 13 hai ma trdn vuéng cip n, trong
d6 B liy linh va AB = BA. Chiing minh rang \ 1a tri riéng cta A khi va chi
khi ) 1a tri riéng ctia A + \B.

Bai 5.2 (PH Bach Khoa Ha N¢6i). Cho ma tran A = (a;;) vuoéng cip n, trong

i—j A . .
doé a;; = {b , neui 7] v6i b # 0. Tim cdc tri riéng ctia A va tinh det(A).

0, néui=j
Bai 5.3 (CD Ngb Gia Tu). Cho A, B 13 cic ma trin vudng cip n thda min
A — A% + B — B? = AB. Chiing minh rang A + B c6 gia tri riéng 1a 1 khi va
chi khi A hoac B c6 gia tri riéng 1a 1.

Bai 5.4 (DH Sao D3). Cho A, B 1a cic ma trin vudng cp n.

a. Chiing minh rang tap cac gia tri riéng cia AB va BA trung nhau.

b. A, B la hai ma tran giao hoan va liiy linh thi A + B liy linh.

Bai 5.5 (DH Tan Tr3o). Gia st A 13 mét ma tran vudng trén C c6 tinh chit:
A*A = AA* (A* 1a ma trin lién hop clia ma trin A). Chiing minh rang néu
x la mét véc to riéng cua A ung véi gia tri riéng \ thi z cling la véc to riéng
clia A* (ing véi gia tri riéng A () 12 s& phitc lién hop clia sb phitc \).

6 DA THUC

Bai 6.1 (DH Bach Khoa Ha Néi). Cho da thic f(z) béc n, théa man f(x) >
0,Yz € R. Chitng minh rang 3 f®(z) > 0,Vz € R.
i=1
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Bai 6.2 (HV Buu chinh Vién théng) Cho da thiic hé sb thuc P(z) = 220 +
a2013x2013 +.Farrtag chi ¢o cac ngh1em thucla zq, zo, ..., T2014. Chu’ng minh
rang véi moi sb thuc a 16n hon tht ca cac nghiém thuc 4y thi ta c6 bat ddng
thic

2013

P'(a) — 2014(P(a))2011 > 0.

Dau bang xay ra khi nao?

Bai 6.3 (HV Buu chinh Vién théng). Cho da thtic f(z) = 2 — 3z + 1. Tim sb
nghiém thuc phén biét ctia phuong trinh f(f(x)) = 0.

Bai 6.4 (PH Cong nghé thuc phdm Tp. HCM). Tim tt ca cac da thitc P(x)
c6 hé so nguyén sao cho

P(P'(z)) = P'(P(x)),Vx € R,

Bai 6.5 (DH Hung Vuong, Pha Tho). Tim tAt ca cac da thitc P(z) véi hé sb
thuc biet: P(z)P(z + 1) = P(z*> + x + 1).

Bai 6.6 (DH Hung Vuong, Pht Tho). Tim tAt ca cac da thitc P(z) v6i hé sb
thue biét: P(z)P(z — 1) = P(22),

Bai 6.7 (CD Ngb Gia Tu). Cho da thtic
f(z) = 2 +*2% + xx + *.

Hai ngu’01 choi tro choi nhu sau: G méi luot choi, ngudi chai viét mét sb
nguyen khac 0 bat ky vao mot vi tri c6 diu =. Néu sau khi thay xong cac ddu
* b01 cac s6 nguyén ma f(z) c6 3 nghiém nguyén thi ngusi di trude thing,
néu nguoc lai thi ngudi di sau thing. Hiy chi ra cach choi d€ ngudi di trude
luén thang.

Bai 6.8 (DH Néng nghiép Ha Nbi). Tim tt ca cac da thitc P(z) thda man:
P(P(z)) + 1 = [P*(x) + 2P(z) + (¢ + 3z + 1)*]*. (1)

Bai 6.9 (DH Pham Van DSng). Cho da thitc P(x) = 2" + 2" ' + a,, 02" % +
... + a1z + ag ¢ n nghiém thuc z4, ..., z,, d6i mot phan biét. Chiing minh rang
Y Ty x

n_—_1
Ple) Pl T Pl

trong d6 P’'(x) 1a dao ham cta P(z).
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Bai 6.10 (HV Phong khong Khéng quin). Cho cac da thitc v6i hé sb phic:

P(z) = 2"+ aiz" ' +ax™ 4+ ...+ ap_17 + ay

Q(z) = 2™ + bia™ t + box™ 2 4 . 4 b1 + by,
biét rang P(x) chia hét cho Q(z) va ton tai k (k=1,23,. m) sao cho
|by| > 2014*C* . Chiing minh ring ton tai it nhét a;(i = 1, 2 ,n) sao cho

la;| > 2013

Bai 6.11 (PH Q,uéng Nam). Cho cdc da thie P(z), Q(x) ¢6 cac hé sb nguyén
va P(z) chia het cho Q(z) trén vanh Z[z]. Chitng minh rang néu da thitc
P(x) — 2014 c6 33 nghiém nguyén phan biét thi deg Q(z) >

Bai 6.12 (DH St pham Ha N6i 2). C6 ton tai hay khéng da thite P(z), Q(z) €
R]z] sao cho:
P(x)

Q(x)
Bai 6.13 (PH Su pham Thai Nguyen) Cho P(z) 1a da thitc khac hing véi

he s6 thuc. Gia st rang tit ca cac nghiém cua P(z) déu 14 thuc. Chitng minh
rang

= 2% + 4z + 2014.

(P'(z))? > P(z)P"(z) v6i moi z € R.

Bai 6.14 (CD Su pham Vinh Phuc). Cho da thtc f(x) € R[z] bac 2014 co
2014 nghiém thuc. Gia st F(x) la nguyén ham cta f(z) va F(z) ¢6 it nhét
2014 nghiém thute. Chiing minh ring v6i moi a € R, da thitc F(z)+ of(z) ¢6
2015 nghiém thuc.

Bai 6.15 (PH Tan Trao). Cho a,b € R. Tim tit ca cac da thitc P(z) thda min
diéu kién
xP(x —a) = (z—b)P(x), VzxeR.



CAC BAI DE XUAT: GIAI TicH

1 DAY SO
Bai 1.1 (HV Buu chinh Vién théng). Cho diy sb
S .
B TR (k+ 1)

v6i k=1,2,---,2014. Tim gi6i han

[ = lim Y +a% + -+ 22 ,.
n_m\/l 2 2014

Bai 1.2 (PH Co6ng nghé thuc phadm Tp. HCM). .
a) Tim

2n 4 /02 + (i —n)’

lim H
n—00 n2n

i=1

b) Cho hai diy sb {a,} va {b,} dudc xac dinh nhu sau

a = a . by = b
1
—  Gntby a b _ any1tby
an+1 = 2 n+l — 2

Chting minh rang

lim a, = lim b,.
n—oo n—oo

Bai 1.3 (Du bi). Cho diy sb théa man

T = —1,
Tpp1 =2x, +3n+2" v6in=1,2,...

Hay tim sO hang z0:3.

Bai 1.4 (Du bi). Cho day sb (a,) dudc xac dinh bsi

2

an

Upp1 = 55—
a2 —a, +1
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1. Chitng minh rang a,, 1a diy giam va tim gi6i han lim,,_, a,.

2. Tim gi6i han lim,, o > ;_; a.

Bai 1.5 (PH Hung Vuong, Phti Tho). Cho day s6 {z,,} xac dinh bdi

T =1,
{xnﬂ = 20131n(3:i + 20142) — 20142,Vn > 1.

Chitng minh rang day {x,} ¢6 gi6i han trong khoang (—20142;0).
Bai 1.6 (CD Ngb Gia Tu). Cho day sb u,, xac dinh bdi:

up = 2014
Up_1 + 1
Up = —/—
2un—1

Tim s6 hang t6ng quat va tinh lim u,,.
Bai 1.7 (DH Quang Binh). Tinh giéi han

) 1
lim T T
noo 14341441

Bai 1.8 (PH Quéang Nam). Cho diy sb {u,} xac dinh nhu sau

U =uUy =1
{un+1 = (2 — n—_lH) Uy — n+r1un—17 Vn > 2
Hay tinh u,, theo n.
Bai 1.9 (PH Quy Nhon). Cho céc sb thuc ay, as, ..., a,, thod mén
V14 V24 .+ V2014 = ay + ag + ... + Yam, YneN.

Hay tinh
P = aja9...a,,.

Bai 1.10 (DH Sao Dd). Tinh

RN k
i 3 (e 1)

Bai 1.11 (PH Su pham Ha Néi 2). Cho xy,z, > 0 va
Tpio = /Tpi1Tn, n=1,2,...

Diy nay c6 hoi tu hay khéng? Hay tim lim z,, néu né hoi tu.
n—oo
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Bai 1.12 (CD Su pham Nam Dinh). Cho day {u,} thoa man:

ul(upr +1) . .
Uy = U = 1, Upy; = ———vo1moin > 2.
Un—1
Tinh cac gi6i han sau:
. un
lim
n—-+oo un—l—l
(A ue ) uy
lim
n——+00 2,11 + 1
Bai 1.13 (CD Su pham Quang Ninh). Cho diy sb {x,}, xac dinh bdi
nd+6n>+1ln+5
(n+3)!

Ty —

Tinh lim ) _ .
k=1
Bai 1.14 (PH Su pham Thai Nguyén). Tim sb hang téng quat cta day {a,}
théa man
n(a, — 2a,—1 + ap_2) = —2(ap_1 — ap_2),
v6i moi n > 3, trong d6 ai, as 14 hai sb thuc cho trude.
Bai 1.15 (CD Su pham Vinh Phtic). Cho day s6 {u}, xac dinh bdi

u; €R

s 1
Upt] = M 3 arctan u,,.

Chitng minh rang day sb da cho hoi tu.

Bai 1.16 (PH Tan Trao). Cho diy sb {an} v6i 3 <a, < 2va

n—1 n? n 1,
CLn_H:l— ont —%+(1+2—n)an—§an Vn € N.
Tinh
lim a,,.
n—o0

Bai 1.17 (PH Tn Trdo). Cho day sb (u,) v6i moi n = 1,2,...xac dinh nhu
sau

uy = 1
Upp1 = 1 +uguy. .. u,, VOimoin=1,2,....
n
Pt S, = ) .- Tim
k=1
lim S,.

n—-4o0o
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2 HAM SO

Bai 2.1 (PH Bach khoa Ha Nbi). Chiing minh rang ham s6 f(z) = sin (22014)
khong tuan hoan trén R.

Bai 2.2 (DH Bach khoa Ha Noi). a) Gia st f(z) la ham s6 xac dinh trén

[0; +00), lirf f(z) =0, g(x) la ham so tuan hoan trén R, f(z) + g(z) tang
T—>+00

trén [0; +00). Chling minh rang ¢(z) 1a hing s6.

b) Ap dung: Tim tit ci cic ham sb o(z) xac dinh, ting trén [0; +oo), thod

man
plx+1)—p(x) =", VYo e [0;+00).

Bai 2.3 (DH Céng nghé thuc phdm Tp. HCM). Cho f 12 mét ham sb lién tuc
1

trén [0, 1]. Tinh gi6i han lim [ 2" f(z)dx.
n—o0
0

Bai 2.4 (PH Hung Vuong, Phii Tho). Cho f(z) 14 mét ham sé duong lién tuc
trén R. Dat

1) Chitng minh rang o () 1a ham ting trén khodng (0; +oc). Tinh lim ().

z—0t

2) Tinh lim Y

n—+o0o ;3

2015 2014n + 1 20ldn+1—1
(P — ().

Bai 2.5 (PH Quéng Nam). Cho cdc ham sb f,¢: R — R thda

(f(x) = f(y) (9(x) — g(y)) =0, Vz,yeR.
Chitng minh rang mét trong hai ham s6 1a ham hang.
Bai 2.6 (CD Su pham Nam Dinh). Cho f(z) = zIn(1 + x)

a) Chitng minh rang: v6i moi x > 0 ton tai duy nhat ¢(z) € (0, ) sao cho
f'(e(x)) = In(1 + ).
b) Tinh gidi han



46

f 2012 loo\/—dt

Bai 2.7 (CD Su pham Quang Ninh). Tinh giéi han lim ST
T

r—0t

Bai 2.8 (CD Su pham Quang Ninh). Tim a, b d€ ham s6 f(z) lién tuc tai z = 1

vOi )
3r—1 nfu —-—oo<xz<l1
f(z) = 2

- ar- — &I 4
1 —b néu 1<z<-+o0
x_

Bai 2.9 (DH Su pham Tha1 Nguyén). Cho f : [0,1] — [0,1] la ham lién tuc
khac hang Chiing minh rang ton tai z1, x5 € [0, 1], 21 # 25 sao cho

|f(z1) — f(x2)| = |21 — 22|,

Bai 2.10 (PH T4n Trdo). Cho f(z) 13 ham s6 lién tuc va xac dinh trén khoang
0, 1] thoa méan:

0< f(z) <1, Veel0;1] va f(0)=f(1)=:.

c—/f )dz, F(z /f

Cho

Chitng minh rang:
a.

3 PHEP TINH VI PHAN

Bai 3.1 (HV An ninh nhan dén). Cho f(x) 12 ham lién tuc trén [0, 1], kha vi
trén khoang mé (0, 1) thoa mén f(0) =0, f(1) = 1 vaton tai so k € (0,1) sao

cho
1(3) -3z Y5

2

Chiing minh ring ton tai cic sb z1, 2, phin biét thuéc khoang (0, 1)sao cho

[ (@1).f (22) = k.
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Bai 3.2 (DH Béch khoa Ha N6i). Cho ham sb f(z) lién tuc trén [0; +00), €6

dao ham trén (0; +o0), liIJ]ra f(z) = f(0). Chting minh rang ton tai ¢ > 0 sao
T—>+00

cho f'(¢) = 0.

Bai 3.3 (HV Buu chinh Vién thong). Cho ham f(z) kha vi trén [0, +-00] va

Jim (@) =0.
Chting minh rang:
lim M = 0.
r——+00 €

Bai 3.4 (PH Coéng nghé thuc phdm Tp. HCM). Chitng minh rang phuong
trinh

a1cosxT + ascos2x +---+a,cosnr =0
c6 it nhit mot nghiém thudc khoang (0, 7) v6i moi s6 thuc a;, i = 1,2, ..., n
cho trudec.
Bai 3.5 (DH Co6ng nghé thuc phim Tp. HCM). Gia st ham sb f kha vi dén
cap 2 trén doan [—1,1],[f(z)| < 1, Vo € [-1,1] va f*(0) + f*(0) = 3. Chling
minh rang ton tai ¢ € [—1, 1] sao cho f(c) + f"(c) = 0.
Bai 3.6 (DH Hung Vuong, Phti Tho). Cho ham f lién tuc trén [0; 1], kha vi
trén (0;1) théa man f(1) = 0. Chiing minh rang ton tai x, € (0;1) dé

1
/ —_—
[L'().f ([Eo) + 2014 = —{E%Olg,ef(xo)'

Bai 3.7 (DH Hung Vuong, Phti Tho). Chiing minh rang néu ham sb f kha
vi lién tuc trén [0; 2] va thoa man cac diéu kién: f(0) = 1, f(2) = 3;|f'(z)| <
2,Vz € [0;2] thi

f(z)dx > 2.

S —

Bai 3.8 (DH Ngoai thuong Ha N6i). Gia st ham s f kha vi hai lan trén R va
2 ~ s A . A . 3 ’ . M
thoa man dieu kién f(0) = f(1) = 251, m[(l)n] f(z) = T Chung minh rang
z€(0;51

max f"(x) > 2014.
z€[0;1]

Bai 3.9 (CD Ngb Gia Tu). Cho f(z) 1a ham sb lién tuc trén doan [a; 8] va
—b b—a qatb g

khé vi trén khodng (a; b) théa mén f(a) = ‘”T f0) = ==

Chting minh rang ton tai cac so ¢y, ¢, c3 € (a;b) sao cho

fi(c1).f'(c2).f'(es) = 1.
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Bai 3.10 (PH Nong ngh1ep) Cho f:R =R kha vi lién tuc dén cap 3 trén
R. Chttng minh rang ton tai s6 thuc a sao cho fla)f'(a)f"(a)f"(a) >

Bai 3.11 (HV Phong khong Khong quén). Cho ham sb f(z) c6 dao ham t6i
cAp 2 trén khodng [0; +00). Biét rang

f@)>0,f(x) >0
v6i moi « > 0. Hay tinh gidi han
. f()
lim .
e [f )P

Bai 3.12 (DH Quang Binh). Cho P(z) la mét da thic bac n > 1 thda man
P(xz) > 0v6i moi « € R. Chtng minh

P(z) 4+ P'(z) + -+ P™(2) > 0, Vo € R.
Bai 3.13 (PH Quang Nam). Chting minh rang ham s

flz) = % +CoS T + ag cos 2T + - - - + agg14 cos 2014z

vOi ag, as, - - - , asors € R, |ag| < 1 c6 thé nhan nhitng gia tri duong va ciing c6
thé nhin nhiing gia tri &m trong khoang [0, 27).

Bal 3. 14 (bH Quang Nam). Cho ham sb f(z) lién tuc trén R. Ching minh

rang néu ham sd
0 [ s
0

la ham giam thi f(x) = 0 v6i moi z € R.
Bai 3.15 (DH Quy Nhon). Cho ham lién tuc trén f : [0;Z] — R thoa man

/2 f(z)dz = 1. Chitng minh rang ton tai 2, € (0, %) sao cho
0

3
xo—%ﬁf@o)ﬁxo-

Bai 3.16 (DH Sao D6). Cho f(z) 1a ham kha vi trén R va théa man

|[f(2)] <

e Vo € R.

Chiing minh rang ton tai ¢ € R sao cho

/ 2
f(e) ==
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Bai 3.17 (PH Sao D3). Cho f 1a m6t ham sb kha vi lién tuc dén clp 2 trén
[0, 7] va thoa man: f(0) = f(r) = 0. Chléing minh rang ton tai ¢ € (0, 7) sao
cho

Bai 3.18 (PH Sao D3). Cho ham s6 f € C2([0,1]), f(0) = f(1) = 0 va

£(0) = 2014. Tim gi4 tri nhd nhét cta

/ (@)

Bai 3.19 (DH Su pham Ha Néi 2). Cho ham f x4c dinh, lién tuc trén [0, 1]
kha vi trén (0,1) va f(0) = 0. Ching minh v6i moi ¢ > 0 ton tai s6 tu nhién
n. va so thuc duong x. < € sao cho:

niz.f(z.)

T = 55115014 — noy

Bai 3.20 (CD Su pham Nam Dinh). f(x) la ham kha vi lién tuc trén doan
[0, 1] sao cho

/ (/@) + (1 — 22) f(a)) du = 5

Chitng minh rang ton tai ¢ € (0,1) sao cho f'(c) = 6.

Bai 3.21 (CD Su pham Nam binh). Cho f : [0,1] — [~1,1] kha vi lién tuc
trén doan [0, 1] théa man f(0) = f(1) = 0.
Chitng minh rang ton tai ¢ € (0,1) sao cho f'(¢) = 2ctan f(c)

Bai 3.22 (CP Su pham Quéng Ninh). Cho ham sb f lién tuc trén [2013; 2015]

2015
va / f(x)dz = 0. Chttng minh rang ton tai s6 ¢ € (2013;2015) sao cho
2013

2014 C flz)dz = cf(c).

2013

Bai 3.23 (PH Su pham Thai Nguyén). Cho f : [0,1] — R lién tuc sao cho
fol f(x)dx = fol af(x)dz. Chting minh rang ton tai ¢ € (0,1) sao cho

f(e) =2014 /ch(:c)dx.
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Bai 3.24 (CPD Su pham Vinh Phic). Cho ham s6 f lién tuc trén doan [a; b] va
b

kha vi trén (a;b) v6i a > 0 va / f(x)dz = 0. Chting minh rang ton tai sb

¢ € (a;b) sao cho
2014c /Cf(x)da: —2013c¢f(c) + 2012 /cf(x)dx =

Bai 3.25 (CD Su pham Vinh Phiic). Cho ham s f : [-1;1] — R lién tuc .
Chiing minh rang phuong trinh

zf?0M(z) — 2014 f(x) = —2013z
c6 nghiém trén doan [—1;1].
Bai 3.26 (DH Tan Trao). Cho ham sb ¢(z) c6 dao ham cip mot trén doan
[1,2], c6 dao ham cap hai trén khoang (1,2) va

/1 p(@)dr = 20(2) — p(1) — 1, (1) = 1.

Chitng minh rang phuong trinh

" (x) + ¢ (x) = 0

lubén c6 nghiém trong khoang (1, 2) .

4 PHEP TINH TICH PHAN

Bai 4.1 (HV An ninh nhén dan). Cho ham f : [0,1] — R lién tuc théa man

/01 zf(z)dr =

| [ sis] < 2202 w170

3r

.. , \ A , , A 2 d
Bai 4.2 (DH Bach khoa Ha Noi). Tinh tich phan I = / —x'
0 2+cosw

Chitng minh ring

Bai 4.3 (HV Buu chinh Vién thoéng). Cho ham f(x) lién tuc trén [0, 1] ¢6 gia
tri nho nhitm > 0va gia tri 16n nhét M. Chting minh rang:

1</f dx/fx ﬁ;ﬁ).



4. PHEP TINH TICH PHAN 51

Bai 4.4 (HV Buu chinh Vién théng). Cho hai ham sb f va g lién tuc trén doan
[0;1], g(x) >0 Vz €[0;1] va

/01 g(x)dx = m.

Chitng minh rang ton tai ¢ € [0; 1]sao cho

| etz = —so)

Bai 4.5 (HV Buu chinh Vién théng). Cho 0 < a < A. Tinh tich phin suy réng

9] e—ax2 _ e—,BxQ
= / Bl R
0 x

Bai 4.6 (DH Co6ng ngh¢ thuc phdm Tp. HCM). Cho ham sb f duong, kha vi
lién tuc dén cap 2 trén R sao cho f(0) =1, f/(0) =0 va f”(0) = —1. Tim

) 2 *
m [f (ﬁ)] :
Bai 4.7 (Du bi). Tinh
2013m( . t)2012
. sin
Jim, o5 U

x

Bai 4.8 (Du bi). Gia st f la ham s6 lién tuc va duong, xac dinh trén doan
[0, 1]. Chttng minh v6i mbi « € [0,2] , phuong trinh (4n 13 «)

7f(t)dt+ /1 f(t)dt:a/lf(t)dt,

6 nghiém duy nhét z(a) € [0;1]. Tim gi6i han

2
lim (o)
a—0T o

2 7 +Oo
Bai 4.9 (DH Hung Vuong, Phti Tho). Chitng minh rang néu tich phan [ f(z)dx

N\ +m 1 3\
hoi tu va bang J thi tich phan [ f(z — =)dz ciing hoi tu va bang J.
I T



52

Bai 4.10 (DH Ngoai thuong Ha Noi). Cho ham 16m, lién tuc f : [0,1] — R,
c6 f(0) = 1. Chting minh rang

1

/xf(:):)d:)s §§ [/1 f(as)dx} 2

0

Bai 4.11 (PH Ngoai thuong HN). Cho a € R*, f : [0, a] — R 1a anh xa kha vi
16p C* sao cho
Vo € (0,al, f'(z) >0 va f(0)=0.

a) Chting minh ring

Vo € [O,a],/f(t)dt + / fHt)dt = xf ()

6 do, ky hiéu f~!: [0, f(a)] — R la anh xa ngudgc cta f.
b) Tt do6 suy ra

V() € [0,a] x [0, f(a)], / F(t)dt + / S (0)dt > vy,

Bai 4.12 (CD Ngb6 Gia Tu). Choa > 0,b > 0 va a > b dit

f(x) = min{a +

(a—b)(b+ 1)2}'

2014

Tinh | 3 f(z)da
0

Bai 4.13 (CD Ngb Gia Tu). Cho f : [0;1] — R sao cho f”(z) > 0 v6i moi
z € [0; 1]. Chting minh rang

2/0 f(t)dt > 3/0 f(t3)dt — £(0).

Bai 4.14 (DH Nong nghlep) M6t bé nude 6 thé tich 2400 lit dung day nudc.
Ngudi ta mé mot voi nuée & day bé dé thao nudce ra ngoai. Biét luu luong
chédy 1a r(t) = 100 — 2¢ (lit/phtt). Hdi sau bao lau bé can nudc.
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Bai 4.15 (DPH No6ng Nghiép). Cho f(x) 1a ham kha vi lién tuc trén doan |0, 2
va f(1) = 0. Chiing minh rang

[v@ra= 3] [ ]’

Bai 4.16 (HV Phong khéng Khong quén). Tinh tich phan

C082014 T

I = dz.
/_g l—z++Va2+1
Bai 4.17 (HV Phong khéng Khong quén). Tinh tich phan

1 = —1 d
_A 1_|_60052014x Xz

Bai 4.18 (HV Phong khong Khong quan). Cho f(x) la ham nhan gia tri
duong, lién tuc trén va la ham tuan hoan véi chu ky 7' = 2014. Chting minh
rang:

Ny

2014
f(x)

Bai 4.19 (DH Quéng Binh). Tinh tich phin

[_/g e”.sin xdx

~Jo (sinx +cosx)?’

Bai 4.20 (DPH Quang Binh). Gia st f 1a moét ham sb lién tuc trén [0;1],
1

1 — 72 \ \ A A \ > A
/f(t)dt > 236 Vo € [0,1] va F' la mot nguyén ham cua f trén [0, 1].

a) Chitng minh ring:

Bai 4.21 (DH Quéang Nam). Tinh tich phan

[:/ In(1 + tanz)dz
0
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Bai 4.22 (CD Su pham Quang Ninh). a) Cho ham f lién tuc trén (0; +-00) va
lirf f(z) = 2014. Tinh
Tr—r+00

Jm o / f®)
b) Cho f lién tuc trén [a;b] va ]/ f(x)dx| = / | f(2)|dz. Chltng minh ring

f khéng ddi dau trén doan [a; b].

Bai 4.23 (DH Quy Nhon). Tinh tich phan

1 2014
I :/ 2 22014 dx
o 1+z+ o1 + ...+ 20141
Bai 4.24 (DH Su pham Ha N6i 2). Tinh tich phéan

4 X/In(9 — z)

n(9 —x)+ X/ln(x + 3)

Bai 4.25 (DH Su pham Ha Néi 2). Cho ham s6 f kha vi lién tuc trén doan
[a,b] va f(a) = 0. Ching minh rang

[ rwar< U5 [irwra.

Bai 4.26 (DH Su pham Thai Nguyén). Cho ham f lién tuc, kha vi trén [O 1]
sao cho ff/é?’ f(z)da = 0. Ching minh rang [, (f'(z))*dz > 27(f0 dw) .

Bai 4.27 (CD Su pham Vinh Phtc). Cho ham s6 f : [0;1] — [0;1] 1a ham don
diéu tang va lién tuc. Chiing minh rang

1
Bai 4.28 (CD Su pham Vinh Phtic). Cho f € C*([0;1]) va / f(z)dx = 0.
0

([ s < 55 [

Chting minh rang
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5 CHUOI SO

Bai 5.1 (DH Bach khoa Ha Nbi). Xét su héi tu clia chudi sb
+oo n
(1) )
> (1450,
n=2 \/ﬁ
Bai 5.2 (HV Buu chinh Vién thong). Chiing minh rang:
N 1 /1 e? — 1
>y [
n(n+1)---(n+k) Jo @

Bai 5.3 (Du bi). Qho z, la day s6 don diéu va lim, o, = a > 0. Chtng

minh rang chudi so
[e.e]
Z x

Xz
n=1 n+l

hoi tu.

Bai 5.4 (PH Hung Vuong, Pht Tho). Gia st {a,} la diy cho béi a;
4; 0,1 = a2 — 3.a, + 4 v6i moi n € N*. Chiing minh rang

[e.9]

1 1
Zan—lzé'

n=1

Bai 5.5 (HV Phong khong Khong quén). Cho ham sb f(x) dudc khai trién
duéi dang chuoi luy thua:

f@) =14 ax+ax® + -+ apa" + -
Gia stt ham /
S (x)
f(x)

cling dudc khai trién thanh chudi luy thita va gia thiét ring tit ca cac hé sb
cta khai trién c6 gia tri tuyét doi khéng vugt qua 2. Chitng minh rang:

g(z) =

lan] <n+1 VneN.

Bai 5.6 (PH Quy Nhon). a) Cho day s6 giam {a,}, thoad man chubi

00
> an
n=1
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héi tu. Chitng minh rang lim na, = 0.

n—oo

b) Kiém tra su hoi tu ctia chuoi
o
E sin mv/n3 + n.
n=1

Bai 5.7 (DH Sao D4). Cho (a,) 1a mot day sb thuc khéng 4m thoa man cac
diéu kién sau:
Aon — Qony1 < A2, Gopy1 — Qonye < Gplpi

véimoin > 1va

lim na, < -.
n—o0 4

L R A o= -
Chting minh rang chuoi s6 > a, hoi tu.

n=1

Bai 5.8 (PH Su pham Ha Nbi 2). Chiing minh ring néu chudi sé duong

oo ~ 4
> a, hoi tu thi chudi so

n=1
0 n
S
n=1
cling hoi tu.
Bai 5.9 (CD Su pham Nam binh). Xét su hoi tu va tinh t6ng chubi sb
+oo

n’+n+1
Z n(n+1)(n+2)(n+3)

n=1

Bai 5.10 (DH Su pham Théi Nguyén). Cho 0 < a < 2 va {a,} 1a day sb thuc
xac dinh bdi a; = a, a,, 1 = 2" — \/27(2" — a,,) v6i moi n > 1. Tim > 7 a?

n=1"n"
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6 PHUONG TRINH HAM

Bai 6.1 (HV Buu chinh Vién thong). Cho ham f : R — R kha vi lién tuc trén
[0;1] thoa man

£(20152 4 2014) = 2015f(z) Vz € R.
Tim ham f(x).

Bai 6.2 (DH Cong nghé thuc pham Tp. HCM). . .
a) Cho a > 0, tim ham s6 f : [0; +00) — [0; +00) thod man diéu kién

f(f(@) + af(z) = 2a%z, Vo € [0, +00).
b) Tim ham sb f x4c dinh, lién tuc trén R va thod man diéu kién

r+y
2

($+y)f( ) =uaf(z)+yfly), Ve,y € R.

Bai 6.3 (DH Hung Vuong, Pht Tho). Tim tit ca cac ham f lién tuc trén [0; 1],
c6 dao ham trén khoang (0; 1) va théa man 2 diéu kién:

18.f(z) — 1.f(z) +2014 < 0,Vz € (0;1)
£(0) = £(1) = 2014.

Bai 6.4 (CD Ngb Gia Tu). Tim t:?lt ca cac ham s6 f xac dinh trén [0;1] kha vi
trong khoang (0; 1) théa man diéu kién

f0)=f1)=1
2013 f'(x) + 2014 f(z) > 2014

Bai 6.5 (DH Nong nghiép). Tim tAt ca cac ham f e C2[0,1], tic ham f(z) cb
dao ham t6i cap 2 va f”(z) lién tuc trén [0, 1] thoa méan:

F(0) = F(0) =1, f"(x) > 0,z € (0,1) va /0 Fa)da = ;

Bai 6.6 (DH Quang Binh). Tim ham sb f (x) xac dinh va lién tuc trén R biét

rang:
T

2f(2) = £

Bai 6.7 (DH Sao Dd). Tim tit cd cac ham s f théa min

)+ 2z,Vx € R.

flx+y) = fx)emi! VryeR.
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Bai 6.8 (DH Su pham Ha Néi 2). Chiing minh khong ton tai ham f : R — R
voi f(0) > 0va

flx+y) > flo) +yf(f(z)), Vo,yeR.

Bai 6.9 (CD Su pham Nam Dinh). Tim ham f : R — R théa man:

; 20 +y\ _ f(@)+ f(2y)
3 B 3 ’

Vz,y € R.

Bai 6.10 (CD Su pham Nam Dinh). Tim ham f : [0, 1] — (0; +00) kha vi lién
tuc trén doan [0, 1] théa mén f(0) =1, f(1) =4 va

1

(f'(x))2d
/ f@ =t

Bai 6.11 (CD Su pham Quang Ninh). Tim tit ca cdc ham sb thuc f(z) lién
tuc théa man

f(0) = 2014

f(2014z) — f(x) = =z, Vr e R.

Bai 6.12 (DH Su pham Thai Nguyén). Tim tit ca cac ham f : R — R* théa
man
r+1
2 +2’
[(zy —2)* + 2(z + y)?] f (=) f ()
(x+y)?+2

f(z) >

fla+y) =
v6i moi z,y € R.
Bai 6.13 (CD Su pham Vinh Phtc). Tim tt ca cac ham f : R — R théa man
f@+y) > f(2).fly) > 201477 Vo, y € R.
Bai 6.14 (PH T4n Trao). Tim ham s f : R — R théa man:

(xz—y)fx+y) — (@ +y)flx—y) =4day(x® +y*) Vz,yeR.
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DE THI CHINH THUC

1 DAISO

Bail. a) Goi(,...,C4la cac cOt ciia ma trdn da cho. Dit
1 1
Cl=(a" ... ah).
Dé thiy rang C; = C/+ t6 hop tuyén tinh ctia cac ¢}, ..., C!_,.
Tt d6 suy ra dinh thitc can tinh bang dinh thtc clia ma trin dudc tao
thanh ttr cac cot C1,...,C}.
Day la dinh thiic Vandermonde quen thudc va do dé gia tri can tim
bang
det(C,....C =[] (aj—a).

1<i<j<4

b) Trong ma trin ban diu, mbi hé sb trén cot thit 3,4 tuong tng 13 tich
cta 2,3 s6 nguyén lién tiép, do do chia hét cho 2!, 3!. Tit d6 suy ra diéu
phai chitng minh.

A 5 ; \ ’ A JUN > N . 7 N
Bai 2. Gia thiét P(z) = Y ¢;z'. Tu cac diéu kién cua bai toan ta suy ra mét
i=0
hé 6 phuong trinh tuyén tinh v6i 6 4n 13 ¢y, . . . , c5:
5 5

Za};ci:bk, ka c=b,, k=1,2.3

=0 =1

Néu b, =by=0b3=0 thi da thiic 0 1a da thiic duy nhit thda man. That vy,
tu gia thiet suy ra P(x) = [[(z — a;)Q(x) v6i Q(x) 1a da thitc bac khong qua

2. Tt he thie P'(a;) = 0 ta suy ra Q(a;) = 0. Do d6 @ = 0. Theo trén, khi cac
hé so by, déu bang 0 thi hé ¢6 nghiém duy nhat. Do do ta suy hé c6 nghiém
duy nhat v6i moi bo by.

Cach khac:

- Xét anh xa ¢ tit khong gian cac da thite bac < 5 v6i hé sb thuc vao RS gtii
mdi da thitc P 1én (P(a,), P’(al) , P(a3), P'(a3)). Bai toan yéu cau chimg
minh gzb 1a mot song anh. Hién nhlen ¢ 13 4nh xa tuyén t1nh gitta cac khong
gian ¢6 cung sb chiéu bang 6. D& dang kiém tra dudc rang ker ¢ = 0 va bai
toan dudc chiing minh.

- Cling c6 thé x4y dung truc tiép da thic P(z) bang phuong phap néi suy.
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— Thiét 14p cong thitc ndi suy Lagrange
— Xac dinh dudc da thtic bac 2 nhéan gia tri tai a;
— Két thuc bai toan

21,3 I4

2073174l
Do ma trin cuda e theo co s6 trén la ma trAn dudng chéo véi cac gia tri riéng
khac 0 nén anh xa la kha nghich.

Bai 3. a) Trude hét thiét 14p ma trin anh xa dao ham trong hé cosé 1, z,

b) Theo cong thtic Taylor, ta c6, v6i moi f € R[] thi

> £6) (g
f(:zc+1):zf f ).

]

Néi céch khdc, e(D) gtii da thic f(z) 1én f(z+1). Hién nhién day 1a mét 4nh
xa tuyén tinh kha nghich.

Ghi chu:
Thi sinh c6 thé dung phuong phap clia ciu a) dé gidi ciu b).
Thi sinh ¢6 thé chitng minh cau b) trudce, tit d6 suy ra cau a).

Bai 4. St dung bién ddi so cAp theo hang ta c6

E, B
det(X):det(O En—C'B)

Tt d6 st dung khai trién Laplace ta ¢ diéu phai chitng minh.
b) V6i A kha nghich, ta c6 khai trién

A 0 E, A'B
4= (o E)( c D )
E, A'B

St dung cac bién d6i so cip dbi v6i ma tran ( o D

) nhu trong cau a)
ta c6 diéu phai chitng minh.

Bai 5. a. St dung phan ching. Gid st a 1a s6 vé tf. Gid st P = P, --- P,
v6i Py, ..., P, 1a cac da thitc hé sb hitu ty va bit kha qui trén Q. B8i vi a 12
nghiém ctia P, di nhién a 13 nghiém ctia mét sb da thic P,. Khéng mét tdng
quat, gid st Py, ..., P, nhan a 1am nghiém. Do P, ..., P,, ¢ hé s hitu ty va
nhén sb v6 ty a lam nghiém ta suy ra ching c6 bac > 2. Ta nhic lai két qua
quen biét sau day: moi da thitc bat kha qui trén Q chi c6 nghiém don trong R
(trong bét ki trudng chita Q). Tt d6 suy ra boi clia a trong P bang m. Suy ra

deg P > deg PP, ... P,, > 2m > 2% =n.
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DAy 1a diéu mAu thuln cin tim va bai toan dudc gidi quyét.

Nhan xét: Bai toan con c6 nhiéu tiép can khac: qui nap theo bic cta P, xét
idéan cta Q[x] gom cac da thttc nhén a lam nghiém, v.v...

b. 1) Theo dinh nghia z, 13 sb dudng di d6 dai n giita A va A. Mot dudng di
bat dau tir A va két thic tai A, ngay trudc khi két thic phai dung lai tai B
hoidc D. Diéu nay cho thdy mét dudng di d6 dai n gitta A va chinh né duge
tao thanh ttt moét duong di d6 dai n — 1 ttt A t6i B va canh BA hodc mot
duong di d6 dain — 1ttt A t6i D va canh DA. Ti d6 suy ra

Tp = 2Yn-1.

Tuong tu, mot duong di do dai n ttr A t6i B dudc tao thanh tit mot duong di
do dain — 1t A t6i A va canh AB hodc mot duong di do dain — 1t A téi
C'va canh C'B. Do d6

Yp = Tp—1 + Zn—1-

Tuong tu ta co

Zn = 2%—1-
Mot cach tuong duong, ta co
0 20 Tn—1 Tn
1 01 Un-1 | = | Yn
0 20 Zn—1 Zn

2) Tacod z, = z, = 2y,_1 v6i moi n. Tt d6 y,, = 2x,,_1 = 4y,_». Quan hé y,, =
4y,,_, cung vai gia tri ban dau yy = 0,y; = 1 chling t6 o, = 0, Yoy = 225, T
dé\ly, ta suy ra xo = 225—1 = 2y2k—1 = 22k71, 29k+1 = T2k+1 = 0.
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2 GIAI TICH
Bai 1. Taco u? ; = u2 + a" vl vdy

w=1+a+ - +a" "

— Tinh dugc cong thitc u,, = /%=L khia # 1 va u, = /n khia = 1.

a—1

— Chi ra khi a < 1 day c6 gi6i han va giéi han d6 la , /.

Bai 2. Gid st f khong phdi la ham hing. Khi d6 tdn tai cac sb a,b sao cho
f(b) = f(a) # 0. Di€u nay kéo theo g(a) = g(b) = m.
Lan lugt lay y = a va y = b ta c6 hé

(f@) = @) (9(2) = m) =0 (@) = ®) (g(x) = m) = 0.

Trl cac phuong trinh cta hé cho nhau ta thu duge (f(a)— f(b))(g(x) —m) =
v6i moi x. Do f(a) — f(b) #0nén g(x) =m Vz eR.

Bai 3. Néu f don di¢u gidm thi f(z) < £(0) ¥V = € [0, +00). Dovay, L [ f(t)dt <
0
£(0). biéu nay trai véi gia thiét.
VAy f(z) la ham khong gidm trén [0, co). Khi d6, f(t) < f(z) V¢t < z. Do d6
L ft)dt < L[ f(x)dt = f(x) v6i moi x > 0. Diéu nay kéo theo
0 0

xT

o1 .
g | 10 < i S0
0

2) Két luan khéng con ding. Ta xét thi du sau: xét ham sb f(z) = |sinz|2?.
Ta co

2nm n (2k+1)m n
/ f(x)dmZZ/ xsinxdmzZ(4k+1):n(2n+3)
0 o 2k

™ k=1
Do do,
1 x p 1 [z/27)27
lim — t)dt > i t) dt = 0.
Jon 2 f) f@dt = Jim [x/mmzﬂfo J(tydt = o

Dé théy khong ton tai limg, o0 f ().
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Bai 4. Chia hai vé cho 2013 ta nhan dudc

2015 2014
/ kflz) > 222 véik = —n
F@) +kf(z) 2 55 oLk =50

5 _ k £s o 2015 .
bat g(z) = e*(f(x) —m) v6im = 3575 ta co

g (x) = e [k(f(zx) —m) + f'(x)] > 0.

Tt d6 suy ra g la ham khong giam.

Mat khac, ¢(0) = g(1) =0 nén ta suy ra g(x) = 0. Tt do f(z) = m.

Bai 5. Cach 1:

Bang quy nap chiing minh dudc z,, > 4.

Xét déy bn+1 = 2\/@ vOi bo = max{4, $0,$1}. Do bz—;rl = 4/ bn va bl < b()

bn—l

nén ta suy ra la day khong tang va bi chan duéi, do d6 lim,, b,, = 4. Ta chling
minh max{xs,, 2,11} < b, v6i moi n.

V6in =1tacdzy = /71 + /o < 2¢/max{z, 20} < 2v/by = by.

x3 = /T2 + /71 < 2¢/max{zs, x1} < 2¢/max{by,bp} < by

Gia thiét max{zop, Topp1} < b véimoi k = 0,1, ...,n — 1. Khi do,

Ton = \/Ton—1 + /Ton—2 < 2¢/max{Ta,_1,Ton—2} < 2/bp_1 = by.

Tont1 = /Ton + /T2n1 < 2¢/max{zan, Ton_1} < 2v/max{b,, b,_1} < b,.
Tong két lai, ta c6 4 < max{ZTon, Tont1} < b, v6i moi n va lim, b, = 4. Vay
lim,, x,, = 4.

Cach 2:
Glé thiet T < xo. Khi dé

Ty = \/T1 + /2o < 2y/9 < o,

do Ty > 4.
T3 = \/To + /X1 S A/ T1 + /Ty = Ta.

Nhu véy bing quy nap ta chitng minh dudc

Tont2 < 24/Toy < Top;

Topt1 < Top.

Nhu thé diy (72,) 12 day khong ting bi chdn dudi béi 4. Tu do suy ra ton tai
gi6i han lim x5, = a < 2y/a. Hay la a < 4. Két hop véi diéu kién x4, > 4 ta co
a=4.

Két hop diéu nay vé6i bt ding thic tht 2 § trén ta dudc lim zo,.1 = 4.

Vay lim x,, = 4.

Néu z; > x ta thdy xy = /27 + \/Zo < 2,/21 < 21 va Iy ludn nhu trén khi
thay x( b6i z; con z; boi zs.
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Bi 6. 6a.

bat b, = \/6 +1/6+...+v6. Do b,,; = 6+ b,. Bang quy nap ta chting

n lan

minh dugc b, 1a day ting bi chan trén bdi 3 va b, 1 3.

Mat khac,
an+1_3_bn+1_3_\/6+bn_ 1 _)1
a  3—b,  3—b,  3++6+0D, 6

Theo tiéu chudn D’Alambert chudi s6 hdi tu.

6b.
Ti gia thiét

/Ofo(t)dtg/oxtha:.

Theo bét ding thic Cauchy-Schwartz ta 6

</Oxtf(t)dt)2g/othdt/Ofo(t)dtg (/jﬂdt)Q.

Vi vay

/xtf(t)dtg/ztzdt hayle‘lF(a;)—/xt(t—f(t))dtzo.

0 0

Mat khac,

~ | =

/0 (- () dt = / "Lt gy ar

X

T do, [o(t— f(t))dt >0hayla [ f(t)dt < [Ttdt =2



CAC BAI DE XUAT: DAI SO

1 MA TRAN

S|

C
| . Khi dé

l

Bai 1.1 (DH An Giang). Xét X = |d

N
> o

d e—a 2c+f—b
AX—XA=1| g h—d 2f+i—e]l,
—29 —2h—g —h

nén X giao hodn v6i Akhivachikhid=g=h=0,e=a,f =2c—b,i =
4¢ — 2b + a, nghia la X c6 dang

a b c
X=10 a 2c—b
0 0 4c—2b+a
Bai 1.2 (DH An Giang). Da thic déc trung ctaa A la

pt) =t =32+ 1= (2 —t—1)(* +t—1).

, . PRI A 1AL 1 1 ) 1—-+/5
Do dé A cé 4 gia tri riéng don phan biét la oy = +2\/_, ap = 2\/_,
—1+5 —1-5
Qg=—p U= "5 .

Co s6 ctia cac khong gian riéng tuong ing v6i ting tri riéng la:
- E(al) ¢ ¢o s6 {u1 (05171,1,Oz1)}

- E(O./Q) c6 ¢o sb {U,Q ((](2,1,1,(1/2)}

— E(a3) ¢6 co 86 {uz = (as, — —a3)};

— E(ay) c6 co s6 {uy = (a4, ag)}.

Do d6 A chéo hoa dudc, véi dang cheo la B= P~ AP, trong d6

(TTTT)

B = dlag<a17a27a37a4)7 P = Up Uy Uz Uy

Suy ra A2014 = p, 2014 p-1 T d4y ta thu dudc két qua.
Chu y. Day la bai toan don thuan tinh toan, tuy nhién viéc tinh toan rat phic
tap.
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Bai 1.3 (PH An Giang). Tac6 (A—B—2[)(A+1)=A>-~A—B—BA-2] =
—2I Suyra (A+1I)(A— B—2I)= —2I,nghiala A> = A+ B+ AB. Nhu vay
AB = BA.

Chul y. Trong 16i gidi c6 st dung tinh chat “Néu A, B € M, (K) sao cho AB = I
tht BA=1".

Bai 1.4 (DH Bac Liéu). Da thtic déc trung cta A la p(z) = (v — a)(z — ).
Chia 2" cho p(z) ta dugc dang biéu dién

z" = p(x).q(x) + ax + b.
Lan luot thay = béi a va 3 trong ding thitc trén, ta dudc o” = aa + b va

ﬁ":a5+b.8uyraa:a =5 Véa:M.DOp(A)zonénbéng
a—p a—p
cach thay = b8i A vao dang thiic trén, ta dugc
A" = a. A+ bl =a (H(A—ﬁf)>+ﬁ (a_ﬁ(aI—A)).
Nghia 13 ton tai
1 1
X=—(A-pI); Y= I-A
A= BI Y = (el = 4

théa man A" = "X + Y.

Bai 1.5 (DH Bac Liéu). Ta ¢6 det(NM) = det(MN) = 1. Do d6 NM kha
nghich va M, N kha nghich. Hon ntta (M N)? = I, nén MN = (MN) ! =
N-'M~'. Do 46 (NM)?> = N(MN)M = N(N-'M-Y)M = I, nghia 1a
(NM)~' = NM.

Bai 1.6 (DH Bach Khoa Ha Noi). Gia st hang thit i cia A gém toan sb 1. Khi
d6 hang i ctia AA* ¢ hé s6 & mbi cot 13 téng tat cd cac hé sb & cot d6 cla
A*. Do d6 t6ng tht ca cc phin th cia A* bing tng tit ca cc phin ti hang
thit i clia AA*. Ma A.A* = det(A).I,, nén tong nay chinh bang det(A4). Do dé
ta dugc két qua cin chiing minh.

Bai 1.7 (PH Bach Khoa Tp. H Chi Minh). Pa thtic dic trung ctia A 13 P(\) =
—(A—=1)3do d6 (A — I)3 = 0. Phén tich

' = (z — 1)%q(x) + az® + bz + c. (%)
Ta co
M=a+b+c a =91
141% =2a+b <= (b= -168
14.13.1%012 = 2¢ c=T8.
1 14 —14
Thay A vao (x) ta duge: A =aA? +bA+cl= | —14 —90 91

—-14 -91 92
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Bai 1.8 (PH Bach Khoa Tp. H6 Chi Minh). Néu A kha nghich thi B =
A"V AB = 0 v6 ly. Do d6 det(A) = 0. biéu nay chitng té ton tai z,y € M, ,
khéc 0 théa Az = ATy = 0.

Xét C' = zy' 1a ma trin cAp n khac 0 thoa

AC = Azy' =0y =0;CA=ay'A=2.(ATy)" =0.

Bai 1.9 (DH Bach Khoa Tp. Hb Ch{ Minh). Vi A = AT nén A = (Z i’) Dan
a’>+b* bla+c)

A 2 _
dén A% = (b(a+c) b2 + 2

) = I. Tu d6 suy ra

bla+c¢)=0 (1)
ad+=1 (2
V+cd=1 (3)
Te (1) suyrab=0Vc=—a
1. b=0=a=+1 = c¢=+1.Tacd 4 ma tran

06 2G5

Thit lai thoa.
2.0#0=c=—-a€ (0,1) = b= ++1 —a? Ta cd 4 ma tran dang ma

tran
<_¢1a_7a2 @)(_h _V?)

Bai 1.10 (DH Béch Khoa Tp. H5 Chi Minh). Ta ¢6
AN T =(A-D{I+A+---+ A =0
va A khong c6 tri riéng bang 1. it
f(A):[—l—A—i—---—l—Ak*l:—(Ak+Ak+1+---+A100).

Suy ra f(A) kha nghich. Vi 101 nguyén t6 nén luén ton tai s, ¢ € Z* théa man
sk —t101 = 1.
Datp(z) =1+a%+ -+ 2Dk Tach

sk—1 t101

F(A).p(A) = Z Al = ZAZ' =1

Chay A co phé{l tit nguyén nén ca f(A) va p(A) déu nguyén nén cé dinh
thitc nguyén. Diéu phai chitng minh da ro.
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Bai 1.11 (PH Béch Khoa Tp. H6 Chi Minh). Phan chiing, ta gia sit |A2 +

B)l=0=30#z€R,: (A2+B)r=0= 2"A%r+2"'B% =0

(Az)T Az + (Bx)"Bx = 0 < ||Az||* + || Bz||* = 0 &= Ax = Bz = 0.

Lic nay moi ma trdn X, Y, tacod (AX + BY)'z = XAz +Y ' Br = 0 =

det(AX + BY) = 0. Diéu nay 1a khong diing véi gia thiét.

Bai 1.12 (HV Buu chinh Vién thong). a) Ta c6 ABAB = 9AB

b) 2 = r(AB) = r(9AB) = r(ABAB) < r(BA) < 2. Ma trdn BA vudng cap
2 ¢6 r(BA) = 2, do d6 kha nghich

¢) ABAB = 9AB = B(ABAB)A = B(OAB)A = (BA)(BA)(BA) = 9(BA)(BA).
St dung tinh kha nghich ctia ma trdn BA va ding thiic trén suy ra BA =
9l,.

Bai 1.13 (HV Buu chinh Vién thong). D& dang thiy rang néu AB = BA thi
bat dang thtic trén c6 dau ”=" ) )
Goi T la ma trin ruc giao sao cho T7'AT = A la ma trdn chéo. Dat B =

T-'BT (khong chic la ma trin chéo). Ta c6
Tr(A2B?) = Te(T ' A’B*T) = Tr(A%B?); Tr(ABAB) = Tr(T *ABABT) = Tr(ABAB).

Z Z a/zzbuajj i — Z QCL”aﬂbw + Z aubi

=1 j=1 1<i<j<n

(Vi B dbi xting, A 1a ma tran chéo).

Te(A?B?) = Z Z a2bijbi; = i Z alby = Z (ag; + a,)b; + Z a2

i=1 j=1 i=1 j=1 1<i<j<n
Vay
Tr(A2B?)—Tr(ABAB) = Z (a?i+a§j—2aiiajj)bfj = Z (aii—ajj)zb?j > 0.

1<i<j<n 1<i<j<n
Dau"=" < (a“‘ — CLij)Qb,?j = O,VZ < j = aiibij = bijajj;W < j < AB = BA.

Bai 1.14 (DH Cong nghé thuc phdm Tp. HCM). Ta ¢6 AB = A + B nén
(A—1)(B—1I) = 1.Do dé A— I va B — I kha nghich va la nghich dao
cua nhau. Vi moi vectd uta c6 Au = 0 <= (A—Nu = —u < u=
—(B —Iu <= Bu = 0. Suy ra hai hé phuong trinh AX =0va BX =0co
cung tap hop nghiém. Do d6 rank(A) = rank(B).

Bai 1.15 (DH Céng nghé thic phdm Tp. HCM). Dt A = (a;;) va A~' = (by).

n
Do AA™' = Inénvéimoii # j,tacd > ayby; = 0.Doay > 0,Vk=1,2,....,n
N\ 4 4 k:1 4 4
nén ton tai it nhat 2 trong cdc so cac by; trdi dau nhau, nghia la c6 it nhat 2
s0 khac 0 trong mot cot ctia A=, Suy ra s0 hé s0 0 ctia A~! 1a 2, < n? — 2n.
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Bai 1.16 (Du bi). 1. Tit dinh nghia, ta d& dang suy ra rang mot ma tran 1a
thue su ngiu nhién néu caché s613 > 0 vanhén (1,1,...,1) 1am vector
riéng voi gia tri riéng 1. Tit day, ta dé dang suy ra rang A* 1a thuc su
ngﬁu nhién v6i moi k > 1.

2. bt A* = (). Thé thi tir déng thitc A" = A A* ta c6

k+1
E aisQ SJ.

Theo gia th1et B( = Maxj<s<n @ ( ) . Suy ra

n

k k k
ot =< B S 4 = 8.

s=1
Tk do,
k+1 _ (k+1) (k)
B; malxa < B
Lap luan mot cach tu0ng tu, ta cling thu dudc a(k) < a(kH).
C6 dinh j. Goi i 14 chi sb sao cho ﬂ (1) k“ . Thé thi,

n

k k k k k k
R Y

s=1
n
_ (k) (k) (k) (k)
- Zaw(ﬁ] _aS])ZE(/BJ -4y )
s=1
(BSi vi cac hé sb 1a duong va ton tai it nhAt mot chi sb s d€ o Qg (k) a(k)
va a,; > €). Tuong tu, goi i’ 14 chi s6 thoa man ag.kﬂ) = k“ . Thé thi,
k+1 k k+1)
Ckg. )_a§.) = a(, ZalsCLSJ —Oé )

n

k k k
= Zai/s(agj) — ozgk)) > e(ﬁj( ) _ oz§ ))

s=1

Bang cach 14y téng clia cac bit dang thiic thu dudc & trén ta suy ra

5j(k) . Oz(-k) N (6(k+1) k+1) > 26(5%) (k)).

J

BAt ding thiic nay tuong duong véi bit ding thic cAn ching minh.
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3. Truong hop n = 1 1a tim thudng. Ta gid st n > 2. Khi d6, ¢ < 1/2 va
nhu vay 0 < 1 — 2¢ < 1. Ta suy ra day ﬁj(.k) - ozg-k) tién t6i 0 khi k tién t6i
vb cung. Tit day, ta dé dang suy ra rang cac day a§k), B](-k) cling tién t6i
mot gi6i han hitu han z;. Theo dinh ly kep, ta suy ra

(k)

fim o =
Nhu vay,
r1 T2 ... Ip
hmAk:M: 1 T2 ... Ip
k—oo
ry T2 ... Ip

Mat khac, v6i moi ¢, k ta co Z;;l agf) =1lnénz; +2o+...+z,=1.Ta

suy ra M cting la mot ma trdn ngau nhién.

Bai 1.17 (DH Dong Thap). Gid sit I + BA khéng kha nghich, tifc 1a det (1 +
BA) =0. Suy ra ton tai X # 0sao cho (/ + BA)X =0,suyra X + BAX =
0(x).

Tu (x) suy ra AX + ABAX = 0, hay (I + AB)AX = 0. Néu AX = 0 thi tt
(x) tacd X =0, vO ly. Neu AX # 0 thi I + AB khong kha nghich, vé ly. VAy,
I + BA kha nghich.

Bai 1.18 (DH Hung Vuong, Phu Tho). Gid st A = ( CCL Z ) thich hop. Tu

2 2
A? = ( (ZQ 22 ),suyra

bc =0
(a+d—-0b)b=0
(a+d—c)e=0

3
Gidsttc # 0.Khidob=0vaa+d=c Ta A = <z3 C?3>,suy1ra

c(a® + ad + d*) = . Sau d6 ad = 0. Nhu viy A c6 dang ( (c) 2 > hoac
a 0
a 0 )

Tuong tu néu b = 0 thi A sé c6 dang (2 2>hoéc <3 g)
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4 . a 0
Neub—c—OthlA—(O d)’

Vay A thudc mot trong nhiing tap

((53)wsex]
R(é é)UR(g Q)UR(} 8)UR<8 }).

Bai 1.19 (DH Hung Vuong, Pht Tho). Dat

hoac

1
U= a”! V—(laa2 a3)
=| 2 |V=
a3
Taco VU =4,
1 a a® a
a”l 1 a a®
UV = I =A+LR=A=UV -1,
a a 1 a
a® a? at! 1
Ta co

A= UV - 1) =UVVU -UV -UV + I,
=4UV =20V + 1, =2UV + I, =2(A+ 1) + 1, =2A + 314

1
:R;»AQ—zA:3I4<:>A(A—214):314R¢A—1=§(A—214)
-2 a a®>  a®

n 1| a! -2 a a?
VayA_g a? al -2 a
a3 a? a! =2
0 —1 —1
Bai 1.20 (PH Hung Vuong, Phti Tho). Pat M = | —1 0 —1 |, kiém
1 1 2

chting rang M2 = M, rank(M) = 2. Suy ra:
ABC = M = M? = (ABC)*.

Ta c6: 2 = rank(ABC) = rank((ABC)?) = rank(AB(CAB)C) < (CAB).
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Vi CAB € M,(R) nén rank(CAB) < 2. Do d6 rank(CAB) = 2 hay CAB kha
nghich. Tt diéu nay va hé thic

(CAB)* = C(ABC)AB = C(ABC)*AB = (CAB)?
tasuy ra CAB = [,. Vay
(BCA)?> = B(CAB)CA = BI,CA = BCA.
D6 14 diéu phai chting minh.
Bai 1.21 (CD Ng6 Gia Tu). Da thitc dic trung cta Avlé plx) =2 =3r+2 =
x(x — 1)(z — 2). Chia 2°°!* cho p(x) ta dugc dang biéu dién
22 = p(z).q(x) + ax® + bx + c.

Lan luot thay = bédi 0; 1; 2 trong dang thitc trén, ta dudc ¢ = 0; a + b = 1 va
4a +2b = 2% nghialaa =223 — 1,0 =2 — 2213 ¢ = (0. Do p(A) = 0 nén
bang cach thay x bdi A vao dang thic trén, ta duge

A2014 — p(A)q(A) + (22013 o 1)A2 + (2 o 22013)A — (22013 o 1)A2 + (2 o 22013)14.

Bai 1.22 (CD Ng6 Gia Tu). Ta c6 rank(AB —I) = rank[(A—I)B+ (B —1)] <
rank[(A — I) B] 4 rank(B — I) < rank(A — I) + rank(B — I).
Nhan xét. Bai toan nay st dung hai tinh chat quan trong ctua hang ma tran
la

rank(A + B) < rank(A) + rank(B) va rank(AB) < rank(A).

Bai 1.23 (DH Ngoai Thuong - Ha No6i). Dét

-1 -7 5 U,
A=| -2 -8 6 . Xo=1 v
—4 —16 12 Wy

Tu gia thiét ta ¢6 X,..1 = AX,,,Vn € N. Hay
X, =AX, 1 =AX, »=...= A"X,.
Xét phuong trinh dic trung ctia ma trdn A ta c6
A—A|=0& -AA—1)(A=2) =0 A=0,1,2.

Ma tran A co6 ba gia tri riéng phan biét nén A chéo hoa dudc.
+ v6i A = 0, hé phuong trinh xac dinh véc to riéng la

1

Tr1 = =3
—.771—71’24‘51'3:0 3
& 2

6y —4x3 =0 To = §$3
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Chon mot véc to riéng a = (1,2, 3).

+ Tuong tu v6i A = 1,\ = 2 chon dudc cac véc to riéng tuong ung la
b=(3,2,4),c=(1,2,2). Do d6 ma tran lam chéo hda A la

T —

W N =
A~ N W
DO DN

Tinh ma trdn nghich dao ctia T ta dugc

0o 2 -1
Tt = 1 1 =1
-2 =5 4
000
TacdT'AT=| 01 0 | =D A=TDT ' - A»=TD"T 1.
00 2
3—3.2"
Dodd X, = A"X,=| 2—3.2"
(46?

b. Theo phan a, c6 v, — 2 = 3.2" nén ta c6 diéu phai chitng minh.

Bai 1.24 (DH Ngoai Thuong - Ha Noi). Ching ta xét cac truong hop sau:
TH 1: n = 1 thi hién nhién r(A) = 0.
TH 2: n = 2 thi hién nhién det A # 0 do d6 r(A4) = 2.
0 d e
TH3:n=3matran Acodang: | « 0 f |, trongdoa,b,c,d, e, f nhan
b ¢ 0
cac gia tri la 1 hoac 2. Ta c6 det A = bdf + aec # 0. Do d6 r(A) = 3.
TH 4: n > 3, ta thay tit cd cac phin t& n—1 clia A bdi 1 thi nhin dudc ma trin
B ¢6 cac phin tk con lai bang 1. RS rang ta c6 det A = det (B) (mod n — 2).
Man—2>1néndetA+#0dodor(A) =n.
Két luan: v6i n = 1 thi r(A) = 0; v6in > 1 thir(A) = n.

Bai 1.25 (DH Ngoai Thuong - Ha Noi). Xét
falx) =det (A —2l) = 2* — sz +p € Q[z]

la da thttc dac trung ctua A. Goi A\j, A\, 1a ca nghiém cta f(z), khi dé \;, X,
la cac gia tri riéng cua A. Theo dinh ly Viét ta co:

M+A=s5cQMl=pcQ.

Theo dinh ly Cayley-Hamilton ta co: A% — sA+ply, =0,.V6i A € C la gia tri
riéng cua A thi tdn tai véc to riéng X # 0 thoa mén: AX = A\X. Bang quy
nap ta c6: A"X = \"X — \" = —1.Suyra: \] = \j =
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Néu )\, e Rthi )\, € R, tit d6 v6in 1é tacd \; = \y = —1. Khi dd (A+ I)? =
A2+2A—|—]2 = 0s. Suyra —]2 = A" = (A+]2_]2>n :n(A+]2)—]2 — A=
—12 — A% = —IQ.
Néu \, ZRthi), =\ ¢ R.Vi|\| =1nén ton tai £ sao cho \; = cost+isint
va Ay = cost —isint. Khi do A\, + Ay = 2cost = s € Q.
Lai c6: A\ = —1 — cosnt +isinnt = —1 — cosnt = —1.
Nhan xét: V6i moi n thi ton tai da thitc don khéi P,(z) € Z[z] b4c n thda
man:

2cosnt = P,(2cost).

Vi z = 2cost la nghiém hitu ty cta P,(x) + 2 = 0, nén 2cost € Z. Ma
|2cost] <2 — 2cost € {—2;—1;0;1;2}.

Néu 2cost = +2 — A1, Ay € R, da xét & trén.

Néu2cost = —1,tacd A2+ A+1, = 0y — (A—L)(A2+A+1,) = 0, — A3 = I,
suy ra: A" € {I, A, A%}, vO ly v6i A" = — 1.

NéUQCOSt =1,ta co A2—A+11 =0y — (A—|—]2)(A2—A+IQ> =0y — A3 = — 1.
Néu 2cost = 0, ta cd A2 + I, = 0.

Bai 1.26 (DH Ngoai Thuong - Ha Noi). a. Cac ma tran

(e (e (1)

théa mén yéu ciu bai toan. .
b. V6i A € My(R) ta c6: A% — (trA)A + (det A)I = 0. Gia su ton tai A, B,C €
K5(Z) sao cho A* 4+ B* = C*. Data = trA;b = trB;c = trC. Khi d6

At =(aA -1 =a*A* —20A+ T = (a® —a)A+ (1 — a®)I.
Tuong tu cho B* va C*, ta dudc:

(a®* —2a)A+ (b* —b)B + (2 —a®> — b*) = (¢* — 2c)C + (1 — )1
Ta tinh vét hai vé ta dugc:
at +b* —4(a® +b*) = c* —4c* - 2.

Suy ra: a* + b* — ¢* = —2(mod4), suy ra a, b 18 va ¢ chan.
Tuy nhién, khi do

at +b' —4(a®* +b*) =2 (mod 8), vac' —4c* —2= -2 (mod 8),

1a diéu vo Iy,
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Bai 1.27 (PH Néng nghiép Ha Néi). Cho p 1a mot s6 tu nhién 16n hon hodc
bang 2. Ta co
APB — BA? = APB— AP"'BA+ A""'BA — AP?BA?
+AP2BA* — . 4 ABAP™! — BAP
p—1
= ) ArFBAF - ArTRTIB AN
k=0
p—1
= Y A"FY(AB - BA)Ar
k=0
p—1
= Y APFTIAAR = pAr.

k=0

2014tr(A*M) = tr(2014A4%M)
— tr(APMB) — tr(BA®Y) = 0

VAy tr(A201) = 0.
Bai 1.28 (DH Pham Vin Dong). Ta c6 da thiic dic trung ctia ma trin A 13

3—-k 0 2
Pk)y=] 0 1-k 2 |=—k+6k>—3k—10.
2 22—k

P(k) c6 cac nghiém 2, —1, 5. Theo dinh ly Caley-Hamilton thi
A* —6A*+3A+10=0.
Thuc hién phép chia da thitc #2°'* cho da thitc 2® — 622 + 3z + 10, ta dudc
22 = (2% — 62 + 32 + 10)g(z) + ax® + bz + c.

Lan luot thé = = 2, —1, 5 vdo ta duge hé phuong trinh theo a, b, c,

( 52014 _ 92015 4 |
__ 02014 a =
dat2bdc=2 6.22014 3852014 _19
a—b+c=1 Sp= =
18
25a + 5b + ¢ = 52014 . 5.92014 52014 | 5
— 5 _
\

“al.\y
2014 2015 2014 _ =2014 2014 2014
A2014 ) 2 -1 ]2 6.2 5 12 5.2 5 +5 .

18 18 9
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Bai 1.29 (PH Pham Vin Dong). Goi k 13 mét gia tri riéng bat ki clia 4, ta co:
det(A—kI) = 0. Suy ra: det(A+kI). det(A—kI) = 0, din dén det(A2—k2]) =
0. Tl gia thiét: A2014 = 0 nén A2 = 0 = k = 0. VAy v6i moi gia tri riéng k; clia
A déu bang 0.
Mat khac, gia tri riéng k la nghiém ctia phuong trinh:
2 (D)"Y a4 boa™ A by + by =0
i=1

Theo dinh ly Vi-et ta c¢6: > k; = (—1)" > ay; = > a; = 0. Vay Tr(A) = 0.
i= i=1

=1

Bai 1.30 (HV Phong khéng Khong quéan). Dat

1 11 ... 1
B 1 11 ... 1
1 1 1 1
Do
2015 2014 2014 ... 2014
A 2014 2015 2014 ... 2014
2014 2014 2014 ... 2015
2014 +1 2014 2014 ... 2014
B 2014 2014 4+1 2014 ... 2014
2014 2014 2014 ... 2014 +1

néntasuyra A =2014B+1, (1).Tacd

nnon n
Sl IR
n n n n
sz TL2 TZ2 7l2
B3 :BQB: n2 ’I’L2 n2 n2
;7:2' . n2 : ;{2 ....... T.L2.
Bang quy nap, ta chitng minh dudc
k=1 k=1 k= k-1
BF = At mTE m e , v6i moi s6 nguyén duong k
ST o
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. T d6 ta co
A = (2014B + I,)" =Y " Ci014'B'I} 7 =)~ 2014 B,
1 1

Hay ta co:
AF = I, + 2014CL B + 2014*C?B? + ... + 2014*CF B*

Tt d6 cac phan ti cta A* duge x4c dinh nhu sau:
C4c phan tit trén dudng chéo chinh 1a: 1+2014C} +2014°C} + ... +2014*Cy.
Cac phan tl con lai bang nhau va bang: 2014C} + 20142C7 + ... + 2014*C¥.
Bai 1.31 (PH Quang Nam). T gia thiét ta c6

AB' = BA!,CD! = DCt, DA — CB' = I, AD' — BC* = 1.

Do d6
(A B)‘(Dt —Bt):[ :>(Dt —Bt>‘(A B):[
C D) \-ct A T\t A C D an
Tt do D'A — B'C = 1.
Bai 1.32 (PH Quy Nhon). a. Ta dé dang chitng minh dudc rang

(det (A+tl) ) o

lim tr(A+tl) = +o0, lim (AT i)

t——+o0 t—+o0

Tt d6 vé6i t da 16n ta cd
det (A +t]

A= (A+tl)—tl = et (4+ )—t)l

(At + ( tr(A— 1)

1
tr(A+tI)

B 1 2 det (A +t1) )2
—< tr(A+tI)(A+”)> " (\/(t_ tr(A+tI) )> =)

2 2
1 det (A +tI) < 0 —1 )
A+t | + - .
( tr(A—l—tI)( )> (\/< tr(A+tl) )> -1 0
b. Gia st ton tai hai ma trdn B,C' € M,(R) thda mén diéu kién bai toan. Vi

BC = CB nén
det (B* + C?) = det (B + IC)(B — iC) = | det (B +iC)| > 0.

Piéu nay mau thuln véi
det (B* + C°) = det L0 =-1<0.

Vay khéng ton tai B, C' € My (R).
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Bai 1.33 (PH Quy Nhon). Tir gia thiét cta bai toan ta cé.

(BA)® = BABABA = B(ABAB)A = 0.

Suy ra BA liiy linh. Tt day suy ra

BABA = (BA)?

=0.

Khing dinh trén néi chung khéng ding véi A, B 1 cac ma trn vudng cb cp

16n hon 2. Théat vay, ta xét hai ma tran sau

0 01 0 0 1
A=|1 000 |,B=|100
010 0 00
Khi d6 ta co:
000 0 00 000
ABAB=11 0 0 0 000 |=100P0
1 00 1 00 0 00
Nhung
010 010 0 00
BABA=1]1 0 0 1 0 1 ]1=1001
100 1 00 0 00
1 -3 3
Bai 1.34 (DH Sao D9). Datu, = (T,, Yn, 2n); Uns1 = Aul; A= 3 —5 3
6 —6 4
Xét|A—tI|=0& (t+2)%(t—4)=0.
-2 00
Ma tran chéo hdéa B = 0 —2 0 | va ma trdn chuyén co s6 P =
0 0 4
1 0 1 1 1 1 -1
01 1 :>P_1:§ —1 3 —1
-1 1 2 1 -1 1
22014 0 0
= A= PBP ! = A = pp*"p~1 véi B = 0 2% 9
’ 0 0 42014

Tim duge A% suy ra 9914 = 22014 + 42014,
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Bai 1.35 (bH Sao b9d). Ta cé
cosz sinz \ B cosnx sSinnx
—sinx coszx ~ \ —sinnz cosnx

™ ™

A m V5 —1 . COSE sinﬁ
U 1-vE V1I0+2vs )

— Sln E COS 1_8
e s
R B

sin o €os 7
Bai 1.36 (DH Sao D0). Xét cac phuong trinh Az =0 (1) va (A+ A% +---+
AMX =0(2).
Goi X la nghiém ctia phuong trinh (1) suy ra X, cing la nghiém ctia phuong
trinh (2).
Gia st x( la nghiém ctia (2) ta c6 Azg = —A%xg — -+ — A"xg = A?Buxy.

V6iB=—F—A— A% —cldots — A" ?; tacd AB = BA.
Axy = A’Bxy = ABA?’Bxy = --- = B"A™ Az, = 0.
Do d6 phuong trinh (1) va (2) cling ¢6 cung tap nghiém. Suy ra:
rank(A) = rank(A + A* + ...+ A").

Bai 1.37 (DH Su pham Ha N6i 2). Tit gid thiéttacd X, Y € My(R)va X =Y,
X? = I, T X3 = I, ta c6 cac gia tri riéng clia X chi c6 thé 13 nghiém ctia
da thtic ¢’ — 1 = (t —1)(t* +t + 1). Da thtic dic trung P,(t) cia X la da thtic
béc hai nén néu cé nghiém phitc thi c6 ca hai nghiém phtc, do d6 chi c6 thé

xay ra cac kha nang:
Pyft) = (t—1)
P.(t) = ?+t+1.

TH 1. Néu P,(t) = (t — 1)2 ta c6 X2 = 2X — I, nén thay vao X* = I, ta dugc
2X?%2 - X — I, = 0. Do d6 ta dudc X = I,. Thit lai dé thay X = I, théa man.
TH 2. Néu P,(t) = t* + ¢t + 1 thidet X = 1, Tr(X) = —1. Do d6 néu ma trin

X:(a b>thi a+d=-1
c d ad — bec = 1.
a+d=—

7 o ~ 1 \ 7 o
Ngudc lai néu X = ( a b ) thoa man thi da thtic dac trung
c d ad —bc=1

cua X 1a P,(t) = t>+t+1. Theo dinh ly Cayley-Hamilton ta ¢ X2+X+1, = 0.
Do d6 X3 = I,.
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Bai 1.38 (DH Su pham Ha Noi 2). Ta chitng minh det A # 0. Théat vay, goi

¢l,..., ¢, tuong ing 1a cdc véc to dong clia ma tran A = [a;;]. Khi d6:

o = (a11,a91, ..., an1), 5 = (@12, a9, ..., Qp2), < v . .. o = (@1n, Qony - - - 5 App)

Ta chiing minh hé véc t6 71, . . ., &, 13 hé ddc 14p tuyén tinh. Thét vay, gia si:
ME 4 XN+ e = 0 (+)

Pt | Ae| = max {|\;] :i = 1,2,...,n}. Néu A # 0 thi tlt (*) xét tai toa d6 thit
k ta co:
Alalk + )\Qagk 4+ ...+ )\kakk + ...+ Anank = 0

Suy ra:

2014 < |ag| < (lA |!aik|) 2014 < Y (||A |‘
i=1,i#k k i=1,i#k k

) = 2014

Piéu v6 ly nay chiing t6 A, = 0, do d6 tit tinh chat cuc dai clia |\,| suy ra

Bai 1.39 (DPH Su pham Thai Nguyén).

2

2014 0]0 O |0 2014 220142 0|0 0|0 2.20142
0O 1,0 O01]1 O 0 210 0]2 0
0 01 —-1]0 O _ 0 0 B2 0 0
0O 01 10 O 0 0 0 0
0O 1,0 O01]1 O 0 210 012 0
2014 0]0 O |0 2014 2.2014% 0|0 0|0 2.2014?
Tuong tu ta cd
2014 00 0 [0 2014\
0O 1,0 O0]1 O
0O 01 -1j0 O
0O 01 10 O
0O 1,0 0|1 O
2014 0|0 O |0 2014
22013.20142014 0 0 0 0 22013 ‘20142014
0 22013 0 0 22013 0
— 0 0 2014 0 0
N 0 0 B 0 0
0 22013 0 0 22013 0
22013_20142014 0 0 0 0 22013 '20142014
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B:G—ll).

Ta c6 B* = —41. Do d6 B?4 = ( 0 2" )
— . — _2107 0 :

Trong do

Bai 1.40 (DH Su pham Thai Nguyén). (i) Theo dinh nghia.
(ii) Ta ¢ tr(AB) = tr(BA) = tr((AB)T). Theo (i), ta ¢6
tr(%(A ~B)(A-B)") = %tr(AAT — AB" — BA" + BB")
= %tr(AAT —2AB" + BB™) > 0.
tr(%(B _O)(B-C)T) = %tr(BBT _ BCT — CB + 0CT)

1
= 5tr(BBT —2BCT +CC") > 0.

tr(%(C’ —A)(C—-A)" = %tr(AAT — AB" — BAT + BB™)
= %tr(AAT —2ABT + BB") > 0.
Bai 1.41 (CD Su pham Vinh Phuc). Ta ¢6
I—A)I+A+ A =T A =]
nén det(/ — A) # 0. Hon ntia,
(]_ A_A1007)(]_ A+A1007) — (I—A>2 _A2014 — (I—A)2,
do d6 det(I — A — A1097) =£ (. Mat khac,
(I—A)B:]—A—A1007+A2014:]—A—A1007.

Do d6, bang cach 14y dinh thitc hai vé ta dudc det(B) # 0, nghia 1a B kha
nghich.

Bai 1.42 (DH Tan Trao). Néu rank(A) = 0 thi két qua 13 hién nhién. Ta xét

trudng hop rank(A) = 1. Khi d6 cac dong 13 ty 18 v6i nhau theo mot ty sé nao
d6. Khéng giam tong quat, ta co

U1V U2 UV3 ... UIUy Uy
U2V1 UQV2 UQUV3 ... UQUy U2
A= uU3vy U3V U3V3 ... U3V, = us (U1 Vg U3 ... Un)

UpV1 UpUs UpU3 ... UpUp Up,
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Uy U1
U2 V2

DatU = |us |,V =|vs3 |,suyraA=UVT.

Uy, Up,
Theo dinh nghia vét clia ma tran, ta c6: trace(A) = Y7 w;v; = V7U, Do d6
A2 = (UVT?2 =U0VTUVT = U(VTU)VT = trace(A).A.

Bai 1.43 (DH Tan Trao). Pat A = (a — b)I + bU, trong d6 U = (1);.xx. Ta co:
U"=k"'U

Theo nhi thitc Newton ta suy ra két qua:
A" =) "Ci(a—b)" U
=0

=(a—b)"I+Y Cila—"b)""bU
=1
L . 1
— — "I ) B\t i
(a=b)"I+Y " Ci(a—b)""(kb) U

i=1

1 | o
=(a=b)"T = +(a=b)"U+ U > Cila—b) (kD)
=0

— (a—b)"T — % (a+ (k= 1)b)" — (a— )" U

2 DPINH THUC

Bai 2.1 (DH An Giang). Gid st A = {’Z Z] Ta c6 A* = [‘1 _”] va
d = mq — np. Suy ra

det(A + dA*) = d[(d — 1)* + (m + q)?].
Ma det(A + dA*) =0vad#0,nénd =1vaq= —m. Do do

2m 2n

det(A — dA™) = det {229 2%

} = det(24) = 4d = 4.

Chut y. Trong bai toan nay, dé biéu dién dudc dinh thitc dusi dang téng binh
phuong thi doi hdi sinh vién ¢6 ky thuét va suy luén tot.
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Bai 2.2 (HV An ninh Nhan dan). Cho ma trdn A € M, R nhu sau

[y 1 0... 0 0
a9 0 1 ... 00
as 0 0 ... 00
A= S
Ap—1 0 0 ... 01
| an 0O 0 ... 00 |
a. Hay tim mot véc to # € R™ sao cho hé véc to {z, Ax, A%x,..., A" 1z} dbc

14p tuyén tinh.
b. Gia st ma trdn A dong dang v6i ma trdn dudng chéo diag(by, bs, - .., by,).
Chiing t6 rang cac so by, ..., b, khac nhau tiing déi mot.

Bai 2.3 (PH Bac Liéu). Sau khi thay F},(cos ¢;) bdi cac gid tri ctia n6 rdi thuc
hién cac budc sau:
— bien d6i dy — dy — aq1d,, ta dudc dong thit hai c6 dang

ao1(Cos ¢y, COS ¢, - -+, COS P );

lay a1 6 dong hai ra ngoai dau dinh thitc d€ 1am nhén ti chung,
— bién d8i dy — ds — a1ody — and,y, ta dudc dong th hai c6 dang

aoz(COS ¢1;COS P2, , COS Cbn);

Day la dinh thttc Vandermonde, va ta dudc

D,, = apiapz - . . aon—1 H(cos ¢i — Cos ¢;).

i>j

Nhan xét. Co thé thay cos¢; béi z;, 1 =1,...,n.

Bai 2.4 (HV Buu chinh Vién thong). — Trudng hop ma trin B kha nghich:
det (A+ B) = det (AB™' 4+ I)B) = det B.det (AB™* + 1)

B giao hoan véi A dp d6 B! cling giao hoan véi A. A ldy linh suy ra
X = AB™! cling lty linh, do d6 da thiic déc trung

Px(\) = det(X — M) = (=\)" = det (AB~' 4+ 1) = Px(—1) =1
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— Trudng hop B khong kha nghich, ta ¢6 det B = 0.
V6i moi ) tu nhién k£ # 0, xét ma tran B, = B — %] , B), giao hoan véi A
va ton tai N sao cho Bj, kha nghich véi moi k > N, do d6 det (A + By) =
det (By), Yk > N.
St dung tinh lién tuc caa dinh thiic ta dugc:

det (A+ B) = khm det (A+ By) = klim det By, = det B
—00 —00

Bai 2.5 (HV Buu chinh Vién théng). Da thiic dic trung clia ma trin A co thé
biéu dién duéi dang:

Pa(A) =det (A=) = (=\)"+ O (=N + Co(=N)"2+ ...+ C,
Trong d6 C), 12 téng tit ca cac dinh thitc con chinh bic k clia A.
Dac biét, C,, = det A,C; = Tr(A) = 2013. Vir(A) = 1 nén Cy = 0, v4i moi

k > 0. Vay
Pa(N) = det (A — M) = (=\)" +2014(=)\)""1,

hay
det (A + 1) = Py(—1) = (1)" + 2014(1)" = 2015
Bai 2.6 (PH Cong nghé thuc phdm Tp. HCM). Ta ¢
A3+ B*=(A+ B)® -~ 3AB(A+ B)
=—(C+1)?—-3AB(A+ B)
= —[C®*+ I +3C(C+I)]—3AB(A+ B).

Suy ra
A+ B +C+1=-3AB(A+ B) —-3C(C+1)
=3(C+1)(AB-C)
=3(C+1)AB+A+B+1)
=3A+DH)(B+I1)(C+1I).
Do do,
A+B+C-3A+1)B+1)(C+1)=-1I
Nhu vay

det[A> + B>+ C* —3(A—-1)(B—-1)(C—1)] =—1.

Bai 2.7 (DH Céng nghé thuc phdm Tp. HCM). Xét dinh thitc cip n + 1 ¢
dang

1 @z 22 ot an
1 29 22 ... 2! b
AZ) =] oo (1).
T ZL’2 Infl xn
n n n n
1 2z 22 2Vl g
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Bang cach khai trién dinh thitc theo dong thit n + 1 ta thiy A(z) 1a mét da
thtc bac n c¢6 dang

A(’Z) = QnZn + anflzni1 +...+ a2+ ag.

Hon nita, tit (1) ta dé dang théy rang z,, z,, ..., z, 12 cic nghiém cta A(z).
Do d6 A(z) chi ¢6 cac nghiém la zy, xs, ..., x,,. Theo dinh ly Viete, ta dugc
(p—1

x1+x2++xn:— s
[07%

nghia la

Dé dang thiy

2
1z 23 e ol
1 zy 23 xy % b
ap—1 = —
1z, 22 a2 an
1z 22 L
1 o 23 L
an =
1 z, 22 =2 gnl

Do d6 ta dugc két qua cin ching minh.

Bai 2.8 (Du bi). 1. Diéu kién X; N X; = k noi rﬁng

E AsiAjs = k.

s

Tt d6 suy ra

d k- k
kody - k
M="4AA=| . , )
ko ko d,
2. Ki hiéu ey, ..., e, co sé chinh tic cia R™ va C 1a véc to cot (phan ti

clia R™) v6i tit ca cac hé sb bang k. Thé thi

det M =det (C' + (d1 — k)e1),...,C+ (dp, — k)en)
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Tir dy, bang cach khai trién dinh thic va st dung tinh tuyén tinh, cting
v6i nhin xét rang cac dinh thiic cia cac ma trdn ma & do c6t C' xuat
hién > 2 lan bang 0, ta suy ra

det M = ﬁ(di — k)

=1

+Z det ((dl — ]{3)61, ey (di—l — ]{3)61'_1, C, (di+1 — k>6i+1, N (dn — k’)@n) .
i=1

Tk d6 suy ra

det M = [T, (di — k)

+ >y (di = k) - (diey = K)k(digr — k) -+ (dn — F)
= H?;(di - k) + kZL Hj;éz’(dj - k)

3. Chay ré“mg k <d;véimoii (vik = |X;NX;| <|X;)va df:ing thuc
k = d; chi xay ra véi khong qua 1 chi s6 j. Ta suy ra det M 1a mot s6
thue duong. N6i riéng det M # 0, hay M c6 hang bang m. Nhung do
A€ M,m(R),’A € My, ,(R), tasuy ra rk' AA < rkA <n. Ta dé m < n.

Bai 2.9 (PH bong Thap). Vi A luén 1 nghiém clia da thitc dic trung nén
A2 —5A + 61 = 0. Viy

_oa20ma [ 201 220140 1 -1
g(A)=A = ( 1 1 /- 0 32012 |-\ 1 9 .

Suy ra det(g(A)) = 6204,
Va f(A) = —A nén

2 1 22014 0 1 -1
[f(A)]2014:A2014:(1 1>< 0 32012>-<_1 2)-

92015 __ 32014 9 92014 _ 92015
= ( 92014 _ 92015 9 32014 _ 92014 )

Bai 2.10 (PH Déng Thap). Tinh dinh thitc cta tich

aq a9 as ay aq a9 as ay T
Ao —Q1 —aq as Ao —Q1 —aq as

as Q. —ap; —ao | a3 as —a; —as

a, —as (03} —aq as, —as (05} —aq

Suy ra D(ay, as,as,as) = a3 + a3 + a3 + a?.
TlIOIlg tu doi voi dlnh thuec tich D(al, aq, as, a4)D(b1, bg, bg, b4)
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Bai 2.11 (DH Hung Vuong, Pht Tho). Tit gia thiét suy ra a; chin va a;; 1

(1 # 7). Xét theo modulo 2, ta c6

01 . 1 42013 42013 42013
1 0 ... 1 1 0 1
det A = L= . ] .
11 0 1 1 0
1 1 1
0 1
= 42013 . .
1 1 0
DAn dén
1 1.. 1
0 — ... 0
det A = 42013 | . . ) .| = —42013 = 1.
0 0 -1

Vay det A # 0.

Bai 2.12 (CD Ngb6 Gia Tu). Gid st det(B) # 0, nghia la B kha nghich. Tt gia
thiet ta suy ra A + I = B~'AB. Do d6 trace(A) + trace(!) = trace(A + 1) =
trace(B~'AB) = trace(A), nghia la trace(I) = 0. Ddy la diéu mau thuan. Viy

det(B) = 0.

Bai 2.13 (PH Ngoai Thuong - Ha N6i). Bit diu tit dong thd nhit dén dong
thit n — 1, c6ng vao nd téng cla tat ca cac dong diing sau nd, ta dugc.

zr+n—1 z4+n—-1 z4+n—-—1 z4+n-—1
n—1 r4+n—2 z+n—1 z4+n-—1
D,(x) = 0 n—2 x4+4n—-3 z+n—1

0 0 0 0

rz+n—1 z4+n-—1
z+n—1 z4+n-—1
z+n—1 z+n-—1

1 T

Tiép theo, véi j 1an ludt bdng n — 1,n — 2,...,1, nhan cdt thit j v6i —1 rdi

cong vao cot thit j + 1, ta dude

r+n-—1 0 0 0
n—1 z—1 1 0
D, (z) = 0 n—2 z—1 2

0 0 0 0

o
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Sau do, khai trién dinh thitc trén theo dong 1, ta c6

=(x+n—-1)D, 1(x—1)
=(@+n—1)(x+n-3)D, o(z —2)

ﬁx+n—2z+ 1).

Bai 2.14 (HV Phong khong Khéng quan). Trudc hét ta chitng minh bS dé
sau:

Cho P(z) = #%4ax+b 12 tam thitc bac hai véi hé sb thuc va P(z) > 0,Vz € R.
A la ma trén vuéng cap n bat ki. Ching minh rang det(P(4)) > 0.
Thét vy, ti gia thiét suy ra P(z) ¢ hai nghiém phtic lién hgp ), \. hay ta co:

P(z) = (z — \)(z — )
Tu do ta suy ra:
P(A) = (A= AL)(A =)L, = (A= X\)(A—-))

Suy ra det(P(xz)) = |(A — AL,)[> > 0. B dé dugc chiing minh.

Xét da thic q(z) =2t +4 = (22 +2)2 —42? = (22 — 22 + 2)(2® + 20+ 2) =
q(z )q2( z)

Ta thay ¢1(z) > 0,Vx € R, g2(x) > 0,Vx € R (¢1(x) cb hai nghiém phtc lién
hop 1a 1 4 i va ¢o(z) c6 hai nghiém phitc hdp —1 + i). Theo b8 dé ta c6 :
det(q(A)) > 0;det(ga(A)) > 0. Tu d6 suy ra det(A* + 41,,) = det(P(A)) =
det(q1(A)) det(qg(A)) > 0. bPCM

Déau bang xay ra khi va chi khi hoic det(q(A4)) = 0 hodc det(g(A)) = 0. Hay
da thitc dac trung ctia A hodc nhén 1 £ hodc nhin —1 =+ ¢ lam nghiém.

Bai 2.15 (HV Phong khéng Khong quén). Ta co

1 2 3 ... 2013 2014

2 1 2 ... 2012 2013

det A=D = 3 2 1 ... 2011 2012
2013 2012 2011 ... 2 1

Cong cot dau va cot cuoi ta duge

1 2 3 ... 2013 2015
2 1 2 ... 2012 2015
D = 3 2 1 ... 2011 2015

2013 2012 2011 ... 2 2015
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1 2 3 ... 2013 1

2 1 oo 2012 1

=2015| 3 2 1 ... 2011 1
2013 2012 2011 ... 2 1

Nhén hang thtt 2013 v6i —1 rdi cong vao hang cudi, nhéan hang 2012 v6i —1
roi cong vao hang 2013, nhan hang tht 2011 v6i —1 rdi cong vao hang thu
2012,..., nhan hang diu v6i —1 r6i cdng vao hang thit hai ta dudc:

12 3 ... 2013 1
1 -1 -1 ... =1 O
D=1 1 -1 ... =1 0
1 1 1 1 0

Khai trién dinh thtc theo cot cubi cling, ta dudc:

1 -1 -1 ... -1 1 -1 -1 ... -1
11 -1 ... -1 1 1 -1 ... -1
D=(-1)*"1 1 1 ... =1|=-20151 1 1 ... -1
1 1 1 1 11 1 1

Cong hang cudi vao hang con lai ta dudc

1 -1 -1 ... -1 2 0 0 ... 0
1 1 -1 ... -1 2 2 0 ... 0
D=-2015 1 1 1 ... —=1]|=-20152 2 2 ... 0
11 1 .1 11 1 ... 1
= —2015.2%0"2

Bai 2.16 (PH Quang Nam). Tir gia thiét suy ra detA = +1, detB = +1. Do
detA # detB nén detA + detB = 0. Ta co

detB.det(A + B) = detB.det(A + B)" = det(BA" + 1)
= det(AB" + AA") = detA.det(A + B)
= —detB.det(A + B).

T do suy ra detB.det(A + B) = 0. Ma detB = +1. Vay det(A + B) = 0.
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Bai 2.17 (DH Quang Nam). Ta ching minh A, B ¢6 chung moét vecto riéng.
That viy, gia st U la m6t khéng gian con riéng ctia A ing v6i gia tri riéng ;.
Khi d6 v6i moi z € U ta co:

A(Bzx) = B(Az) =y (Bx) = Bxr € U

Ta nhén thiy B anh xa tit U vao U. Do d6 B c¢6 mét vectd riéng 13 phan tk
cta U. Vivay A, B ¢6 chung vecto riéng.

Bang cach chitng minh tuong ty ta chting minh dudc A, B,C ¢o chung mot
vecto riéng y # 0 ting vo6i cac gia tri rleng V1,72, 3 tUong Gng cua A B, C.
H1en nhién rang 1,72, 72 phu thuoc tuyen tinh trong khong gian sb phtic. Do
dé6 ton tai cc sb thuc a, b, ¢ khong dong thoi bang 0 sao cho ay, +bys+cvy; = 0.
Khi do6 (e A+ bB + cC’)y = (ay1 + bye + cy2)y = 0.

Vay det(aA + bB + c¢C) = 0.

Bai 2.18 (PH Quy Nhon). Vi a;.6,; = (i + 6)7 + ji6 = i/ + j' = a;;(mod3)
nén det A = 0,v6in > 7.

V6i n = 6 tinh todn truc tiép ta nhan dugc det A = 0

V6i n = 5 tinh todn truc tiép ta nhan dugdce det A = 12

Vay n = 5.

Bai 2.19 (PH Sao Dd). Ta dat

1 Clay C2a2 ... Cra}
Ao 1 Clay C?%a3 ... Cra}
1 Chanyy Chany ... Crapy,
Va
by by by ... bhyy
pptowtt ot ijri
1 1 1 1
(a1 4+02)"  (ar+b2)" ... (ag + bpgr)" !
— AB = (CLQ + bl)n (GQ + bg)n R (CLQ + bn+1)n
(@ng1 +01)" (ang1 +02)" .. (ang1 +bpsr)”

= |AB| = |A||B| = C,C; ... Oy [T (@i —a;) (b = by).

n>i>j
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Thay n = 2014 va a; = k; b, = —k. Suy ra

0 1 22014 32014 o ‘20142014

1 0 1 22014~ 90132014

22014 1 0 1 ... 2012%014
20142004 901304 . g4 | g

Bai 2.20 (DH Su pham Ha No6i 2). Vi B = AA" + I,54 1a ma tran doi xing
nén B co tat ca 2014 gia tri riéng déu la so6 thuec. .
Goi A 1a mot gia tri riéng clia ma trén B ting véi véc to riéng 1a 7 # 0. Ta
co:

Bx = v = (AA" + 4lp14)x = Ao = AA'z = (A — 4)x
Nhén ca hai vé bén trai véi 2 ta dugc:

' AA'T = (N — 4)2tr = (Ale)'(A'z) = (N — 4)a'z > 0.

. — ,
Tu?;«é 0O néntacoA—4>0= \>4.
Mat khac dinh thitc ctia ma trdn B 1a tich cla tat ca cac gia tri riéng cua nd
ké ca boi nén dinh thic cia B thoa man:

det B = det (AAt + 4[2014) Z 24028.

Bai 2.21 (PH Su pham Thai Nguyén). (i) Theo Dinh ly Caley-Hamilton A% —
tr(A)A+det(A) =0.

Lay vét hai vé ta c6 diéu phai chiing minh.

(ii) Goi cac gia tri riéng clia B 1a \j, Ao, A3, ta ¢6: tr(B) = A\ + Ao + A3;
t1(B2) = A2+ A2+ A2 Tt d6 ta c6 A dg+ M Ag+ Aghg = DFA2EAs TN
(tr(B))*—tr(B?)

2
Da thttc dic trung cia Bla P(z) = (—1)3(x —\)(z —Xo)(x — A3) = (—1)(2® —
tr(A)x? + (M A2 + M A3 + Ao A3)z — det(B)). Theo Dinh ly Caley-Mamilton, ta
cod
33 — tI'(B)B2 + ()\1)\2 + )\1)\3 -+ )\2)\3)3 — det(B) =0.
hay
(tr(B))? — tr(B?)
2
L4y vét hai vé ta c6 diéu phai chitng minh.

Bai 2.22 (DH Su pham Thai Nguyén). Ta co:

B* —t1(B)B* + ( )B — det(B) = 0.

ag 1 ... 1 1 a1 .. 1 1
—1 ao ... 1 1 —1 as ... 1 1
-1 -1 ... .. 1 -1 -1 ... .. 1
1 =1 . =1 agu| |=-1 =1 .. —1 aga—1+1
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ag 1 .. 1 0 ag 1 .. 1 1
1 ay .. 1 0 1 a .. 1 1
= .. . +l e
-1 -1 ... .. 0 -1 -1 ... ... 1
-1 -1 ... -1 (l2014—1 -1 -1 ... -1 1

Khai trién dinh thitc dau theo cot cubi, cong cot cubi dinh thic thi hai véi
cac C(Ijt trude né, ta dlIQC: D2014 = (CL2014 — 1)D2013 + ((1,1 + 1)...(&2013 + 1) Mét
khac

aq 1 1 1 aq 1 1 1

-1 a ... 1 1 -1 a 1 1
Doora = | oei v e =
-1 -1 ... .. 1 -1 -1 ... .. 1

1 =1 . =1 agu| |=-1 =1 .. —1 agu+1—1

a1 .1 1 ap 1 .1 1

1 ay .. 1 1 —1 ay 1 1

= .. . . + e

-1 -1 ... .. 1 -1 -1 ... .. 1

0 0 ... 0 CL2014+1 -1 -1 ... -1 -1

Khai trién dinh thitc dau theo dong cubi, cong dong cudi dinh thic thit hai
vOi cac dbng trude né, ta dlIQC: D2014 = (CL2014 + 1)D2013 — (a1 — 1)...(@2013 — ].)
Gai hé trén, ta dudc

D . (a1+1)...(a2014—|—1)—|—(a1—1)...(a2014—1)
2014 — 9 .

Bai 2.23 (CD Su pham Vinh Phic). Gid st p, ¢ 1a cac sb nguyén tb 16n hon
3. Suy ra p, ¢ 1a cac sb 1é va khong chia hét cho 3. Do d6 p* — ¢2 chia hét cho
8 va p?, ¢* cung chia 3 du 1, nghia 14 p? — ¢2 chia hét cho 24. Nhu véy, bing
cach 14y tit dong thtt 2 dén dong thit n trit cho dong thit nhét cta det(A), ta
dudc tit ca cac phan tit tit dong thi 2 dén dong thit n clia det(A) déu chia
hét cho 24. Do d6 det(A) chia hét cho 2471,

Bai 2.24 (DH Tan Trao). Lap dinh thttc D*(z) c6 dang nhu sau:

a+z x+z xx+z ... xT+=2
Yy+z a+z r+z2 ... x+=z
D'(z2)=|y+z y+z az+z .. z+2z|.

y+z2z Yy+z yY+z ... ap+=z
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vadat B =} ", | Ajj, trong d6 A;; la phan bu dai sb cta cac phan ti trong
dinh thitc D. Stt dung khai trién da tuyén tinh dbi véi D*(z) ta cé:

a .. Z .. T

D'(z)=D+> |y .. z .. x|=D+zY A;=D+zB

ij=1

Do dé ta co:

{ D*(—z) =D —xB = (a; — z)(ay — x)...(a3 — x)
D*(—y) =D —yB = (a1 — y)(az — y)...(as — y)

Suy ra

z(ar —y)(az — y)...(as — y) — ylas — z)(az — z)...(a3 — z)
=y

D=

3 HE PHUONG TRINH TUYEN TINH

Bai 3.1 (DH An Giang). Hé da cho tuong duong véi

(a11 + Dy + appzo + -+ agpx, = 0
a12%1 + (a22 + 1)ZL’2 + -+ agpr, = 0

Ma trén hé sb ctia hé phuong trinh c6 dang M = A + I. Ta ¢
M(A—2I)=(A+L)(A—-2I,)=A>—A-2I, = -2I,.

Suy ra det(M) # 0, nghia la M kha nghich. Do d6 hé da cho chi c6 nghiém

tam thuong.

Chii y. Bai toan nay dudc xay dung dya trén y tudng phén tich da thic ¢* —

t —2 = (t+ 1)(t — 2). Dua trén y tuéng nay, ta c6 thé thay d6i hé s6 —1 & vé

phai béi hé so6 « khac 0 va khac 1, r6i ap dung su phéan tich

t—a)t+a—-1)=t"—t—ala—1)

ta cling dudc két qua tuong tu.
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Bai 3.2 (PH Bac Liéu). Do k # —1va k # 3 nén ma tran hé s6 ctia hé phuong
trinh c6 dang chinh tac theo dong la

r 2k +2 7
1000
T
+
1 -
0 00 3
0010 2k — 1)
f_gﬁ
(k-1
1
P 00 E—3 |

T day ta dudc két qua cn chiing minh.
Bai 3.3 (PH Bach Khoa Ha N¢6i). bat A = (a;;) € M,(Z). Hé da cho tuong
s, . 1 14 \ N s, . N I’\ N N
duong voi (A — =1 )X = 0. Ta c6 A la ma trén véi hé s0 nguyén nén da
n

thitc dac trung p(t) cua A 1a da thic don khéi (hé s6 cao nhat bang 1) véi

hé s6 nguyén. Do d6 p(t) khong thé c6 nghiém hitu ty khong nguyén. Suy ra
1 ~ \ ]‘ N A \ N kd 7

p(—) # 0, nghia la det (A — =1 ) # 0. Nhu vay, hé phuong trinh trén chi c6
n n

nghiém tam thuong.

Chii y. Déy la 16i giai khac v6i 16i giai do tac gia dé xuat, stt dung tinh chat

cta da thiic dic trung va tinh chat nghiém cta da thiec.

Bai 3.4 (DH Hung Vuong, Pha Tho). Bang cach dit y; = x; — 671(i =

1,2,...,2014), hé da cho thanh:

(

Y1 +y2+ys =0
Yo+ys+ys=0
ys+ys+ys =0
Ys+ys+ys =0

Y2011 + Y2012 + Y2013 = 0
Y2012 + Y2013 + Y2014 = 0
Y2013 + Y2014 +y1 =0

(Y2014 T Y1+ Y2 = 0

Tu phuong trinh thd nhit va thd hai suy ra y; = y,. Tu phuong trinh thtt
tu va thd nim suy ra y, = y-. Tiép tuc qua trinh nay cudi cing ta dudc
Y1 =y1=yr = ... = yoous. Bing 1ap ludn tuong tu, ta dugc y, = y5 = ys =
= Yo012,Y3 = Y6 = Yo = ... = Yoo13. TU hai phuong trinh cudi cung ta thu
dugc yo = yao13. Tit phuong trinh diu tién va phuong trinh cudi cling ta thu
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dugc y3 = yao14. Két hgp cac khéng dinhtrénsuyray; = y2 = y3 = ... = Y2014-
Thay vao hé ta dudc y; = yo = y3 = ... = Y014 = 0. VAy nghiém cta hé da
ChOléQZ‘l =T9 =T33 =... :33‘2014:671.

Bai 3.5 (CD Ngb Gia Tu). Cong vé theo vé tht ca cac phuong trinh clia hé, ta
dudc
Ty + T+ -+ 2014 = 1

Trtt phuong trinh thtt & cho phuong trinh tht £ + 1 (k < 2014), ta dudc

($1+LL’2++I2014)—2014Q3k:k’—(k+1):—1

2 2012
Suyraz, = ——va =1- — =
YITE= 9014 VA P01 2 TS 501

Chil y. Ta c6 thé thay sb 2014 bédi sb tu nhién n bat ky.

Bai 3.6 (DH Pham Vin Dong). bit

Hé da cho tré thanh (A +2014E)X = 0. Liy chuyén vi hai vé ta duge X*(A+
2014X)" = 0. DAn dén X!(—A + 2014E) = 0, hay —X'A + 2014X'E = 0. Tix
day suy ra —X'AX + 2014X'EX = 0.

Ta c6 AX +2014X =0 < AX = —2014X. Két hop lai, ta duge

XH(=2014X) +204X'X =0 X' X+ X'X =0 X'X =0.

Nhu vay,
T
T2 2 2
(xl To ... ZE2014) =0& T+ - Tog14 = O ri=...=x901u=0
L2014

Bai 3.7 (DH Sao D6). Ta c¢6 hé phuong trinh tuong duong

(]_ + albl)xl + (llbleg + ...+ albnxn = C1
agbll‘l + (1 + agbg).ilﬁg + ...+ azbna:n = Cy

anb1z1 + apboxs + ...+ (1 + apby)z, = ¢,
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Xét dinh thic

14 a1by a1by . a1by,
D, = asby 14+ asby ... asby, — D, +tab,
b agby ... 1+ ab,
D,=14+a1b; +abs+...+a,b, =1 v
Theo Cramer hé luén luon c6 nghiém x; = g—i =D},

D' 1a dinh thitc D bé di c6t i thay bang (cy, s, ..., ¢a)7.
Do vay hé luon cé nghiém nguyén (dpcm).

Bai 3.8 (DH Su pham Ha Ndi 2). Viét hé phuong trinh di cho duéi dang

1
- A—
7= 501" © - 01

Iyp14)z =0

G}é st d\et (AA — ﬁllg()l{) =0. Dié\},l néy\chl'mg t6 A = o5 la mot gia tri riéng
cua A. Vi vay da thtic dac trung cua A la

Pu(t) = (=1)™t" 4+ (=1)" ' Tr(A)t" 7 + ... 4+ det A € Z][t]

da thitc trén nhén A = — 1a mét nghiém . Tt d6 suy ra 2014 la uéc clia
(—1)"™. VO ly nay chitng t0 det (A — 555/2014) # 0, Vi vy hé phuong trinh da
0

cho ¢6 nghiém duy nhét z =
0

Bai 3.9 (PH Su pham Thai Nguyén). Tach ma trin hé sé duéi dang

aq a2 a3 ... 2013 @2014

2014 M1 Gz ... (2012 Aa2013

2013 G2014 a1 ... (2011 (2012

as ay as ... aq (05}

45) az a4 ... Q42014 QA1
1 00 0 0O 01 00O0O
01 0O0O0O 0010060
. 001000 ta 000100
"fooo100 1000010
00 0O0T1FPO 0 00O0O0T1
0 00O0O01 1 0 00 0O
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00000 1
100000
010000
Feetaou g g g o g
000100
000010
Dit
010000
001000
000100
B=1loo00010
00000 1
100000

Theo trén, ta c6 A = a1 + asB + ... + as14 B3, Da thitc dic trung cia B
la P(z) = 2?4 — 1. Da thic nay c6 2014 nghiém trong trudng so phtc la
cac cin bac 2014 cta 1. Ta ky hiéu cac can 1a €, ey, ..., €2914. Khi d6 cac gia
tri riéng cta A la P(e;), P(ea), ..., P(€g014). Cac gia tri nay khac khong vi P(x)
c6 cac nghiém 2,3, ...,2014. T trén ta c6 det(A) = P(e1)P(€2)...P(eg014) # O.
Vay A chi ¢6 nghiém tam thuong z; = x5 = ... = 9014 = 0.
Bai 3.10 (DH Tin Trao). Ky hiéu S la tip hop nghiém cta hé phuong trinh.
Lan luot tinh cac an theo x,, tach cac trudng hop chi so chan, 1é cta an.
a. V6i n = 4 hé phuong trinh v6 nghiém, néu as — a3z + as — a; # 0.
Néu a, — a3 + a; — a; = 0, thi hé phuong trinh ¢6 v6 s6 nghiém. Khoéng giam
tong quat,

r1 €R

To — 2CL1 — T

T3 = 2a9 — 2a1 + 11

Ty = 2&3 — 2&2 + 2(11 — I

Ty = 2a4 — 203 + 2a9 — 2a1 + 21
VGi n = 5, ta ¢6 nghiém cuaa hé la:

T = a5 — a4+ a3 — G + aq
Tog = —Qa5 + A4 — Q3 + G2 — A7
I3 = a5 — Q4+ a3 — Gy + a1
T4 = —0a5+ a4 — a3+ ao — ay

Ts = a5 — a4 + a3 —az + a1

b.Trudng hop tong quat:
(1). Néu n chan, n = 2k, k € N*. thi:
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S =0, neu agy, — agy_1 + - +as —ay # 0;

S = {@1,2% —x1,2(ag —a1) + 21, ..., 2(agp—1 — Gop—2+ - -+ a1) — 21}, 11 € R,
néu Qo — Qog—1 + -+ Ay — a1 = 0.

(2). Neun 1, n = 2k + 1,k € N*, thi:

T1 = Qo1 — Aok + -+ a3 — as + ay

Toi41 = Qok41 — Aok + -0 — A2i42 + G241 — A2; + -+ a3 — a2 + a3
Toi = —Qgky1 + A2k — **+ + A2; — A2j—1 +A2i—2 — *** — a3 + a2 — 1
ie{l,2,..k}

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH

Bai 4.1 (HV An ninh nhan din). a. C6 thé liy = = (0,0,...,0,1)! va dé dang
ki€m tra né thdéa man yéu ciu

b. Do A diag(by, bs, ..., by), tlic 12 A chéo héa dudc, nén ton tai mot co sé clia
R" gdm n véc to riéng ddc lap tuyén tinh cta A 13 {e1,€9,...,en}.

V6i = da chon nhu trén ta co

T = 1€e1 + ages + ...+ e,
Axr = ajbieg + agbses + ...+ abnen

~1 ~1 ~1 ~1
A" = b} ey by Tea L+ bl e,

Vi hé véc t6 {z, Az, A%z, ..., A" 'z} dbc l4p tuyén tinh, nén

(03] (0] Ce Oy
Oélbl a2b2 Ce Oénbn
det . ] ) . =D#0
bt byt bt

St dung dinh thitc Vandermonde ta dugec D = ajas...ay [](b; — bj) # 0.
i>j
Suy ra cac sb by, . . ., b, khac nhau titng déi mét.

Bai 4.2 (PH Bach Khoa Ha Néi). Tir gia thiét ta ¢ [dim(V; + V3) — dim V;] +
[dim V; — dim(V; N'V3)] = 1. Ma dim(V; + V3) > dim V; > dim(V; N V3). Do @6
[dim(V; + V4) — dim V4] = 0 hodic [dim V; — dim(V; N'V3)] = 0. Suyra V, C V4
hodc V; C Vs, nghia 1a V4 UV, = V4 hodic V3 U Vs, = Vs, Tit d6 ta duge két qua
cin chting minh.
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Bai 4.3 (PH Bach Khoa Tp. H6 Chi Minh). bit P = ,Q =

_ o =
— = O
_ o O

S
s . W la khong gian con 5
3s
chiéu ctia Ms(R) v6i mot co sé gdbm cac ma trn

1
0 va khong gian con W =
0

o = O
—_ =
»w o 92
»w Qo

1 00 010 0 00
A=1000):4=[000|:4=[(100];
000 0 00 0 00
0 00 0 01
0 00 113
Xetanhxaf M;(R )—>M3(R oa

a f(A) = PAQ. Vi P,Q khd nghich nén f
im(H) = 5, ta can ching té f(H) = W.
aip G2 S

Thét Vé\ly, xét A = (aij)g € H : f(A) = PAQ = ao1 Qo9 S € VV,S =

th
1a mot séng anh. DE chting minh d

ail + a2 + ais.

1 0 -1 0 1 -1
Thém nita, f'(4)=[ 0 0 0 | eH, f(4)=1{0 0 0 | €H,
10 1 0 -1 1

0 0 0 00 0

Fl )= 1 0 1| e H fHA)={0 1 —1| e H, fY4)=
10 1 0 -1 1

00 1

00 1 |em.

11 -1

Nhu vay f(H) = W, ta c6 diéu phai chitng minh.

Bai 4.4 (DH Béch Khoa Tp. H6 Chi Minh). D& thiy A3X; = X,,i = 1,2,3. Vi
X1, Xy, X5 doc 14p nén A3 = I.

A 13 ma tran thuc cAp 3 (1) nén chic chin ¢6 1 tri riéng bing 1.

Hon nﬁ’a, <A2 + A+ I)(Xl — Xg) = A2(X1 — Xg) + A(X1 — X2) + X1 — Xg =
X3—X1+X2—X3+X1 _X2 :OdOdédet(A2+A+I) :Otlfl’CAphélC(l)
3 tri riéng phan biét

)\1: 1,A2:—1—Z\/§,)\3:—1+Z\/§
Dét Y}g =X+ /\ng + /\3X3. Ta co



102

Piéu nay chitng té Y, 1a VIR clia A ting v6i TR A, k = 1,2, 3.

Ta suy ra A chéo hda dugc, tic A = PDP~! v6i D = diag(\;) va P =
¥, Y, Y.

Dé ket thuc, ta cha y

Al Ao A3
1 1 1
hay
0 0 1
A=[X] Xo X3]PDP7HX, Xo Xa] ' =[X1 Xo X3] [1 0 0] [ X1 Xy X357t
010
Bai 4.5 (HV Buu chinh Vién théng). — Trudng hop ton tai P;j(x) = 0 thiménh
dé dang . ) )
— Gia stt Pj(x) khong dong nhat bang 0 d6i v6i moi j.
Néu cac bac n,,ns, ..., n, khac nhau, gia st n; < ... < n, thi
—1 ,
niZi—1:>n1+...—|—nTZT(r )V(A)ly.

vAy ton tai i # j sao cho n; = n; = n.P;(z) = az™ + ..., P(z) = ba" + . ..
Pat Q; — P - P : deg(Q;) < n, lic 6 hé {P(z),...,P.(z)} phu
thuéc < hé {Pi(z),...,P_1(x),Qs, Piy1(x),..., Pj(z), P.(x)} phu thudc.
Tong clia bac ctia hé {P(z),..., P,_1(z), Qs, Piyr (), ..., Pj(x), P.(z)} nhd
hon @ — 1. Tiép tuc qué trinh nay cubi cing dudc hé méi cé da thitc
ddng nhét bang 0, do d6 phu thudc tuyén tinh.

Bai 4.6 (DH Cong nghé thuc pham Tp. HCM). bit A = diag(ay, as, ..., a,), B =
(bij) € M,,(R). Do AB = BAnén (a; —a;j)b;; =0, Vi, j. Suy ra, néu a; # a; thi
b;; = 0. Do d6 dim V' chinh bing sb cac cip chi sb (4,j) sao cho a; = a;. V6i
mbi c,,, s6 cip chi sb a; = a; = ¢,, 1272, Do d6 dim V = 72 4+ 72 + -+ + 12,

Bai 4.7 (Du bi). Ky hiéu V 13 khéng gian véc to gdm cac da thitc thuin nhét
theo X1,..., X, c6 bic d v6i hé sb thuc. Khi dé dé& thdy V sinh béi cac don
thiic c6 dang X' X352 ... X v6iry,...,r, >0var; +... +r, = d. Hé sinh
nay 1a mot hé co sé cta V. Nhu vay, d€ tinh chiéu cta V ta chi cAn dém
s6 don thiic nhu trén, néi cach khac ta di dém cac bd sb nguyén khong 4m
(r1,...,7s) la nghiém ctia phuong trinh r; +. ..+, = d. Tinh toan ta sé thay

chiéu caa V 1a
n+d—1
p )



4. KHONG GIAN VEC TO VA ANH XA TUYEN TINH 103

Bai 4.8 (Dubi). 1. Hién nhién ta c6 ker f* C ker f*1. Tit 6 suy ra day
cac khéng gian con ker f* k > 0, la tang (th tu bao ham). Tt do6 suy
ra cac ddy dim Im f* k > 0, va dimker f*,k > 0 tuong IIng la day
tang. Day la mot day cac s tu nhién, bi chan béi n, chiéu cta V. T dé
suy ra tdn tai mét sO nguyén m nho nhét sao cho ker fm = ker fmHt,
noi riéng ker f° C ker f* C --- C ker f™. Ta sé chi ra rang ker f* =
ker f*+! v6i moi m > k. Gid sG k > m va x € ker f**1. Thé thi do
0 = fFi(z) = fmH(fFm(2)) ta suy ra f5™(z) € ker f™*. Gia thiét
ker f™ = ker f™* din dén f*™(z) € ker f™ va do d6 f*(x) = 0, hay
x € ker fF. Tt d6 ker f**! C ker f* va nhu vay ker f* = ker f**!. Nhu
vay, day ker f*, k > 0, 1a mot diy ting thuc su t6i k = m va khong ddi
ké tir d6. N6i riéng, ta phai c6 m < n. Mit khac, ta nhic lai dinh 1y vé
hang

dimker f* + dim I'm f* = dimV = n.

Tt d6 ta cling d& dang suy ra ddy I'm f* 13 gidm thuc su t6i k = m rdi
khéng d6i k€ tit d6. Khang dinh dugc chiing minh.

2. Ta ¢6, v6i moi k > 0, f(ker f**') C ker f*: néu z € ker f*! thi
fEH(x) = 0, nghia 1a f*(f(x )) 0, hay f(z) € kerf"’ Tuong tu
flker f*+2) C ker f’ng L. Piéu nay cho thdy anh xa f gui ker f*2 1én
ker f’“* ' dong thoi gt khong gian con ker f**! 1én ker f*. Tit d6 suy ra
f cam sinh mét anh xa tuyén tinh

f o ker fA%2/ker fF*1 — ker f*T!/ ker f*.

Anh xa f 1a mét don anh. That vay, gia st z € ker f**2/ker f*+! sao
cho f(z) = 0. biéu nay cé nghia 1a f(z) € ker f* (v6i moi = € ker f*+2
v6i anh 7 trong ker f**2/ker f**1). Néi cach khac f**(z) = 0, hay
x € ker f**1, va nhu vay z = 0.

Tl d6 suy ra dim(ker 72/ ker f*1) < dim(ker f**1/ker f*). T d6 suy
ra dim ker f**! —dim ker f¥ > dimker f¥+2 — dim ker f**! va khang dinh
dudc chiing minh.

3. Ta ¢ dimker f™ + dim Im f™. Do vy, ta chi cin chitng minh tong
ker f™ + I'm f™ 1 truc tiép. Trudng hop m = 0 13 tm thudng, ta gia
sitm >1.Gida stz € ker f™NIm f™. Glasu;yEVsaochom—fm( ).
Thé thi f™(y) = f2(z ) = 0. Tasuyraz € ker f*"vado dé x € ker f,
hay f™(x) = 0. Nhu vy y = 0 va tng can chiing minh 13 truc tiép.

4. Gia stt A € M, (R). Theo cac két qua & trén, p dung cho tu ddng ciu
clia R” tuong ting v4i ma trdn A trong co sé chinh tic, R = SA™ &
ker A™. Chtl ¥ rang cac khéng gian V; = ker A™, V, = Im A™ &ng dinh
bbi A vi: A(ker A™) C ker A™! C kerA™, A(Im A™) = A™t C A™.
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Bay gid, xét mot ¢d s6 ciia R™ dudc tao thanh tit mot ¢o s6 cta V) =
ker A™ va mot ¢6 s6 ctia Vo, = I'm A™. Thé thi ma trdn ctia A (tot hon
la cua tu dong cau xdy dung tit A nhu da néi  trén) trong co s6 nhu

vay c6 dang <](\)7 g) . D€ két thiic, ta chti ¥ ring han ché cta A xudng

Vi 1a luy linh (z € ker A™ o A™(x) = 0) va han ché ctia A xuéng Vs
la kha nghich vi 1a mét toan cau (A(Im A™) = A™H = A™)

Bai 4.9 (Du bi). Mot mit, néu ton tai cic phan tit 21, . . ., z,, sao cho ma trin
(fi(z;)) 1akha nghich thi f;, ..., f, hién nhién doc 1ap tuyén tinh: néu khéng,
moi quan hé phu thudc tuyén tinh clia ching sé cdm sinh mét quan hé phu
thudc tuyén tinh trén cac vector hang ctia ma trén (fi(z))).

Dao lai, ta g1a st fl, ..., f» 1a moOt ho doc lap tuyen tinh. Ta sé chi ra su ton
tai ctia cdc phin td z1, ..., z, v6i tinh chit yéu ciu. Ta th1et 14p khing dinh
nay bang qui nap theo n. Tru0ng hop n = 113 6 rang: ndi rang ho mét ham
s6 f 1a doc lap nghia la néi f khong tAm thuong, noéi cach khac, ton tai x dé€
f(x) = 0. Gia st khang dinh di 1a ding chon —1va f1,. .., f, 1a mét ho dbc
14p n cac ham sb trén X. Néi riéng, ho f1,..., f._1 ciing doc 14p. Theo gia
thiét qui nap, ton tai cac phan td z1, ..., z,_; dé det(fi(x))1<ij<n—1 # 0. Vi
x € X, xét dinh thtic

filz) o filen) o)
d(x) = : S .
( ) fnfl(l'l) e fn71<xn71) fn71(9€)
fa(z) o falzaa)  ful®)

Bang cach khai trién theo c6t cubi ciing ta thu dude mot biéu thitc

d(l‘) = dlfl(x) +oeeet dn—lfn—l(x> + dnfn<x)’
trong d6 d; 1a d6i dinh thiic tuong tng v6i hé sb fi(z). Mét khac d, =
det(fi(z;))1<ij<n_1 # 0 va cac f; 1a doc 1ap d(z) khéng thé dong nhat bang
0. Gi st d(z,) # 0. Thé thi bd z,,...,z, thod min yéu ciu bai ra v6i ho
f17 R fn

Bai 4.10 (Dubi). 1. Néu f chéo hod dudc, moi co sd chéo hoa f ciing
chéo hoa f? va ker f = ker f2 = khong gian riéng cta f Ung v6i gia
tri riéng 0. That vAy, hién nhién ta c6 ker f C ker f2 va dimker f =
dimker f vi cd f va f2 déu c6 hang bing sb cac gia tri riéng # 0 cla f.
Dao lai, gia st f? chéo hoa dudc va ker f = ker f2. Goi Aj, Ay, ..., M\ 1&
cac gia tri riéng # 0 clia f2. V6i mbi 1 < i < k goi a; 13 mét cin béc
2 ctia \. Do X2 — \; = (X — o) (X + o) va X — a;, X + a; nguyén to
cting nhau (do diéu kién )\; # 0) nén cdng thic phan tich hach cho ta
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ker(f* — \iId) = ker(f — a;Id) @ ker(f + a;1d).
biéu nay cho thay

C" = ker f @ (@ ker f — \Id)
= ker f @ (&% ker(f — oyId) @ ker(f + a;1d)).

Pang thitc trén cho ta phan tich ctia C" thanh téng truc tiép cac khéng
gian riéng ctia f va do d6 f chéo hoa dudgc.

2. Ki hiéu A 12 ma trin da cho trong dé bai va (ey, ..., e,) ¢d s6 chinh tic
cia C". Thé thi A%; = a;a,1_se; v6i moi i. Néi riéng A2 1a chéo hod
duge. Hon nita, dimker A = #{i;a; = 0} va dimker A% = #{i; a;a,41_; =
0}. Tt 6 suy ra dimker A = dimker A? & (a; = 0 < a,q1-; = 0, Vi).

Bai 4.11 (PH Pdng Thap). Chting minh dim(F, + F, + ... + F,) < dim F} +
dim F, + ... + dim F,, bang quy nap theo n.

Bai 4.12 (PH Ngoai Thuong - Ha N6i). Xét anh xa tuyén tinh f : V; x Vs x
Vs — V2 véi f(l’l, ZL‘Q,I:J,) = (ZEl — I3, T — ZE3)

f(x17$27x3) =0« (331,1'2,.@3) - (O{, C¥7CY) vOi m01 o€ ‘/l N ‘/2 N ‘/3-

Do d6 dim (V; NV, N V3) = dim ker f

4019 < dim Vi +dim Vo +dim V3 = dim Vi x V5 x V3 = dimker f + dim Im f

Ta co
4029 < dimker f + dim V? = dim ker f + 4028

Nén dimV; N VoN Vi =dimker f > 1 hay VinV, N3 #£0.

Bai 4.13 (PH Néng nghiép Ha No6i). Theo dinh nghia ctia bac ldy linh, ta
c6 uP~! # 0. Hon nita, uf # 0 véimoi 1 < k < p — 1, vi néu v* = 0 thi
uP~l = ukF uP~17F = 0, suy ra vo ly.

ViuP~! # 0nén ton tai 2 € E sao cho u?~!(z) # 0. Ta sé chitng minh hé vécto
{z,u(z),...,ur~ (z)} ddc l4p tuyén tinh. (2 diém)

LAy (oo, a1, ..., 1) € RPma SP~! o () = 0. Gid st ¢6 it nhat mot s6
khac khong. Pat i = min {k € {0,1,...,p— 1} : o, # 0}. Ta c6:

Zaku —0<:>Zaku

Suy ra

p—1

uP =t Zaku —O<:>Zakup L=tk (1) = 0 (2 diém)
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Suy ra quP~(z) =0 (viveik > i+1thip—1—i+k > pnénul 7 =
0. Do d6 a; = 0 vi uP~*(x) # 0. Suy ra vo ly. Suy ra ap = 0,Vk. VAy hé
{z,u(z),...,uP~(x)} dbc 1ap tuyén tinh (1 diém).

Bai 4.14 (DH Su pham Ha Néi 2). Gié st agid-+a1f+...+a, 1 /7' =0,a; €
R,i=0,1,...,p— 1. Nhin f7~2 vio hai vé ciu ding thtc ta dugc a f7~2 = 0.
Tu f7~2 £ 0 ta suy ra ag = 0. Do do ta co:

a1f+a2f2—|—...—|—ap_1fp_1,ai eRi=1,....,p—1
Nhan hai vé v6i f7-3 vao hai vé cta ding thic ta duge a; f*~2 = 0. Do dé

a; = 0. Thuc hién tuong tu ta dugc a3 = a4 = ... = a,_; = 0. Chiing té hé
cac tu dong cau {idg, f, ..., fP~'} la doc lap tuyén tinh.

b
Bai 4.15 (CD Su pham Vinh Phiic). Pit A — ( [ fi(x) jg@)d:::). Do det A = 0

nén hé cac vécto dong ctia A phu thudce tuyén tinh, nghia 1 tén tai aq, as, . . . , oy,
khong dong thaoi bang 0 sao cho v6i moi j = 1,2,...,n ta cd

b
S oi( [ stsi) o
Mt khéc -
(i Oéz'fz'(fff))2 = Xn; a; ( i O‘ifi<x>fj<x))a
nén bing cach lay ;'ch phan hai Vé]cﬁa dé;lg thitc trén ta suy ra
/b [Xn: 0ufi(w)] dr = 0.
) 4

Do d6 > «;f; = 0, nghiala {f1, fs, ..., f.} phu thudc tuyén tinh.

=1

5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (DH Bach Khoa Ha N6i). Gia st A 1a mot tri riéng cua A. Khi do6 ton
tai u # 0 sao cho Au = Au. Do B lily linh nén ton tai sb nguyén k > 0 sao
cho v := B*u # 0 vd Bv = By = 0. Két hop gia thiét AB = BA, ta c6
(A+ AB)v = Av = A(B*u) = B*(Au) = B*(\u) = v, nghia la \ 1a tri riéng
caa A + \B.

Ngudgc lai, néu ) 13 tri riéng ctia A + AB thi 4p dung chting minh trén véi hai
ma trdn A + AB va — B ta dudc ) 1a tri riéng ctia (A + AB) + A(—B) = A.
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Bai 5.2 (DH Bach Khoa Ha No6i). Ta co

0 b b? b1
e bt 0 b b2 7
é)i;ﬁ' '62'—.5' .b.g._.n. ....... 0 )
nén
x b b? bt
det(A+zl) = vt b b
é)iié' .3;2.—'7; . .b.B._.n. ....... x )

Bang cach nhin dong tht i cho b rdi 1y dong thit i trit dong thit nhit ta
duoc

x b b oL pnt
det(A+2l) = b1 p=2 pi—n |l =@ b1 0 0
l1—2x 0 0 vz —1)
xr b b b
Cpoqy| O L0 0
bl 0 0 1

Tiép tuc 14y cot thit nhit céng b~ cot thit i ta dude det(A + zI) = (z —
1)"~'(z 4+ n —1). Bang cach thay z béi —¢ ta dudc da thitc dic trung ctia A 1a
p(t) = (t + 1" 1(t — n + 1). Suy ra det(A) = (—1)"p(0) = (—1)"(1 — n) va A
cé 2 tririéengla A\; =n — 1 (don) va \; = —1 (b6in — 1).

Bai 5.3 (CD Ngb Gia Tu). Gia thiét ctia bai toan tuong duong véi
(A+B—-I1)*=(A-I1)(B-1).

Do d6 det(A + B — I) = 0 khi va chi khi det(A — I) = 0 hay det(B — I) = 0.
Nghia la ta dugdc diéu phai chitng minh.

Bai 5.4 (DH Sao P4d). a. Néu A kha nghich AB va A~'ABA c6 cling da thitc
dic trung hay AB va BA c6 cing gia tri riéng. Néu A khong kha nghich
det (A) = 0, ton tai m d 16n 4, = A — 4 khong suy bién (k>m). Do vay
ArB va BA, ¢ cung gia tri riéng.

|AxB — AE| = |BAj, — E| Cho k — oo dpcm
b. Gia stt A lity linh cip m, B 14 liiy linh cip n ta c6 A™ = 0; B" = 0. Xét
(A+ Bymn =S¥ ¢ gkgmnk
Suy ra A+B lﬁyklziglh (dpcm)
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Bai 5.5 (DH Tn Trao). Theo gia thiét ta c6 AA* = A*A, A* = A, ta cé:
(Az)*Ax = 2" A" Ax = 2" AA™x = (A"z)" A’z

Mt khdc, vi A 1a gid tri riéng cia A, nén Az = Az, hay Ar — Az = 0. Ky hiéu
A la s6 phtic lién hgp ctia s6 phtc A. Khi do:
0*0 = (Az — \x)*(Az — A\z) = ((An)* — A*)(Ax — \x)
= (2" A* — \o*)(Az — A1)
T AT Ar — ¥ A Ar — A\rF Az 4+ AxF Az

= 2" AA*T — M\t A*r — \v* Az + Mt o

= 2" A(A*r — \z) — A" (A% — )

= (2" A — \o*) (A" — )

= [(z*A — Az")] (A*z — A1)

= (A*z — \x)*(A*r — \2)

= A*r = \r.

Do dé = 13 véc to riéng ctia ma tran A* (ing véi gid tri riéng .

6 DA THUC

Bi 6.1 (DH Béch Khoa Ha Noi). Dit g(z) = > f® (z). Ta 6 g(x) = f(z) +
=1

g'(z) va degg(z) = deg f(z) = n. Do f(z) > 0,Vz € Rnénn la s6 chin. Do
do6 g(zr) dat gia tri nhd nhat trén R. Gia st g( ) dat gia tri nhé nhat tai z,
khi d6 ¢'(x¢) = 0, nén g(zo) = f(xo) > 0. Do d6 g(x) > g(xy) > 0,Vx € R.

Bai 6.2 (HV Buu chinh Vién thong). Ta sé chitng minh véi da thitc bac n:
P(x) = 2" + ap_12" ' + ... + a17 + ao ¢6 day da nghiém thuc thi P'(a) —

n(P(a))"%1 > 0v6ia > max {z1,...,z,}. St dung dang thitc: P (;r)) 51

rT—T;

va phén tich: P(z) = [[(z — ;). Khi d6 thay a vao cac dang thtic trén ta
i=1

duge 2 /(“ (a) = [](a — z;). Ap dung bat dang thitc Cauchy
(t=1,...,n)taco:
a 1 n
>

[T(a— )

=1

s
Il

—
3



6. DA THUC 109

Hay 55 > s @ (P@)" 2 0'(P@)™ &1 P(0).Pla) > 0), thay

n = 2014 va ta c6 dpcm.
Dau bang xay ra khi va chi khi cac nghiém bang nhau.

Bai 6.3 (HV Buu chinh Vién théng). Ta c6 f'(z) = 322 — 3 cho nén cac diém
t6ihanlaz = —1,2 =1 va do dd cac gia tri t6i han la f(— ) =3,f(1) =

Lai co f( 2)=-1 f( ) =1, f(2) = 3 cho nén cac khong dlem cua f( ) nim
trong cac khoang ( -1), (0 1), (1;2). Nhu véy ta chi cAn dém sb 1an f di
qua mdi khodng 1a sé du0c s6 nghiém cta f(f(z)) = 0. That viy, f di qua
(—2; —1) dtng mot lan (khi z < 2), di qua (0;1) véi 3 1an (khi -2 <z <
~1,0 <z < 1,1 <z <2)vacubdicung f di qua (1;2) ding 3 14n. Vi vy téng
cong f(f(x)) = 0 c6 ding 7 nghiém phan biét.

Bai 6.4 (DH Cong nghé thuc phdm Tp. HCM). Gid st P(z) = a, 2" +a, 12" '+
-+ a1z +ag, vli a,, 7{0. Suy ra P’gx) = na " '+ (n—1)a, 12" %+ - +ay.
- Néu n > 2 thi thita s6 bac cao nhat ctia P(P’'(z)) la

an(nanxnfl)n _ nnaZJrlxn(nfl);

thita s6 bic cao nhét ctia P'(P(z)) 1a

nan (a,z")" " = natz""Y,
Do do, tt P(P'(x)) = P'(P(x)) ta suy ra n"a,, = n, nghialan =1vaa, =1
(do a,, nguyén) — mau thuln.
-Néun = 0 thi tit P(P'(z)) = P'(P(z)) suy ra P(z) = 0,Vz € R.
-Néun =1thi P(z) = az + b, nén tit P(P'(z)) = P'(P(z)) suyra b= a — a2
Do d6 P(z) = ax + a — a?, v6i a nguyén.
Viy cac da thiic théa méin yéu cau clia bai toan 13 P(z) = 0 va P(z) =
ar + a — a?, v6i a nguyén.

Bai 6.5 (DH Hung Vuong, Phti Tho). Néu P(z) = 0 1a mét hing sb thi ta
dusca®> =a<a=0 hodc a = 1. Vay P(z) = 0 hodc P(z) = 1.
Gia stt deg P(x) > 0. Dé thay hé so cao nhat ctia P(r) phai bang 1. Goi z, € C
la mot nghiém cta P(x). Khi d6 2y — 1 cling la mot nghiém cua P(z + 1). Suy
ra

34+ zo+1;(zo— 1) +(zo—1)+1=a2f — 29+ 1
déu 12 nghiém ctia P(x). Gia st z, 12 nghiém c6 médun 16n nhét trong sb tit
ca cac nghiém cta P(x). Khi d6 ta o |zo| > |23 + o + 1|, |zo| > |23 — 2o + 1].
Suy ra

2|zo| > ]x%—i—:c(ﬁ— 1]+ ]:C(Q) —z9+ 1| > \(afg+x0+ 1) — (:c2 — 9+ 1)| = 2|xo].

Piéu nay din dén |zo| = |22 + zo + 1] = |22 — zo + 1], a:o—l—xo—l—l = a3 —
ro+ 1), € R\ >0. NeuA—Othla:o—() Tu trén suy ra 22 + 29 +1 = 0 v
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1i. Do dé A > 0 va dé dang suy ra A = 1. Vay 22 + 1 = 0. VlP( ) ER[ | nén
ton tai Q(z) € Rlz], Q(x) khong chia hét cho (22 + 1) va sb nguyen duong n
d€ P(z) = (z* + 1)"Q(z). Dé kiém tra dudc da thtic Q(z) thda min

Q(2)Q(x+1) = Q(a* + x +1).

Lap luén tuong tu nhu trén suy ra () = 0 hodc Q(z) =
VAy c6 dap so P(x) =0, P(z) = 1 hodc P(z) = (2* + 1)",n € N*.

Bai 6.6 (DH Hung Vuong, Phii Tho). Néu P(z) = 0 1a mot hang s6 thi ta
dugc a* = a < a = 0 hodc a = 1. Vay P(z) = 0 hodc P(z) = 1.

Gia stt deg P(z) > 0. D& thiy hé s cao nhét clia P(x) phai bﬁ“lng 1.Goizy € C
la mot nghlem cua P(z). Suy ra :co cling la mot nghlem ctua P(z). Do d6 ta

dugc day so o, z3, :z;é, ..., xd", ... gbm nhiing nghlem caa P(z).

Néu || < 1 thi xo,xo,xo,.. , 22" ... phan biét vi ]mo\ > 23] > |xgl > ... >
|:c5”] > ....Diéunay vé li vi P( ) khong thé ¢ vo s6 nghiém.

Néu |a:0\ > 1 thi xg,azo,xo,...,xo ,... phan biét vi ]aco\ < |agl < wgl < ... <
22| < ... . Diéu nay vo li vi P(z) khong thé c6 v sb6 nghiém. Do do moi
nghiém z | cha P(z) déu thda man |zo| = 1. Goi n = deg P(z), ay, ..., a, 12

nghiém cta P(z) : P(x) = (z —a1)(z — a2) ... (x — a,).

Suy ra P(2?) = (22 — ay)(2? —ay)...(2* —a,) va P(zx — 1) = (v — (a1 +
D)z —(ag +1))...(x — (a, + 1)). Tt hé thitc P(z)P(x — 1) = P(2?) suy ra
a1 +1,a0+1,...,a, + 1 cling 13 nghiém ctia P(2?). Nhu vy cac phan tit nay
thudc tap hop

{_\/a_lv_\/a_%"w_\/a_m\/a_17\/a_27"'>\/a_n}7

va do do cling c6 médun bang 1. Viét aj, = cos oy, + i sin oy, Khi d6

1
1 =|ap+ 1| = |cosay +isinoy + 1| & cosay = 5
Suyraap = —3 + z hodc ay = -1 — \/732 Do d6 P(z) chi gdbm cac nhan tk
1 3. 1 3.
(x+§+§z)(x+§—§z) =22+ +1

Vay P(z) = (2> + 2+ 1)™,m € N*
bap an: P(z) = 0 hoac P(x) = (#* + = + 1)™,m € N*.

Bai 6.7 (CD Ng6 Gia Tu) Néu nguoi dl trude viet sb —1 vao hé sb ctia 2 thi
f(z) = x(2® — 1) +*2* + . Do d6 chién thuat lu6n thing ctia ngudi di truée
1a: Néu ngu’ol choi sau viét sb a vio mot diu * thi ngudi di trude viét s6 —a
vao diu * con lai.
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Bai 6.8 (DH Nong nghiép Ha N6i). Ta c6 P(z) = ao khong thoa man vay
P(z) c6 dang

P(z) = apa™ + ap2™ ' 4+ ... +arz + ag,

v6i a, # 0. Khi khai trién 2 vé ctia (1) thi sb hang c6 bac 16n nhét cta
P(P(z))+1la
n+1_n?

an(apz™)" =a, " x

con sb hang c6 bac 16n nhét ctia [P?(z) + 2P(z) + (22 + 3z + 1)2]2 la

8 néun < 2

8

az+1)z8 néun =2

2t néun > 2.

—~

IS

Néu n < 2 thi truée hét ta phai c6

Diéeu trén vo ly vi n 1a so tu nhién. Viy n > 2 va

n+l_n2 4 _4n
a, T =a,x

Suy ra

1_ 4 _
a§+ =dy n=4
n® =4n a, =1

Do viy ta cin tim da thtic dang
P(z) = 2* 4+ a32® + ay2® + a1z + ay.

Ta dat G(z) = P(x) — (2* 4+ 3z + 1)? + 1. VAy (1) tuong ducng vdi

2

P(P(z)) + 1= [P*(z)+3P(z) + 1 — G(x)]

2

= P(P(z)) — [P*(z)+3P(z) + 1]" +1 = G(z)[G(z) — 2(P*(z) + 3P(z) 4+ 1)]
= G(P(x)) = G(x) [G(:z:) — 2(P?(z) + 3P(z) + 1)}

Néu G(z) khac 0, ta dat k = degG, (k < 3) nén ta c6 4k = k + 8. Suy ra vo ly
vi k 1a so tu nhién, vay G(z) = 0, Vz. T do ta c6

Px)=(2*+3z+1)?—1=a(x+1)(x+2)(z +3).
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Bai 6.9 (DH Pham Vin Dong). Do 1, ..., z,, 1a nghiém nén P(z) = [T, (z—
x;). Ta co:

Do) | (0

j=1 i=1
Xét da thite: f(x) = S0, a7 [[1, ——2 — o+ [, (x — z.)

T; —
Tacod f(z1) = ... = f(z,) = 0vabac f(x ) <n-—1.Dodo f(x) =

; !
ba thiic f(z) cO hé td caonhatla ) | ———— — (21 + ... +xn) =0
! Hj:1(93i — ;) '

Theo Viet z; + ... + x, = —1. Vay > S T

T (s — )

Bai 6.10 (HV Phong khong Khong quan). Goi z1, s, ..., z,, la cAc nghiém
clia Q(x) (k€ ca bdi). Gid sit médun ctia chiing khéng vuot qua 2014. Theo
dinh ly Viét ta co:

(bl = |~ (21 + a2+ ..+ 2)| < 2014m

o] = |(=DF > mm.. x| < 20145.CF (1)
i1 <ig<...<i,

\ |bm| = |(=1)™ 2129 . . . 2| < 2014™

RO rang (1) mau thuln v6i gia thiét bk > 2014%.C;,. Nhu vay da thite Q(z)
c6 it nhét mot nghiém y théa man bét dang thic:

ly| > 2014, (2)
Do da thitc P(z) chia hét cho da thitc Q(z) nén ta c6 P(y) = 0. Gia st
la;| <2013,Vi =T,n.  (3)
Khi do ta co
0=|PW)|=|y"+ay" " +ay" >+ ...+ ap1y + ay|

= = oyl — lal @)

> |y — }aly
Tu (2) va (3) ta co:
|ai] <2013 < |y| — 1;Vi =T, n. (5)
Tu (4) va (5) ta nhan dudc:
0=|PW)I|>ly"[ = (lyl = D(|y" | +...+]yl+1) =1 (méu thuén)

Vay ton tai i (1=1,2,...,n) sao cho |a;| > 2013.
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Bai 6.11 (DH Quang Nam). Gia st a,, as, ..., agz 1a 33 nghiém nguyén cta da
thic P(x) — 2014.

Do P(z) chia hét cho Q(z) trén vanh Z[z] nén Q(ay), Q(as), ..., Q(ass) chia
hét cho 2014 hay Q(a;)ind = {1,—1,2, —2,1007, —1007, 2014, —2014}. (A ¢6
8 phan t11.). Theo nguyén 1y Dirichlet, tdn tai mot gia tri a € A sao cho

Q(ai,) = Qlai,) = Qa;, = Qay;) = a # 0.
Vay deg Q(x) > 5.

Bai 6.12 (PH Su pham Ha Néi 2). Khéng ton tai da thiic P(z), Q(z) € Ra]
sao cho:

P(z) 2
=x° + 4z + 2014.
Q(x)
That v4y, gia st ton tai da thitc P(z), Q(xz) € R[z] sao cho
P(z) 2
—= = a” + 4z + 2014.
Q(x)

Thé thi Q(z) # 0,Vz € R va deg P = degQ + 1. Tit Q(z) # 0,Vz € R suy
ra deg@Q = 2k, k € N va khi d6 da thiic P(x) c6 béc la so 1é. Vi vay ton tai

séxoeRsaochoP(xo):O,tﬁclé%:0:>35%+4x0+2014:0:>

(zo + 2)2 4 2010 = 0. Piéu nay v 1y chimng to khong ton tai cac da thitc
P(x),Q(x) € R[z].

Bai 6.13 (DH Su pham Théi Nguyén). Gid st P(z) la da thitc bac n c6 n
nghiém ay, ....,a,. Néu r = q; 12 nghiém ctia P(z) thi ta ¢6 diéu phai chiing
minh. Gia st » khong 1a nghiém cta P(z). Khi dé

Tir d6 ta c6 diéu phai chiing minh.

Bai 6.14 (CD Su pham Vinh Phuc). f(z) c6 bac 2014 nén F(x) c6 bac 2015,
ma F'(z) co6 it nhat 2014 nghi€m thuc nén F'(z) c6 dung 2015 nghiém thyc
(ké €d 50 boi). Pt G () = F(x) +af(x), suy ra G(x) la da thic c6 bac 2015.
e Néu o = 0 thi hién nhién G(x) cé ding 2015 nghiém thuc.
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e Néu v # 0 thi ta dit H(x) = ae”/*F(z). Khi d6 H'(z) = e*/*G(z). Ma F(z)
c6 ding 2015 nghiém thuc nén H(z) c¢6 2015 nghiém thuc, suy ra H'(z) c6
it nhat 2014 nghiém thuc, nghia la G(z) c6 it nhat 2014 nghiém thuc. Ma
G(x) la da thic c6 bac 2015, nén G(x) co6 dung 2015 nghiém thuec.
Ghi chu. Bai todn nay st dung hai Dinh 1y c6 dién ctia toan hoc:
Dinh ly 1. Moi da thiic bdc n(n > 1) v6i hé so thuc cd toi da n nghié¢m thuc.
Dinh ly 2. Neu ham thuc f khd vi trén R va phuong trinh f(z) = 0 ¢6 it nhat
n nghiém thuc thi phuong trinh f'(x) = 0 ¢6 it nhdt n — 1 nghiém thuc (ké cd
50 boi).
Bai 6.15 (DH Tan Trao). Ta xét cac truéng hgp sau
1. a=b=0thi P(x)latuyy;
2. a=0,b#0thi P(z) =0 v6i moi x;
3. a#0,b=0thi P(z) = ¢, c € R 1a mbt hing sb tuy y;
4. a#0,0#0; )
-Néu 2 ¢ N, thay = = b vao gia thiét, tadugc z =b—a. Thayz =b—a
vao gid thiét, ta lai c6 z = b — 2a 14 nghiém... Ct tiép tuc nhu viy, suy
ra P(z) =z, v6imoi z € R;
- Néu % € N thi da thitc P(z) c6 2 = a,z = 2a,...,x = (n — 1)a 1a cac
nghiém. Khi do ta c6:

P(z) = (x —a)(x — 2a)...[x — (n — 1)a|Q(z).

Thay P(z) vao gia thiét ta c6 Q(z —a) = Q(r), v6i moi = € R, tuc la
Q(x) =k, v6i k € R la mot hang so tuy y. Do do:

P(z) = (z — a)(x — 2a)...[x — (n — 1)a].



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (HV Buu chinh Vién thong). Ta c6

n+1 -0
n+2)! '

Tpn+1 — Tp = (

Do vay, 2,41 > ©, Vn=1,2,---,2013. Nhu vay
O< ) <a9 < -+ < Xo014-

Khi dé

1
Too1a < T\L/Qf? + [E? + -4 373014 < 20147 x9014.

Cho n — +o00. Ta col = T2014-
Mait khac, tu

o1 1
K+ K (k+1)!
suy ra
1 1 1 1 1 1
=(1-— e ) (Y e
me= =g+ G =g+ G - ) k+ 1)
Do vay
1
—1——.
2014 2015/
Suy ra
B 1
-~ 2015!

Bai 1.2 (DH Cong nghé thuc phdm Tp. HCM). .
a) Xét ham so
f(x)=1In (x+v1+x2>

1
la 1é va lién tuc trén doan [—1,1] nén [ f(z)dx = 0.
-1

Chia doan [—1,1] thanh 2n doan c6 d¢ dai bang nhau béi cac diém chia
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T, =—1+ % Trén mdi doan con (i1, 2], léy diém & = 2;,7 = 0, 2n. Khi d6,
tong tich phan Riemann ctia ham s6 f(z) la

2n 2n ) N
1 7 i
Sn:Zf(&)iUiZEZIn _1+E+\/l+(_1+ﬁ>
i=1 i=1

Do do,

n—oo

1
lim S, = /f(x)dx =0.

Mit khac, ta co

1 1 1—n\?2
Snz—[ln —1+—+\/1+< ") T,
n n n
2n 2n—n 2
+In|—-1+=4+4/1+ ]
n n

1 1+ n?+(1—n)? 2n—n+\/n2+(2n—n)2
=— |In +---+1In
n n n
i 2
2 — 4y /n?+ (i —n)’
=1In H o .
i=1

Tit do suy ra

3=

2 i +4/n2+ (i —n)?
Ju 11 2 L

i=1

b) Ti gia thiét ta 6

an, + 3by,
bugs = "
1
suy ra a, 1 — b1 = 1 (an — by,). Suy ra
1 n
Api1 — bpy1 = (Z) (a—b) = 0,n — o0 (1D

Ta can chting minh day {a,} hoi tu.
Giastta <b,tacday <by,.....,a, <b, <b, suyra

anp by, _a, a,
Q1= o+ 5 2+

g Ty Ty Ty T
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Nhu véy, day {a,} 1a don diéu ting, bi chin trén béi b. Do d6, ton tai gi6i
han lim a,,.

n—o0

Tu (1), ta co

lim a, = lim b,.
n—oo n—oo

Truong hop a > b, chitng minh tuong tu.

Bai 1.3 (Du bi). Xét day thuan nhét Tpy1 = 27y, SUy ra x, = 2" lc.

Bay gio xét day cho béi x,,1 = 2z, + 3n (x). Ta tim nghiém dudi dang
x, = An + B. Thay vao (*) ta dudc A = B = —3.

Xét day cho béi z,,,1 = 2z, + 2"(**). Ta tim nghiém dudi dang z,, = An2".

Thay vao (**) ta dudc A = %

Suy ra nghiém ctia bai toan c¢6 dang z,, = 2" ! —3n -3+ %nZ”. Thay n = 1,
suy ra ¢ = —2. Vay z,, = (n —2)2""" — 3n — 3. Thay n = 2013 ta dudc két qua
can tim.

Bai 1.4 (Du bi). 1. Ta ¢é

Ap1 Qp
= < 1.
ay, a2 —a, +1 7~

Do do day s6 1 gidm. Mit khac dé ching minh a, > 1 neu a; > 1va
a, < 1 néu q; <1 Ti d6 tinh dudgc giéi han lim,, .o a, = 1 néua, > 1va
lim,, oo @, = 0 néu ap < 1.

2. Do 9
pyy — 1= ——n = ]
11— 1= 11—
r a? —a, +1 a? —a, +1
A _ 1 1
Nen a,, = P dl .
Chi ra gi6i han lim,, 00 Y @i = conéu a; > 1 valim, ooy ja; = —1+

——néuag < 1.
—

Bai 1.5 (PH Hung Vuong, Phii Tho). Xét ham s
f(z) = 2013 In(z* + 2014%) — 20142,
v6i z € R. D& thiy f lién tuc trén R va 2,1 = f(z,,).

2013

2x
(2) = 2013— 2% <2
f) =208 ——5m = 1@l < 557

Xét ham sb
g(l‘):l'—f(l'), r € R.
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Ta c6 ¢'(z) =1 — f/(x) > 0, v6i moi z € R, d4n dén ham ¢(z) ddng bién trén
R va g(z) lién tuc trén R. Ta c6

g(0) = —f(0) = —20131n(2014%) + 2014* > 0,

g(—2014%) = —20131n(2014” 4 2014*) < 0.

Do d6 ¢(0).g(—2014%) < 0 va ton tai ¢ € (—20142; 0) théa man g(c) = 0, hay
f(c) = c. Do g dong bieén nén c la duy nhat.
Lai ¢6 2,1 = f(z,) nén v6i moi n ton tai ¢, nam gilta c va x,, théa man

f(@n) = f(e) = f'(qn)-(zn — ©).

Suy ra
2013
[Zni1 — | = | f'(gn)]-]xn — ] < MW% —cl.
Vay
| < 2013 | << (2013)n71| |
Tn = =50 Tt T A== g/ T Ak

Cho n — oo, ta dugc |z, — ¢| — 0 va

lim z, = c.
n—0o0

Bai 1.6 (CDb Ngb Gia Tu). + Tim u, + 1 vau, — 1.
+ Tinh dudc

Uy, —1 (un_1 — 1)2 - (u1 — 1)2”1 B (2013)2”1
up+1 Nupq +1/ Ny +1 - \2015
Cho nén )
2.2015%"
Up = — — —
(2015)2" 7" — 20132"""
Vay

limu, = 1.

Bai 1.7 (PH Quang Binh). Ta c6 bat dang thitc In(1+ z) < z véi z > 0 do d6
In(1+4 1) <1 véine N
Do do

1
—>In(l14+n)—Inn,n € N*.
n

Suy ra
1 1

1
1+§—|—§+...+E > (In2—Inl)+(In3—In2)+...+(In(n+1)—Inn) = In(n+1),
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va
0< ! < L
1+i4+1+ . +2 " In(n+1)
1
lim —— =0
ni00 In(n + 1)
suy ra

) 1
lim T T =
nvoo 14241441

Bai 1.8 (DH Quang Nam). Tu gia thiét ta c6
(n = Dupi1 — uy = 2(NUp — Up_1)-
bat v, = (n = 1)uy41 — up, SUy ra
Uy =20, 1 = ... = 2"ty =271
Khi do,
(n + Dty — uy = 2771,

suy ra
(n + D)y — nlu, = 2" nl.

bat w,, = nlu,, ta co

n—2

w, =y 2(i+ 1)L

1=0

Vay

n—2
1 2
=0

Bai 1.9 (DH Quy Nhon). Vi dfmg thic
V14 V24 ..+ V2014 = Ya;y + ag + ... + Yam. (2)

xay ra v6i moi n € N nén khi n — oo, st dung gi6i han co ban lim /a =1
n—oo
vGi a > 0, ta dudgc m = 2014. Suy ra

n(V1—1)+n(¥V2—1)+ ... + n(¥2014 — 1)
—n(yar— 1) +n(Yaz — 1) + ..+ n(Yam — 1) (3)
Cht ¥ rang

a® —1

lim

=Ina, a > 0.
z—0 €T
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Do do,
lim n({/a—1) =1Ina, a > 0.

n—00
Trong (3), cho n — oo ta dudc
Inl+In2+..+1n2014=1Ina; +1Inas + ... +Ina,,.
Vay P = ayas...a,, = 2014!
Bai 1.10 (PH Sao bd). Chiting minh rang dudc véi moi z > —1 ta co:

Y c1xz-1<%2
— x — =.
24+ x 2

Ap dung cho z = %, ta dugc:

k k k k
< <@W/l1l+—=-1< — k.n>1.
n+2n2 = k+4+2n2 — +n2 — 2n? Vk,n 2

Do do
~  k - k “ k
2o ST LGNS ) 0y
k=1 k=1 k=1
Hay
n(n +1) 5. < n(n+1)
22n2+n) — 7T 4n?
Suy ra
li 1
fim e =g

Bai 1.11 (PH Su pham Ha Néi 2). Bing quy nap, dé thay z, 1a mot day sb
duong. Ta co

1 1
Inz, o= §1n$n+1 + §1nxn Vn € N*.

batwu, =Inxz, Vn e N*.Taco:

ulzlnxl,ugzlnxg,unH:L;% Vn € N*.

T cong thitc xac dinh day v, ta co
1 1
=ty = =t — o) = 0 = (=) P ) = (=) P
Do do
1 _9 ) 1 _9 1 _3 )

n=(—=)"In—=Hup,_1=... =[(—=)" -\ v+ 1) In = +1
U, = ( 2) nxl—l—u 1 [( 2) +( 2) +- 4 ]nx1+ nz
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2 2 1., .
=2 = 2= Y2 4 Ina.
337 I+ Inm
Suy ra
. 2Inxy + Inaxy
lim u, = ————.
n—00 3

Vay day z,, hoi tu va

[MIN]

lim z, = :1:1% xs.
n—oo
Bai 1.12 (CD Su pham Nam binh). D& thiy w, > 0 v6i moi n. Ta ching
minh w, > 2 v6i moi n > 3. That vy, dé thiy u; = 2. Gia sit u, > 2 v6i moi
k =3, ..,n, ta ching minh u, ., > 2.
That vay

>ul>4>2
Up—1

Up+1 = U?.L (1 +

2
Up = Uy _q. (1 + "
n—2

v6i moi n > 4 VAy u,, > 2" 3.u3 do do

> > ui_l > 2Up_1

lim u, = +o00

n—-+oo
Un+1 1
U n | 14 > Uy
Unp, Up—1
Tir 2 diéu trén din dén
. Un+1
li "~ 400
n—-+oo un
U
= lim — =0.

n—-+00 Up41

Tt gia thuyét ta co:
2 2
Up+1Un—1 — Uy = Uy Up—1

Chia ca 2 vé cho u,.u,_; ta co

Un+1 Un,
— = Uy,
Un, Up—1
Ap dung lién tiép cong thic trén ta co:
U, Up—1
- = Up-1
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uz Uz
— — — = uy.
U2 Uq
Cong vé cac ding thic trén ta dugc
Up+1 U2
U+ U3+ -+ U, = - —
Un (751
Suy ra
Un+1
U+ U+ -+ U, = 5
Un,
va vi vay
o (wAug A ) uy . Up 41
lim = lim —=—.
n—+00 211 + 1 n—+oo 2,11 +1 2
.. > . , 1 1 .
Bai 1.13 (CDb Su pham Quang Ninh). Ta ¢6 z, = — — ———, cho nén
n! (n+3)!

g L1 1 1 1 1
T = —+— 4+ — — — — .
Zm TN A T3 n+ ) (n+2)! (n+3)!

Do do
. _ 5
Jw D k=g

Bai 1.14 (DH Su pham Thai Nguyén). Tit gia thiét ta c6

n—2

Ay — Ap-1 = (An-1 — an-2), n > 3.

bat v, = a,, — a,_;. Ta thu dugc day {v, } thdo man

n—2

Vg = Q2 — Q1,Vp = Un-1,

v6i moi n > 2. T d6 ta thu dudc

1234 n—-4n-3n-2 2(ay — ay)
Up = === = . : : Vg = :
3456 n—2n—-1 n ° nn-1)
vay
2y —
anp, ap—1 (a2 al)
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Ta dé dang thu dudc

Ap = Qp — Ap—1 +Ap1 — Ap_2+ -+ + a3 — A2 + G2

+2( )( ! + ! +--- 4 ! )
= Q Ao — Q _ _ .« o —_
2 232 743 n(n —1)
:2a2—a1—2a2_a1.

n

Bai 1.15 (CD Su pham Vinh Phiic). Xét ham sb

1
flz) = Q(;Tﬂ ~3 arctan x
1a ham kha vi trén R va
1 1
!
| | < =

bit g(z) = z — f(x) khi d6 g 1a ham kha vi trén R va

() =1+ ! >0
A =) e
Hon nta,
™
9(0) = 5515 < 0 9(5577) > 0

(0

cho nén ton tai duy nhét [ € (0; ——) sao cho g(I) = 0 hay f(I) = I.

2014
Mait khac, theo dinh ly Lagrange ton tai ¢ € R sao cho

i — 1] = 1) = )] < gl 1.

Do do,
1
un — 1| < (5)”_llul = 1.

Suy ra lim u,, = [.

Bai 1.16 (DH Tan Trdo). Cho déy sb {a,} véi 2 < a, < 2 va

n—1 n? n

1+

12
W—W‘i‘( Qn)an—éa Vn € N.

Tinh

lim a,,.
n—oo

123
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Giai. Ta co . .
n n n +
Cbn+1:1+(ln—2—n—§((ln—2—n)2 W
Suy ra
n—+1 n 1 n
Apy1 — 2n+1 :1+an—2—n—§(an—2—n)2
it
n
n — Un a0 eN
u a 2n n

Suy ra uny1 = 1+ u, — 202 va 1 < u; < 2. Bang phuong phap quy nap ta

o Un
chting minh dudc
lu, — V2| <27, neN,

Suy ra
lim wu, = V2.
n—oo

Hay
lim a, = V2.
n—oo

Bai 1.17 (PH Tan Trao). Cho diy sb (un) v6i moi n = 1,2,...xac dinh nhu
sau:

u1:1
Upp1 = 1 +ugug...u,, VvOimoin=1,2,....
n Y
bat S, = > L. Tim
k=1 "

lim S,.

n—-+oo
Gidi. Ta co
Uprr = 1 +wug...u, Vn>1

va

Up =1+ wugus ... U1 VYN > 2,
suy ra:

-1
Uy — 1

Do do

1 B 1 1 1

Ungr — 1 up(up —1)  up—1  wy,

Hay
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Suy ra
1 -1 1 &1 1 1 1 1
U1 ;U}c U1 ;Uk_l uk+1—1 U1 Uy — 1 Un+1—1
Ma
u=lug=1+u =2.
Nén )
S,=2-— —.
Un+1—1
Ta co

Upsr1 — Uy = 1+ Up(ugug. ..y — 1) > 0.

Hay (u,,) ting NénVn > 2ta cd w1 — 1 = ugy . . . up > uy(14+ug)" ! = 2771
Suy ra
lim (up41 — 1) = +o0.

n—+oo
Suy ra
1
lim S, =2— ——— =2.
n—+oo Un+1 — 1
2 HAM SO

Bai 2.1 (DH Bach khoa Ha Noi). Gia s phan chling: ham s6 f(x) = sin(z?™)
tuan hoan trén R. Ton tai 7' > 0 sao cho

fle+T) = f(z), Vo € R.
Phuong trinh sin(2*°'*) = 0 c6 nghiém dang z, = “Vkr, k€ R. Vi

lim (2pp1 — ) = lim /7 ( NEk+1-— 20%) =0

k—+o00 k—+o00
nén s6 khong diém cda f(z) trong [0; 7] 13 v6 han. Tit day din t6i m4u thuln.

Bai 2.2 (DH Bach khoa Ha No6i). a) V6i € > 0 cho trudc, ton tai xop > 0 sao
cho v6i x > z( thi

()] <

Ton tai s6 7 > 0 sao cho g(z + T) = ¢(z), Vo € R. Liy ,, 2, € R, ton tai
ni,ny € N sao cho z1 + T > x5 + noT > x¢. Khi do6 ta co

N ™

flzr+mT) + g(xy + i T) > f(xe +noT) + g(xg + naT)
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Suy ra
g(w1) — g(x2) > f(w2 +n2T) — f(w1 + 11 T) > —¢

DGi vai trd xy, x,, ta suy ra |g(z1) — g(z2)| < ¢, vAy g(z) 1a hing sb.
b) Xét ham so f(z) =e™*, tacd

fla+1)— flz)=e=l—e= = <- - 1> e

Vay mot ham so can tim la
e

pol(z) = 1—e°

—X

V6i ¢ 13 ham sb thda man dé bai thi ¢ = ¢ — ¢, ¢6 tinh chét
Yz +1) =9Y(x) VreR.
Ap dung cau a) cho ham sb p =1 + @y tdng, thda man

lim @0(1:) = 07

T—+00

suy ra ¢ 1a hing sb.

gAY /,\ 2 I4 Y /\\ \ 14 e —
Vay tat ca cac ham ¢ can tim cé dang ¢ = . e "+ C.
—e

Bai 2.3 (DH Céng nghé thuc phdm Tp. HCM). Ta c6

()]

Ap dung quy tac CHospital, ta thu dugc
lim xlnf( 2 ) g RIQVD 2PV

= lim exlnf(%) .
T—+00

NG

t—0+ t B t—l>r(§l+ W
lim 2]”/(2\/%)
=0t 2 (2¢/1) + AV (2V/1)

(3] -

Bai 2.4 (DH Hung Vuong, Phu Tho). 1) Ta c6

T—+00

Vay

T

ef(x) [ f()dt — f(z) [tf(D)dt  f()
¢(x) = L - =

( f(t)dt)? (

0

(z =) f(t)dt

> 0,

ft)dt)?

Otuy C—=z

Ve >0
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VAy o(z) tang trén khoang (0, +00).
Theo Lopitan, ta cé

lim p(z) = lim z/(z) =

z—0+ z—0t f(x)
2) Xét ham g(z) xac dinh trén [0; +00) thda min g(z) = ¢(z) néu z > 0;
g(0) = 0. D& thiy g(x) lién tuc trén [0;2015] nén g(z) lién tuc déu trén
[0;2015].
Suy ra g(z) lién tuc déu trén (0;2015). VAy ¢(z) lién tuc déu trén (0;2015).
Do do,

_ 2014n, + i 2014n +i—1,\ ,
m (w(T) B “’(#)) =0 Vi<2005.
VA
Y 2R 9014n + i 2014n +i — 1
ngrwpooz o n )~ n )> =0

=1
Bai 2.5 (PH Quang Nam). Gid st ton tai a,b € R, a # b sao cho f(a) # f(b).

Theo gia thiét ta c6 g(a) = g(b) = c.
Lan lugt cho y = a,y = b ta dudc

(f(z) — fla))(g(z) —¢)) =0, VzeR (4)

(f(z) = f))(g9(x) —¢c)) =0, VzreR (5)
Tu (4) va (5) suy ra

(f(b) — f(a)(g(z) —c) =0, VzeR,
Vay g(x) =¢, VYxeR.

Bai 2.6 (CD Su pham Nam Dinh).

fl@)=In(1+2)+

1+z

1 1

= >0véimoiz >0 (1
1+x+(:v—|—1)2 P 1)

f// (m)

Ap dung dinh 1y Lagrange v6i ham f(x) trén khoang (0, z) ta c6 ton tai ¢(z) €
(0, z) sao cho:

f(z) — £(0) _ zln(1+ x)

z—0 x

f(e(x)) = =In(1+x)
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Su duy nhat: Gia st ton tai d(z) € (0,2), d(x) # ¢(z) ma
f'd(x)) = In(1 +z) = f(c(x)).
Do d6 theo dinh Iy Rolle v6i ham f/(z) ton tai a & gitta ¢(z), d(x) sao cho
#'(a) = 0.
Piéu nay méu thuln véi (1).

Bai 2.7 (CD Su pham Quang Ninh). St dung quy tic PHopital ta c6

2012

fow tan "%/tdt oy 20122*°" tan(2?) 1006

et 22014 Tas0r 20142208 1007
Bai 2.8 (CD Su pham Quang Ninh). Vi f(1) = 2 cho nén hrﬂf( r) = 2va
_>

ar? — r nhin z = 1 1a nghiém chonéna = 1;6 = —1.

Bai 2.9 (PH Su pham Théi Nguyén). Trudc hét ta chiing minh ton tai a,b €
(0, 1] sao cho
[£(0) = f(a)] > |b—al*™.
Thét vy gia st ngudc lai | f(b) — f(a)| < |b — a]*** v6i moi a,b € (0,1]. Khi
doé ta co
‘ f(0) — f(a)
b—a

Cho b — a, ta dudc f’( ) =0, v6i moi a € (0,1]. Do do6 f la ham hang trén
(0,1]. V1 f lién tuc nén f la ham hang trén [0, 1]. Mu thuan véi gia thiét f
khac hing. Tiép theo ta ¢6 thé gia st |f(1) — £(0)| < 0. Xét ham

g(t) = [f(1 = ta+1) = f(1 = 1) = [((1 = t)a+t) — (1 — )b,

khi d6 ¢ lién tuc trén [0,1] va ¢(0)g(1) < 0. Theo Dinh ly gia tri trung gian
ton tai to € (0,1) sao cho g(to) = 0. Nhu vay ta cd

[F((1 = to)a+to) — f((1 —to)b] = (1 —to)a+to) — (1 — to)b*",

ddt 2 = (1 — to)a + to, x2 = (1 — to)b ta c6 diéu phai chiing minh.

< |b—al* v6imoia # b€ (0,1].

Bai 2.10 (PH Tan Trdo). Cho f(z) 12 ham sb lién tuc va x4c dinh trén khoang
0, 1] théa méan:

0< flz) <1, Vzel0;1]vaf(0)=f(1)=3.

c:/olf Ydx, F(x /f

Cho
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Chting minh rang:
a.
Fz)<z khio<z<c
<c¢ khie<z<1.

1 2
/ F(z)dr < c— —.
0 2

Giai. a). Tacé: 0 < f(z) <1va f(1) =1 Suyra

0</01f(x)dx</011dx:1.

c < 1.

Do do

Ta co:

F(z) = /0 "t

f(x) Vaz €[0,1]. Suy ra F(z) déng bién trén

!

VOl F(0) =0,F(1) =¢, F ()
[0, 1]. Hay
F(z) < F(1)=c. (6)

Mit khéc, tit gia thiét:
0< f(x) <1 Vzel01]

hay
0< f(t) <1 Vtelo,x].

Suy ra
Flz) = / F(#)dt < / 1dt = z. %
0 0

T (6) va (7) suy ra:
F(z) < min{z, c}.

Ta suy ra

Flx)<z khi0<z<c
F(x)<c¢ khic<z<I1.

b). Theo chitng minh a). Ta co:

1 c 1 c 1 2
/ F(z)dz = / F(z)dx + / F(z)dz < / xdx +/ cdr = c— %
0 0 c 0 c
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DAu ding thtic x4y ra khi:

Hay

Diéu nay mAu thuan véi gia thiét:
/

F(x)= f(z) VYxe€l0,1].

Vay diu déng thitc khong xay ra. VAy

1 2
/ F(z)dr < c— —.
0 2

3 PHEP TINH VI PHAN

Bai 3.1 (HV An ninh nhan dén). Xét phuong trinh tim 4n 1a ham y(z) véi
zel0,1]vak € (0,1) sau

y? —y+kr(l—z)=0.

Ta thiy A = 4ka? — dkz 4+ 1 = 2Vkz — 1)2 + 4Vkz(1 — V) > 0.
Nén dudc cac nghiém

1 1
yi(z) = 5(1 — V4ka? — dkx + 1), y5(z) = 5(1 + V4aka? — dkx + 1).

Ta thay v (z) va yo(x) 13 cac ham lién tuc, déng thoi

1 1
1(0) =3 (1) = 0,y1(§) = 5(1 —V1—k)
1 1
32(0) = 12(1) = Lyp(5) = (1 + VI )
Piéu kién clia dé bai din t6i mét trong hai kha ning
a. o
f(5) <50 -Vi-k)
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b.
f(5) 2 50 +VI=R)
V6i khd ndng a) ta xét ham g(x) = f(x) — y;(x) lién tuc trén [0, 1] va ¢
1 1 1 1 1
9(5):f(§)—y1(§)=f(§)—5(1—\/1—%) <0

9(1) = f(1) —»(1) =1-0=1>0.
Nén phuong trinh g(z) = 0 c6 nghiém ¢ € [1, 1), tic1a f(c) = yi(c). St dung
dinh 1y Lagrang cho ham f(z) trén cac doan [0, ¢ va [c, 1] thi ton tai cic diém
x1 € (0,¢), xy € (¢,1), 21 # x5 sao cho
— f(0 : 1) — 1—
fle) = f(0) y1§C>,f(1'2) _ W)= flo) _1-wl)

fm) = c—0

1—-c 1—-c
Khi do .
F@)f () = D120

V6i khd ndng b) ta xét ham h(z) = f(x) — y;(z) lién tuc trén [0, 1] va ¢

= k.

)= 1) —m(z) = F(3) — 30+ VI=R) 20

h( 5

1

2
h(0) = £(0) — y2(0) =0 — 1 = —1 < 0.

Nén Nén phuong trinh h(z) = 0 ¢6 nghiém d € (0, 3], tiic1a f(d) = y»(d). St

dung dinh ly Lagrang cho ham f(x) trén cac doan [0,d] va [d, 1] thi ton tai

cac diém z; € (0,d), 22 € (d,1), 21 # x5 sao cho

fld) = f(0) _ y2(d) f) = f(d) _1-4p(d)

f) == =" S = =,
Khi d6 P
Fanf () = =222 =k

Bai 3.2 (PH Bach khoa Ha N6i). Xét ham s
(@)=f (), zc0;1)
g - 1 —r 9 9 .
Do lir? g(x) = lirf f(z) = f(0) = ¢g(0) nén ham g(x) thac trién lién tuc lén
r—1— T—r+00

[0:1] va g(0) = g(1). Ap dung dinh 1y Rolle cho ham g, ta suy ra diéu phai
chting minh.
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Bai 3.3 (HV Buu chinh Vién théng). Theo dinh nghia ctia lim f'(z) =0, ta

n—-+00
co ]
Ve > 0,3z, Yz > 2, = | lim f(z)] < = (1)
n—-+oo 2

V6i moi day (z,,) sao cho lirf r, = 400, ap dung dinh ly Lagrange cho ham
n——+0oo

f(z) trén doan [z,,, 2], ton tai &, € (2n,, %) sa0 cho

f(xn) — f(2n,)

Ll i) @
Két hop (1) va (2), ta nhan dudc
f(xn) — f(an,) ‘ €
— < =
L oy 61 < 5
Khi d6
fxn,) € f(Zn,) f(xn) f(xn,) | € Lng
T 2(1 T )< Tn < Tn +2( .CEn)
V6i n da 16n, ta cd
€ [flwng) €
2 T < 2
Ma §(1 — ) < §. Khi d6, ta c6
—e < f(@n) <e= lim f(@n) =0= lim M:O
Tn n—+oo T, n—+oo I

Bai 3.4 (PH Cong nghé thuc phdm Tp. HCM).

Bai 3.5 (PH Cong nghé thuc phdm Tp. HCM). Dt h(z) = f2(z) + (f'(x))>
Khi d6, h(r) la ham kha vi trén [—1, 1], ap dung dinh ly Lagrange trén cac
doan [—1,0],[0,1], ton tai a € (—1,0), b € (0,1) sao cho

f’(a) _ f(()) _2f<_1) va f/(b) _ f<1> ; f(O)

Suy ra

SOIFEDE 1Ly 430 61 () <14+1=2,

£ = X

va
@)+ 1) _ 141
2 - 2

1f'(b)] = —=1dantéi h(b) <1+41=2.
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Ma h(0) = f*(0) + f*(0) = 3 > 2. Do d6 h(z) khong dat gia tri 16n nhét tai
a,b. Vi h(z) kha vi trén [a,b] nén ton tai ¢ € [a,b] sao cho h(c) = r?zﬁ( h(z).

Khi d6, h/(c) = 0. Ro rang ¢ € (a, b).
Ta cb h(c) > h(0) = 3, f2(c) < 1suyra (f'(c))? > 2, dan t6i f'(c) # 0.
Maét khac, 7'(c) = 2f'(c) (f(c) + f"(c)). Suy ra f(c) + f"(c) = 0.

Bai 3.6 (DH Hung Vuong, Pht Tho). Xét ham sb

g(az) _ {E2014.6f($).

Do f(z) 1a ham lién tuc trén [0; 1], kha vi trén (0; 1) nén ham g(z) cling lién
tuc trén [0; 1], kha vi trén (0;1) va g(0) = 0, g(1) = &M =1

g (z) = 2?13/ @ (2014 4 . f'(2)).
Ap dung dinh 1y Lagrange ta c6 3z, € (0; 1) sao cho

g'(xo) = g(1) — g(0) = 1.

= 208/ (®0) (2014 4 20 f (1)) = 1.

1

/ —
= o f'(zo) + 2014 = o

Bai 3.7 (DPH Hung Vuong, Phu Tho). Ta ¢6 : Vz € (0;2) thi:
f(@)=f0)+ f'(6).x 01 € (0;7)
f@) = f@2)+ f'(02).(x = 2) 0 € (2;2)

Suy ra
f(z)>1—=2x,Vo e (0;2)
flz)>2x—1

Tu do ta co
1

jf(x)dxz /(1—233)(193:0

=
8
N~—
IS
8

Y,

H\M o

o
&

|
=
QU
&

I

(]
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2
Mat khac [ f(z)dx = 2 khi va chi khi :
0

flx)=1-=2z Vxe[0;]1]
flx)=2x—1 Vzxel;2]

Diéu nay méiu thuan v6i tinh kha vi lién tuc cua f.

Vay
2
/f(m)dm > 2.
0
Bai 3.8 (DH Ngoai thuong Ha No6i). Goic € [0, 1] sao cho f(c) = m[érh flz) = —Z.
x€|0;

D& thiy ¢ € (0,1) va f'(c) = 0.

Khai trién Taylor clia f(z) trong 14n cin diém c ta dudc

f'le+6(z —c)]
2

f"lc+61(—c)]
2

f(x) = fle) + fl(e)(x — ) + (r—c)%0<0<1

Taiz = 0, ta cé f(0) = f(c) + f'()(~c) +

1007
ra f"[c+ 601(—c)] = ER

Taiz =1, f(1) = f(c) + f(c)(1 — ) +

(—c)*;0 < 6, < 1suy

/ [C+62(1_C)](1—c)2;0<92 < 1suy

2
1007
ra f'lc+0y(1 — ¢)] =———.
Flle+ 1= =30
Suy ra
10072
"le+01(=c)].f"[c+ (1 — )] =——.
Flet (=0 e+ 01 = ) = 2=
. c+1—c S| .
—_ < [ — - S
Ma ¢(1 c)_( 5 ) 7 hen

10072 10072
=— 007 5 > 0?72 = 1007°.4
4c2(1—¢)” ~ 4(3)

f'le+01(=0)). "+ 0>(1 = )]
Mat khac, do ¢ + 61(—c),c + 65(1 — ¢) € [0; 1] nén

100724 < f"[e + 01(—c)].f"[c + 02(1 — ¢)] < [max f”(x)} :

x€[0;1]

Do d6 max f"(z) > 2014.

z€[0;1]
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L A [y b
Bai 3.9 (CD Ngo6 Gia Tu). Xét ham g(z) = f(z) +x — ? lién tuc trén [a; b]

va kha vi trén (a; b). Hon nita, g(a).g(b) < 0 do d6 ton tai x sao cho g(zy) = 0
a+b

hay f(xo) = 9

Ap dung dinh 1y Lagrange cho ham f trén cac khoang (a; z) va (z; b) thi ton

tai ¢; € (a;x0) va ¢z € (x9;b) sao cho

f(xzo) — fa) _ b—mo;f/(@):f(b)—f(ﬂfo) __Xp—a

To—a To—a b— 1z b—1xy

— Xg.

fler) =

Hon nita, f 1a ham lién tuc trén [a; b] va kha vi trén (a; b) cho nén theo dinh
ly Lagrange ton tai c3 € (a;b) sao cho

f(b) — f(a)

=1.
b—a

f(es) =

Vay f'(c1).f'(c2).f'(c3) = 1.

Bai 3.10 (bH Nong nghlep) Néu mbi mot trong cac ham f(z), f'(z), f"(z), f"(x)
d6i du, chang han f”(x) d6i dau thi do né lién tuc nén tbn tai a &€ f”(a) = 0,

tiic ta ¢6 ddu ding thic.

Gia st ca 4 ham trén déu khéng d6i diu. Ta chitng minh f(z) va f”(z) cling
dAu. Khai trién Taylor f(z) tai O dén cép 2 ta dudc:

fl/(ex)
2

f(x) = f(0)+ f/(0)x + 2?0 < 0 < 1(2diém)

Tit d6 néu f”(x) > 0 thi f(z) > f(0) + f/(0)z.

Néu f'(0) > 0 thi £(0) + f/(0)z > 0 v6i = di 16n.

Néu f'(0) < 0 thi £(0) + f/(0)x > 0 v6i & d nho.

Tit 46 néu f”(z) > 0 thi f(z) > 0 (2 diém).

Tuong tu néu f”(z ) < 0 thi f(z ) < 0, te f(x )Va f(z) cing diu. Tuong
tu f’( ) va f"(z) cung diu. Do véy ton tai a d& f(a)f'(a)f"(a)f"(a) > 0 (1
diém).

Bai 3.11 (HV Phong khéng Khoéng quén). Dit g(z) = ﬁ , ta co:
ooy @)oo 20f (@) — fa)f (x)

Do f(x) > 0; f (z) > 0, nén

’

g(x) > 0;¢9 (z) <O0. (1)
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Xét
@) @@ @) 1 @) @,
lg'(z)]? fAz) f(@) [f'(x)]? (@)~
(Do W < 2, theo gia thiét). Tl cac két qua trén suy ra
g”(x) >0,V >0 (2)

Tt (1) va (2) suy ra ham ¢'(z) don diéu khong gidm va bi chidn trén béi 0,
nén ton tai giéi han

Gida stt ¢ < 0. Do

nén
g (z) < e Vo >0
Suy ra
/ g (t)dt < / cdt = g(z) — g(0) < cx.
0 0
Hay

9(x) < cx + 9(0), ¥ > 0.

Piéu nay khong thé xay ra vi g(z) > 0,Vz > 0. (Vi khi x dt 16n thi cz + g(0) <

0). VAy ¢ = 0 khi va chi khi lim ¢'(z) = 0 khiva chikhi lim L% =o0.
T—>00

o )]

Bai 3.12 (DH Quang Binh). Gia su
P(x) = apa" + ap12" '+ 4ag  (a, #0).

Vi P(x) > 0 véi moi 2 € R nén n chan va a,, > 0.
Xét ham
F(x) = P(z)+ P'(z) +---+ P™(2).

Vi F ciing 14 da thtic bac n v6i hé sb cta 2" 13 a, nén lirin F(z) = +o0.
T—>1T 00

Do d6 ton tai z, € R sao cho

F(z,) = min F(x).

zeR

Theo dinh ly Fermat
F'(x,) = F(x,) — P(z,) = 0.
Nhu vay F(z,) = min F(z) = P(z,) > 0,va F(z) > 0,Vz € R.

z€R
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Bai 3.13 (PH Quang Nam). Xét tich phan
2

i f(x)(1+ cosx)dr = m(ag + 1).

Do d6 ton tai z; € [0;2x] sao cho f(z1) > 0.
Xét tich phan

/0 ' f(z)(1 = cosx)dx = m(ag — 1).

Do d6 ton tai g € [0; 2] sao cho f(zz) < 0.
T day ta c6 diéu phai chiing minh.
Bai 3.14 (PH Quang Nam). Xét ham sb

() = % (/jf(t)dt)Q >0, VzeR.

Ta ¢co
¢'(x) =g(x), VreR.

V6i x > 0 va y < 0, theo dinh ly Lagrange,
o) _ p(r) — ¢(0) (y)

0< - = g(a,) < g(0)=0< — ) <.
<= ” g(az) < g(0) < g(ay) S

Do d6 ¢(z) = 0 v6i moi z € R, din dén f(z) = 0 v6i moi = € R.

Bai 3.15 (PH Quy Nhon). bat g(z) = f(x) —sinz,z € [0;7/2]. Suy ra g(x)
w/2

lién tuc trén [0; 7/2] thoa man [ g(x)dz = 0. Do d6 xa ra hai trudng hop.
0

Néu g(x) 1a ham déng nhét khong trén [0; 7/2] thi f(z) = sinz. St dung bat

dang thitc
3

x—% <sinz <z, x€]l0;7/2]

ta suy ra diéu phai chting minh.
Gia stt g khéng ddng nhét bang khéng trén [0;7/2]. Vi ¢ lién tuc nén viia
nhan gia tri am, vita nhan gia tri duong trén [0;7/2]. Theo dinh ly gia tri
trung gian, ton tai 2, € (0;7/2) sao cho g(zo) = 0. Do d6 f(xo) = sinz, va ta
cling c6 diéu phai chitng minh.

Bai 3.16 (DH Sao Dd). Tit |f(v)| < 7= Vz €R,suyra

lim f(z) = 0.

T—00



138

Do doé

lim (f(z) — —

T—00 er —1

) = 0.

Xét ham .
g(x) = f(z) — e
Ham g kha vi trén R va lim, .., g(z) = 0.
Do d6, ham ¢ phai dat cuc tri dia phuong tai 1 diém nao d6. That vay, gia st
ton tai z, sao cho
g(xg) > 0.

Vi lim,_,_ oo = 0 < g(20) nén ton tai b d& nhd dé

g(x) < g(zo)Vx < a.
Vi lim, oo = 0 < g(20) nén ton tai a dt 16n d€ g(z) < g(xe) Va > b.
Do ham lién tuc trén doan [a, b] nén ton tai ¢ € [a, b] dé

g(c) = I{léﬁ(g(x) = max g().

Khi dé6 g dat cuc tri dia phuong tai c. Theo Dinh 1y Fermat ¢'(c) = 0 hay

’ 2c
602—1 ’

Tuong tu cho trudng hop ton tai z, sao cho g(xp) < 0.

Bai 3.17 (DH Sao Dé). Xét ham
guw=A<fw»+ﬂwant

Theo gi thiét, ham ¢ lién tuc trén doan [0, 7], kha vi trén (0, 7). Ta ¢ g(0) = 0
va

g(m) = /07r £ (@)dt + /07r f(t)sintdt
= int|j — Ty d ' intd
£ () sint]: /Of(t)costtJr/O £(¢) sin tdt
:O—f(t)cost|g—/ f(t)sintdt+/ ft)sintdt = 0.
0 0

Ap dung dinh Iy Rolle cho ham g, ton tai ¢ € (0,7) : ¢'(¢) = 0 hay

(f"(¢) + f(c)) sine = 0
hay
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Bai 3.18 (PH Sao D0). Ta co

/Olf"(t)(l—t -y |0/f

= —f(0)+ —f'(0) = —2014.

Ap dung bat ddng thitc Bunhiacopski ta c6

ova=| [ 7w i< ([0 opa)( [a- o)

Suy ra 1
/ (f"())?dz > 3(2014)2.
0

Déu bang x4y ra khi va chi khi f(z) = 1007z(z — 1)(x — 2).

Bai 3.19 (PH Su pham Ha Néi 2). V6i € > 0 cho trudc bat ki, dit n, =
2014(1 + [ﬂ) , v6i [%] 1a phan nguyén cla L. Ta c6

2014 1 .
= = < mi 1}.
ne Tl 1qe minleld)

€

Xét ham sb
2014

2014\  new
>.e2014, T € [O,

F(z) = f(z) (x - } c [0,1].

n({ €

Do ham f lién tuc trén [0, 1] kha vi trén (0, 1) nén ham F lién tuc trén [0, 2%
va khd vi trén (0, 221%). Mét khéc, ta c6 F(0) = F(%11) = 0 nén theo Pinh 1y
Rolle, ton tai =, € (O, %“) C (0,¢) sao cho: F'(z.) = 0. Suy ra

. 2014, nca. 2014 N ne.ze
- . 1]. =0.
f (l‘e)(l’e e ) e 2014 4 f(xe)[( T . ) 5014 + ] e 2014 0

Hay

nZx.f(x.)
2014(2014 — n.z.)

f‘(xe) =

véi z. € (0,222) C (0,¢).
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Bai 3.20 (CD Su pham Nam Dinh). Dat

1

I= /(1 —2z) f(z)dz.

0

o | ou=f(x) du = f'(z)dx
Dat{ dv = (1—2x)dx :>{ v=u1x—1°

Vay

/(f/(x) + (1 —2x)f(x))dx =5 < /(932 —z+1)f'(z)dx = 5.

0

Ap dung dinh ly gia tri trung blnh thit 2 cda tich phan v6i ham f'(z) va ham
g(z) = 2> —z+1. Ham g(z) = 22 —2+1 > 0 v6i moi z. Ta ¢6 ton tai ¢ € (0,1)
sao cho:

f 3 2
5:f’(c)./(x2—x+1)dx: (%— %+x> (1): gf’(c).
Suy ra
f'(c) = 6.

Bai 3.21 (CD Su pham Nam Dinh). Xét ham

2

g(x) =sin f(z).e™™ .

Ta co
— 2z.sin f(x)e”

f'(x) = 2xsin f(x)),

va g(0) = g(1) = 0. Nhu vay ham g(z) thda man cac diéu kién ctia dinh 1y
Rolle. Do d6 ton tai ¢ € (0, 1) sao cho ¢'(c) = 0, suy ra

cos f(c).f'(¢) — 2¢sin f(c) =
Vi f(c) € [-1,1] nén cos f(c) > 0. Vay
f'(¢) = 2ctan f(c).

g'(x) = cos f(x).f'(x).e”
)-

= ¢ (cos f(x
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f(t)dt
Bai 3.22 (CD Su pham Quang Ninh). Xét ham sb g(z) = ”?T.
Khi d6 st dung dinh 1y Rolle ta ¢6 dudgc 2014 (x)dz = cf(c).

2013

Bai 3.23 (DH Su pham Thai Nguyén). Dt
F(x) = / f(t)dt.
0
Theo gia thiét ta c6

/Ola:f(x)da::/ledF(:c):xF(x);—/OlF(x)dx:/Olf(:c)d:c—/OlF(x)dx

= /Olf(x)dx

Vay
Xét ham

Do d6 g kha vi lién tuc trén [0, 1]. Ta ¢6 g(0) = g(1) = 0, nén theo Dinh ly
Rolle, ton tai zo € (0, 1) sao cho ¢'(z) = 0. Ta cd

g (x) = e M (F(x) — 2014 /0 ’ F(t)dt).

Do do
F(xo) = 2014/ F(z)dx.

0

Xét ham
h(xz) = F(x) — 2014/ F(t)dt,
0
ta c6 h(0) = h(zo) = 0, h thdéa méan Dinh 1y Rolle, do dé ton tai ¢ € (0, z) sao
cho #/(c) = 0. Do do
f(e) = 2014 / f(z)dz.
0
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Bai 3.24 (CD Su pham Vinh Phuc). Dat
—2014x

1 x
glr)=e D13 o /a f(t)dt.
Khi d6 g 1a ham lién tuc trén [a; b] va kha vi trén (a; b). Hon nita,

g(a) = g(b) = 0.
Do d6, 4p dung dinh 1y Rolle cho ham g trén [a;b] thi ton tai ¢ sao cho
¢'(¢) = 0. Hay ta c6 dugc

2014c /Cf(x)dx —2013c¢f(c) + 2012 /cf(ﬁ)dx = 0.

Bai 3.25 (CD Su pham Vinh Phtic). Ti gid thiét ta c6
M (z) — 2014 f () = —2013z < (" (x) + 2013) = 2014 f(x).

hay
L 2014f()
©f2014(g) 42013
2014 N - n
bt g(z) = 014 (z) suy ra g la ham lién tuc trén [—1; 1].

~ FU(z) + 2013
Xét ham so h(z) = g(z) — = khi dé h(—1).h(1) < 0 nén ton tai xy € [—1;1]
sao cho h(zy) = 0 hay g(zo) = zo.

Bai 3.26 (DH Tin Trao). Ta cb g(z) = x¢ () 1a ham sb lién tuc trén doan
[1,2] vi ¢(z) c6 dao ham trén doan [1, 2]. Theo dinh ly gia tri trung binh ,ton
tai so ¢ € (1,2) sao cho

/1 g(2)dz = g(€)(2 — 1) = ep (o)
Mat khac

/12 g(x)dz = /12 zdp()a = w(x)\j - /12 ()i
—20(2) - (1) - [ ’ ()i = 1

Suy ra ¢y’ (¢) = 1. Xét ham sb
h(z) = z¢'(z) — 1.
Ham h(z) lién tuc trén doan [1, 2] va kha vi trén khoang (1,2). Ta ¢6
h(1) = h(c) = 0,1 (x) = ¢ (z) + ¢/ (x).

heo dinh 1y Rolle, ton tai s6 thuc a € (1,¢) C (1,2) sao cho h/(a) = 0. Viy
phuong trinh 2" () 4 2/(2) = 0 ludn cé nghiém trong khoang (1, 2).
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4 PHEP TINH TICH PHAN

Bai 4.1 (HV An ninh nhan dan). Ta thiy

1 1 1
O:/ a:f(x)d:z::a/ :Ef(:L‘)d:L‘:/ axf(z)dr ,Va € R.
0 0 0
Khi do, ky hiéu M = m[%>1<] | f(z)] thi Va € R ta dugc
ze|0,

]/Olﬁ dac ‘/ dx—/axf dx ‘/x_axf(x)dx‘

< / (a? - )| @)lda < / \<x2—axrm[gx]\f< )ldo

1
gM/ [(2* — ax)|dx = MI(a) , v6il(a / |(x* — ax)|dx
0

Suy ra
]/ z)dz| < Mminl(a) < M min I(a).

a€R a€l0,1]

Mat khac, v6ia € [0,1] ta cd

/\x —aa:|dx—/ ]xx—a]da:+/ |z(x — a)|dx

_/0 (ax—m)dm—l—/a (22 — az)dz

2 3 3 2
1
w7 R T 5(20" —3a +2).

=G gl

Bang cach khao sat ham sb g(a) = 2a® — 3a + 2 trén doan « € [0, 1] ta dudc

min g(a) = g(—=) =2 — V3

a€(0,1] \/§
va /3
1 2—2
in [ =](—) = .
min (a) = I( \/5) 5

VAy ta c6 bat ding thitc can chitng minh.

Bai 4.2 (DH Bach khoa Ha No6i). Ta cé

37 s 3r

2 dx 2 dx 2 dx
I = — = — + — =L+ 1.
0 2+cosw 0 2+cosx = 2+cosx
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A <A A 2 3
Doi bién ¢t = tang trong [, ta dudc ket qua [; = %
0. 1 .k A ) 4/ 3
Doi bién ¢ = cot g trong I,, ta dudc ket qua I, = %_
. STV 3
Vay I = Wg\/_.

Bai 4.3 (HV Buu chinh Vién théng). Ap dung bét ding thiic Cauchy cho tich
phan, ta c6

/01 f(yc)dyc./o1 ﬁdw > (/01 m.\/ﬁdxy =1

Mait khac

\//Olf(m)dx/olﬁdx:\//Ol%dx./ol%dx.\/%
<[ e [ )
:%\/%/0 <%+%>dﬂ

Xét ham g(t) = 7 + 2 trén doan [m, M]. Ta c6

Ham sb dat gia tri 16n nhit bang g,y = 1 + 2 khi va chi khi ¢t = vmM.
Nhu véy, bt ding thiic duge chiing minh.

Bai 4.4 (HV Buu chinh Vién thong). Do f(x) lién tuc trén [0; 1], nén ton tai
cac sO xq, z2 € [0;1] sao cho

f(z1) = min f(z) : x € [0;1], f(z2) = max f(x) : x € [0;1].
Vi g(x) > 0taco
9(x)f(21) < g(2)f(x) < g(x) f(x2)

va do do

/Olg(x)f(m)dx < /Olg(x)f(x)dx < /Olg(ai)f(azg)dx.
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Khi dé X
1
flx) < — f(x)g(x)dz < f(xq).

m Jo

Do f(z) lién tuc trén [0; 1], nén ton tai sb ¢ € [0; 1] sao cho

1 1
| stz = ro)
Bai 4.5 (HV Buu chinh Vién thong). Tit

—azx —azx —azx —azx B8
e —e e —e _ a?
= T = e " dt.
o

suy ra

400 B8 B +oo 1 B 1
I :/ (/ e_t””zdt>dx :/ </ xe‘thdx>dt = ——/ Intdt = —=1n é
0 « « 0 2 a 2 «

Bai 4.6 (DH Céng nghé thuc phdm Tp. HCM). Vi ham s f(z) lién tuc trén
[0,1] nén ton tai
M = max (|f(x)]+1) < 400
z€|0,

Khi do, v6i e > 0, ta chon § sao cho 0 < § < min {%, 1}. Ta ¢o

1 1

/x"f(x)dx < /x"|f(x)|dx§M5§5 (D
=5 1-5
v 1-5 1-5
/_x"f(x)dx < /_x”|f(x)|dx<Mw (2)
- - n+1
0 0

Tu (1) va (2), ta suy ra

1
0< /x"f(x)dx <e+M
0

(L—9)""

n+1 (3)

Trong (3), cho n — oo, ta dudc

1

0 < lim /:c"f(a:)da: <e.

n—00
0
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Vie > 01a tiy y nén din dén
1
lim [ 2"f(z)dx = 0.

n—00
0

sinx

Bai 4.7 (Du bi). Ham " 13 ham giam trén [0, 7| va lim = 1. V6i x
T z—0 xz
duong da nho, xét ¢ € [z, 2013z]. Ta ¢
2013z 2013x( Ja0iz 2013z
sin 2013z 2012 1 sint sin 2 2012 1
o Sar< | SRU g < ( ) / Zdt.
( 2013z ) / t— / {2013 “\z t

Cho x — 0" ta dudgc

: 2012
lim / S e mo013,

Bai 4.8 (Du bi). Xét ham sb F(z) = [ f(t)dt + f“ F(t)dt. Ta 6 F(0) = 0,

1—22

[e=]

1 1 1
2 [ f(t)dt. Vi F(x) lién tuc va 0 < o« [ f(t)dt < 2 [ f(t)dt nén ton
0 0 0

tai x(«) € [0, 1] sao cho F(z(«a)) = aff t)dt. Mét khac, F'(z) = 2z(f(z?) +

f(1—2?%)) > 0. Do dé, ham F(z) la dOn diéu ting, ddn dén () 13 duy nhét.
Ap dung dinh ly gia tri trung binh ta c6

/ F(t)dt = ()£ (& () + F(Eala).
v6i 0 < ziy(a) < 2%(a), 1 — 2%(a) < ziy(a) < 1. VAy,

P 0T oy

o FE@) + f&@) ato F(0) + F1)°
Bai 4.9 (DH Hung Vuong, Phu Tho). Ta c¢6 :

o .

1 1 1
/f(:c—;)dx— /f(:v—;)dij/f(x—;)d:c
s o 0

=hL+1
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1 /4
Thay t = x — —, ta co:
Xz

1 t

de = —(1+ dt v6i x > 0.
2( \/t2+4)

d:czl( — )dtV6i$<O.
2 t24+4

t

1 +o0
:1125_/ 1)1~ )

t

Vel

+00
= %/f(t)(lJr

+o0
Do [ f(z)dx hoitu nén

+oo
_/ f(x)\/mdx

hoi tu ( do tiéu chudn Aben)

+00 +o0
:/f(x—l)da::/f(t)dt:J

Bai 4.10 (DH Ngoai thuong Ha N6i). Dat

1 1 T

0 0

Do tinh chét 16m, ta ¢6

Ft) 2~ )+

u:/xf(x)dx,v:/f(x)dx va F(z) :/f(t)dt.

147
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Do do,
u:/xf(:v)dx:/xdF(a:) = acF(:L‘)é—/F(x)dx

0 0 0

:U_/F<x>dx<v_/[°’”f2<‘“> ﬂd

0 0
B v 1
=v-3-3
3u 1

Hay?gv—zglﬂ.
V6i f(z) = —z + 1 thda méan dé bai va bt ding thiic x4y ra diu bang.
Bai 4.11 (DPH Ngoai thuong Ha Néi). a) Xét ham s6 A : [0,a] — R xac dinh

béi
:/f(t)dt+/fl(t)dt—xf(ac).
0 0

Ham A thda man cac tinh chét

+ A thudc 16p C! trén [0; al;

+ Voimoi z € 0:a], A'(x) = f(2) + /7 (F(@) /(@) — (f(@) +2f (x)) = 0.
Do d6 A khong d6i, hon nita A(0) = 0. Vay A = 0.

b) Véi z € [0; a], xét ham s6 B, : [0; f(a)] — R cho bédi

:/If(t)dtJr/yfl(t)dt—xy.

Ta c¢6 B, thudc 16p C! trén [0; f(a)] va

vy € [0:£(a)], (Bx)'(y) =" (y) — =
Tu d6 ta cod
(Bx)'(y) =0 &y =f(x)
(Bx)'(v) > 0y € [f(x); f(a)]
(Bx)'(v) <0y € [0;f(x)]
DAin dén Vy € [0; f(a)]:By(y) > By(f(x)) = 0 . VAy ta c6 diéu chitng minh.
Bai 4.12 (CP Ngb Gia Tu). Ap dung bt dang thiic Cauchy cho cac sb duong

8
2a —2b:b+1:b+ 1; t
a ;0+ 1,0+ ’(a—b)(b+1)2 aco
8

(2a—20) + (b+1)+(b+1)+ CEDICESE > 8.
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Hay

4
a—+ >3

(a—0b)(b+1)2

cho nén

f(z) = min{a + = 3.

4
DI

Pang thtic xay ra néu va chi néua = 2;b = 1.
2014/3 2014/3
Vi vay, / f(z)dx = / 3dxr = 2014.
0 0

Bai 4.13 (CD Ngb Gia Tu). Ap dung dinh ly Lagrange thi ton tai ¢ € (¢2;¢)
sao chot € (0;1).

Do f” > 0 cho nén f’ tdng trén [0; 1]. Vi vay, f'(c) > f'(t?).

Do do,

ft) — £(#)

(o) = =——5—> ')

hay
fO) = f(2) > f1(#)( — ).
Ti do suy ra

/Of(t)d:p—/o f(tQ)dt>/0 (t—tz)f’(tQ)dt:%/O (1—t)df(t2)+/0 f)dt >
> [ i ga-ns@n+ [ e

2/0 F#)dt > 3/0 F(#)dt — £(0).

Bai 4.14 (DH Néng nghlep) Goi thoi gian tit Iic bat dAu thdo nudc dén khi
can bé 1a x (phut). Tl gia thiét ta co phuong trinh

Vi vay,

2400 = / (100 — 2t)dt < 2% — 100z + 2400 = 0.
0

Dén dén
x =40 hoac z = 60.

Gia tri tim dudc x = 60 bi loai vi z < 50.
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Bai 4.15 (DH No6ng Nghiép). Ta c6

(/Ozf(x)dx)Q _ (/Olf(x)dx + /12f(x)dx>2
<9 ((/Olf(x)dx>2 + (/12f(x)dx)2>

Lai co

nén dé chitng minh bai toan ta chi viéc chitng minh

3 ( / 1 f(x)dx)2 </ PP (1)
([ 2f(x)dx)2 < [vera @

Ta c6 theo cdng thitc tich phén ting phén:
1 1 1
/0 f(a)de = xf(z) [ / of (2)dr = — / o f!(z)de
Tu do
1 2 1 2 1 1
d = "(2)d 2d ! 2d
(/ f@) ) (/ of (@) ) s/ox wfo[w .
1 1
=3 / ()P

Nhu vdy (1) dudc chiing minh. Ta chi con chttng minh (2). Xét tich phén:

/1 (2—2)f (z)dz = (2 —2)f(2) [} +/1 f(z)dz (do f(1) =0).

va

Tu do

(/12 f(x)dx>2 - (/12(2 - x)f’(x)dac)

P6 1a diéu phai chiing minh.

2

< [e-wpa [1rere



4. PHEP TINH TICH PHAN

Bai 4.16 (HV Phong khong Khong quan). Dat
flx)=Vaz+1-—u.

Khi d6 ) )
—r)=vVax:+1l+zx= = )
f=e) Vaz+1l-z  f(z)
bat¢ = —uz, tacod
; /g 0082014950[ /g cos2014(— t)
= —ar =
= 1+ f(z) -1 1+t+VE2+
> cos?0M¢ 2 f(x) COS2014JZ
o N Y OB
—z 1+ 1i0) -z + f(z)

Ti do suy ra

5 cos20M o z 2014 .
o] — / cos dx+ / f@ : flz)cos™
- 3

-/ +

co 2014 rdr = 2/ 2014
0
x la ham chan. Vay ta c6

ISENCIE

(VB

do cos?

™

2
[:/ cos®M zdzx.
0

Dat I, = [0%cos™ zdx v6in € N. Dat
u = cos" !z,
dv = cos xdx,

{du = (n — 1) cos"? z(—sinx)dxz,

v = sin xdx

ta suy ra

Tu do ta co

us

I, = cos" ' wsin x|§ +(n—1) /2 cos" 2 x(1 —cosx)dr = (n — 1)(L_g —
0

Suy ra

1
L="""1 , Vyn>2
n

Do vay, ta nhan dudc

I = 12014 =

2.4....2014° " 2.4....2014

1.3....2013  _ 1.3....2013 /2 _ 13, ™
24

151

I,.
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Bai 4.17 (HV Phong khong Khong quan). Ta co

2014 1 2014 1
= /0 de - /0 1 4 ecos? 1007z—sin? 1007z dzx (1)
3014 1 5014 eSin® 1007z
- /0 1 + ecos? 1007z —sin? 10072 dz = /0 Coos? 1007z en 1007 dx. (2)
bét t = 3Jr; — =, ta co:

0 in? 1007 (587 —1)
; :/ 682 2014 + €Sm 1007 (5517 — t)dt
e 1007(5557 — ¢)

™

S01Z esm2( —1007t) "
- 0 c0s%(5-1007t) 4 esin?(5—1007¢)

ﬁ ec082 1007z
I = / : . (3)
0

60052 1007z +esin? 1007z dx

2014 T
of = dx = ——.
/0 YT 2014

™

4028
Bai 4.18 (HV Phong khong Khéng quan). Ta ¢

B 2014 f(x)
1 _/0 ( 2014)

B 2014.2 ( ) 2014.2 f(x)

_/0 flx+ 201 )dx - /2014.}1 fz+ %)dl' -

N /2014."71 f(x) N /2014 f(x)
2014.7=2 flz+ &f)dm 2014.2-1 flz+ %)dx'

Tu (1) va (3) suy ra

Vay

Xét tich phan

2014, B£1

n f(x)

Ik—/ — L 0<k<n-1
soiak [z + D) da

Dtz =t + 2014.%, ta co:

0<k<n-—1.

, _/2014-i F(t+2014.5) _/2014-i f(z +2014.5)
T ) fE+2014E DG T fy f(r 420148 )4y
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Tu do ta co

. /2014 f(@
0 f(o+ %)dm
_ /2014.}] f(x) . /2014.}1 f(x + 2014'%)6@
0 f(x + 2014.%)(1&: 0 f(x + 2014.%)
N /2014»1 flw+2014.272) /2014-i fz +2014.21)
0 f(x+2014."7_1) 0 f(x—|—2014."—7;)

_ /2014 f(l’)
o flo+2)dz

20141 f(2) 20141 f(33+2014l)
= o &
L7 < o

dx.

Suy ra

x4 20141 )dx [z +20142)
20145 f(z +201422) 2015 f(z 4 201422)
+ n 2’ dr.
0 (z +2014%=) 0 f(z)

Do f(x +2014) = f(x), vi f(z) 12 ham tudn hoan véi chu ky 7" = 2014. Tit d6
ta co

) flo+20141)
= /0 [f(x +20144) + [z +20142)

[z +20147=2) f(m+2014”7_1)]d
x
flx+ 2014"7_1) f(zx)
Ap dung b4t ding thitc Cauchy cho n s6 duong, ta co:
T x+ 20142
f(x 1(2(314l) T 920142 & f(;c+2o1zzn2) flz+20142=1) =
n flet W) Tt farzoa iy T @)

Tu do ta co:
2014. %
1> n/ dr = 2014.
0

Bai 4.19 (PH Quang Binh). Ta c6

o — /72r e’ [(sinz + cosx) — (cosx — sinx)|dx
—Jo (sinz + cos x)?

Jus jus .
2 e*dx 2 e”.(cosz — sinz)dr
o sinx+cosz J, (sinx +cosx)?
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Xét B — /72r em.(c‘osx — sinz)dz _ /72r em.(c‘osx —sinx)dx
0 (sinx 4 cosx)? 0 (sinz + cos x)?

(cosx — sinz)dz .

sin z+4cos x’

diatu = e*, dv = ta co du = e®*dx, chon v =

(sinz + cos x)?
™

—e” z 2 etdx
H=———|¢+ [ ——.
sinx + cosw o SInx -+ cosz

Do doé . .
e 7 x
2= —— |2 =2 -1 I=—-(e2-1
sinx+cosx|0 € = 2(6 ’ )

Bai 4.20 (DH Quang Binh). a) Ta c6

1 1 1 1

/ o f(x)dx + / F(z)dz = / v F (z)dx + / F(z)dx

0 0 0

[e=]

Theo gia thiét ta co:
1

f s

T

1l—2z

Tu (*) va cau a) ta co /:Ef(a:)da: >
0

Ap dung bat dezlng thitc Bunhiacopski cho hai ham sb f(x) va g(z) = x ta

dudc:
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/d/f dw(/mf( ) /fz s (1)

Bai 4.21 (PH Quang Nam). St dung phuong phap ddi bién sb, ta chiing

minh dudc
w/4 w/4
/0 In(cos z)dx = /0 In (cos(a: - Z)> dx.

/4 cos(z — %
/ (S0 g o,
0 cos
Vay [ = = In2.

Bai 4.22 (CD Su pham Quang Ninh). a) Ta ¢6

Tt d6 suy ra

1 [ 1 [*
|E/0 f)dt —2014| < 5/0 |f(t) —2014|dt

Do d6 ham .
_ / F(t) — 2014]dt
0
1a ham s6 ting khong am.
Néu g(z) — +oo thi
lim |f(x)—2014| =0

T—+00

cho nén

lim —/ F(t)dt = 2014.

r——+oo I

A \ M A
Neu g(z) < M thi |f(z) — 2014| < — cho nén

lim —/ f(t)dt = 2014.

r——+oo I

b) Néu [*|f(x)|dx = [ f(x)dx thi

[ @)1= fnds =o.

bat g(z) = | f(z)| — f(z) lién tuc, khong am va

/abg(x)dx =0

nén g(z) = 0 hay |f(z)| = f(z).
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Bai 4.23 (PH Quy Nhon). bat g(x) = f(x) — sinz,z € [0;7/2]. Suy ra g(z)
/2

lién tuc trén [0; 7 /2] thoa man [ g(x)dz = 0. Do d6 xay ra hai trudng hogp.
0

a. Ham g(«) déng nhat bang 0 trén [0; 7/2]: Ta ¢6 f(x) = sinz. St dung bét

déng thitc
3

T — % <sinz <z, ze€l0;7/2]
ta suy ra diéu phai chitng minh.
b. Ham g(x) khéng dbng nhéit b.:?lng khong trén [0; 77/2]: Vi g lién tuc nén vua
nhén gia tri &m, vita nhén gia tri duong trén [0; 7/2]. Theo dinh ly gia tri

trung gian, ton tai =, € (0;7/2) sao cho g(zo) = 0. Do d6 f(x) = sin g
va ta ciing ¢6 diéu phai chitng minh.

Bai 4.24 (DH Su pham Ha Noi 2). Dat

4 X/In(9 —z)

(9 —x) + X/ln(z +3)

ARe 1A 7
Doi bién x = 6 — y, ta cb:

2/In(y + 3) dy — 4 X/ In(x + 3)

¢my+3+-¢mg y) e R/In(z+3)+ ¥/In(9—z)

4
21 :/ dx = 2.
2
Bai 4.25 (DH Su pham Ha Noi 2). Ta c6

xwﬂlwmﬂglwwwthmw

Ap dung BAt ding thiic Bunhiacopski ta c¢6

[ ([[a)([iropa)

=V — a.(/m[f‘(t)]Qalt)é Vz € [a,b].

a

Do do, ta co:

Vay I = 1.

Suy ra N
@) < va—al / F(OPd: Ve € a1
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Hay la
x b
P <@—a. [ (FOPE< @-a). [ (FOPd Yoelab,
/ Fz)dr < / <x —a) [Pf (t))2dtda
= [rera. [ @-aa=250 L@

a a a

Bai 4.26 (DH Su pham Thai Nguyén). Xét ham G(x) lién tuc kha vi tliing
khtic thda man )
x neu z € [0,1/3)

G(z) ={1—2z néu zel1/3,2/3) (4
z—1 néuzel2/3,1]
Vi ff/gg f(xz)dx = 0 nén ta co

2/3

1 1/3 1 1
/0 oyt = [ e =2 [ e [y /0 G'(2) f(x)dz.

1/3

Tich phan ting phan ta nhin dugc
Af@M=A ww%w:m@QMéjAGmwmm
=— /0 G(x)f' (x)dx.

T dé 4p dung bit ding thitc Cauchy-Schwarz ta cé

( /0 1f(as)dx>2 ~( /0 1 Gla)f (2)dr) < /0 ' 6 () /0 s

1 ! ! 2
=7 ), (f' () da.

Tit d6 suy ra diéu cin chting minh. Du bing x4y ra khi f(z) = ¢G(z), ¢ 1a
hang sb.

Bai 4.27 (CD Su pham Vinh Phtic). Ddt ham h(z) = f(z) — x. Khi d6 h la
ham lién tuc trén [0; 1] nén dat gia tri 16n nhat tai z,. Ta c

KﬂmmeU@M+A?@W2LP@M.



158

Do f la ham don diéu tdng cho nén

/ Jlw)de = / f(wo)dw = (1= o) f(wo).

Suy ra

/0 f(@)dr < (1 —20) f(20) = f(20) — 70 f(20)
h(

.%‘0) -+ ZEo(l — ZL‘())

v

h(zo) = /0 ' o)z
> /lh(z2014)d$

—Jo
1 2

:/ f(x2014)dx—/ L2014 7
0 0

! 1
— / f(x2014)dx -
0

2015
Bai 4.28 (CD Su pham Vinh Phuc). Ta ¢6

1/2 / 1 1
| er@a =556

do 01/2 f(z)dx = 0. Tt d6 suy ra

1/2 1 1
VT = ( i (z)dz + 1/zf’(%‘)dW = ( 1/Qf(ff)dfrf)Q

~([ (@ = 10/ + 51

= (/11 (1—2)f (x)dx + /01/2 v f(v)dw)?
1 1/2

< 2 (1—:U)f’(a:)dx)2+2(/ of (2)dx)?

1/2 0

5 CHUOI SO

Bai 5.1 (DH Bach khoa Ha N6i). Khai trién hitu han ham
2
T

ln(1+x):9§—?+a(:ﬁ)
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trong 14n cén z = 0, v6i a(z) = o(x?). Suy ra

(1 EL) L o).

héi tu theo tiéu chudn Leibniz.

. o= (—
Chuoi Z

1 1 ~ N
V1%+ozn ~ —kh1n—> oovaz phankynenZ( +an> cling phan

ky. VAy chudi da cho 1a phan ky.
Bai 5.2 (HV Buu chinh Vién thong). Ta co

ign n+1) (n+k)
:gin(n+1).l..<n+k)
:g;nio;(n(n—l—l)...l(n—i—k—l) a (n+1)..1.(n+k)>%
S
Mt khac

[ [ =S )

k=1
Ti nhitng diéu trén ta suy ra diéu cin ching minh.

Bai 5.3 (Du bi). Tu giai thiét ta c¢6 z,, > 0 v6in > Ny, N, da 16n. Suy ra, véi

1 — T, o Tn+1 — Tn < Tnt+1 — Tn
xn—l—l Tn B a/N()
Vi
[eS)

Z Tnt1l — xn> o a

- 9

a N,

n=No No 0

nén chuoi da cho hoi tu.

Chil y: Piéu nay khéng ding néu a < 0.
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Bai 5.4 (DH Hung Vuong, Pht Tho). Nhéan xét a,, > 1Vn.

Ta co:
L 1 - L1
Uny1—2 @2 —3a,+2  a,—2 a,—1
Suy ra
1 1 1
CLn—Q an+1_2_an—1.
N N
1 1 1 1 1 1 1
n—1 M n—1 n n+1 1 N+1 aN+1
Mat khac :

Uni1 — Qp = a2 —4a, +4=(a, —2)* >0 Vn.
= {a,} 1a day ting.
Gia st

L =supa, = L > 4.
n>1

NéulL < +oo=L=IL>-3L+4=L=2(v0ly)
= L = +o00 = lima, = +o0.
Ma

R N1 1
nenchoN—>+oo:>Z—:§.
n=1 Un

Bai 5.5 (HV Phong khong Khong quan). Gia st

),

trong d6 |b,| < 2,Vn € N theo gia thiét. Mit khac ta c6:

PN )

Tt gia thiét ta c6:

f (ZL’) = a1z + 2a9x + 3a3x2 4o nanxn—l +
Ta lai co:

f(ﬂf)];f((j)) = (It @z +aa®+- - +apa"+- - )(bo+biz+bya” +- - 402" +
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Bay gi0, ta chitng minh bang phan chting. Gia st |a,| < n + 1 khong ding

v6i moi gid tri clia n. Goi k 1a s6 tu nhién nhé nhét sao cho |a;| > k + 1. Tut
cac 1ap luan 6 trén ta c6

a1 + 2a0x + 3asz? 4+ -+ napr” 4
= (14+az+agx® +- - +ax™+- - )(bg+bix+byz? 4 - -+ by +---)¥n € N,

So sanh hé sb ctia z¥~! & hai vé, ta dugc:
kar = boar_1 + brag_o + -+ - 4+ bp_saq + br_1 (D
Xét hai vé ctia hé thie (1) Vé trai co
kay, > k(k + 1),

vi k 14 sb tu nhién nhé nhét sao cho aj, > k + 1. V& phai ¢6

|b0ak,1 + bl&k,Q + -+ bk,2a1 + b]gfl‘ < 2(|ak,1 + -+ ‘(Ll‘ + 1)
<k 4+ +2+1) = k(k+1).

DAn dén mau thuin véi (1). Vay:

lan] <n+1 VneN.

Bai 5.6 (DH Quy Nhon). a) Vi chudi > a, hoi tu nén theo tiéu chuén Cauchy
n=1

lim <CL[%]+1 + arn)42 + ...+ an> =0,

n—o0

trong d6, [.] 1a ky hiéu ham phan nguyén. Vi day {a,} gidm nén

n
apzl41 + apppe + .+ ap > [a]an

Vivay, > [4]a, = 0. Do do, § g = (O vata cling ¢6 > na, = 0.
b) Ta co

sinTvnd +n = (=1)"sintvVnd +n —nn

(~1)"si 2
= (— Sin
Y(n® + n)? 4+ nv/n® 4+ n + n?

= (—=1)"ay,.

trong do {an} la day sb duong giam dan vé 0. Theo tiéu chuén Leibniz cho
chubi dan dAu, ta c6 chubi da cho héi tu.
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Bai 5.7 (DH Sao D9d). bt

¢j =sup(n+1)a, Vj>1.

n>2J

Ta sé chi ra
2

Thét vay, v6i mbi n > 29+!, tdn tai sb mét sb nguyén k > 27 sao cho n = 2k
hodc n = 2k + 1.
Néu n = 2k ta co

2 2 2
5 4cj 4cj

(k+1)2 = 2k+1 2k+2

2
A — Qop+1 < aj, <

Néun = 2k + 1 ta co:

2 2 2
c 4cj 4cj

< — :
k+1)(k+2) — 2k+2 2k+3

Agk+1 — Q2k+2 S Qply1 S (

;g 4c? NPV T ;A A Y
Do do, day (a,, — n_j_Jl)nZQjJrl la mot day tang cac s6 hang khong duong va hoi
tu dén 0. Vi vay
40? -
an < Vn > 2911
n+1

Hay
2 2
Cit1 < 4cj.

Suy ra day ((4¢;)>");>0 khong tdng va vi vy bi chin trén bdi mot s6 ¢ < 1.
Vi vay ¢; < ¢* v6i j da 16n. V6i bat ki n trong khoang 27 va 27+ ta c6
G

an <
“n+1

< ¢ < (Vo™

Vi vay
lim {a, </q <1.
n—oo

Theo tiéu chudn Cauchy, suy ra chudi da cho héi tu.

Bai 5.8 (DH Su pham Ha Néi 2). V6i mdi n € N ta xét cac kha ning sau:
a) Néu a,, > 5+ thitaco

n

an
an™ = —— < 2a,.

1
ant

b) Néu q,, < 2,1% thi
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7 1 = 1

an’ < (2n+1)m = o

Vi vay, ta luon co:
n
_n_ 1
an™ < 2a, + on Vn € N.
~ o ~ (o]
Ta c6 chu6i Y a, hoi tu va chudi }_ ;- cling héi tu.
n=1 n=1

Theo dau hiéu so sanh cho chuoi s6 duong ta c6 chuoi

o0

_n_
E ant
n=1

cling hoi tu.

Bai 5.9 (CD Su pham Nam Dinh) wAntl !
ai 5. am Nam Dinh). u, = ~ —
PR ‘ " nn+1)(n+2)(n+3) n?
4o 1 Too
Chudi ) — hoitunén ) u, hoitu
n=1T1 n=1

1
25'
3)—n(n+1))+ g((n+3) —n)

11 1 1 1 !
w3 \n nv3) 2 a2 )
2
3

1 1
nn+1)(n+2) (n+1)(n+2)(n+ 4))

Tacon?*+n+1=-.(n+1)(n+2)(n+3)—nn+1)(n+2) — %.((n+2)(n+

Up = Un — Unt1

5i 1 1+ 1 1 1 1 N 1 +2 1

voiv, = =. | — —— -

IS\ T in+2) 2\nm+ D) mt)m+2)) 3nm+ D(n+2)
Sn:UI_UnJrl

Dodo lim S, =v; = !
odo Am on =11 =g

Bai 5.10 (DH Su pham Thai Nguyén). Tit gia thiét ta cé

2 2n+1

n
an+1 - Api1 — 2 Qn,

do do

n

2 2 n
E a, =a” —2a+2"a,.
k=1
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Tiép theo ta sé tinh
lim 2"a,,.
n—oo

Thét viy goi 0 < o < g théa mén a = 2sin” @ hay

1
a = arcsin( g) = éarcos(l —a).

Bang chting minh quy nap ta dé& dang chitng minh dudc a,, = 2”3@‘712(2”71 .

Do vay ta c6

) = 4a® = arcos*(1 — a).

lim 2"a, = lim 2*"sin?(
n—o00 n—o00 2”'_1

Vay

n oo
lim E a2 = E a2 = a® — 2a + arcos*(1 — a).

n=1
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6 PHUONG TRINH HAM
Bai 6.1 (HV Buu chinh Vién théng). Liy dao ham 2 vé clia
£(20152 + 2014) = 2015f(z) x € R.

Khi do
2015f (20252 + 2014) = 2015f (z) z € R.

%+ x—2014 4
Thay x boi 557~ , ta co

ooy x—20140  TEEE 20140 @ — 20152 + 1
F@ =g ) = s = o )
2 —2015" + 1
== )

Cho n — oo, ta nhan dudc

Nhu vay
flxy=max+k VreR

trong d6 m = f'(1). Thay 2 = —1 vao hé thitc ban diu, ta c6
F(=1) = 2014f(~1)

va do dé f(—1) = 0. B&i viy k = m va do d6

flz) =m(z+1).
Tht lai: Théa man. Nhu viy

f(@) = mlz +1)
trong dé m hing sb.
Bai 6.2 (DH Céng nghé thuc phdm Tp. HCM). a) Tit gia thiét suy ra

FU(f(@) + af(f(z)) = 20" f(2)
Do (2)
f2(z) + af"(z) = 202 f"(z),¥n € N
véiz = fO(x). . , )
Co dinh z thi (2) tré thanh phuong trinh truy hoi tuyén tinh cap 2

2
Upio + QU1 = 207Uy,
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Phuong trinh dac trung 1la A2 + al — 20> =0& A\ = aV Ay = —2a. Suy ra
u, = f*(x) =a"A+ (—2a)"B (3)

Trong (3), thay n = 0, ta dudc x = ug = A + B.
Trong (3), thay n = 1, ta dudc f(z) = aA — 2aB.
Vi f7: [0, +o0) — [0, +00) nén ta co

o< B () avca

A n 1 " . A R 1A 2 7 A ’ 2. 7

Vi <2g> = (5 — 0, khi n — oo nén dé bat dang thic trén dung phai co
«

B = 0. Khi d6, f(r) c6 dang

f(z) = aA =ax.

Thit lai, ta thiy f(z) = az thod min phuong trinh da cho. VAy f(z) = az.
b) Phuong trinh da cho tuong duong véi

rty, <w+y> _ 2f(@) +yfy)

5 5 5 , Vr,y €R 4)

bat g(x) = xf(x). Khi d6, g(z) cling la ham lién tuc trén R va tu (4) suy ra

g (x;ry) _ g(x) ;g(y)’ i,y € R )

Suy ra g(z) = ax + b, v6i a, b 1a cac hang sb cho trude tuy y.

Tit g(0) = 0 ddn dén b = 0. Vi g(z) = zf(z) nén f(z) = a,Vz # 0.
Vi f(z) lién tuc tai diém z = 0 nén a = 0.

Vay f(x) = 0 v6i moi = € R.

Bai 6.3 (DH Hung Vuong, Phii Tho). Xét ham sb
g(x) = e 1 (f(x) — 2014).

Suy ra g(0) = g(1) = 0. Hon nta g(z) la ham lién tuc trén [0; 1], c6 dao ham
trén (0;1). Taco :

e—x/lS

g (z) = = (18f'(z) — f(z) +2014) <0 Vz € (0;1)

= ¢(z) la ham giam trén [0; 1].

Ma ¢(0) = g(1) = 0 = ¢(0) = 0 trén [0; 1]

= f(z) = 2014 trén [0; 1].

Thtt lai ta thiy f(z) = 2014 trén [0; 1] thdéa man.
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Bai 6.4 (CD Ngb Gia Tu). Gid stt f 13 ham s6 cin tim. Khi d6
flx+y) > fz).f(y) > 20147

Thay z = y = 0 thi f(0) > f%(0) > 1 nén f(0) = 1.

Thay y = —a thi £(0) > f(x).f(—2) > 1.

Vi vay, f(z).f(—z) = 1.

Thay y = 0 thi f(z) > 2014*. Suy ra f(—x) > 2014*. Cho nén
f(x).f(—x) > 20142 =1,

Vi vay,
f(x) = 20147

Bai 6.5 (DH Néng nghiép). Khai trién Taylor ctia ham f(z) t6i cip 2:

fa) = 1)+ L0y Leadie oy T o e 0,0,
Suy ra
fla) — (1) = T2

LAy tich phan hai vé ta dudc

/01 f(x)dz — /01(1 +2)de = /01 f”(;“’)x?dx > 0.

Tu do suy ra
f(z)dz > g

0

Diu ding thiic x4y ra khi va chi khi f”(c,) = 0,Vz, suy ra f"(z) = 0,Vz €
(0,1). Dodétaco f(x) =1+ .

Bai 6.6 (DH Quéng Binh). Ti gia thiét ta c6 f(z) = 1 f(Z) + 2,Vz € R

o/ (5) =5 () +

1 €T 1 €T x
2 Gﬁ ﬁ'@ﬂ*ﬂ

1 €T 1 €T T
5l (50) = 3ot/ (5o1) + 530
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Cong cac ddng thitc trén vé theo vé ta dudc:

1 1 1 1
flx) = 2n+1f<2nx+1> +x (1+§+?+...+2ﬁ) (%)

Qua gidi han dang thiic (x) khi n — oo ta dudc:

nh_}n;Of(q:) =0.f(x) +2.5 i T = 4?
Bai 6.7 (DH Sao D). Gia thiét
fla+y) = f@)entit VayeR )
Thay x = y = 0 vao (6) ta co:
F(0) = (o) @)

Nef:u f(0) = 0 thi trong (6) thayz =0tacd f(y) =0 VyeR.
Neu f(0) # 0 thi tt (7) suy ra f(0) = 2014.
Thay = = 0 trong (6) ta c6

F(y) = 2014emH~1 vy € R.

Do do
gé—i/i:eiéﬂ—bo y € R. (8)
Xét ham s6
glu) =" —u,u>0.

Ta co

i

g(u)=e"1-1

do d6 ¢'(u) = 0 hay u = 1. Do d6, phuong trinh g(u) = u ¢6 nghiém duy nhét
u=1.
Vi vay tu (8) ta co

fly) = 2014, VyeR.

Két luan: f(z) = 0 hodc f(z) = 2014 trén R.

Bai 6.8 (DH Su pham Ha Ndi 2). Gia st ton tai ham f thda man yéu ciu cla
bai toan. Ta xét cac truong hgp sau:
a) Neu f(f(z)) <0 VzeRthi

fla+y) = f(@) +yf(f(x) = f(z) VzeR,Vy<O0.
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Vivéy f la ham giam trén R va
f(0)>0=f(f(z)) zeR
Suy ra f (x) >0 z € R (miu thuln véi gia thiét).
b) Néu ton tai z € R sao cho f(f(z)) > 0 thi
flz+2)> f(2) +2f(f(2)) VreR.
Vi vay ta cé

lim f(z)=4oc0o= lim f(f(z)) = +o0.

Tr——+00 T——+00

Do d6 ton tai z, da 16n dé:

f(xo) >0, f(f(x0)) > 1.

. 4 ~ 1 2 ’ A
Cling do 3&1_13100 f(f(z)) = +oo ta co6 thé chon yy > TregT > 0 du 16n de

f(f(zo+yo+1)) >0.
Tit cac khang dinh trén ta c6:

f(wo+yo) > flxo) +yof(f(wo)) > w0+ 1o+ 1.

(o +yo + 1)+ (f(xo + yo) — 2o — Yo — 1)]
zo + Yo + 1) + [f(wo + v0) — 2o — yo — Uf(f(zo +yo + 1))
To+yo+1) > f(xo+yo) + f(f(zo + v0))
o) + yof (f(x0)) + f(f(z0 + o))
f(zo +yo))

AAA/—\r—v

(mAu thuén) .

2
Bai 6.9 (CD Su pham Nam Dinh). Cho z = y = 0 ta c6 f(0) = gf(O) =
f(0)=0.Choxz=0taco f(y/3) = f(2y)/3. Vay

2 1
f( w;y> 3f(4:v+2y)

Do doé
fldr +2y) = f(x) + f(2y).

3
Chon ysaocho 4z +2y =z = y = —5 Do do

f(x) = f(x) + f(=3x)
Suyra f(—3z) =0= f(z) =0v6imoix € R
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Bai 6.10 (CD Su pham Nam Dinh). Ta c6

.hi/<fﬁ%—2)dx20

=]

f@) = (o 4+ 1)
Bai 6.11 (CD Su pham Quéng Ninh). Ta c6

x x x x x
1@ =150 = 010 Gore ) ~ M o) = so1am
x 1 1 1
I = 1) = "o 2o T 200
Ta co /2014
x s
— f(0) = = .
f(z) = £(0) L 1 2013
2014
Vay

i
— T 49014,
J@) =553 +20

Bai 6.12 (DH Su pham Thai Nguyén). Gia st ton tai ham f théa man diéu
kién bai toan. Ta thay (zy — 2)? + 2(z + y)? = (2 + 2)(y* + 2). Dt

g(x) = (2* +2) f(2),
theo gia thiét ta thiy ham ¢ thdéa man
g9(z) =z +1,9(x+y) = g(x)g(y)
v6i moi z,y € R. Tiép theo ta sé chting minh

g(x) = €".
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That véy tit diéu g( ) > x + 1 tasuy ra g(0) > 1. T diéu kién g(z + y) >

9(x)g(y) tasuy ra g*(0) < g(0 ) do vay ¢(0) < 1, vay ¢(0) = 1. )
Tu gia thiét ta ¢ g(a:l +xg+ -+ x,) > g(x1)g(xe) ... g(2,), VOi MOi sO tu
nhién n. Do do6 ta co

9@) = g(n-) =g+ ) 2 g" () 2 (14 )"

nhang t&

BAt ding thitc ding v6i moin € Z*. Cho n — oo, ta c6
T /. . \ .2 <A >
g(x) > lim, o (1 + —) = e”. Hay g(x) > ¢* v6i moi « € R. Tu gia thiét cua ¢

choy=—xz,tacd1l=yg(0) > g(x)g(—z), suy ra g(z) < =L g(—x) > e,
g\—x
do d6 ta thu dudc g(z) < e®. Vay g(x) = e*. Hay
61‘
fw) = x? 42
Thi lai ta thiy ham f thda man diéu kién bai toan.
Bai 6.13 (CD Su pham Vinh Phtic). Cho z = y = 0 thi
£(0) > (f(0))* > 1
suy ra f(0) = 1. Cho x = —y thi
f0) = flx).f(=z) =1
nén .
Cho y = 0 thi f(x) > 2014* va f(—x) > 2014~*. Tt d6 suy ra
1 1
1@ =5 = qoms — 201
Vi vay,

f(z) = 2014",
Kiém tra dugc ham f(z) = 2014° thdéa min yéu cau bai toan.
Bai 6.14 (DH Tin Trdo). Tim ham s f : R — R thda man:
(z—y)flx+y) — (@ +y)fle—y) =day(x® +y*) Vr,yeR.
Giai. Ta c6

(z—y)f(z+y) = (x+y)flx—y) =day(z® + ).
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Suy ra

(z—y)flz+y) —(@+y)flz—y)

= (e 4+9)~ = )lla+9)+ - 9) + @—g)P— [+ y)— =)

bat
u=x—y

{v =xr+y

ta dudc
vf(u) —uf(v) = (u+v)(u—v)[(u+v)’ = (u-2v)]
Suy ra
vf(u) —uf(v) = udv —vdu

Hay

V6i uv # 0 ta co:

Do do

hay
f(u) = au+u® Yu#0.

V6iu = 0;v # 0suyra f(u) —u® = 0 hay = f(u) = u3 do d6 f(0) = 0. Ham
f(u) = au + u® thdoa man f(0) = 0. VAy

fu) =au+u® VueR.

Ham sb can tim 13 f(z) = az + 23(a € R).



