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L.OI NOI PAU

Hién nay, cuOc thi Olympic toan hoc toan qudc dién ra hang niam gilta tat cac
trudng dai hoc va cao dang trong cd nudc nham c6 ddng va phat huy tinh tich cuc
tU gidc, sang tao va ham hoc hoi cla cac ban sinh vién, nham tao déng luc hoc tép
Chung gi(ra tat cd cac tru‘dng bH-CD . Thi Olympic c6 nghia la thi dua la yéu nudc,
yéu tO tong giong noi clla minh, phat huy truyén thdng hi€u hoc cla cac ban sinh
vién, khich 1& tinh tu' chU va chuyén nghiép sau ndy. Thi toan la d€ phat huy tai
nang va td chat clla mOt con ngudi nham tao mot st hiit va ni€ém tin cla cc sv
khi ra truOng va tao nén su tu tin virng chac trong cong viéc cla cac ban sinh vién
sau nay, mac khéc thi toan 1a thi dua va tao di€u kién cho cac dong nghié€p day hoc
b0 mén toan tich cuc tim toa va phat huy tinh sang tao cla ngudi thay d€ dugc
hoan thién k¥ ning, phudng phap trong cong tac. Sau day tdi s€ gidi thi€u mOt sO
dang bai tap thi Olympic & cac m{c d6 khac nhau va ra cac dé thi mau mang tinh
hinh th(rc cho cac ban sinh vién. V&i muc tiéu hoc d€ biét cai hay cai dep cla ton
hoc, hoc 14 phai tu gidc, ludn ludn phan dau va thudng xién rén luyén kY ning, vi
vay, téi huy vong moOt di€u 1a cac ban sinh vién cUa chiing ta 1am viéc ning nd va
nhiét tinh d€ dat duoc mOt két qua tot, va dé ciing 1a huy vong cUa tdi d€ cac ban
sinh vién cUa truOng Pai hoc Quang Nam c6 mOt dinh hudng diing va tu tin trong
cac ky thi olympic toan toan quOc.

NOi dung cUla cubn sach nhd nady gdm 2 phan
Phan mOt 1a cac bai tap danh cho mén Gidi tich, Phan hai 14 cac bai tap danh cho
mo6n Pai SO, culi cung 1a cac dé thi tu dn cUa sinh vién va gidi thi€u mot sO dé thi
chon d0i tuy€n Olympic toan nim 2013 cla khoa toan truOng BPHQN. MOi phan
chting t6i phan theo tUng chU dé d€ cac ban tién nghién c(tu va tim tai liéu phu hop,
rieng phan hai tdi chia 1dm hai phan cin ban 1a chuyén dé ma tran, dinh thUc, tri
riéng va vector riéng clla ma tran s va chuyén dé da thlc. Chiic cdc ban sinh vién
thanh céng vGi cudn sach nho nho nay.

Tac Gia

Tran Vin Su
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Bai tap 6n luyén thi Olympic todn Gidi tich
Tom tat Ly thuyét:

Céc bai toan vé day sO c6 ndi dung khé da dang. O day ta quan tam dén 2
dang chinh:
Dang 1) Cac bai toan tim cong thUrc tOng quat clla mdt diy sO, tinh tOng cac s6 hang
cUa mOt day sO (ban chat dai sO)
Dang 2) Cac bai toan tim giGi han day sO (ban chat gidi tich)
Vi loai toan th(r nhat, chiing ta c6 mo6t sO ki€n thlc co ban lam nén tdng nhu:
1) Céc cong thUrc vé cap sO cOng, cap sO nhan
2) Phuong phap phuong trinh ddc trung d€ gidi cidc phuong trinh sai phan tuy€én
tinh v&i hé s6 hang (thudn nhat va khong thun nhat)
Cac phuong phéap co ban d€ gidi cac bai toan diy sO & loai th(r nhat 1a bang cac
bién d6i dai sO, dua bai toan vé cac bai toan quen thuOc, tinh todn va dua ra cac du
doan roi chu‘ng minh bang quy nap todn hoc. Trong mOt s& bai ton, phép thé
lugng giac sé rat c6 1ch
Vi cac bai toan tinh tOng hodc danh gia tOng, ta dung phuong phap sai phan. Cu
th€ d€ tinh tbng S, = f(1) + f(2) + ... + f(n)
ta di tim ham s0 F(k) sao cho f(k) = F(k+1) — F(k). Khi d6

S, = F(2) - F(1) + F3) = F(2) + ... + F(n+1) — F(n) = F(n+1) - F(1)
Vi loai toan th(r hai, ta cdn nam Vu‘ng dlnh nghia cUa gidi han day s6 va cac dinh
ly co bdn vé gidi han day s6, bao gbm:
1.Tap Q tru mat trong tap R,nghia 1a v&i moi s6 thuc x, ton tai ddy hltu ti () sao cho
,llim r, =X
2.Cho A 14 tap con cla R. Khi d6 A bi chan trén kéo theo tOn tai can trén bé nhat
clla A va A bi chdn dudi kéo theo tOn tai can dudi 16n nhéat cla A.
3.Tién dé ACsimet

Cho € >0 R n:nE a.
4. Néu (x,) thod méan x, ¥m, M1, On khi d6
tOn tai (x, ) ;XL " x [m M].

5. Cho day (x,), khi d6

i. (x,) ting va bi chan trén thi tOn tai gidi han bang a < +

ii. (x,) gidm va bj chan dudi thi ton tai giGi han bang b > -
6. Cho day (x,), khi d6

Theo cosi : (x,) hOi tu khi va chi khi

(Ue>0,0n,>0:Umyny N, myn n,,|x, —x, |<E&).
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7. Cho day (x,), khi d6 (x,) hoi tu khi va chi khi (%), (x,..) ciing hdi tu

Pac biét sv luu ¥ dinh 1y (Cesaro). Néu lim(x,., =x,) =a thi yrg%" =a.

8. Nguyén ly hep: Cho 3 day (x,), (v,), (z,) vGi
X, @n %n, (Un %0), limx, = limz =a @ lim y,=a.

9. Gidi han cla day (x,) (n€u c6) la duy nhat.
Chiing taluu y: Néuvdimoix,y tacd [f(x)—f(y)| < q|x-y| v4iqla hdng sb 0 <

q < 1va {x,} bi chan thi {x,} h6i tu. Pac biét néu |f’(x)| < q < 1 thi ta ludn c6 di€u
nay.

MOt truOng hop ddc biét cla day sO dang X, = f(x,) 1a diy sO dang Xu« = Xa
+ a(x,)". V&i ddy sO dang nay thi gidi han cla {x.} thuOng bang 0 hodc bang o
(mOt cach hi€n nhién).

10. Cac day thudng hay dung:
- ddy truy hOi tuyén tinh cép 1: x,, =ax,+b (a,b=const).
- ddy truy hOi tuy€n tinh c8p 2: X,., =ax,,, +bx, (a,b=const).
Phuong phap tim ddy truy hoi tuy€n tinh cap hai 1a dua vé phuong trinh ddc trung
dang A% =aA +b.
Sau khi gidi tim dugc nghiém chiing ta st dung cac két qud sau
+ A, B 1a 2 nghiém phan biét thi x, =mA" +m'B".
+ A, B 1a 2 nghiém trung nhau x, =(mn+m")A".

+ A=x+iy r =x* ¢ :argtan(l) (%T; %T). Thi
X
x, =r"(Acos(ng) + Bsin(ng)).

11. Pinh li rolle, L cdsi, DL gia tri trung binh, dinh li rolle m& rOng, nghiém,
nghiém bdi cla ham s& xem day 1a mang kién thlrc quen thuQc cac ban sinh vién
phai biét.

12. Khai tri€n taylor tai x0, khai tri€n Maclorent trong 1an can x0 cUa ham s6 nhu 11,

Luu y: khi 1am bai tap v€ day chiing ta nén chd y dén tinh don di€u, dac biét mOt
day khéng c6 tinh don diéu chiing ta phdi xét dén tinh don diéu cUa cac diy chan
day 1& va thuong hai day do6 cling tién vé mot gidi han va gidi han d6 chinh 1a gidi
han cla day can tim. Ngudi ta con tinh gidi han bang cach dung “sup” va “inf”
Khi néi dén dao ham cap 1 va 2 clla mOt ham kha vi tai a ndo d6 chiing ta phdi sUr
dung khai tri€n taylor vai sO hang dau tién sau d6 dung khai trién ma ap dat cho bai
todn cUa minh.
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Cdc bai tap diy s6

L 1 2804
Cau 1. Cho ddy (), xac dinh bGi X =7 (%, *

), n>0, x, >0.

a. ChUng minh rang day (x,). c6 giGi han.
b. Tim gi6i han lm x,.
HD: Ching minh diy giam bang cach st dung dinh ly cauchy.
Cau 2. Cho day (q, ), vé&i cac tinh chat 0<x, <1, 4a,,,(1-a,)-1 0 [n N*\\
Tinh giGi han lim a,.
HD: ChUng minh diy don diéu.
Cau 3. Cho day (b, ), vGi

m+n

m+n
b, =b(n), b(1) =b(2) =1, 2b(~ =) =b(n) +b(m), m,n, N.
Xac dinh b(2010), b(2011), b(2012), b(2014), b(2015).
HD: Cho mot gia tri m=0, tinh s& hang tdng quat theo n.
7
Cau 4. Cho day (x,), dugc xac dinh nhu sau: X =L x,,, =3+ 3" =1,2,...

Tinh giGi han lim ;.
HD: Dung diy chan 1é hodc kep s6 4 vao gilra.
, ) , 2
Cau 5. Cho ddy s6 thuc (x,), xdc dinh bi X o = et (n=0,12,..),

Tinh giGi han lim ;.

Cau 6. Cho day sO (x,), v&i cac tinh chat x, =0, 4x,-3=x,,,n=12,...
Tinh giGi han lim ;.

HD: Quy nap

Cau 7. Cho day s6 (x,), vGi tinh chat X, +9x,+20x,, =0. Tim Xy,
HD: Pa thtrc dac trung.

Cau 8. Cho day (z,), v&i ¥ =1 Yy =201, y2 =y, .y, ..y, 0, [h N

2010
2010
a
_ k=1

Tinh gia tri cUa bi€u thlc P =555

2010
Uiy
k=1

HD: Pua gia thi€t vé dang a/b=b/c.
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Cau 9. Cho a;,---, 0y, 12 cac s thuc duong thod man @, +....+a,,, 2011 0.
Xét tinh don di€u cUa day {u,}, v6i u, =a +a} +...+a},,,n=12,...

Cau 10. Cho day {u,}, thod man cac di€u kién sau

u=Lu,=0,u, +u_ =u,ldn 2.

Xac d|nh Usp105 Uno11s Uno125 Uoprzs Unpras Ugors-

Cau 11. Cho day {a,}, v&i cac tinh chat q, = =

(a, +1),n=23,..

V3o,
—, a
2

N | —

Xac dinh s6 hang tOng quat cUa day trén.
HD: bua sang ham lugng giac.
Cau 12. ChUng minh cong thUc sau:
n(n+1)(2n+1)
6
" K= (n(n +1)
k=t 2
n(n+1)(2n+1)(3n° +3n+1) -
30 ’
HD: Quy nap hodc biu dién da thlc suy ra
Cau 13. Cho a®R, f:[a,+® @R 13 ham lién tuc trén [a, + ), f c6 dao ham tai moi
diém x®a, +9 va lim f(¥) = f(a). Chimng minh t6n tai c Wa, +Y ma £(c)=0.
HD: Dinh ly Rolle
Cau 14. ChUng minh rang phuong trinh (x*°e™)*"” =0 c6 diing 2010 nghiém phan
biét.
HD: Dung quy nap va ap dung bai 13.

, =2

), i=3

X

Cau 15. a. Cho a,b@R, a<b. P4t G(x)= g(t)dt, x [a,b], g 1a ham lién tuc trén doan

[a, b]. Chtng minh rang G lién tuc trén doan [ a, b].

b. Chohams6 f:[0,11 [0,1]. Gid st tOn tai sO thuc L 0 sao cho

[ fx)=fI Lix ~yl, Oxy [01]

ChUng minh rang phuong trinh f(x) = x c6 nghiém trong doan [ 0, 1].
HD: Chiing minh bang dinh nghia, chfng minh f lién tuc.

Cau 16. Cho f 1a ham lién tuc trén doan [a, b] va f(x)dx>0. Ch(ig minh tOn tai

0

[a,b] [0, 11ma trén d6 f(x)>0.

HD: Phan ching

Cau 17. Cho anh xa lién tuc f:[0,11 [0,1]. Ch(ng minh rang ton tai s6 thuc c
thubc doan [ 0, 1] sao cho pt f(x) - x = 0 nhan x=c lam nghiém.

HD: Xem séich 18p 11 chuyén nang cao
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Cau 18. Cho f, g 1a cdc ham sO thuc x4c dinh va lién tuc trén doan [ a, b] (a<b). Gid
b

st | f(x)-g(x)dx=0. Ch{tng minhrang ¢

HD: Ding két qua lién tuc tai di€m va dat k€t qua trong 1an can.
Cau 19. ChUng minh rang moi s6 hang cla diy sO {a,} xdc dinh bdi a, = 1,

a,, =2a, +3a’ -2 déu nguyén.
L0i gidi. Chuyén vé& va binh phuong cong thic truy hoi, ta dugc
an+12 - 4anan+1 + 4an2 = 3an2 - 2
& an’ — 4anann +a’ +2=0
Thay n bang n-1, ta dugc
Ay’ — 4ayang + ap’ +2=0
TU day suy ra a,; va a,. 1a hai nghiém cla phuong trinh x* — 4a,x + a,> + 2 = 0. Suy
ra an + an = 4a, hay a,. = 4a, — a,,. TU day suy ra tat cd cic sO hang trong day déu
nguyeén, vi a, = 1 va a; = 3 nguyeén.
Cau 20. Cho day s6 thuc {x,} xac dinh b6i x, =1, x,,, =2+./x, —2,/1+,/x, v&i moin

O N. Ta xé4c dinh day {y.} b&i cong thlic v, = x2", OnON". Tim céng thirc tOng
i=1
quat cUa day {ya.}.

LOi gidi. Ta c6
X =2+ [x, =21+ [x, =1+ Jx, ~1)°
TU d6 tinh dugc
x =[V2-1,x, = %/E—lﬁ x, =[22 -1
Ta viét
X =1+2-242, x, =1+2-22Y, x, =1+2¥4 =221 x =142V -2V

Nhan dang thlc dau véi 2, dang thic th(t hai v6i 22, dang thic th(rba v6i 2° ... dang
th(rc th( n véi 2" rOi cOng v€ theo v€, chii y dén nhitng su gidn udc, ta dugc.
Yo S2+4+ 42" +4-2"100F =M (1 -2y 42,
Cau 21. Cho day s0 u, xac dinh bdi
- 2 + un
n+l 1- Zu” .
a) Chlng minh rang u, # 0 v&i moi n nguyén duong
b) ChUing minh day khéng tudn hoan
LOi gidi.
GOi ¢ 1a goc sao cho tg(d) = 2 thi u; = tg(d), ux = 2tg(d)/(1-tg’d) = tg(2d), ..., u, =
tg(nd).

u =2,u



WWW.vIETMATHS.COM

Bai tap 6n thi Olympic todn GidiTich-Dais® (Bién soan: Th.s Tran Vin Su)

a) TU cong thic tinh u, ta suy ra uz = 2u/(1-u,2). TU d6 suy ra n€u ton tai n d€ u, =
0 thi s& tOn tai n 1& d€ u, = 0. Gid s’ uye1 = 0. Khi d6 ux = -2 va ta c6

-2 = uy = 2u/(1-u4) => w? + ux — 1 = 0 => mau thuan vi lic do uy vo ty, trong
khi d6 theo cong thltc truy hoi thi uy luén hitu ty.
b) Day tuan hoan thi phdi tOn tai n va k sao cho tg(nd) = tg(kd) < (n-k)¢p = m1 <
U, = 0. Pi€éu nay khong xay ra do két qua céu a).
Cau 22. Cho diy s6 {x,} xdc dinh bBi x, =v2 va x , =v2"v6in=0, 1, 2, ...
ChUng minh rang day {x.} c6 gi¢i han h{tu han va tim gidi han dé.
Loi gidi. Pat f(x) =(¥2)* thi diy s6 c6 dang x, = V2 va xp = f(x,). Ta thdy f(x) 1a
ham s6 tdng va x, = V27 52 = x,- TU d6, do f(x) 12 ham s6 tang nén ta ¢4
X2 = f(x1) > f(X0) = X1, X3 = f(x2) > f(x1) = X5, ... Suy ra {x,} la day s6 tdng. Tiép theo,
ta chU'ng minh bang quy nap rang x, < 2 le moi n. Piéu nay ding vdi n = 0. Gid
strra da c6 x, < 2 thi 16 rang x,,, =+/2" < J2° =2. Theo nguyén ly quy nap toan hoc,
ta €O X, < 2 vOi moi n.

Vay ddy {x,} ting va bi chan trén b&i 2 nén diy c6 gidi han h{iu han. Goi a la gidi
han d6 thi chuyén dang thirc x_,, =+/2" sang gi6i han, ta dugc ¢ =2°. Ngoai ra ta
cling coa< 2.

Xét phuong trinh x= V2© - ln—x =In(+2). Khdo sit ham s6 lnx/x ta thdy rang
phuong trinh trén chi c6 1 nghlem < e va mOt nghiém 16n hon e. Vi 2 1a mOt
nghiém cla phuong trinh nén 1 rang chi c6 1 nghiém duy nhat cla phuong trinh
thod mén di€u kién < 2. T d6 suy ra a = 2.

Vay gidi han cla x, khi n dan dén vé cung 1a 2.

Cau 23. Cho day sO {x,} xac dinh bdi x; 0 (1, 2) va X,1 = 1 + X, — x,/2. ChUng minh
rang {x.} c6 gidi han h{tu han khi n dan dén vo cling va tim gidi han dé.

LOi gidi. Gid sUx,co giGihanlaathi a=1+a—a%2trdosuyraa= 2. Tasé
dung dinh nghia d€ chUing minh lim x, = /2.

, 2 2+x —1
Ta c6 |xn+1—ﬁ|:|1+xn—%"—ﬁHxn—ﬁnf%L

Ti€p theo ta c6 thé chiing minh bang quy naprang 1<x,<3/2v&imoin=2,3, ...
TU d6, do 2.+ 1/2 <2 nénsuyra lim x, = 2.
Cau 24. Cho s0 thuc a va day sO thuc {x,} xac dinh bdi:

X1 = a va Xp+ = In(3+cosx, + sinx,) — 2008 v@imoin=1, 2,3, ...

ChUng minh rang day s6 {x,} c6 gidi han hitu han khi n ti€n dén duong v6 cling.
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LOi gidi. Pat f(x) = In(3+sinx+cosx) — 2008 thi
F1(x) = COS X —Sin x
3 +sin x + cos x

TU d6, s dung danh gia | cosx —sin x |< V2, |sinx+cosx[<+/2 ta suy ra

[P0~ s =a<l.

Ap dung dinh ly Lagrange cho x, y thufc R, ta c6
f(x) - f(y) = £ (2)(x-y)
TU do suy ra |f(x) — f(y)| £ g|x — y| v&i mOi x, y thudc R.

Ap dung tinh chat ndy v8im >n=> N, ta c6

[Xm — Xo| = [f(Xm-1) = fXn)| € QXme1-Xnet] € .o @Xinener — X € @V [Xinener — X4
Do ddy {x,} bi chdn va q < 1 nén vGi moi € > 0 tOn tai N dU 16n d€ g™ [Xmni1 — Xi| <
. Nhu vay day {x,} thod man diéu kién Cauchy do d6 hoi tu.

Nhan xét.
1) Thuc chat trong 10i gidi trén, ta da chUng minh lai cac tinh chat da néu trong
phan 1y thuyét (chi s dung tiéu chudn Cauchy).
2) Néu danh gia chat ché thi ta c6 th€ chling minh dugc | f'(x)|< \/g Tuy nhién, v&i
bai todn cUa ching ta, danh gid nhu trong bai gidi 1a du.
Cau 25. V4&in = 2 goi x, 1a nghiém duong duy nhat clla phuong trinh

X"=x" 4+ x4+ +x+ ]
Tinh cic gidi han:  lim x, valim (2-x,)""
Loi gidi.
S dung hang dang thlrc x" — 1 = (x-1)( x™' + x™? + ... + x + 1) ta vi€t phuong trinh
lai dudidang x"(x-2) +1=0. Tudosuyra 2-x, = 1/x,".
PatPy(x) =x"—x""—x"?- ... -x—1 thi Ppi(2)=1>0 va Puu(Xn) = XPu(x) — 1=
-1,suyra 2 > Xpi1 > Xy NhU thé, ta luén c6 2-x, = 1/x," < 1/x:" > 0, suy ra lim x" =
2.
Va cling tu day

(2-x,)"" = 1/x, > 1/2.

Cau 26. Cho a [J (0, 1) va day sO {x.} xac dinh b&i xo = a, X1 = Xa(1-X,2) vGi mOoi
n=0,1, ... Hay tinh limrn.x,.
Phan tich. Dang nx, gdi cho chiing ta nh§ dén dinh 1y trung binh Cesaro. Tuy
nhién d€ day thuc sy c6 dang nay (x+/n) ta phai xét binh phuong cUa day va nghich
ddo lai, tUc 1a 1/nx,% TU d6 dan dén viéc xét hi€u 1/xn* — 1/x.%
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L0oi gidi. Dé dang chiing minh dugc rang day xn gidm va bi chan dudi béi 0. TU
d6 day {x.} c6 giGi han h{tu han. Chuyén hé thlc truy héi sang gidi han, ta dé
dang tinh dugc lim x, = 0.

Xét hiéu s sau:

2
NA=x)x  (1-x))

TU do, theo dinh 1y trung binh Cesaro (xem bai tap 6 dudi day) ta suy ra

°°nx

1
limv/n.x, =—.
Suy ra [mvn.x, 2

Cau 27. (Can Tho 2009) Cho day sO {a.} x4c dinh béi cong thlc truy hoi a; = 1/2,

—_ n

Gy =t Chlng minh rang a; + a; + ... + a, < 1 v4i moi sO nguyén duong

n

n.

R . . 5 Hal H _
Cau 28. (Moldova 2007) Cho day {x.} xac dinh bGi a +;D =e.
ChUng minh rang day {x.} c6 gi¢i han h{tu han va tim gidi han dé.

2 —
Cau 29. (Ha Tinh 2009) Cho diy {x.} biét x, = —%, X =22 L y6imoin=1,2,3,

Tim gi6i han cla diy {x,} khi n dan t6i vd clng.
1

Cau 30. (Ba Ria Viing Tau 2009) Cho diy sO xac dinh b&i % =1 X, = ) 2008

. ChUng minh rang {x.} c6 gidi han hitu han khi n dan dén vé cung.

2
Cau 31. (Hai Phong 2009) Cho day {u,} thod man: y, =1, u,,, =u, + 20”10 .

n

u,
Hay tinh  lim z

=1 ul+1

Cau 32. Cho diy s6 {x,} thod man di€u kién lim (Xs:1-X») = 0. ChUng minh rang lim

Xo/n = 0. TU day suy ra dinh 1y Cesaro va dinh 1y trung binh Cesaro: N€u lim x, = a

thi lim (x;+x2+...+X,)/n = a.

Cau 33. (PTNK 1999) Cho a > 1 va ddy sO {x.} dugc x4c dinh nhu sau:
=a,x,, =a” v@#i moin > 1. Hiy xac dinh tat ca cic gia tri cUa a d€ diy {x.} hoi

tl_J.

Cau 34. . Cho ddy (u,) xac dinh bdi
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u =u, =1

1 Ac dinh Usgros Usgris Usgpo-
U . =—+y On>1. Xac dinh Uygi9, Usgr1s Upgr

n+l n-1°

u

n

~ ~ /. — 2 1 ’ .
Cau 35. Cho day (u,) vGi U —g(un +u—2), u >0, n>0. Tiph lim(u,) .

Cau 36. Cho diy (,) v6i 0 wu,, u, t,,( T,n {1,2,.)).

Ching minh lim % tOn tai.

Cau 37. Cho a,b 1a céc sO thuc vdi a<b. Xét cac diy xac dinh nhu sau
 YVaa X Y2y

X
—_ —_ —_ -1 —_
X,=a, y,=b, x =—"=—"= y =

n

,n>0.

ChUng minh rang cac day (x,), (v,) hoi tu va tim cac gidi han dé.
Cau 38. Cho day (u,) v6i u, =v2,u, =\2+u,_,n N.
ChUng minh rang day (u,) c6 giGi han va tim gidi han dé.
» 1 , N .
Cau 39. Day (t,) c6 tinh chat [¢t, —¢, |>;, Om>n. Chung minh rang day (t,) khong bl

chan.
HD: Phén ching

Cau 40. Cho day (t,) x4c dinh bdi t =2010, ¢, =

»n 1 Tim lim(,).

2
t +t

n n-1

n-1

,n 2.

Cau 41. Day (¢,) xac dinh béi t>0,t,>0, ¢, =
ChUmg minh rang day (t,) hoi tu.
1

Cau 42. Cho day (t,) cac sO tu nhién bi chan. Gid st lim (t,4,....t )" =1. Tim

g GGttt

n + n
Cau 43. Cho day sO (u,()) cac da thic thuc xac dinh nhu sau:

1O =0, 1,0 =u, )+ ~@,©)), 1>0,0¢ [0,1]

ChUmg minh rang day sO (u,(t)) hoi tu va tim lim (, (), t [0, 1].
(Hudng dan: Chitng minh day (u,()), t [0,1] don diéu ting va bi chan trén bdi
Jt, t [0, 1]. Chling minh bang quy nap )

~ , 1 . .
Cau 44. Xét day sO (¢,) v6i t, [0, 1/2], t,., =t; +Z,n =0,1... Tim lim(,).
HD: Dung cosy

10



WWw.vieTmaTHs.com

Bai tap 6n thi Olympic todn GidiTich-Dais® (Bién soan: Th.s Tran Vin Su)

_ _ 42
Cau 45. Cho ddy (t,) v6i t, (-1, I\0}, ¢, = Vb tht n=0,1..Ch(ng minh day (,)

n

don diéu va xac dinh lim(t,).

12" 2? 2" s . ~ . A .2
Cau 46.Cho S, r;nﬂ (1 e +—).ChUng minh day (S,) don di€u giam.
n
Cau 47. Cho day (t,) thod man t, =2010, t; =t,t,.,,t, 0, On. Tinh ti sO sau
tZOlO +t2010 +t22(())ll(())
t2010 +t2010 .+t2010 -

2011
Cau 48. Cho ddy (¢,) xac dinh theo c6ng thlrc sau
t,=0,t =1,t, =2t -t _ +L,n 2.
ChUng minh rang 4t,t,., +1 1a mdt s6 chinh phu‘dng. Suy ra toitaon-
1+3a/y?

Cau 49. cho day (¥.): ¥, >0, Yoy = Y, ( 3+aly?

) (@ 0). ChUng minh day (v,) c6 gibi

han va tinh gidi han dé.
Cau 50. Day sO {x,} v@in =1, 2, 3, dugc xac dinh bdi

X, =3, x —%xi -x,+2,Un=123,...

> ““n+l

N e 2 ~ 2y —_— . 1
Tim gidi han cua day {S.} vGi S. = ZX—-
=1

3

Cau 51. Cho ddy sO {x,} xac dinh bdi x, =a, x,,, = véimoin > 1. Tim tat ca

3x2 -1
cac gia tri cUa a d€ day sO xéac dinh va c6 gidi han h(tu han.

Cau 52. (Canada 1976) Day sO thuc X, X1, Xy, ... dUQc xac dinh bdi
Xo =1, X1 = 2, n(n+1) Xp11 = n(n 1) Xn - (N-2) Xp-1.
Hay tim Xo/X; + XyXo + ... + Xs50/Xs1.
Cau 53. Chlng minh rang moi s6 hang cla day sO {a.} xac dinh béi a, = 1,

a,, =2a, +3a’ -2 déu nguyén.

LOi gidi. Chuyén v€ va binh phuong cong thirc truy hoi, ta dugc
an” — 4anann + 4a,° = 3a," — 2

& A’ —4dadm ta’ +2=0

Thay n bang n-1, ta dugc
A’ —4anan +a’+2=0

11
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TU day suy ra a,; va an« 1a hai nghiém cUa phuong trinh x* — 4a,x + a,* + 2 = 0. Suy
ra ane + an = 4a, hay am = 4a, — a,1. TU ddy suy ra tat ca cac sO hang trong day déu
nguyen, vi ap = 1 va a; = 3 nguyen.

Cau 54. Cho day sO {a,} xdc dinh b3i a; =1, a; = 2 va @z = 2an1 — an + 2 vOi moi
n = 1. ChUtg minh rang v&i moi m, aman: ciing 1a mOt s& hang cla day s6.
LOi gidi. Ta c6 ann = 2am: —a, + 2
Thay n bang n-1, ta dUGC an = 2a, — an1 + 2
Trlr hai dang thic v€ theo vé, ta dugc
an+2 — 3ap+1 T 38— an1 =0

Phuong trinh dac trung x* — 3x* + 3x — 1 = 0 c6 nghiém bdi 3 x1,5,; = 1 nén ta c6
nghiém tOng quét a, c6 dang a, = an’ + bn + c. Thay n = 1, 2, 3 ta duQc

atb+c=1

4da+2b+c=2

9a+3b+c=5
Tudo gidiradugca=1,b=-2,c=2.Vaya,=n’>-2n+2 = (n-1)*+1. Do d0 anam«
= ((m-1)>+1)(m*+1) = (m*—m + 1)* + 1 = a_{m*-m+2}.
Cau 55. Cho day sO {x.} xac dinh bGi x; = a, Xp:1 = 3X,°> — 7%, + 5x,.. Tim tat cd cac
giatri a d€ diy {x.} c6 giGi han h{tu han.
Toém tat 10i gidi.
Khdo sat ham sO y = f(x) = 3x® — 7x? + 5x va xét sU’ tuong giao clla n6 v&i ham sO y
= x, ta dudgc do thi sau

12
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1.5 - 9

4

0.5

0.5 1.0 1.5

TU do thi nay (va bang bién thién), ta thay

1) X ting trén (-0, 5/9), (1, +) va gidm trén (5/9, 1)

2) £(5/9) < 4/3

3) f(x) =x khi va chikhix =0, 1, 4/3

4) VGix >4/3hoac 0<x <1 thif(x)>x. VEGix<0hoac1<x<4/3thif(x)<x.
Tiép theo, ta c6 f((4/3, +e)) = (4/3, +0), (1, 4/3)) = (1, 4/3), (-0, 0)) = (-, 0).
Hon nira, trong cac khoang ndy f(x) 1a ham s6 ting. Nhu vay, néu a thubc cac
khodng nay thi diy {x,} s€& don diéu. Cu thé:
a) V@i a 0 (4/3, +») thi x, = f(x,) = f(a) > a va f tdng trén khodng nay, do do6 {x,} 1a
day ting. N€u {x,} bi chan trén thi {x,} phai c6 gidi han hitu han o va a phai la
nghiém cla phuong trinh f(x) = x, suy ra o O {0, 1, 4/3}. Biéu ndy mau thuan vi do
X, > X; =a>4/3nén a =1lim x,> a> 4/3. Vay {x.} khong bi chan trén, tUc la {x,}
khong c6 gidi han hitu han.
b) Tuong tu vdi a O (-0, 0) thi {X,} gidm va ciing khdng c6 giGi han h{tu han.
c) VGi a O (1, 4/3) thi ddy {x,} gidm va bi chan dudi bdi 1, do dé c6 gidi han hiiu
han a. a la nghiém cla phuong trinh f(x) =xva 1< a< a<4/3,suyrad = 1.

Ti€p theo, ta nghién c(tu cic doan con lai:

13
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d) Véia=0, 1, 4/3 thi {x,} la cac ddy hang va c6 giGi han tuong Ung 1a 0, 1, 4/3.

e) VGi a O [1/3, 1) thi x, = f(x,) = f(a) O [1, 4/3), tUr d6, 4p dung phan c, ta c6 day

{Xn}n-21a ddy gidm va c6 gidi han 1a 1.

f) Cudi cung, vGi a 0 (0, 1/3), ta chling minh rang tOn tai n sao cho x, > 1/3. Thét

vay, gid st ngudgc lai thi a, < 1/3 v6i moi n. Chd y rang khi d6 do f 1a ham ting

trén (0, 1/3) va x, = f(xy) = f(a) > a = x; nén day {x.,} tang. Day {x,} tang va bi chan

trén bdi 1/3 nén c6 gidi han hitu han a va 0 <a < a < 1/3. Piéu nay mau thuan vi

a chi c6 th€1a 0, 1, 4/3! Vay diéu gid s(rla sai. Vay tOn tai n sao cho x, > 1/3. GOi

k 1a sO nhé nhat thod man di€u kién nay thi ta ¢ x,.; < 1/3, suy ra x; = f(x1) < 1

suy ra X1 = f(xi) O (1, 4/3) va nhu thé, dp dung c) cho day sO {Xu}n ta co ddy nay

gidm va c6 gidi han 1a 1, vi thé {x,} ciing c6 giGi hanla 1.

Cau 56. Cho ham f kha vi trén doan [0, 1], f(0)=0, f(1)=1. ChUing minh rang phucng

trinh f(x)+2010=2010f’(x)+x c6 it nhat mOt nghi€m thuc trong khodng (0, 1), v6i f(x)

1a dao ham cUla ham f.

Cau 57. Gid sU f, g 1a hai ham sO xac dinh, tudn hoan trén toan truc sO. Biét rang
lim[f(x) = g()]=

ChUng minh rang f(x)=g(x) véi moi xOR.

Cau 58. Cho ham f: R - R thod man di€u kién

1 A
=)< Elx—yl , vOi moi x,yOR, x#y.

Gia s tOn tai sO nguyén n>1 sao cho f (x)= fo fo fO (x)=x,UxUR.

n ldn
ChUng minh rang f(x)=x, véi moi xOR
3
x, +1

Cau 59. a. Cho day sO (x,), xdc dinh b&i %, =1 X, =1+ ,n21.

Tinh giGi han hm Xn
b. Cho diy ham sO thuc (f,), vahams6 f tU R vao R. VGi mobi nON, dat
n+1, néu f(x)=n
f.(x):= Slzm’ néli m-—1
ChUng minh rang day ham (f,), c6 giéi han va tim gidi han doé.
Cau 60. Cho ham f kha vi 3 1an trén doan [-1, 1] va thod man v6i moi h0[-1,1],
f(h)+ f(=h) = f(0)+h* +o(h”),
f(h)= f(=h)= f(0)+h+o(h’).
Xac dinh £(0), £(0), £°(0).
HD: Khai trién taylor tai lan cén x=0.

" (UxOR),

< f(x)szﬂn, m0{1,2,...n2

14
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Cau 61. Cho ham f(x) lién tuc va duong trén doan [0, + ). Chling minh rang ham

th (t)dt
sO F(x) =73 dong bién trén khodng [0, + ).
f(H)dt

L&i Gidi: Tinh dugc
t)dt — t)dt
xf(x)@( ) f(x)@( ) o0

o o

suy ra F’(x)>0 khi x>0. Suy ra di€u phai chling minh.
Cau 62. Cho day sO (x,) xac dinh nhursau x, =0, x, = % +(=1)", On 1. Tim lim X,

F'(x) =

§> 0, xX@(t)dt - X@(t)dt = X@— t) f(t)dt >0

h(n) . L " (gporyy =D Q01D _—11.
2011" 2011 2012 (2011)"

Két luan: limx? = 011
) n 012

Cau 63. Cho day s6 (x,) dugc xac dinh bdi cong thic truy hoi sau:

s . 2. . X,
x, =5, x,, =x. —2. Tim gi0i han lim %/—%
not Xy X

Ldi gidi: Theo gid thiét ta c6:
X, =4=(x =2 —4=xX(xX ) =X (X~ ) == XXX (X —4) = 210K X

X . 4
Suy ra e =21-—..
[ Xy een X (XX, X, )’

Bang quy nap ching ta chu‘ng minh dugc x >2, Uk 1.

n A . X
Ta ket luan lim §+§= 21.
not Xy X

Cau 63. Cho ham s0 f x4c dinh va lién tuc trén doan [ a, b] (a<b) va thod man diéu

b

kién f(x)dx =0. Chltng minh rang phuong trinh

a

Loi gidi: Dat x, =

f(x)=2804 f(t)dt c6 nghi€m trong khodng (a, b).

a

L0 gidi: Xét ham sO F(t) =e™* f(x)dx. Ta c6 F(a)=F(b)=0 va

a

15
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t
F'(t) =—2804e™"  f(x)dx +e™™ f(0).

Theo dinh ly Rolle, ton tai ¢ (a, b) sao cho F’(c)=0, nghia la
F'(c) = -2804e™™  f(x)dx +e™™ f(c). TUr day ching ta k€t ludn tinh diing dan cUa bai

a

toan.
Cau 64. Cho ham s0 f(x) c6 dao ham trén R sao cho v6i moi sO thuc x thi

m

N d 2 2
f'(x)=2804 0. GiasU g< f(x)sinxdx < 2804.

0

ChUmg minh rang trén doan [O,%T 1 phuong trinh f(x)=0 c6 duy nhat nghiém.

LOi gidi: Ta c6
n m n

m

0< 2@(x) sin xdx = —zax)dcos x=f(0)+ 2@ '(x)cosxdx  f(0) +28042005de =f(0) +2804.

NI

Suyra f0)  f(x)sinxdx —2804 <0.

0

Gia sU f(§)<o fi(x) (2804) f(x)Z IO, gl- Khi d6

m

0

F(x) < mr']<>a@,€>722] f)sinx 0, x [0, ’—ZT] f(x)sinxdx 0 (mau thudn gid thi€r)
A T < < 7. « A A T N IT H ,
Vay f(E) >0 va cung vOi f(x) lién tuc trén doan [0, E] va f(0) f(E) <0. Theo dinh ly

Lagrang c6 dugc két qud nhu mong mudn.
Cau 65. Cho ham s0 f(x) lién tuc trén doan [0, 1] va thod man diéu kién

1

2 f(ode 1—-x*, Ox [0,1].

X

ChUng minh: @F@®)] dt @) dr.

ChUng minh: Ta c6
1 ) _1 ) ~ 1 1 _1 ) ~ 1 1
0 0@—f(t)] dt —?(t)] dt 20@(t)dt +0@dt —?(t)] dt 20@(t)dt .

1

1 1 1 -
Suyra QO] dt 2@)0dt = pat S :@(t)dt§x S %%x =.
0 0 3 0 O 2 3

16
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1 1 1
Ngodira S = x@dt|; + @)0dt = @)0)dt. Vi vay
0 0 0

@)t ?@Wt)dt % Qod Q| d €. DPCM.
0 0 0 0 0
Cau 66. Gid sUr f(x) 1a ham s6 c6 dao ham cdp 2 lién tuc trén R va thod man diéu
kién f(0) = f(1) = a. ChUng minh rang
Max{"(} 8% ~Min {f (9} g

Cho mOt m& rOng két qua trén trén doan [a, 81 R.
Li gidi: Theo dinh 1y Rolle, t6n tai ¢ (0, 1), f'(c) =0. Xét khai tri€n Taylor tai 1an
can x=c cUa ham f(x) ta c6

fO)=f()+ fe)x—c)+—"=(x=c)".
Thay 1an luot x=0, x=1 va dang thUfc trén ta thu dLIGc
a=b+ f (26'(0)) C2, a= b+ f (;(1))( ) b Mln {f(X)} Hay

x [0,1]
2(a—Db)
(1-c)’

f "(9(X))

f"(6(0)) 0. @ fr(e)
Nhan vé€ vGi vé cla (1) va (2) ta dugc

£1(600) [ "(6M) % 64a B (vi (<’ ¢ [01]) (suy ra PPCM)

b
MG rong két qua ta dugc Max{f"(x)} % %

( Tam thoi chiing ta dUng tai day ch® cac bai tap duoc in ra 1an sau )
Vé cdc diy s0 xdc dinh boi ddy cdc phurong
trinh

2(a—b)
= (2)

Trong toan hoc, c6 rat nhi€u trudng hop ta khong xac dinh duoc gia tri cu thé doi
tugng ma ching ta dang xét (vi du s, ham s0) nhung van c6 thé thuc hién cac phép toan
trén cac dOi tugng d6. Vi du ta c6 thé khong biét gia tri cdc nghiém cla mét phuong trinh,
nhung van biét dugc tong cla chiing:

“Tim tOng cac nghiém cUa phuong trinh cos’x — 5cos’x + 3cosx — 1 = 0 trén doan [0, 211”.

hay 1a tinh tich phan cUla mOt ham ma ta khéng c6 bi€u thlc tudng minh:

“ChUng minh rang véi moi t = 0, phuong trinh x° + tx — 8 = 0 ludn ¢6 1 nghiém ducng duy
7

nh&t, ky hi€u 1a x(t). Tinh [ [x(6)]*dt.”
0

Trong bai vi€t nho nay, chiing ta s& dé cap dén moOt tinh hudng can ban khéac, dé 1a khao

sat nhing day sO xac dinh bdi day cac phuong trinh:

17
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“Cho day cac ham s0 f,(x) xac dinh bdi cong thlc tuOng minh hodc truy hoi thod man diéu
kién: cac phuong trinh f,(x) = 0 c6 nghiém duy nhat x, 0 D. Can khdo st c4c tinh chat cUa
x, nhu khdo sat sur hoi tu, tim gidi han ...”
Chiing ta bat dau tUr mot bai toan thi tuyén sinh vao khoa Toan trudng Dai hoc Dbc 1ap
MatxcOva nam 2000
Bai toan 1. Ky hi€u x, 1a nghiém cUa phuong trinh
1 1 1
—+———t.+——=0
x x-1 X—n
thuOc khodng (0, 1)
a) Chung minh day {x,} h0i tu;
b) Hay tim gidi han do.

A . s P - 1 1
Binh luan: x, duQc xac dinh duy nhat vi ham s0 f,(x) = > +; +..t p—
don diéu trén (0, 1). Tuy nhién, ta khong thé xdc dinh dugc gia tri cy thé cla x,. R&t may
man, d€ chUng minh tinh hoi tu cUa x,, ta khéng can dén diéu do. Chi can chling minh tinh
don diéu va bi chdn 1a d0. V4i tinh bi chdn, moi th(* déu 6n vi 0 < x, < 1. VGi tinh don
diéu, ta chi y mOt chit dén moi lien hé gilta fn(x) va foa(x): fua(x) = fu(x) +

frn () = f,(x) +

lién tuc va

po—g Pay chinh 1a chia khoa d€ ching minh tinh don di€u cUa x,.
X—n—

L0i gidi: RS rang x, dugc xac dinh 1 cach duy nhat, 0 < x, < 1. Ta €6 fu(Xa) = fu(Xa) + 1/(Xo-
n-1) = 1/(x,-n-1) < 0, trong khi d6 f,.4(0") > 0. Theo tinh chat cUia ham lién tuc, trén khodng
(0, x,) c6 it nhat 1 nghi€ém cUa f,.1(x). Nghi€m dé chinh 13 x,.,. Nhu thé ta dd chUing minh
dUQC Xqi1 < X,. TUc 12 ddy sO {x,} gidm. Do ddy nay bi chan dudi bdi 0 nén day so c6 gidi
han.
Ta s€ chiing minh gidi han néi trén bang 0. PE chlng minh di€u ndy, ta can dén két qua
quen thuOQc sau:

1+1/2+1/3+ ... + 1/n> In(n)
(C6 thé chling minh dé dang bang cach s dung danh gia In(1+1/n) < 1/n)
That vay, gid s lim x, = a > 0. Khi d6, do ddy sO gidm nén ta c6 x, = a v&i moi n.
Dol+1/2+1/3+...+1/n=> o khin = o nén ton tai N sao cho v&i moin > N ta c6

1+12+1/3+...+1/n>1/a

Khi d6 vGin > N ta c6

1 1 1 1 1 1 1 1 1
S +...+ <+ +— 4+ +—<=-2=0
x, x,-1 x,-n x, -1 -2 -n a a

n n n

Mau thudn. Vay ta phai c6 lim x, = 0.

Bai toan 2. Cho n 1a mOt sO nguyén duong > 1. Chlng minh \réng phuong trinh x"=x+ 1
c6 mOt nghiém duong duy nhat, ky hiéu 1a x,. Ching minh rang x, dan vé 1 khi n dan dén

v ciing va tim imn(x, =1),
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LOi gidi: RO rang x, > 1. Pat f,(x) = x, — x — 1. Khi d6 f,1(1) =- 1 <0 va f.1(X0) = X 01 — Xo —
1> X" — Xy — 1= f(X,) = 0. TU' d6 ta suy ra 1 < X, < X, . Suy ra ddy {x,} c6 gidi han h(tu han
a. Ta chUng minh a = 1. That vay, gid stra > 1. Khi d6 x, > a v6i m0i n va ta tim dugc n du
16n sao cho: x," = a" >3 va X, + 1 < 3, mau thudn vi f,(x,) = 0.
PE gidi phan cudi cUa bai toan, ta dat x, = 1 + y, vGi lim y, = 0. Thay vao phuong trinh
f.(x») =0, ta dugc (1+y,)" =2 + y,. Lay logarith hai v&, ta dugc

nin(1+y,) = In(2+y,)
Tu d6 suy ra lim nln(1+y,) = In2
Nhung lim In(1+y,)/y, = 1 nén tU ddy ta suy ra lim ny, = In2, tUc 1a

limn(x, —1) =In2.

n-—oo

Bai toan 3. (VMO 2007) Cho sO thuc a > 2 va f,(x) = a%™"° + x" + ... +x + 1.
a) ChUng minh rang v4i moi sO nguyén duong n, phuong trinh f,(x) = a luén c6 ding
mOt nghiém duong duy nhat.
b) GOi nghi€ém d6 1 x,, chling minh rang day {x,} c6 giGi han h{tu han khi n

LOi gidi. K&t qua cUa cau a) 1a hién nhién vi ham f,(x) ting trén (0, +o).
Dé dang nhén thdy 0 < x, < 1. Ta s€ chling minh day x, tang, tUc 1a X1 > X,.
Tuong tU nhu & nhimng 10i gidi trén, ta xét
fon(%0) = @' %," M+ X" H X"+ X+ L= () Fl=ax, + 1
Vita di c6 f.i(1) = a' + n+ 1> anén ta chi can chUing minh ax, + 1 < ala s& suy ra x, < X
< 1. Nhu vay, can chlng minh x, < (a-1)/a. That vay, néu x, = (a-1)/a thi

_1H’+l
fn(Xn)ZawEb_IH + Da @ =(a—1)1°HEH+a—(a—1)EEH>a
Oa O 1=a-1 Oa O Oa O
a
(doa—1>1). Vay day sO ting {x,} tdng va bi chdn bdi 1 nén hoi tu.

Nhan xét: MOt 1an nita moOi lién hé f...(x) = xf,(x) + 1 1ai gitip ching ta tim duQc mOi quan
hé gilra x, va X,.. TU 101 gidi trén, ta c6 th€ chiing minh dugc rang
lim x, = (a-1)/a. That vay, dat c = (a-1)/a < 1, theo tinh to4n & trén thi
fu(0) — fu(xa) = k" (V@i k = (a-1)((a-1)° — 1) > 0)
Theo dinh ly Lagrange thi
f.(c) — fu(x0) = P(&)(c — xu) vOi & thulc (x,, €)
Nhung (&) = (n+10)a'°€"* + n&™' + ...+ 1 > 1 nén tU day suy ra
kc">c - x,
Tu do ta c6
c—kc"<x,<c
Va c6 nghia lam lim x, = c.

Bai toan 4. (VMO 2002) Cho n 1a mOt s6 nguyén duong. a. Chiing minh rang phuong trinh
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1 1 1 1 n n ”
+ +...t =— ¢6 mOt nghiém duy nhat x, > 1.
x—-1 4x-1 n’x-1 2 Pt nghiem duy
c. Chung minh rang khi n dan dén vé cling, x, dan dén 4.
d.

Binh ludn: Viéc chling minh phuong trinh ¢6 nghiém duy nhét x, > 1 1a hi€n nhién. M6i
lien hé fn+1(x) = fx) + 1/((n+1)2X 1) cho thdy x, la diy s6 ting (& day

1 1
fo(x) = 1y +to.t —) Pé bai cho san gidi han cla x, 1a 4 dd 1am cho bai
x—-1 4x-1 n“x-1 2
toan trd nén dé hon nhiéu. Tuong tu nhu cach chling minh lim x, = ¢ & nhan xét trén, ta sé
dung dinh 1y Lagrange dé danh gid khodng cach gilta x, va 4. € 1am di€u nay, ta can tinh

p 1 1 1 1
i X) = + +..+
f.(4), vGi f,(x) =1 ax-1 .1 o2 . Rat may man, bai tinh f,(4) nay lién quan

dén 1 dang tGng quen thudc.

L0i gidi: Pat f,(x) nhu trén va goi x, 1a nghi€ém > 1 duy nhat cla phuong trinh f,(x) = 0.
Ta co

1 1 1 1 1 1 1 1

f.(4)=——+ +ot— - =+ 4.+ -

4-1 16-1 4n° -1 2 1.3 35 2n-1)(2n+1) 2
11,11, 1 1pt 1
21 3 3 5 2n—-1 2n[] 2 4n

Ap dung dinh ly Lagrange, ta c6
1/4n = |fy(xa) — f(4)| = [£(0)|[xs-4|

v0i ¢ thuOc (x., 4)

1 4 1

+ +o> =

(c-1)* (4c-1)° 9
Neén tu day [x, — 4| < 9/4n, suy ra lim x, = 4.
Trong vi du trén (va trong phan nhan xét & bai toan 3) ching ta da sUr dUHg dinh ly Lagrange
dé danh gla hiéu s6 gilta x, va gia tri giGi han. O vi du cudi cling cUa bai viét ndy, ta ti€p
tuc né€u ra Ung dung dung dinh ly nay trong mot tinh hudng phlfc tap hon.
Bai toan 5. Cho n 1a mOt s& nguyén duong > 1. Chltng minh rang phuong trinh  x" = x> + x
+ 1 c¢6 mOt nghiém duong duy nhat, ky hiéu 1a x,. Hiy tim s6 thuc a sao cho gidi han

limn®(x, =X,.;) t&n tai, hitu han va khac 0.

Binh ludn. Dé thé'y gia tri a, n€u tOn tai, 1a duy nhat. Tuong tU nhu & bai toan 2, c6 thé
chUng minh dugc rang x, ~ 1 + In(3)/n. TU d6 ¢6 du doan la a = 2. Dinh ly Lagrange sé gitip
chiing ta dénh gid hiéu x, — X, va chUng minh dy doan nay.

Nhung do | f,'(©) =

LOi gidi. Pat P,(x) = x"-x*—x — 1.
Ta o Ppa(X) = X" — x> = x — 1 = X" = X" + Py(x) = x"(x-1) + Py(x).
TU d6 Prii(Xn) = X" (Xo-1) + Pu(Xa) = (X2 X+ 1)(X%0-1) = x,° — 1.
Ap dung dinh 1y Lagrange, ta c6
(Xn2+Xn+1)(Xn — 1) = Pn+1(Xn) — Pn+1(Xn+1) = (Xn — Xn+1)Pn+1’(C)
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vOi ¢ thudc (Xui1, Xn), Pot’(X) = (n+1)x" — 2x — 1.
Tu do
(n+1)(Xn+1+1+1/Xn+1) — 2Xn+1— 1= Pn+1)(Xn+1) < Pn+1’(C)
< Poet’ (Xn)= (n+1) (X0 +X0+1) — 2%, — 1.
Tu day, véiluuy lim x, = 1, ta suy ra
lim £1(9) _ 5
neo n
Tié€p tuc s dung lim n(x,— 1) = 3, ta suy ra
limnP,,,(c)(x, —x,,,) =limn(x’ +x, +1)(x, —1) = 3In(3)

o
- limn®(x, - x,..). 2218 Z3103)
n-—oo n
o
< limn*(x, = x,,,)lim w(€) 31n(3)
n-oo n-oo n

< limn®(x, - x,,,)3 =3In(3)

n-o

< limn*(x, = x,,,) =1n(3)

n-o

Vay v6i c = 2 thi giéi han d cho tOn tai, hitu han va khic 0. D& thay véi ¢ > 2 thi gidi han
da cho bang vo cung va nGi ¢ < 2 thi gidi han da cho bang 0. Vay ¢ = 2 1a dap s6 duy nhat

cUa bai toan.

Qua c4c vi du trén, chiing ta thdy cong cu co ban d€ khdo st cac diy s6 cho bdi day cac
phuong trinh 13 céc dinh 1y c0 ban cla gidi tich (vé ham lién tuc, ham don diéu, dinh ly vé
su hOi tu clla ddy sO don di€u va bi chan, dinh 1y Lagrange) va moi lién hé mang tinh truy
hoi gilra cac phuong trinh. Hy vong rang vi€c phan tich cac tinh hubng G 5 vi du trén day

sé gitip chiing ta c6 mOt cach nhin tGng quat cho cac bai toan G dang nay.

Cdc bai tdp vé phurong trinh ham

Cau 1. X4ac dinh ham f:Q Q thod man cc tinh chat sau
f(1)=2, f(xy) + f(x+y) = f{(x)f(y)+1.
Cau 2. choham s f:R* R" thod man phuong trinh
f (2010x) +2009 f (+/2010x) = 2010 f (x).
ChUng minh rang f(x)= f(2010"*x), On@Mx R’

Cau 3. Cho hai ham s0 lién tuc f(x), g(x) xac dinh tU doan [0,1] vao doan [0,1] trong

R. ChUng minh phuong trinh
g(f(x))=t(g(x))
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c6 it nhat 1 nghiém thuc trong doan [0, 1].
Cau 4. Gid sUr g(x) lién tuc v6i moi x 0 va img(x) =¢. Chling minh ham g(x)
khong bi chan trén doan [0, + ).
Cau5.Cho f:R R saocho | f(x)-f(y)I<|x-yl,0xyt R, x y. ChUng minh rang,
néu f(f(f(0))) =0 thi f(0)=0.
Cau 6. Tim cac ham s6 f biét rang: f kha vi va f thod man

F(x+y)= )+ f(y)

1= f()f(y)
Cau 7. Cho ham s0 f(x) xac dinh va lién tuc trén R va f(f(x)=x. ChUing minh rang
phuong trinh f(x)-x=0 c6 nghiém thuc.
Cau 8. Tim cac ham f(x) xac dinh va khd vi 2 1an trén R sao cho
£ (x)f’(x)=0, v&i moi x.
Cau 9. Tim cac ham f(x) lién tuc trén R thod diéu kién f(sinx)=f(x), moi x.
Cau 10. Tim tat cd cdc ham f(x) khong am x4c dinh va lién tuc trén R sao cho
f(f(x))=e™, (Ox R).
Cau 11. Cho f 12 ham s0 lién tuc trén R. Tim ham f biét rang f thod man f(2x)-
f(x)=0, mOi x.
Cau 12. Tim tat cd cdc ham f(x) lién tuc trén R va thod man diéu kién
fx+y)=f()f), Oxy R
Cau 13. Tim tat cd cac ham f:R R lién tuc tai x=0 va thod man dang thlc
fx+y)= )+ f()+xy(x+y), Ox,y R

, X,y R

Cau 14. Cho ham s0 f khd vi trén doan [0, 1] va c6 f’(0)=f’(1)=0. ChUling minh
phuong trinh f(x)-x=0 c6 nghiém thuc nam trong khodng (0, 1).

Cau 15. Cho ham f lién tuc trén doan [ 0, 1] va kha vi trong khodng (0, 1) thdo man
f(0)=0, f(1)=0. ChUng minh phuong trinh f(x)=f’(x) c6 nghiém trong khodng (0, 1).
Cau 16. Cho ham f kha vi 3 1an, dong thoi cac ham f(x), f’(x), f’’(x) duong v&i moi
x. ChUing minh rang  f(x) >2009x°, O x>0 v&i f’(0)=4018.

Cau 17. Gid sU f(x) 1a ham chan, kha vi 2 18n va f’(x) khac 0. Chtng minh rang
f(x) nhan x=0 lam di€m cuc tri.

Cau 18. Gid sU f(x) kha vi trén doan [0, 1] va f’ (0)f’(1)<0. ChUing minh rang
phuong trinh £’(x)=0 c¢6 nghiém trong khoang (0, 1).

Cau 19. Cho f, g 1a hai ham s0 lién tuc trén doan [0, 1] va f, g nhan gi4 tri trong
doan [0, 1], thod méan f(g(x))=g(f(x)) moi x [0,1]. Biét rang f 1a ham dOng bién
trén doan [ 0, 1]. Chlng minh rang Ca@0,1]: f(a)=g(a)=a.

Cau 20. Cho f 1a ham s6 thod man f(0)=2, f(x+y) = x + f(y), Oxy R.

Xac dinh

£(2010), f(2011), f(2012), £(2013), f(2014), f(2015), f(2016), f(2017), f(2018),
£(2019), f(2020).
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Cau 21. Choham sO f:(0,+ @; 9+ (0, ) thod man di€u kién
fCFO)+ f(x)=6x, Ox>0.
ChUng minh rang f(x)=2x v4i moi x>0.
Cau 22. Xac dinh cac ham f(x) lién tuc trén R va thod man diéu kién
fx)=fx)=f), Ox, y R
Cau 23. Cho ham f(x) lién tuc va dong bién trén doan [0, 1]. Goi a [0, 1]. Ching

a 1
minh réng @xdx  a@x)dx. Trudng hop ham f(x) nghich bién thi ta c6 bai toan
0 0

nao?
Cau 24. Gia sU ham f(x) lién tuc trén doan [0, 1], kha vi trong khodng (0, 1) va thod
man £(0)=f(1)=1.
ChUng minh rang phuong trinh f’(x)+1=f(x) c6 nghiém trong khodng (0, 1).
Cau 25. Gia st ham f(x) lién tuc trén doan [0, 1] va thod man
1
, N 1
2010f(x) >1 > 2010 f(x)dx . ChUng minh rang phuong trinh f(x) " 5010 0 c6
nghiém trong khodng (0, 1).

Cau 26. Gid st ham s0 f(x) lién tuc trén doan [0, g 1 thod man f(0)<0,
2 (- f)(x)dx <1. ChUng minh pt  f(x)=sin(-x) c6 nghiém khoang (0, g )-

Cau 27. Gia st f(x) kha vi trén doan [ 0, 1] va thod man f(x)=x, x {0, 1},
0 f(x 1, & R
ChUng minh rang tOn tai cc sO thuc a, b thudc khodng (0, 1) ma
a b, fl(a) = L
’ NAC)
Cau 28. Gia sU f lién tuc, khadc ham hang va kha vGi moi x>0. ChUng minh pt
Xf '(x) +2010 £ (2009) = f(x) +2009 f(2010)
c6 it nhat 1 nghiém duong.
Cau 29. Cho 4020 s0 thuc duong a;, b;,i, j =1,2010. Ch(ing minh rang phuong trinh

2010
x+  n(a,cos(nx) +b,sin(nx)) =0 ¢ nghi€m trong khodng (-7, 7).

n=1

b

Cau 30. Gid sU f(x) lién tuc trén doan [a, b] (a<b), f(a)>0 va 2011 f(x)dx—-1<0.

ChUng minh rang phuong trinh  f(x)—x*'"° =0 ludn c6 it nhat 1 nghiém thudc
khodng (a, b).
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Cau 31. Cho ham s6 f(x) lién tuc trén doan [0, 1] va thod man cac di€u kién f(0)-
1=0, f(1)-1=0, 2010f'(x)+af(x)=a 0, a R. ChUng minh rang f(x)=1 trén doan [0,
1].
Cau 32. ChUng minh rang ton tai s6 thuc x trong khodng (0, 1) thod man pt

1

u 2010du X2010

Cau 33. Tim tat cd cac da thic f(x) thod man xf(x-1)=(x-2010)f(x) moi x.

Cau 34. Cho ham sO f(x) khd vi trén R thod mén
1 1 1
(X)=x" + X+ L f)=2+—+=+..+——.
, f'O)=x""+x""+.+x+1 f(1) g 2011
HAi ham s6 f(x) ¢6 bao nhiéu nghiém thurc.
Cau 35. Cho da thUc bac 2010 ¢6 2010 nghi€ém thuc khac nhau g,k =1,2,...,2010.

’ > 1 1
Chung minh rang @) Fot ) =0.

Cau 36. Choham s6 f: [0, 1] R c6 dao ham cdp hai lién tuc va f’(x)>0 trén doan

[0, 1]. Chiing minh réng €pf(©)+ f(0)]dr 3€gt*)dt.

Cau 37. Cho f, g 1a cdc ham lién tuc trén R va thod man diéu kién f(g(x))=g(f(x))
moi x thudc R. Chlng minh rang néu phuong trinh f(x)=g(x) khong c6 nghiém thuc
thi phuong trinh f(f(x))=g(g(x)) cling khéng c6 nghiém thufc. \ ,
Cau 38. Cho f(x)-x, f(x)-x* 1a cdc sO don di€u ting trén R. ChUng minh rang ham s6
f(x) —§x2 cting 13 ham don diéu ting trén R.
Cau 39. Cho da thifc f(x) bac n v4i hé s6 thuc. Chlng minh rang phuong trinh
2* = f(x) c6 khong nhiéu hon n+1 nghiém thuc.

V3

Céu 40. Cho f(x)-x, f(x) —73x2 1a céc s6 don diéu tang trén R. Li€u ham s6 f(x)- x°

c6 phdi 1a ham don diéu ting trén R khong ?
Cdc bai tap vé giéi han ham s6

Cau 1. Tinh c4c gidi han sau

. tan x —sinx ’ 1.2 _ 2T 43" . n+1 .2 2
lim————; lim(1+—)" e™; lim . lim((——)"—e)n, limsin® 77Wn+n
x 0 X X X n +n n n n
33 _ 2 im sinn im cosn im sin” n im cos” n

nhn;l (\/n +n+2 \/n +]')n' n + n + n + n +
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m tan(tan x) — sin(sinx) m sin(sin x) — tan(tan x)

li : li _
x o tan x —sin x x=0 sin x — tan x
Cau 2. Tinh c4c gidi han sau:
1 1 1
lim (——+ +..+—).
d, +(n+1 n+2 3n)
1 1.2010 2.2010 -1)2010
b. lim —(sin +sin +...+sin&).
no+n n n n
1 2 n
2" A 2"
lim ( + +..+ ).
c.
e+l 1 nel
2 n

Cau 3. Cho ham f(x) c6 dao ham trén doaq [ a, b] va thod man
| )]+ f'(0[>0, Ox [a, bl. Chtng minh rang tap hop {x®a,b]: f(x) =0} h{tu han.

Cau 4. cho ham f(x) lién tuc trén doan [0, 1] thod  f(x)dx =0. Ky hiéu
0
m=inf{f(x): x€0,11}, M =sup{f(x): x€0,1]}.

ChUmg minhrang mM + f*(x)dx O.

0
1
) 1
Céu 5. Cho anh xa lién tuc f:[0,1]1 R. Tinh lim x el f(®)dt.

Cau 6. Cho s0 thuc x, ky hiéu [x] chi sO nguyén cUa x va khong vuot qua x.

ChUng minhrang [x+0,5]+ [x] = [2x].

Cau 7. Cho f1a ham s0 thuc lién tuc trén R thod man f(x)+f(-x)=0, m0i x. ChUng
minh rang pt f(x)=0 ludn c6 nghiém thuc.

Cau 8. Cho f1a ham sO thuc lién tuc trén R thod man f(x+y) = f(x)+f(y), véi moi sO
thuc x, y. Xac dinh ham s0 f.

Cau 9. Cho ham s0 f khd vi lién tuc trén doan [0,1] va thod man f(1)-f(0)=1. Chlng

minhrang [f'(xFdx 1.

1

Cau 10. Cho ham f lién tuc trén khodng [0, + ) va lm f(X)=A Tim lim f(nx)dx.
0

Cau 11. Choa<b, f:labl R 13 ham c6 dao ham thod man

Ox®a; b), | f'X)[+] f)[>0, | [ (@]+] f(@)[>0 va | f_(B)|+] f(b)[>0.

ChUng minh rang tap hop M ={x€a, b]| f(x)=0} 13 h{tu han.

Cau 12. Gid s f(x) 1a ham s0 lién tuc, ting trén doan [a, b] vacé f(a) a, f(b) b.
V@i x, [a,b] tuy y chiing ta 1ap day (x,), nhu sau:

bat x,., = f(x,),n 1.

Chng minh rang t6n tai x* sao cho lim x, =x",  f(x)=x".
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sin(2010x)

Cau 13. Tinh tich phan J'Td

; > 1 T T m m
a i li in(l-—).cos—.cos—.cos—..... — =1
Cau 14. Chung minh rang lim ar sin( n) cos 2 cos 2 cos 16 cos o
Cau 15. Cho day (x,) dugc xac dinh theo cong thlrc sau
x =1 x, =1
x, =(n-(x_ +x_),n=34..
Xac dinh cong thic téng quat cho X,

Cau 16. Tim tat cd cac ham f t(f R vao R thod man cac diéu kién sau
f(x) 2010x, [k R

fx+y) f(x)+f(), x,y R
Cau 17. Cho hai ddy s0 (x,), (¥,) xé4c dinh theo cong thic

1

Yo = ﬁ
a. ChUng minh rang v&i moi n=2,3,... thi x,y, (2 3).
b. Tinh giGi han Limy,.

Cau 18. Cho day sO (x,) dugc xac dinh bdi

1
X =

1 1
-+ —+.t———— n=
"2 32 (n+2)}Wn+1

ChUng minh rang limx, <2.

X1:y1:\/§’ Xn+1:1+ 1+X§) ,n:2,3,....

Cdc bai tap vé tich phan

Cau 1. Tinh cac tich phan sau:

' dx ! dx

A —— —_—
o VX —x+1+x o x+1+/x +1
1 b_ a n

b. i dx (a>b, b>0) lim cos x"dx.
0 nx no o+ 0

1
Cau 2. Cho ham f(x) lién tuc va duong trén doan [0, 1]. Gid s In f(x)dx =a. Tinh

0

lirgq/f(l/n)f(Z/n) ..... f(n/n).
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Cau 3. Cho f 1a ham s6 kha vi lién tuc trén doan [a, b] va thod man
1
X" f(x)dx=0,n=0,1,2,... Ch(ng minh rang f = 0 trén doan [a, b].

0
1

Cau 4. Tinh dao ham cap n cla ham s6 y = yrex,
Cau 5.
a. Tinh cac gidi han
— 2 3
I =lim cos X — cos” (sin X), J = lim ar sin(l—l).cosz.cosﬂ.cosﬂ ..... cosi.
X0 x? n-+o n 8 16 32 2
2N
b. Tinh tich phan K= Isin[sin[sin (2010x) +sin x] ]dx
0

2010 2010 1
wet nee M2+ (3=2k)n+(k* =3k +2)
Cau 6. Cho 0 <a <b. Tinh tich phan

a 1) = 1 $+all- )" Gix.

b. lim| I(t)]%.

c. Tinh gia tri cUa bi€u thlc

LOi gidi:
a. Dat t1=bx+(1-x)a, ta c6

“”:;§V+aﬂ-xfﬁw.:3§£;h:_£f;£ii_
0 a

(t+1)(b-a)
b. ltirrol[l(t)]i = eﬂ%g'

Cdc bai tap thién vé tinh todn

n

Cau 1. Tinh m's, vGi s, = arctan(———).
k=1 1+n+n
a 1 lim s, "s:n—n .
Cau 2. Tinh M S, v@i s, k:1(n2 +k2)
Céu 3. Tinh tOng P, =  k(cos(kx) +sin(kx)).
k=1
~ p © "ok, 2, X X
Cau 4. Tinh tbng Q, = 2" tan (2_") tan( 2k_l)-
k=1

o "ok . 3. X
Cau 5. Tinh tOng R, = 3 1Slf13(3—k)-

k=1
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Cdc bai tap vé bat dang thirc

Cau 1. Gid st a =¥2, p,, p,, .., . 1a cac s6 nguyén khong déng thdi bang 0. Ching
minh rang
21—n

—1 -1
% | P, |§
-0
1

¢ 1
Cau 2. Cho a, b 1a hai s0 thuc khéng am va hai s6 thuc duong p, q sao cho ; +E =1

n-1
k
ba
k=0

ChUmg minh rang
a’® a‘
ab — +—.

4 RS p q
Dau bang xay ra khi nao?
Hudng dan: Khi b=0 BPT hién nhién diing, ngudc 1ai xét ham

1
fo=t+l-tr ¢ 0).
P q 7 , o

ChUng minh f(t) dat cuc ti€u tai t=1. Lay ¢t =a’b™ suy ra dpcm, dau bang a” =b".

= 1 1
Cau 3. Cho 2n so thuc a,,b,, k =1,n, va hai so thu'c duong p, q sao cho ; +E =1.

1 1
@b | %ak g % %ak ! %
k=1 =1 =1
Da&u bang xdy ra khi nao?

Cau 4. Cho f, g 1a cAc ham s0 lién tuc trén [ a, b] va hai s6 thuc duong p, q sao cho

ChUng minh rang

1.1 g, -
—*+—=1. Chung minh rang

12
G (09(0) | dx %@(x) i dx§ %@(x) j dx§

Dau bang xay ra khi nao?
Cau 5. Cho hai ham f, g lién tuc trén [ a, b] v&i a<b va so thuc duong p 1. Chlng

minh rang
%O(xﬂg(x) ” dx§ %@(x) i dx§ + %@(x) ” dx§

Dau bang xay ra khi nao?
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Cau 6. Cho da thUc f(x) thod man di€u kién f(a)=f(b)=0, v3i a<b. C. Dat
M =Max| f*(X)|. Ch(tng minh réng

[a,b]
a. @(0(x—a)(—x +b)dx + 2@Kx)dx = 0.

M(b-a)’

b. 0

b f (x)dx

LOi gidi: Dung dinh nghia tich tich phan thuGng.
Cau b si dung két qua cau a.
Cau 7. Xac dinh ham s0 f(x) thod man dOng thoi cac diéu kién sau:
a. f(x) e, Ik R.
b. fix+y) f(¥) +f(y) x,y R
LOi gidi:
P&t f(x) = 80 g (),
Tudkasuyra g(x) 1 0x R
Tudkbsuyra g(x+y) g(x) +g(y), t,y R
Thay x=0=y ta thu duQc
ONFIO
g(0) 1
Suyra 1=g(0)=g(x+(-x)) g(=x)g(x) 1, & R
Dod6 9(x) 1 Ox R
Takétludn: f(x)=e*,0Ox R

g(0) =1.

CAC BAI TOAN UNG DUNG PINH LY GIA TRl TRUNG BINH

Céc dinh 1y vé gid tri trung binh chi€m mot dia vi quan trong trong gidi tich
toan hoc va dugc khai thac thudng xuyén trong cac cuOc thi Olympic todn sinh vién,
hoc sinh toan qudc va qudc t€. Pay ciing 13 mOt dé tai gy nhi€u niém say mé
nghién clru khoa hoc cho nhiing hoc vién cao hoc va doi tuong nghién clu sinh
nganh Toan.

Céc dinh 1y vé gia tri trung binh 1a mOt cong cu rat hiéu luc trong viéc khdo
sat, chUng minh su ton tai nghiém cla phuong trinh va c4c tinh chat dinh lugng
nghiém cUa nhiéu dang phuong trinh khéng mau muc.Trong bai viét nay tdi xin
gidi thi€u nhiing Ung dung cUa dinh 1y vé gia tri trung binh trong cac linh vuc: Lién
tuc, kha vi va kha tich.

1. Ung dung trong ham lién tuc
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1.1. Cac dinh ly lién quan nghi€m cUa phuong trinh:

1.1.1. Dinhly 1. Néu ham f lién tuc trén doan | a;b| théa man f(a) f(b) <0 thi ton
tai ¢ (a;b) @& f(c)=0.

1.1.2. Dinh Iy 2. Gi& s( s( f 1a ham lién tuc trén doan [a;b| va f(a)=A; f(b) =B,
Litic d6 néu A 1a mOt s6 bat ky nam gilta A va B thi c6 it nhat mot diém ¢ (a;b)
dé f(c)=A.

1.1.3. Pinhly 3. Néu ham f lién tuc trén [Cl;b] thi f nhan moi gia tri trung gian gia
gia tri nhd nhat m va gid tri 16n nhat M cUa no trén doan do.

1.2. Céc bai toan

1.2.1. Bai toan 1: Cho f(x) lién tuc trén 0 , nhdn gid tri khdc d8u. Chlng minh
réng tim duoc cdp s6 ¢dng a, b, ¢ sao cho f(a)+ f(b)+ f(c)=0.

Loi gidi:

Do f(x) lién tuc trén 0 va nhan gia tri khac d&u nén 00 >0 dU bé va hai s6 X,, X,
sao cho:

f(x) <0 tai cac diém x, = J; X,; X, +O

f(x) >0 tai cic diém x, —J; x; x,+J

Xét ham sO:

F(t) = f(x0 —5+l‘(x1 —xo)) + f(x0 +t(x1 —xo)) + f(x0 +5+t(x1 —XO)), t [0;1]

F(t) 1a ham lién tuc twén [0;1] va F(0)<0;F(1)>0. Do d6 ¥, (0;1) sao cho
F(t,)=0.

Data=x,-0+t,(x —x,) ; b=x,+t,(x %) ; c=x, +I+,(x —x,).

Do 5?0Anén a<b<cvab-a=c-b=0J néna,b, ctheo thr tu trén 1ap thanh mot
cap sO cOng.

1.2.2. Bai toan 2: Cho hai ham s6 lién tuc f(X) va g(x) trén|a;b| théa man
0<g(x)<f(x), Ox [a;b|. Chiing minh réng ton tai A >0 dé€

(1+A)g(x) < f(x), [x [a;b],

Giai:

f(x)
g(]
Vi 0<g(x) < f(x) [Ix [a;b] nén h(x) >1 [Ox ’a;b]
Theo tinh chat clla ham s0 lién tuc ta co:

[,V [a;b] : h(x) u=y{1}g}h(x) =h(x,) >1.

Xét ham s6: h(x) = lién tyc trén | a;b)
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ChQn/\Z'uT_lthi(1+ﬂ)g(x)</~lg(x) f(x) x [ab]. TU day, ta c6 diéu phai

chUng minh.
1.2.3. Bai toan 3: TOn tai hay khéng ham lién tuc [:0 U sao cho khi x vé ti
f(x) nhdn gid tri hitu ¢f, con khi x hCtu & f{x) nhdn gid tri vé d.
Giai:
Gid st ¢6 ham f(x) nhu bai toén yéu cau. Pat g(x) = f(x) —x. Ham g(x) lién
tuc va chi nhdn gia tri vo ti. Néu ¢(x) nhan it nhat hai gia tri 9, &,; 9, <9, thi do
tinh tra mat cWa 0 ¢6 s hitu ti: g,:9, <g, <g,. Theo dinh Iy vé gi4 tri trung gian ,
g(x) nhan ca gié tri g,. Diéu ndy mau thudn. Vay ¢(x) =C v6i C 1a héng s6 vo
ti. Nhu vay f(x)=x+C.Tlrds f(C)=2C. f(C) 1a hitu ti trong khi 2C vb ti.
Mau thu@n nay ching t8 khong t6n tai ham f(x) nao nhu bai toan yéu cau.
2. Ung dung trong ham kha vi
2.1. Cac dinh ly co' ban:
2.1.1. Dinh Iy 4( Dinh 1y Rolle). Cho ham s& f(x) lién tuc trén doan [a;b] , kha vi
trén khodng (a;b) va f(a)=f(b).Khidéténtai ¢ (a;b) saocho f (c)=0.
2.1.2. Dinh Iy 5 ( Dinh 1y Lagrange). Cho ham f(x) lién tuc trén | a;b] , kha vi trén
(a;b) . Khi d6 tbn tai ¢ (a;b) sao cho f (c] = f(bll_(]:(a) .
2.1.3. Binh ly 6 ( Binh ly Cauchy). Cho cac ham f(X) va g(X) lién tuc trén [a;b] ,
khd vitrén (a;b) va g (x) 0 k (a;b).Khidéténtai ¢ (a;b) sao cho

fc) _f(b)~f(a)

g(c) g(b)-gla)’

2.2. Cac bai toan minh hoa:
2.2.1. Baitoan 4: Cho f lién tuc trén [a,b], f(a)= f(b) =0 va c6 dao ham cap
hai trén d6. Ching minh v&i moi ¢ (a,b) thi tdntaisé @ (a,b) sao cho
1
fle)=5lc-a){e=b)f (a].

o2

Loi gidi:

Xéthéms()':g(X)=f(x)—(x—a)(x—b).( fle)

c—a)(c—b)
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Vi g(x) lién tuc trén [a,c] , [c,b], khd viwen (a, ¢), (¢, b) va
g(a) =g(b) =g(c) =0 nén theo dinh 1y Rolle ta c6
EH1©(a,c): g (d1)=0, Etflz@(c,b) :g (dz) =0

~ ’ — fc
Méc khéc g(x)—f(X)‘(“_"_b)'(c-“)(((j)_b)
_ _ 2f|c
g (x)=f(x) (c—a)(c~b]

g (x) lién tuc trén [d,,d, ], khd vi trén (d,,d,) va g (d,) =g (d,) =0 nén theo dinh
1
Iy Rolle Do ¥ d,,d,):g (a)=0  f|c) :E(C—a)(C—b) fla).

(o) = f%i; f2(x)+f*(x) 00Ox %,7—;% Chlng minh rang ton tai ¢ §,g§
1

fle) f (¢
fAle) + 1)
L&i gidi: Xétham s6: g(x) = f(x)(sinx +cosx)

g'(x) :—sinxé(x) -f (x)écosé(x) +f (x)i

T y 7T .
g(x) lién tuc trén %52 kha vi trén %52 va g(0) :9%2:0. Theo dinh 1y

Lagrange: [b@%,g g (c) =09 —sincé(c) -f (c)écoscé(c) +f (c)&O

fle) 1 (e SUr dung cong thlc lugng gidc: 1+tan’c = " ta dé
fle) =1 (o) . - ' cos’c’

: ogtes o fle)f(c]
dang suy ra duQc: COSC—2 f2(c)+f2(c)'

~ T 5 T
2.2.2.Bai toan 5: Cho ham sO f(X) lién tuc trén §Eg’ kha vi trén %’E% sao cho

2
sao cho : €OS C—E—

+

tanc =
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2.2.3. Bai toan 6: Gid st  va 9 khd vi trén doan [a,b|, trong dé g(x) 0,

S 1 fla) (b1 i) ld)
g (x) 0. Hay chiing minh réng: g(b)-g(a)|gla) g(b)| g(c)|f(c) g|c]
véic (ab).

e NI

s s N ~ . X :f—X X =—F~

XetcachamsOsau.¢( ) (x) ,4/( ) g(x)

Vi f va 9 1a hai ham kha vi trén [a,b] nén @ va ¢ ciing kha vi trén | a,b]
_— 9(b)-¢(a) _¢(c)
Theo d|nh ly CaUChy qua,b) ('U(b) _w(a) _w (C)

f((bg_fga)) f(C)g(C)II;(C)g(C)
b a ’(c
Ogl _gl _ _gg(c)
g(b) gla g*(c)
1 |fla) f(b)|_ 1 |fl(c) glc)
g(b)-gla)|gl(a) g(b)| g(c)|f(c) g(c)

3. Ung dung trong ham kha tich
3.1. Cac dinh ly:
3.1.1. Pinh Iy 7. Néu f 1a mot ham lién tuc trén [a;b] thi t6n tai mot s6 ¢ (a;b)
b
sao cho: f(x)dx=f(c)(b-a).
3.1.2. Dinh Iy 8: Néu cac ham s6 f(x), ¢(x) kha tich trén doan [ a;b| ; ¢(x)
khong thay dGi ddu trong khodng (a;b) . Ky hiéu: M = XSEE] flx) 5 m= xil[}fb] f(x)
b b
thiténtaisé 4:m KU M sao cho: € x)@(x)dx=pL€x)dx.
Hon nlfa, néu f(x) lién tuc trén doan [a;b] thi tOn tai ¢ [a;b] sao cho

b@(x)mx)dx:f(c)i@x)dx,

3.2. Cac bai toan:
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3.2.1. Bai toan 7: Cho f la mOt ham lién tuc trén [0;+ ; lim f(x)=g>0 vq
| f(i) 0, On [ . Chlng minh rang: % %1
LOi gidi:

Clim () =50 g . 1)
Vi }Hl;lf(X) q>0 nen }ll‘l;l i=1 =q.

n
Theo dinh 1y gid tri trung binh cUa tich phan thi Ct,®i-1i] i=1Ln sao cho

@) dix= PG| x)x =@ c).

0 i=1j i=1

:q'

Vi lm (3 2> 0 nen 0 1" 6 g i o f(e)

1 n@(x)dx —}im+

. & Lo

3.2.2. Bai toan 8: Cho ham f(x) lién tuc trén [a;b| sao cho O[a;B] [a;b] ta c6:

1+J

>0; 0>0. Chifng minhréng f(x) =0 wrén|a;b|.
Ox, [ab] chonh 0 dubédé x,+h [ab].
Khi d6 theo dinh 1y trung binh tich phan tOn tai ¢& gilta X, va X, +h dé

FlelH] % ()

Cho h 0 taduge |f(x])| 0; &, [a;b]. Néicich khac f(x) =0 trén [a;b].

1+0

MR [f(c]| M

Phén 2. PAI SO

N6i dén dai sO chiing ta lién tudng dén ngay cac phép toan dai s, tuy 1a cong
cu don gidn 1a tinh todn d€ ma tinh gidn nhung viéc tinh todn phai dugc chinh xac
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ho4, phai biét van dung nhi€u quy tac cla s6 hoc, vi vay viéc tinh toan d6i khi
khéng hé don gidn nhu ching ta nghi. Mén dai s6 khong nam ngoai n0i dung 6n thi
Olymplc hang nim cua sinh vién ma cu thé Ia chuyen dé ma tran va da thlc. Vi
vay sinh vién can nam v(ng hai chuyén dé - nay mOt cach rd rang

D€ hoc tOt va nam viing sinh vién can phai rén luyén gidi toan thudng xién
va phai van dung linh hoat cac ki€n da dugc hoc G nha truGng. Luu y dén van dé
tinh toan dinh thUrc va trdn bac n, da thirc, phép chia hét bang dinh 1y Bédu, thudng
trong ky thi ngudi ta hay ra cho ma tradn mfi cdc ban suy ra ma tran ban dau, mii 1,
cac nghiém da thlc trong khodng (a, b) cac ban phdi lién tuéng dén dinh 1y Rolle,
Cauchy, hay Lagrang chdng hang. Céi kho 1a tim da th(tc thod man diéu kién cho
trudc, chang han rang budc dang thitc, nhG dén cac da thitc bat kha quy, da thiic
Lagrang, da thUc lién hé ma tran vuong...

Tém tat ly thuyét:

A | MA TRAN, PINH THUC cUA MA TRAN

1. Cho A=(qy), ., v8tcla Alaso tr(A)=a,+...+a,,.

2. Hang cUa A, ky hiéu rank(A) bang dinh thic con c8p cao nhét cla A. Pac
biét rank(A)=n, thi A dugc goi 1a ma tran khong suy bi€n va ngugc 1a A 1a
suy bién.

1. Ma tran A dugc goi la ma trén duong chéo néu A=diag(a,,a,, ..., a,).

2. Dinh thlrc clla A 12 56 det(A) =(-1)"'M,, +....+(-1)""M,,M; ma tran phu hgp
cUa A bd di hang i, cOt .

3. Adudc goi la tri riéng clla A néu det(A-AE)=0.N&u tOn tai vector
x 0,Ax =Ax, thi x dugc g01 la vector riéng Ung vOi tri riéng A .

4. A dugc goi la nghiém cUla da thUc f(x)=a, +ax+....a,x" néu

f(A)=a,E+aA+...a,A" =0. (ma tran khong cap n)
5. Gid st A (k=1,2,..,n) 14 n gi4 tri riéng cUa ma tran vudng cap n (A), khi d6 da
thlc dac trung clla A 13
det(A=AE) = (A =A)A=A)n A=A )= A" +a A"V 4.+,
Né€u f(x) 1a da thUrc tuy y thi f(A) c6 cac gia tri riéng 1a
(fFA)(k=L2,..,n) va det(f(A) = f(A).

k=1
6. Cac bat dang thirc vé hang cla hai ma trdn vudng A, B cling cG n
rank(A+ B) rank(A) +rank(B).
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rank(A)+rank(B)—n rank(AB) min(rank(A),rank(B)).
7. Matran A, B cing ¢3 n dugc goi 1a giao hodn n€éu AB=BA.
8. Ma tran vudng A dudc goi 1a dOi xUmg néu A= A",
9. Ma tran vudng A dudc goi 1a phan doi xUing néu A=-A".
10. Ma tran khong c6 tinh giao hodn nhung c6 tinh két hop.
11. Ma tran A dugc goi la luy dang néu A? = A, goi la d6i hgp néu A =E.
12. Ma tran vudng A dugc goi la luy linh n€u ton tai sO nguyén dudng k sao
cho
A" =0.
B. PA THUC.

1. Cho hai da thUc f(x)=a,+ax+...a,x", g(x)=b, +bx+....+b x" . Tich cUa hai da
thic f(x), g(x) 1a mOt da thlc h(x) =c, +cx+....+c,.,x"", Khi d6 deg(f(x))=n goi la
bac cla da thic f(x) v6i a, 0. Cong thUc bac cla da thiec tich:

deg(h(x))=deg(f(x))+deg(g(x)).
Coéng thUc tinh ¢ = ab .
0 i+ =%k
2. Pa thUc thuc bacn c6 tOi da n nghiém, da thlc phic bac n ¢6 n nghiém phan
biét.
3. N€u c 1a nghiém cUa da thUc f(x) thi f(x)=(x-c)g(x), v&i
deg(g(x))+1=deg(f(x)).

4. r =§, (p,@) =1, 1a nghiém cUa da thic f(x) thi pla,, qla,.

5.1= 5 (p,@) =11 a nghiém cUa da thic f(x) véi hé s6 nguyén thi

plf(0), p—ql f@.

6. Hé thirc viét vé nghi€m cla da thlc : GOi X;,X,,--- X, 13 cdc nghi€ém cUa da thUc
f(x), vGi () =ax"+ax" +...+a,_x+a,  Khi do

n
—a
— 1.
X, ——»
k=1 a()
a
— 2
X,'Xj - s
iJ )

x, =(-1" I
k=1 a,

Sinh vién luu y dén luu d6 Hocne vé chia da thifc.

7. Pa thlc chia hét: Pa thc f(x) dugc goi 1a chia hét cho da thlrc g(x), ky hiéu
f(%):g(x), néu moi nghiém cUa g(x) déu 1a nghiém cUa f(x).

8. Pa thuc lién tuc, kha vi vo han 1an trén R nén st dung dinh li Rolle, dinh li
Cési va tri trung binh cho cc thUc thiec.
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9. SV vé tu khai trién Taylor cho da thic tai x=c.
10. Nghiém b0i cUa da thlc: Nghiém x=c dugc goi 1a nghiém bdi k cUa da thlc
f(x), néu fP()=0,i k-, f*(c) o.

Cdc bai tép vé ma trén: Cdc tinh
todn ma tran, dinh thtrc ma tran
tri riéng, vector riéng ma trén s6

X
N A PN & n 0
Cau 1. Tim lim ;(E—A) vGi A= E= )
1

Cau 2. Tim tat cd cac ma tran thuc vudng cap hai A thod man

a. A=0. b. A’=o0. c. AA=E. d. A=E. e. A'=E.
Cau 3. ChUng minh tOn tai cdc ma tran thuc vudng cap hai thod man phuong trinh
X?+X -2010°E =0.

Cau 4. Gid st ¢ A A= 2010 2011 hod man did
au 4. Gla sU cac ma tran A= 2010 =2011 2010 2010 thoa man di€u

kién X*-(a+d)X —(ad -bc)E =0. X4c dinh a, b, ¢, d.

A .« 2 2 2010 1 " b , . > A b
Cau 5. a. Gia su A™" = 08 - Xac dinh tI sO .
C

2 2 m ]- 11(m) 012(m) s . x PN . o Ly i
b. Giasu A =§ 0§:§ ChuUng minh rang tOn tai gioi han cua

»(m) ay,(m)

hé thic E ; Tinh giGi hando khi m  +.

Cau 6. Tim ma tran X(t) tU phuong trinh X(t)=AX(t)-X(t)A, X(0)=B vi

T

Cau 7. Tim gidi han lim

—_
—_

—
=
I
Nl
N
o

1
3
0
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1 10 0...
1 1 10..0
Cau 8. Gid sirrang A, =det®0 -1 1 1

Hay bi€u dién 4,., qua 4,, 4,., (n>0). Tinh A,.
1 0 0
x 1 0
0 x 0 - < -
Cau 9. Cho A= - Tinh A" va tinh tOng cac phan tU' dong 1 cUa ma
0 1
0 O X

tran A" (n=1,2, ....).

Cau 10. Gid st A 1a ma tran vudng cap n cé binh phuong bang ma trén don vi.
ChUmg minh rang rank(A-E) +rank(A+E) = n.

Cau 11. Gid s&r A 1a ma tran vuong cdp n thod man A*° =0. Chlng minh rang v&i
moi sO nguyén duong n, ta ludn c6 rank(A) = rank(A+ A’ +... + A").

Cau 12. Gid st A 1a ma tran vudng cap N ma cac phan tU trén dudng chéo chinh 1a
0, cac phan t(rkhacla 1. ChUng minh rang ma trén A>" kha nghich, ma trdn A"
c6 th€ khong kha nghich.

2 2> b .
Cau 13. Giasu A =§ C%G,b,c R.. Tim a, b, c sao cho A*™° =E.

Cau 14. Cho A 1a ma tran vuong cap hai va k > 2 1a s tu' nhién. ChUing minh rang
A" =0 khivachikhi A*=0 .

Cau 15. Tim ¢ thod man _S¢ “sing =E.
ng cosgp
10 0@
x1 0
Cau 16. Cho x 1a s0 thuc khac 0. Tinh @................
0
0 x
10 00
01 00
2010
Cau 17.Cho A=%............... . Tinh A" (A° =E).
0 k=0
0

10 2010
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Cau 18. Cho A, B, C 1a ba ma trén vudng ciing cap. Chitng minh rang
rank(AB) + rank(BC) rank(B) +rank(ABC).
Cau 19. Gia sUr A, B 1a hai ma trén vudng cap n.
CMR AB va BA c¢6 cing mOt tap hop gia tri riéng.
C6 xay ra dang thirc AB - BA = E khong ?
Liéu AB, BA ¢6 cung mOt da thUc dac trung khong?
Tim A, B thod man det(A)+det(B)=det(A+B).
e. Gid st E-AB kha nghich, chlUing minh E-BA kha nghich.
Cau 20. Tinh dinh th(rc vudng cap 2010 cla ma tran A, vGi

o o

oo

1
21
A= 1 2
1
12

Cau 21. Cho A 1a ma tran vudng cap n. Chling minh rang v4i moi ma trén thuc B

vudng cap n ma tr(AB)=0 thi A=0.

Cau 22. Cho A, B 14 hai ma trén thyc doi x(Ung. ChUing minh rang
tr(ABAB)—-tr(AABB) 0.

Cau 23. Gia st A 1a ma trén vudng cap n c6 cac phan t trén duOng chéo chinh

bang 0. ChUing minh tOn tai cdc ma tran vuéng cap n 1a B va C thod man

A =BC - CB.
12 3 .. 2009 2010
3’ 4* .. 2010° 20171
Cau 24. ChUng minhrang | 3 4 5 .. 2011 2011 | oO.

2010*° 2011*°" 2011*" ... 2011*°"" 2011*"

x 1 0
0 -x 1
> . 0 0 -x
Cau 25. Tim sO thuc x thod man det 0.
-x 1
2010
010 0 O -X 10 2010
2010 22010 _1 O
Cau 26. Tim ma tran A thod man A™" = 1 0
0 22010
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Cau 27. Tim ma tran vudéng A cap 2 c6 cac phan tl trén dudng chéo chinh bang 0
thod man A*? =E.
Cau 28. Giai hé phuong trinh

X, — X, =0
X+ X, — X, =0
X +x +x,-x, =
X tx,+tx, + X, —X, =0
12
X, tx;+x, +x+ X =1

k=7
Cau 29. Cho A, B 14 hai ma tran vudng cung c@ giao hoan v&i nhau va thod man
A*° = E = B*. ChUing minh rang ma tran A+B+E kha nghich.

-2 1
Cau 30. Chomatran A=gl 0 0
2 0 0

Tinh (A+E)", n=1,2,3, .....

n

Cau 31. Cho vét cllama tran A 1a tr(A)=  a;. Ch(ng minh rang n€u P 1a mdt ma

i=1

tran vudng cap n kha nghich thi r(P"AP) =tr(A).
Cau 32. MOt ma tran A dugc goi 1a dong dang v&i ma tran B néu tOn tai mOt ma
tran T khong suy bién sao cho B=T"AT. Chiing minh rang néu A d6ng dang v&i
ma tran dudng chéo, thi f(A) ciing vay, v6i f(A)=q,E+aA+a,A*+...+a,A", a, R, A
1a ma trén vudng cap n hé so thuc va E 1a ma trén don vi cting c& A
Cau 33. Cho 2 ma trén vudng A, B c6 cap bang n. Ky hiéu rank(A), rank(B) 1a hang
clla ma tran A, B tuong Ung. Chng minh cac khang dinh sau

a. rank(A+ B) rank(A) +rank(B).

b. rank(A)+rank(B)—n rank(AB) min(rank(A),rank(B)).

10..0
. ) y 11..0
Cau 34. Tinh A*™°, v0i A=
00..1 @ 010
C4u 35. Cho ma tran
s(arg tan(l)) +2sin(arg tan(l)) —5sin(arg tan(l))
b n n n
& 1 1 1
sin(arg tan(—)) cos(arg tan(—)) —2sin(a rg tan(—))
n n n
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Tinh hn;l A"
Cau36. Cho A@=g ) M
sin(a) cos(a)
a. Tinh A@).A(B),a, B R.

, . npo 1
b. Tinh lim A (SlnF)-

1 X
~ 010
Cau 37. Cho A= 1
2011

a. Tinh A"
b. Gid s&r A*" =0, CMR A’ =0.
Cau 38. Cho cac ma tran sau:

S -2 B,

y) 2 2 3+2 -5
A= B = C=
1 3 1 ' 4 1 J3+2
2 2 2
Til‘lh AZOlO B2010 C201O.

iina?Zb 1
Cau 39. Tinh ma tran mii 2010: %1 10
2 0 1

Cau 40. Tinh dinh thirc véi a, b, ¢, x 1a cac sO thuc:
xX+a x X
X x+b x

X X Xx+tc

1 0
01
Ciu 41. Cho ma trén Acédang & s x"=(0 0 O ... 0).
0 1
n 0 0

a. Tinh x,Ax, .., A""x, n=12,....va chUng minh hé dé d6c 1ap tuyén tinh.

b. ChUng minh rang néu A dong dang v&i ma tran B=diag(x1, X2, ...., xn) thi c4c
sO x1,x2,...,xn khac nhau tUng d6i mot.

c. Tinh A".
Cau 42. Gid st A, B 1a cac ma trdn vudng cap 2011. Chltng minh rang néu AB=0
thi it nhat mOt trong hai ma trdn A+ A", B+B' suy bién.
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Cau 43. ChUng minh rang

A 1
2 3 2010
[ D 1
2 3 4 2011| O.
1 1 1 1
2010 2011 2012 4019
Cau 44. Tinh dinh thUc
c® C c*
Cr(l)+1 C:z+1 Crl1<+1

Cone Crke G
vGi C, 1at0 hgp chap k cla n phan tU va n, k 1 cc sO tu nhién.
Cau 45. Tinh dinh thic det(A)=|minGi, )|

Cau 46. Tinh dinh thic:

1 5 5 010
6 2 6
5 5 3
3 3 3
Cau 47. Giai hé phuong trinh
1
X+ =Xt 2010 2010 —
1 —
§x1 t oox t 2011 200
: x, + 1 X, + + —1 X =
2010 2011 % 7 4009 "
Cau 48. Tim ma tran X thod man phuong trinh
S ok Cx c’, C., .. Ct,
00 Chp.. (o cb, C., .. cr,,
r?+k C'r§+k """ C':+k r?+k+1 C11+k+1 """ C:+k+1

Cau 49. Cho f 1a toan tU tuy€n tinh va cic vector khac khdng X, X,, ---» X, thod mén
X = f(xl)’ Xt X, = f(xi+1) <i =12, ..,n _1>-
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ChUng minh c4c vector X X,, ..., X, dOc 1&p tuy€n tinh.

Cau 50. Tim mOt vi du v€ cic ma tran cling cap X, Y sao cho cac gidi han

lim X", limY" t&n tai nhung khong tOn tai im(XY)".

Cau 51. Cho A,k =1, (n+1) 1a cdc ma trdn vudng c® n. Chlng minh rang tim dugc

n+l n+

1
n+1sd 9, k=12,..,n+1yGi I >0 thod man det( J,A)=0.

k=1 k=1
Cau 52. Trén duong chéo clla ma trén vudng A c¢G n l1a cac s 0, cac phan tU con lai
13 1 hodc 2011. Chlmng minh rang
[rank(A)-n].[rank(A)-n+1]=0.
Cau 53. Xét cac ma trén doi x(ng thuc cdp 212 A=(q;;); ., c6 cac tri riéng a, b. Tim
GTLN, GTNN ma 4, c6 thé nhan.
Cau 54. Gia st A= (L)) .- Xét da thic f(x)=det(AX+E). Xac dinh £(0).
Cau 55. C6 tOn tai ma tran vudng cap 6 chi gdm cac s6 -1, 0, 1 c¢6 dinh thirc bang
10 khong ?
Cau 56. a. Cho ma tran vudng A va E 1a ma tran don vi cing cap A. Tinh
[(A+E)' -(A+E)')
2

b. ChUng minh rang
néu A’ =E thi rank(A-E)+rank(A+E)=n vGi n 1a cdp clla ma tran E.
Cau 57. Gid st A, B 14 cic ma tran vudng cap n. Néu nhu dbi vdi cOt A c6 AX=0
thi BX=0. Liéu c6 tOn tai ma tran S thod man B=SA khéng?
Cau 58. Cho A 1a ma tran vudng. ChUng minh rang
a. N&u A 13 lu¥ linh thi A - E, A+E 14 kha nghich.
b. Néu A 14 luy linh thi A suy bién.
c. NE€u A 1a luy linh thi moi gi4 tri riéng clla A déu bang 0.
d. Néu A-E 14 luy linh thi moi gi4 trj riéng clla A déu bang 1.
Cau 59. Cho A, B 1a cic ma tran vuéng cling cap giao hoan nhau. Chlng minh rang
a. Néu A, B luy linh thi A+B cfing luy linh.
b. N€u A, B luy linh thi E+(A+B), E-(A+B) kha nghich.
c. Néu A-E, B-E luy linh vd AB=BA thi AB-E ciing luy linh.
Cau 60. ChUng minh rang ma tran sau luy linh

1 0 1
1 -1 -3
1 2
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—_
N
o

o o+ O

Cau 61. Tinh A™ véi A=

N W Rk - © O

Cau 62. Cho A 1a ma trdn vudng cap n, Xy (k)=a,k" +a, k" +..+ ak+a, 14 da thic
ddc trung cla ma tran A. Chlng minh rang

a. a,=(CD"

b. tr(A)=aqa,_(-D)"".

c. det(A) =a,.

) A a; =k, =] . . : ,
HD glal Ky hleu A= (aij ): aij = aij’ i ] ’ 1 ,] n Dfmg dlnh nghia dlnh thu’c

dé€ tinh det(A). Vi cac két ndy sv nhd cong thlic sau day va phai luu ¥ cach ding
khi ndo 1a phtt hop. Pa thlrc dac trung cla A 1a
X< () =(-D"k" +a,_k"" +..+ ak+a, =det(A- KE).

Sv luu y rang: Ma tran vuéng A véi hé s6 thuc 1a doi x(ng thi A cé céc trj riéng
thure.
A tuy y thi AA", A"A c6 cc tri riéng thuc vi ching 1a cac ma tran d6i xUng.
PE tinh f(A), v6i A 1a ma trén vudng, f(x) 1a da thitc, chiing ta lam nhu sau:

- Tinh det(A-kE)

- Chia f(x) cho da thUc det(A-xE) dugc da thic dula r(x).

- Khi d6 f(A)=r(A) va hi€n nhién ma trén A tinh dugc dé dang.

Cau 63. Cho da thUc f(x)=-x® +6x" —12x° +8x° —x* +6x> —12x* +10x+1 va A la ma
tran thuc vudng cap 3 c6 da thUc dac trung 1a det((A-AE) =-A> +64° =124 +8. Tim

1 2 0
ma tran A biét rang f(A)=g8 9 0
4 2 5
Cau 64. Cho hai ma tran
1 -3 0 1 -3 -3
A=&3 2 1 B=&0 -2 5
1 -1 3 1 1

a. Tim tri riéng va vector riéng cUa A.
b. Tinh (B"AB)*".
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Cau 65. Gid s ma tran thuc A vudng cap 2010 c6 2010 tri riéng
A (K=12,...,2010). Tinh det(A).

3 00
a it 2010 2 s = 0 O
Cau 66. Cho da thUc f(x)=x*" +x*-1, Tinh det f(A4), A= o
2 5 2
0 -8 6¢°
Cau67.Tinh g1 -8 7
1 -14 11

Cau 68. Gia sU x(k) 1a vector riéng cUa ma tran S v0i gid tri riéng k. ChUing minh
rang x(k) 1a vector riéng clla ma tran S* -3A+5E . Gia tri riéng tuong Ung 1a bao
nhiéu?
Cau 69. Cho A, B 14 hai ma tran vudng dong dang, nghia 1a tOn tai ma tran T kha
nghich sao cho A=T"BT. ChUing minh rang

a. det(A-kE)=det(B-kE).

b. Rank(A)=Rank(B).

c. Néu A kha nghich thi B kha nghich.
Cau 70. Cho A, B 1a hai ma trén vudng cling cap trong do det(A) khac 0. Chlmng
minh Rank(A)=Rank(AB)=Rank(BA).
Cau 71. ChUng minh moi ma tran vuéng cap n c6 n tri riéng thi chéo hoa dugc,
nghia 13 c6 th€ dua A vé dang ma trdn duong chéo diag(trj riéng).
Cau 72. Cho hai ma tran vudng ciing cap. Chlng minh AB va BA c6 cling gi4 tri
riéng

. . > R acos’t+bsin’t (b —a)sintcost '
Cau 73. Cho sO thuc t, tinh ma tran .

(b-a)sintcost  bcos’t+asin’t

Cau 74. Cho A 1a ma tran vuong thod A> -2A+E =0. ChUng minh
A’+E=3A, A'+3E=4A

Cau 75. Cho A 1a ma trén vudng cap n sao cho A™ =2A. Tinh det(A*"* - A).

Cau 76. Tinh

1 1 1
1 -1 -1
-1 1 -1
-1 -1 1

Cau 77. Tim m d€ ma trdn sau c6 hang bé nhat
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% -2 1 4 3
1 1 m -3 -2
A=
m 0 -1
-1 4 4 5

Cau 78. Gidi va bién luan hé phuong trinh sau:

ax — by +z=-1

bx + ay -az= 2

ax + by+(1-b)z=1
Cau 79. Cho A 1a ma tran vudng cap n. ChUng minh n€u A khong c6 tri riéng thuc
thi det(A)>0, ngugc lai thi A ¢ tri riéng thurc.

3 0 2
C4u 80. Tim ma tran T sao cho Tl% 1 2% =diag(2, -1, 5).
D)

CAu 81. Cho ma tran A thod AA=A. Tim (A+E)*".

Cau 82. Tim mOt ma tran chéo dong dang v4i ma tran sau
2 21
1 31
1 2 2

Cau 83. Cho A 1a ma tran Vuong cap n. Tinh A" véi
0

0

Cau 84. Cho A, B 1a cdc ma tran vudng hé sO thuc cap n, dat C=AB-BA, gid st C
giao hoan dugc v4i A, B. Chltng minh rang

ABZOll _ BZOllA - 201132010C.
Cau 85. Cho A, B 1a cidc ma tran vudng hé sO thuc cap n, gid st B=AB-BA,
AB=BA. Tinh det(B).
Cau 86. Tim mOt ma tran vudng cap ba B vdi cac phan tU khac 0 saocho detB=2010.
Cau 87. Tim mOt ma tran vudng cap hai A v&i cdc phan tU khac 0 sao cho A c6 2 tri
riéng la 2, 5.
Cau 88. Chiing minh v4i moi ma tran vuéng thuc cap hai A, B, C ta ludn c6

(AB - BA)*'°C = C(AB - BA)**".
Cau 89. Cho hai ma tran vuéng A, B v3i AA=A, BB=B, AB+BA=0. Tinh det(A-B),
det(A+B).
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Cau 90. ChUng minh rang néu bat ky mOt ma tran cdp bon c6 cac phan tlr trén
dudng chéo bang 0, cac phan t( khac bang +1 hodc -1 thi ludn kha nghich, trong
khi ma

tran cung tinh chat trén v4i cdp bang ba thi 1ai khong khd nghich (suy bi€n).

Ay 2 Ay r 7 H -~
Cau 91. Cho ma tran A :§ 3§ Tim ma tran B c6 cac tr] rieng duong sao cho

B’ = A
1+a> ab ac  ad 1+a 1 1 1
n , | ab 1+b> bc bd 1 1+b 1 1
Cau 92. Tinh cac dinh thuc e be  1+c od I A1 14c 1
ad db cd 1+d° 1 1 1 1+d
Cau 93. Tinh ma trén vudng cap n sau
1 0
1 0
0 2

Cau 94. Cho A, B 1a hai ma trén vuéng cap n luy linh.ChUng minh aA+bB ciing luy
linh v6i moi s6 thuc avab.

Cau 95. Cho A=(q;;), =1, 0 @ = ;) :il _jJ- Tinh A™.
Cau 96. Tim ma tran giao hoan v4i ma tran sau
00
10
1 2
Cau 97. Tinh cac dinh thUrc sau tuong Ung v&i cac cap
12 3 ..2011 h -1 0..00 cox 1 0 .. 0 0
x 12 .. 2010 hx ~h -1..0 0 1 2cosx 1 ..
x x 1.. 2009 hx* hx h.. 0 0 0 1 2cosx... 0 0
X X X 2 hx"'hx"*hx">... h -1 0 0 0 .. 2cosx 1
X X X 1 hx” hx""hx"%... hx h 0 0 O 1 2cosx
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1 a a a” aqa -1 0 0 1 1 1 1
1 a af ay” a, x -1 0 x X X
1 a a a;™” a, 0 x 1 x 0 X X
1 a_ 05—1 a:__ll a,, .x -1 1 x X 0
1 a a> a"t a, 0 x X X X X
a 0 0 0 b b+a ab 0 0 O
0 a 0 b 0 1 b+a ab 0 O
0 0 a 0 O 0 1 b+a 0 O
0 b 0 ... a O 0 0 0O .. b+a ba
b 0 0 0 a 0 0 0 1 b+a
~ , A - osx + 2sin x —5sin x
Cau 98. Tinh ma tran mi n: § _ . %
sin x cosx + 2sin x
010 2010 O .. 0 O
0 2010 2010 .. 0O O
Cau 99. Cho ma trén T =P .
0 0 0 2010 2010
0 0 0 0 2010

Tinh 7.

Cau 100. Gia s A dOng dang v6i ma tran chéo, nghia 1a tOn tai ma tran khd

nghich T sao cho A=T 'diag(A,, A,, ..., A)T. Xétdathlc p(x) = qx", dinh nghia
k=0

p(A)= aA", A" =E. Tinh det(p(A)).

k=0

Cdc bai tép vé da thirc

CAu 1. Tim tat cd cac da théic P R[] sao cho:
P(0)=1, p(1)=0, P'(0)=0, P’(1)=1.
Cau 2. a. Tim da thUc phUc bac 3 f(x) biét f(i)=i, f(-i)=-i, f(0)=3, f(1)=2010.
b. Tim da thtc phtc bac 3 f(x) bit f(i)=-i, f(-)=i, f(0)=1, f(1)=2011.
Cau 3. Tim tat cd cac da thUc f(x) thod xf(x-1)=(x-1)f(x), moi x.
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3-x 2x? -1
Cau 4. Cho da thUc f(x) =det 5-3x° 3x° -1
3x* -1 7x* -1

ChUng minh phudng trinh f’(x)=0 c6 nghiém thuc trong khoang (0, 1).
Cau 5. Tim da thUc bac ba f(x) sao cho

1@1— x*) f(x)dx =0, 1@(1— x*) f(x)dx = 0.

Cau 6. Cho da thic f(x)=x™ +2x*"" +3x" + .. + 2nx + (2n+1). Ch(ng minh tOn tai
da thUc g(x) va h(x) sao cho deg(g(x))=n, deg(h(x))<n va
f(x)=(g(x)* +h(x), Ox R.
Cau 7. Gia s f(x), g(x) 12 hai da thUc thod man f[g(x)]=g[f(x)]. ChUng minh da thlc
h(x)= f[f(x)]-g[g(x)] chia hét cho da thic f(x)-g(x).
Cau 8. Pa thlrc f(x)=1+x +%X2 +.ot %X” c6 tOi da may nghi€m thuc?
Cau 9. Gid st da thUrc f(x) khong c6 nghiém thuc. Chling minh rang da thic
g(X):n_O g % f" () ciing khéng c6 nghiém thuc.
Cau 10. ChUng minh rang da th(fc f(x)=x" +4 phan tich dugc thanh tich cla hai da
thUrc bac thap hon vGi cac hé s6 nguyén khi va chi khi n 1a bdi cUa 4.
Cau 11. Ky hiéu n 1a s6 udc cla 2010. Xét da thUc f(x) vi hé sO nguyén nhan gia
tri bang 2010 tai n+1 diém.
Tim n va chUng minh da thUc f(x) khéng c6 nghiém nguyén.
Cau 12. Cho da thic f(x) thod man
deg f(x)=n, f*(2010) 0,k =1, (n 1), f™(2010) >0.
GOi c 1a nghiém thuc cla phuong trinh f(x)=0. ChUing minh réng ¢ 2010.
Cau 13. a. Chitng minh rang da thic
f(x)=12x> +12ax* -8ax-3, (a R tuy y)
c6 it nhat mOt nghiém thuc nam trong khodng (0, 1).
b. Chirng minh rang da thic
" Ai n —
f(x)=(@1 : m) +AXx+.+A X", n=12,..
c6 it nhat mOt nghi€m thuc nam trong khodng (0, 1).
Cau 14. Tim da thic f(x) bac n>0 thod man f"(x).f(x)<(f(x)’.

2010 (2X — XZ)n _ 2xn

Cau 15. ChUng minh rang da thlic f(x) = chia hét cho da thic

n=1
2011

g(x) =x""".
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Cau 16. Cho hai da thirc f(x), g(x) c¢6 cung bac 1a n. Chlng minh rang hodc
()" =(9() hodic deg GF ()" ~(9x)) G n
Cau 17. ChUng minh rang da thlic f(x) = (x =1)(x* =1).....(x** 1) chia hét cho da thlc

g(x)= %(Xk —1)%@" —1)2 trong d6 m, n 1a cac sO nguyén duong thod man
Sl —1

m+n 2010.
Cau 18. Gia sU f(x) 1a da thlrc bac 2010 ¢6 2010 nghiém phan biét x(1), x(2), ...,
x(2010). Chltng minh rang

') , @), - Fx@010) _

f'x@)  f'(x@) f'(x(2010))

m n

Cau 19. Pa thlic g(x) = % c6 may nghiém bdi ? (DA: khong )

n=0
Cau 20. Pa th(c bac khong nho hon 3 va s0 1€ c6 it nhat may di€m udn ? (DA:
MOr)
Cau 21. Cho f(x) 1a da thlc bac 2010 vdi hé s6 duong. Chiing minh rang phuong
trinh f(x) =x*" c6 duy nhat mOt nghiém duong.
Cau 22. Gid s f(x) 1a da thitc chi c6 nghiém thuc. Chling minh rang néu a la
nghiém boi cla da thlc dao ham £’(x) thi a cling 1a nghiém cUa da thic f(x).

Cau 23. Cho da thirc f(x)=x"+  ax™, a, ®Z,k=1,n. Chling minh rang da th(c

k=1
f(x) khong c6 nghiém nguyén néu nhu £(0), f(1) 1a cac s6 nguyén 1€. \
Cau 24. Cho da thUfc bac hai f(x) v6i 090 1, x {0, 1}. Chlng minh rang

gf(x) 1, ik [O,1].

Cau 25. Gia sU a, b, c 12 ba nghiém thuc phan biét cUa da thUc
f(x)=x>+ax’ +PBx+y.
aB-y
-
Cau 26. Cho f(x) 1a da thUc bac 2011 khong c6 nghiém b0i va g(x) 1a da thlc bac
2010. ChUng minh rang da thic

4020

h= (f(x0g9()"

k=0
khong chia hét cho da thuc f(x).
Cau 27. Xac dinh da thic f(x) dang f(x) =x° —3x* +2x* +ax* +bx+c biét rang n6
chia hét cho da thirc (x-1)(x+1)(x-2).
Cau 28. X4c dinh da thUc bac ba f(x) sao cho f(x+1)-f(x-1)=x* -1.
Cau 29.
a. ChUng minh réng néu da thlc f(x"):ix-1thi f(x"):x"-1.

Tim cac nghiém thuc cla da thlc g(x) =x* +ax* + X+

a’+p
4
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b. ChUing minh rang néu da thlfc f(x")! (x=2011"" thi f(x")i(x" —2011")*".

c. Chling minh rang n€u f(x’) + xg(x’) : x¥* +x+1 thi f(-1)=g(-1)=0.

Cau 30. Tim da thUc f(x) thod man f(0)=1va moi sO thuc x, y thi f(x+y)=f(x)+f(y)
+Xy.

Cau 31. X4c dinh tat ca cac da thiic f(x) thod man f(x) 0, f(x*) = fx)", Ox R
Cau 32. Tim tat cd cac da thic f(x) sao cho f((x+1)°) = f(x*)+2x+1, Ox R.

Cau 33. Tim tat cd cac da thitc g(x) sao cho g(x* —y*)=g(x-y)g(x+y), O(x,y) R’.
Cau 34. Tim da thUc f(x) biét 2f(x)=f(x+1)+f(x-1)-2.

Cau 35. Chlng minh vdi da thic bat ky bac 2n+1, n>0, déu c6 mot di€m udn.
Cau 36. C6 tOn tai da thUrc nguyén f(x) thod man f(7)=5, f(15)=9 khong ?

Cau 37. Tim da thUc bac thdp nhat nhan gia tri cuc dai 1a 6 tai x=1 va gia tri cuc
ti€u 1a 2 tai x=3.

Cau 38. Cho da thUc f(x)=a x* +bx+c thod man f(x)-x=0 khong c6 nghi€m thuc.
ChUng minh rang pt f(f(x))-x=0 ciing khong co nghlem thurc.

Cau 39. ChUng minh rang moi da th(tc bac n déu c6 thé€ biéu dién dudi dang
xX(x—1....(x—n+1) +a X(x—=1.... .x —n+2)

1

+...+a .
n! n! "

Cau 40. ChUng minh rang néu da thc f(x) bac n nhén gia tri nguyén v6i moi x
nguyeén thi cac hé s6 cla da thlrc n!f(x) d€u 1a cac sO nguyeén.

Cau 41. Cho cac s0 thuc a, b, ¢, d. Chitng minh rang néu phuong trinh

ax* +bx+cx+d +e=0 c6 nghiém thuc khong nhé hon 1 thi phuong trinh

ax* +bx’* +cx* +dx+e =0 cling c6 nghiém thuc.

n n

Cau 42. Chodathlfc f()= a,x' citinh chdt -~ =0, chiing minh da thirc f(x)
k=0 k=0

c6 nghiém thurc.

Cau 43. Biét da thUrc f(x) c6 tinh chat f(x) > f’(x) v6i moi x. Chlng minh f > 0.
Cau 44. Co6 t6n tai da thUc f ndo thod man f > f’, £ > f’ khong ?

Cau 45. C6 tOn tai da thUrc f(x) bac 2010 sao cho f(x* —2010):f(x), Ox R.

Cau 46. ChUng minh rang n€u x=c 1a nghi€m bo6i 2010 cla da thlc f(x)g’(x)-
g(x)f’(x) thi x=c 1a nghiém b0i 2011 cUa da thirc f(x)g(c)-f(c)g(x) néu hai da thic
nay khong dong nhat triét tiéu.

Cau 47. Cho da thUc f(x) khong c6 nghi€m bdi va bac bang n. Chling minh da thlc
9(x) =] f']" = F(x) f "(x) khdng c6 nghiém boi cap cao hon n-1.

Cau 48. ChUng minh rang da thic f(x) chia hét cho da thitc dao ham cla né 1a £ (x)
khi va chi khi f(x) c6 dang c(x-x,)".

Cau 49. Tim da thUc bac ba f(x) biét n6 chia hét cho da thlic (x-1)(x+1)(x-2)(x-3).
Cau 50. tim da thUrc f(x) thod man xf(x-2)=(x-2010)f(x) v4i moi sO thuc x.

51



Bai tap 6n thi Olympic todn GidiTich-Dais® (Bién soan: Th.s Tran Vin Su)

Vé mot s6 dang phuong trinh ham da thic

Phuong trinh ham da th(c 1a m6t dang toan kho, d€ gidi dudc cac phuong trinh ham
loai nay, chiing ta cAn nam rd khong nhling cac kY thudt gidi phudng trinh hAm ma con cac
tinh chat va cc dac trung co ban cla da thic (nghi€m, hé sd, bac, tinh lién tuc, tinh h(iu
han nghi€m, tinh kha vi ...). Trong bai viét ndy, ching ta sé& dé cap dén mot sO dang
phuong trinh da thUc c6 so d6 10i gidi tuong tu nhau: xay dung nghi€m va chlng minh cic
nghi€m d6 vét hét tap hop nghiém.

1. Phuong trinh dang P(f)P(g) = P(h).

Bai toan tdng quat: Gid sir f(x),g(x) va h(x) 1a cac da thic thudc U [x] da cho thod man

diéu kién: deg(f)+deg(g) =deg(h). Tim tat cd cac da thlc P(x) thudc [ [x] sao cho:
P[f(x)].P[g(x)]=P[h(x)] (1), Ox O

Nghiém cUa phuong trinh ham (1) c6 nhi€u tinh chat dac biét gitip ching ta c6 thé xay

dung dudgc tat cd cac nghiém cla né tU cac nghi€m bac nho:

Tinh chat 1.1. Néu P,Q 1a nghiém cUa (1) thi P.Q ciing 1a nghiém cUa (1).

ChUng minh:

(P-Q)h(x)]=

(P.Q)(h(x)) = (P)(h(x)).Q(h(x)) = P(f(x)).P(g(x)).Qf(x)).Q(g(x))
= (P.Q(f(x)).(P.Q)(8(x)).

Hé qua 1.2. Néu P(x) 1a nghi€ém cUa (1) thi P"(x) ciing 1a nghiém cUa (1).

Trong khé nhi€u trudng hop, hé qua 1.2 cho phép chiing ta md ta hét cic nghiém cUa (1).
PE lam di€u ndy, ta c6 dinh 1y quan trong sau day:

Pinh ly 1.3. Néu f, g, h 1a cac da thlc véi hé sé thuc thod méan diéu kién deg(f) + deg(g) =

deg(h) va thod man mot trong hai di€u kién sau:
(1)  deg(f) # deg(g)
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(i)  deg(f) = deg(g) va f* + g* # 0, trong d6 f*, g* 1a hé s6 cao nhat cla cac da
thlc f va g tuong Ung.
Khi d6 v&i moi sO nguyén duong n tOn tai nhi€éu nhat mot da thlic P(x) c6 bac n va thod
man phuong trinh (1).

Chlfl’ng minh:
Gid sU P 1a da thUc bac n thod man phu’dng trinh (1), deg(f) = £, deg(g) = g, deg(h) = h, cac
hé s0 cao nhat cla P, f, g, h tuong Ung 1a P*, f* g* h*. So sanh hé sO cao nhat hai v€ cla
cac da thlrc trong phuong trinh

P(f())P(g(x)) =P(h(x))
Ta co P*(f*)".P*(g*)" = P*(h*)" tu do suy ra P* = (h*/f*g*)".

Nhu vay, néu gid si nguoc lai, ton tai mOt da thic Q bac n (khac P) ciling thod man
phuong trinh (1) thi Q* = P* vata co

Q(x) =P(x) + R(x) v3i 0 < r = deg(R) <n
(ta quy UGc bac cla da thirc dbng nhat 0 bang -0, do d6 deg(R) = 0 dOng nghia R khong
dong nhat 0)

Thay vao phudng trinh (1), ta duQc
(P(®) + R)(P() + R(g)) = P(h) + R(h)
< P(HP(g) + P(HR(g) + R(HP(g) + R(HR(g) = P(h) + R(h)
& P(OR(@ + R(OP() + R(OR(g) = R(h) (2)
Bay gi0 ta xét cac truOng hop

i) deg(f) # deg(g). Gid st f > g. Khi d6 bac cUa cac da thlrc & v€ trai (2) 1an lugt 1a
nf + rg, if + ng, rf + rg, va do nf + rg > rf + ng > 1f + rg nén v& trai c6 bac 1a nf +
rg. Trong khi d6 v€ phai c6 bac la th = r(f+g) < nf + rg. Mau thuan.

ii)y  deg(f) = deg(g). Khi d6, hai da thitc dau tién & v€ trai cla (2) cliing c6 bac 1a nf +
rg = ng + rf va c6 th€ xdy ra sy triét tiéu khi thuc hién phép cOng. Tuy nhién, xét
hé s6 cao nhat cla hai da thUc ndy, ta c6 hé s cla x™ "' trong da thUc th( nhat
va th(t hai 180 1Ugt bng PH(F*)'R*(g*), R*(F)P*(g*)". NhU thé, bAc cla x"*
trong tOng hai da thic bang
PHR*fH g+ (f+0D1gx®0) 2 0 do f* + g* # 0. NhU vay, bac clia v€ trai cla (2) van
1a nf + rg, trong khi d6 bac cla v€ phai la rh = rf + rg < nf + rg. Mau thuan.

Pinh ly dugc chling minh hoan toan.

Ap dung dinh 1y 1.3 va hé qud 1.2, ta thdy rang né€u P(x) 1a mOt da thlc bac nhat thod
man phuong trinh (1) v6i f, g, h 1 cac da thlc thod man di€u kién cUa dinh 1y 1.3 thi tat cd
cac nghiém cla (1) sé c¢6 dang: P(x) = 0, P(x) = 1, P(x) = (Po(X))".

Sau day, chiing ta s& xem xét mOt sO vi du ap dung cUa cac tinh chat néi trén.
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Vidu 1. Tim tat cd céc da thUc P(x) v&i hé sb thuc thod man phuong trinh

P(x*) = P¥(x) 3)
vGi moi x thuOc R.
L0i gidi: Ta c6 cac ham f(x) = x, g(x) = x, h(x) = x* thod man cic di€u kién cUa dinh 1y 1.3,
va ham P(x) = x 1a hdm bac nhat thod man (3) do d6 cidc ham P(x) = 0, P(x) = 1, P(x) =x", n
=1, 2,3, ... 1atat ca cac nghi€ém cUla (3).

Vi du 2. (Vietnam 2006) Hay xac dinh tat cd cac da thUc P(x) v&i hé s6 thuc, thod man hé
thUc sau:

P(x’) + x(3P(x) + P(-x)) = (P(x))* + 2x*  (4)
vGi moi so thuc x.
L0i gidi: Thay x = - x vao (4), ta dugc

P(x*) - x(3P(-x) + P(x)) = (P(-x))* + 2x* (5)
TrU (4) cho (5), ta dugc

4x(P(x) + P(-x)) = PX(x) - P*(-x)
& (P +PEOPE) P-4 =0 (6)
(6) ding v&i moi x thudc R, do d6 ta phai c6

+ Hodc P(x) + P(-x) = 0 diing vGi vd sO céc gid tri x

+ Hodc (P(x) — P(—x) — 4x = 0 dting v&i vo sO cac gia tri x
Do P 14 da thlrc nén tUr day ta suy ra

+ Hoac P(x) + P(-x) = 0 diing v6i moi x

+ Hoac (P(x) — P(—x) — 4x = 0 diing vGi moi x
Ta xét cac truOng hop:

+Px)+P(-x)=0
Khi do ta c6 phuong trinh

P(x%) + 2xP(x) = (P(x))* + 2x°
© P -x*=(P(x)-x)’

bat Q(x) = P(x) — x thi Q(x*) = Q*(x). Theo vi du 1 thi Q(x) = 0, Q(x) = 1, Q(x) = x". TU d6
P(x) = X, P(x) = x+1, P(x) = x" + x. So sanh v&i di€u kién P(x) + P(-x) = 0, ta chi nhan cac
nghiém: P(x) =xvaP(x) =x*"+x,k=0,1,2 ...

+P(x) - P(-x)-4x=0
Khi do ta c6 phuong trinh

P(x%) + x(4P(x) — 4x) = P*(x) + 2x*
& P -2x*=(P(x) - 2x)’

Pat Q(x) = P(x) — 2x thi Q(x*) = QXx) va nhu' th€ Q(x) = 0, Q(x) = 1, Q(x) = x". TU d6 P(x)
= 2%, P(x) = 2x+1, P(x) = x" + 2x. So sanh v@i di€u kién P(x) — P(-x) — 4x = 0, ta chi nhan
cac nghiém: P(x) = 2x, P(x) =2x+1vaP(x) =x* +2x,k=1,2,3 ...
TOng hgp hai trudng hop, ta cé tat ca nghiém cUa (4) 1a cac da thitc
P(x) = X, P(x) = 2%, P(x) = 2x+1, P(x) = x*"!' + x, P(x) = x* + 2x v@i k = 2, 3, ...

Vi du 3. Tim tat ca cac da thc véi hé s6 thuc P(x) thod min dang thic sau vOi moi s6
thuc x
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P(x)P(2x°) = P(2x*+x) (7)
LOi gidi: Cac da thlc x, 2x% 2x*+x thod man di€u kién dinh ly 1.3, do d6 ta sé€ di tim
nghiém khong dOng nhat hang s6 vGi bac nhd nhét cla (7).
Xét trudng hop P(x) c6 bac nhat, P(x) = ax + b. Thay vao (7), ta c6

(ax + b)(2ax*+b) = a(2x’+x) + b
So sanh hé sO cUa cac don thlc G hai v€, ta dugc hé

a*=2a,2ba’=0,ab=a,b*=b
Hé nay v6 nghiém (do a # 0) nén ta c6 thé két ludn: khong tOn tai da thlc bac nhat thod
man (7).
Ti€p tuc xét trudng hop P(x) cé bac 2, P(x) = ax® + bx + c. Thay vao (7), ta c6

(ax® + bx + ¢)(4ax*+2bx*+c) = a(2x*+x)* + b(2x*+x) + ¢
& 4a’x° + 4abx® + (4ac + 2ab)x* + 2b*x® + (ac + 2bc)x* + bex + ¢* =

4ax® + 4ax* + 2bx® + ax* + bx + ¢
So sanh hé s cac don th(rc & hai v€, ta dugc hé

4a* = 4a, 4ab = 0, 4ac + 2ab = 4a, 2b*=2b, ac + 2bc =a, bc =b, * = c.
Hé ndy c6 nghiém a = c =1, b =0. Nhu vay, P(x) = x* + 1 1a da thlc bac 2 thod man (7). TU
hé qud 1.2 va dinh 1y 1.3, ta suy ra (x*+1)“ 1a tat ca cic da thlrc bac chan (khong dong nhét
hang s0) thod man (7).

Thé con cac nghi€m cUa (7) c6 bac 1é? R rang da thlc x* + 1 khong “sinh” ra dugc cac
nghiém béac 1é. Rat may man, ta ¢ thé chlng minh cic da thlc bac 1é khong thé 1a
nghiém cUa (7). D€ chling minh di€u nay, dua vao tinh chat moi da thiic bac 1é déu c6 it
nhat mOt nghiém thuc, ta chi can chling minh néu P(x) 1d mOt da thic khong dong nhat
hang sO thod man (7) thi P(x) khong c6 nghiém thuc (day chinh 1a ndi dung bai Vietham MO
1990).

That vay, gid si o 1a nghiém thuc cla P(x), khi d6 20 + o ciing 1a nghiém cla P(x). Néu

a>0thitacéda, o+2a a+2a’+2(a + 203 ... 1a diy ting va tat cd déu la nghiém cUa

P(x), mau thudn. Tudng tu, néu o < 0 thi diy néi trén la diy gidm va ta cling c6 P(x) c6 vo

sO nghiém. N&u a = 0, dat P(x) = x*Q(x) vGi Q(0) # 0, thay vao phuong trinh, ta c6
X‘Q(x)(2x")'Q(2x°) = (2x*+x) Q(2x*+x)

= Q()(2x)"Q(2x*) = (2x*+1)'Q(2x*+x)

Thay x = 0 vao ta dugc 0 = Q(0), mau thudn.

Vay P(x) khong c6 nghiém thurc, c6 nghia la P(x) khong th€ c6 bac 1&. Néi cach khéc, bai
todn da dugc gidi quyét hoan toan.

Nhu da néi & phan cuGi cUa bai trudc, phuong trinh dang P(f)P(g) = P(h) con c6 thé gidi
bang cach xét cac nghiém (c6 thé€ 1a phiic) clia da thiic P(x) = 0. Sau day chiing ta xét mOt vi
du nhu vay:

Vi du 4: Tim tat ca cac da thiic khong hang s6 P(x) sao cho
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P(x)P(x+1) = P(x*+x+1) (8)
LOi gidi: Gid sUr a la mOt nghiém cUa P(x) = 0. Khi d6 a’ + a + 1cling 1a nghi€m. Thay x
bang x - 1, ta c6 P(x)P(x-1) = P(x* — x + 1)
Vi P(a) = 0 nén ta cling suy ra a> — a + 1 ciing 1a nghiém cla P(x) = 0.
Chon a 1a nghiém c6 modul 16n nhat (n€u c6 mOt vai nghiém nhu thé thi ta chon 1 trong
ching). TU cach chontasuyrala®’+a+1|< |a|va |[a?—a+1|< |a|
Ap dung bat dang thltc vé modul, ta c6
|2al< |a*+a+1f+]|-a’+ta-1|< |a|+[a]=]2al.
Nhu vay ddu bang pha1 xdy ra § cac dang thlc trén, suy ra voi
(a*+a+1) = s(-a*+a-1) v&i s 1a mOt s6 duong nao do.
Néula’+a+1/<|a’—a+1|thi2]a’—a+1|>|a’—a+1|+|a*+a+1|>]|2a] suyra|a —a
+ 1|>|a| Tuong tu'tlr|a> +a+ 1| >|a>—a+ 1|, cling suy ra | a>+a + 1| > | a |, mau thudn
v@i cach chon a.
Vayla®+a+1|=|a’—a+ 1. Tudés=1vatacé (a®>+a+1)=(-a*+a—-1)
suyra a’+1=0, suy raa = =i va nhu vay x* + 1 1a thira s6 cla P(x). TU day P(x) = (x> +
1)"Q(x), trong d6 Q(x) la da thUrc khong chia hét cho x> + 1. Thay vao (8), ta c6 Q(x) ciing
thGa man (8).

Né'g nhu phuong trinh Q(x) = 0 c6 nghi€m thi lam tudng tu nhu trén, nghiém c6 modul 16n
nhat phai la +i. Nhung di€u nay khong thé vi x> + 1 khong chia hét Q(x). Ta di dén két
luan rang Q(x) 1a hang s0, gia st d6 1a c. Thay vao phuong trinh, ta dugc c = 1.

Nhu vay tat ca cac nghiém khong hang cla phuong trinh (8) ¢6 dang (x* + 1)™ v4i m 1a s6
nguyén duong.

Chd y rang két ludn cUa dinh 1y khong con ding néu f va g 1a hai da thic ciing bac va c6 hé
sO cao nhat ddi nhau.

Vi du vGi phuong trinh ham da thitc P(x)P(-x) = P(x*-1) (9) c6 thé tim dudgc rang c6 2 da
th(c béc nhat, 4 da thlrc bac 2 thda man phudng trinh. Bai todn mé ta tat cd cac nghi€ém
cUa (9) hién nay, theo chiing toi, van con la mot bai toan mé.

Bai tap:

1. (Bulgaria 1976) Tim tat ca cac da thUc P(x) thod man diéu kién
P(x* — 2x) = (P(x-2))?
vGi moi x thuOc R.
2. (TH&TT 7/2006) Tim tat cd cac da thlic cé hé s6 thuc thod man
P(x)P(x+1) = P(x*+2) v&i moi x (I R.
3. (Bulgaria 1988) Tim tdt cd cac da thlc P(x) khong phai hang s6 sao cho P(x*+1) =
P*(x+1) v6i moi x.
4. Tim tat cd cac da thlc P(x) chi c6 nghi€m thuc thda man phuong trinh (9).
5. Tim it nhat mOt da thlrc khéng c6 nghiém thuc thda man phuong trinh & bai toan (9).
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Phuong trinh dang P(f)P(g) = P(h) + Q.
Bay gid ching ta xét dén phuong trinh dang

P(HP(g) =P(h) +Q (1)

(D€ tién theo dbi va khong qué rac réi trong ky hiéu, ta danh s6 lai cac cong thirc tir 1)
trong do £, g, h, Q la cac da thlc da cho, deg(f) + deg(g) = deg(h).

VGi phuong trinh (1), n€u Q khong dong nhat 0 thi ta s& khéng con tinh chat "nhan tinh"
nhu dang 1. Vi thé, viéc xay dung nghi€m trd nén kho khin. Day chinh la khéc biét ¢ ban
cUa dang 2 vGi dang 1.

Tuy nhién, ta van c6 th€ chltng minh dugc dinh ly duy nhat, dugc phét bi€u nhu sau:

Pinh ly Cho f, g, h 1a cac da thUc khong hang thda mén diéu kién deg(f) + deg(g) = deg(h),
Q 1a mOt da thUrc cho trudc. Khi dé, v4i moi s6 nguyén dudng n va sO thuc a, tOn tai nhi€u
nhat mOt da thGc P thda midn dbng thGi cic diéu kién sau:
i) deg(P) = n, ii) P* = a iii) P(f)P(g) = P(h) + Q

Phép chUng minh dinh 1y ndy hoan toan tuong tU v&i phép chUng minh dinh 1y di dugc
chiing minh & phan 1.

1. Tim tat ca cac da thUic P(x) thOa man phuong trinh
P(x) — P(x%) = 2x*

2. Tim tat cd céc da thUc P(x) thda man phuong trinh
P(x*1) =P*(x) -1

3. Tim tat cd cac b0 (a, P, Q) trong d6 a 1a hang sO thuc, P, Q 1a cac da thiic sao cho:
P(x)/Q*(x) = a + P(x})/Q(x")

3. MOt s6 bai tdp tong hop

P(3x) = P’(X)P*(X)P*"*(%)
P(x) thubc R[x]: P(x*) = P(x)P(x-1) (Ireland 1994)
P(x%) = P(x)P(x+1)
P(x) thuOc Z[x] 16P(x*) = [P(2x)]* (Nam Tu 1982)
Tim céc da thirc f(x) thod man: f(f(x)) = f(x)™ v&i m > 1 nguyén cho trudc (HOng
Cong 1999)
6. Cho da thlfc P(x) = ax* + bx + ¢, a# 0. ChUing minh rang v&i s n thuOc N tuy y
khong tOn tai nhiéu hon mot da thic Q(x) thod man dOng nhat:
Q(P(x)) = P(Q(x)) v&imoi x thudc R (Hungary 1979)

DA wWN e
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7. (x-1)P(x-1) = (x+2)P(x) (New York 1976)

8. 2P(x) = P(x+1) + P(x-1) (New York 1975)

9. P(u®-v?) = P(u+v)P(u-v)

10. Nhiing da thtc hé s0 thuc nao c6 P’ 1a udc clia P?
11. P(x*) = P(X)P(x+1)

12. Tim P va Q trong R[x] sao cho: P* = 1 + (x*-1)Q".
13. P(x+P(x)) = P(x) + P(P(x))

MOt sO dé thi mau

Pé GT 1. (Thoi gian lam bai 180 phiit)

Cau 1. a. Cho f, g la hai ham lién tuUc trén doan [ a, b], (a<b).
ChUng minh rang

%@(x)g(x)dxg @ @ (y)dy.

b. Cho ham flién tuc trén doan [ a, b] vGia b.

ChUng minh rang
b
%(x)dxg (b —a) @ (0)dx.

Cau 2. Cho day sO (x,)xac dinh nhu sau: x, :tan(g), X,y =X, +(2=\3)1+x,x,,).

Xac dinh X115 Xp012-

1 010 010 010
Cau 3. Tim giGi han lim H%% +§§ + ¥ %% %

Cau 4. Cho ham s6 f xac dinh va lién tuc trén khodng [0, ). ChUmg minh rang

1

lirr+1 f(nx)dx= lim+ f (x).

-1

Cau 5. Cho ham s6 f(x= €°» x 0
0, x=0
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ChUng minh rang f(x) kha vi ti cdp 2010. Khang dinh ham f(x) kha vi vo han 1&n
két qua thé nao? Giai thich.

Pé GT 2. ( Thoi gian lam bai 180 phiit)

Cau 1. a. Cho ham s0 f lién tuc trén doan [a, b], v&i (a<b). Chling minh tOn tai cac

b

sO thuc m, M sao cho m(b-a)  f(x)dx M(b -a).

a

; S . 2
b. Cho a (0; g]- Chung minh rang sina B

Cau 2. a. Cho day sO (x,) xac dinh b&i x, =X, =2, X,,, =x,,, +x, 1. X4c dinh

X5010, X012+

. , 1

) 3v sO (t it=Lt,=t+——1t,n=12,..
Cau 3. Cho day s0O (t,) vai ¢, o Tl F oot
Tinh giGi han

L .
lim :

n

i=1 ti+1
Cau 4. Cho ham f x4c dinh trén [, ) va c4c diéu sau thod man f(1)=1,
p . -k+1
(e = 100 (142012 (9). Tinh gi6i han Jim ~ HEE0,
k=1
Cau 5. Cho ham s0 f(x) c6 dao ham trén doan [ a; b] véi a, b cing ddu. Chling minh

a f(b) —bf (a)
b-a

phuong trinh = f(x) = xf '(x) c6 nghiém thuc trong khodng (a; b).

P& GT 3. (Thoi gian lam bai 180 phiit)

Cau 1. a. Cho ham s0 f c6 dao ham cap 2 trén R va thod man di€u kién
27 (x) +xf7’(x) = 2.

Xac dinh ham f.
2009 1 1
f( )

A . < ~ o -2010x ¢' R 1 = = .
b. Xac dinh ham s6 f(x) bi€t (¢ f (x)) =0, fM)=- =5, fC ) =50

Cau 2. a. Cho ham flién tuc trén doan [ 2010; 2012], kha vi trong khodng (2010;
2012), thod man £(2010) = f (2012) = 0. Chlng minh rang phuong trinh

f ‘(x) + 2010 f(x) = 0 ¢6 nghiém trong khodng da cho.

b. Cho ham s0 f(x) lién tuc trén doan [ 0, 1] va thod man cac diéu kién sau
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fO)=——, f(¥dx< 012"

ChUng minh phuong trinh f(x)=x*" 1udn c6 it nhat 1 nghiém thudc khodng (0, 1).
Cau 3. Khdo sat tinh kha vi clla ham s0 [f(x)| v&i f(x)=(x-1)(x-2)...(x-2010)(x-2011).

. i ; R dx
Cau 4. a. Tinh tich phan D@90
_ i 7 dx
b. Tinh tich phan A ey Y
Cau 5. Cho ham f(x) xéac dinh va lién tuc trén doan [0, 1] va thod man diéu kién
3 3 2

b
D0z [1;2],(a b) f*(x)dx = ChUng minh rang tich phan f(x)dx nhén gia

1

tri khong vugt qua 1.5.

Pé PS 1. (Thoi gian lam bai 180 phiit)

Cau 1. Tinh A™ x4c dinh b6i cong thUc
L x, X, XDVA=(1, 24+x,2+ x)°,..,(2+x)"), vOi

1 2C’ 2°Cy ey, 2"C?
cl 2C "2 ct, 2m'C!
A=g
0 0 cro2c
0 0 0 (o

Cau 2. Ky hiéu E, 1a ma tran vudng don vi cap n, U 1a ma tran k-hang, 1 cOt va O 1a

. o E U
ma tran khong. Tim B™ vGi B = %Ok E %
1

8 -1 -5
Cau3.Chomatrdn C=¢ 4 -1 -1 Timmatran B d€ BTB™ l1a ma trdn dudng
2 3 1

chéo chinh.
Cau 4. Cho A 1a ma trén vuéng cap n.
a. ChUing minh rang n€u A thod mén tinh chdt A? = A thi 2A-E)’ =E.
b. ChUng minh rang néu (2A-E)’ =E thi (B+E)’ =2(B+E), B=2A-E.
Cau 5. a. Cho A 1a ma tran vudng cap n va ky hiéu da thlc dac trung cla A 1a 5(A).
ChUng minh rang 6(A) =O.
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b. C6 tOn tai da thlrc f(x) nao hé s6 nguyén thod man f(0), f(1) 1a cac s 1& ?

Pé PS 2. ( Thi gian lam bai 180 phiit)

Cau 1. a. ChUmg minh rang da thlc f(x) =(@1-x")(1+x)—-2nx"(1-x)-n’x"(1-x’)* chia
hét cho da thlrc g(x)=(1-x)*n 2.
b. Tim mot da thirc f(x) thod man f(x+1)-f(x-1)=(x-1)(x+1).
Cau 2. Chimng minh mot da th(rc luén bi€u dién dudi dang hi€u hai da thUc ting.
o A g n L
Cau 3. Tim ma tran nghich ddo cUa ma tran A biét A=(q;,)} =, a;; = 0 ;fr i _ j

Cau 4. Cho céc sO thuc a;; véi a;; +a; =0. Gidi hé phuong trinh

Jj=1

010
~ , A . 2 > A o 0S2 —sin2
Cau 5. Tinh ma tran nghich dao cua ma tran B biét B = % ) ) % :
1n cos

Cau 6. Tinh dinh thic

1 C,Cc. C.x"
1 C c .. CcX

Pé PS 3. ( Thi gian lam bai 180 phuit)

Cau 1. a. Tinh dinh thc dea) = dee )" &

i,j=1

1 2 3 4 n

a 1 2 3 n-1
b. Tinh dinh thc @ a 1 2 n-2|.

a a a a 1

Cau 2. TOn tai hay khong mOt ma trén thuc vudng cap 2 sao cho

oo _ @-2008 2010
0 —2009
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Cau 3. Cho A, B 1a cidc ma tran vudng thod man AA=A, (A+B)(A+B)=(A+B)E,
A(E+B)+(E+B)A=0. Tinh det(-B).
Cau 4. Cho A, B 1a cdc ma trén vudng cap n thod man
i. AB=BA.
j. AZOIO - O, B2010 - O
ChUng minh ma tran E+A+B kha nghich.

3+2 -5
Cau 5. Tinh X3+ , n=123,...
1 -3+

Cau 6. Cho da thlc f,(x) =cos[narccosx|, -1 x 1. Ch(ing minh rang
fn+1(X):2X fn(X)_ fn—1(x); -1 x 1.

SAu day ching t6i giGi thi€u mot s6 dé thi chon ddi tuy€n Olympic toan vong th(r
nhat tai trudng Pai Hoc Quang Nam. ‘
Phong thi: 1.1, 1.2 gidng dudng A1, bubi sang thi GT, buGi chi€u thi S.

TRUO NG BAI HOC QUANG NAM KHOA\BO MON: TOAN
PE THI CHON DBOI TUYEN OLYMPIC TOAN HOC NAM 2010 (VONG 1)
MON THI: TOAN GIAI TiCH NGAY THI: 29/11/2009
Thaoi gian 1am bai: 180 phut
Cau 1 (4 di€m). Cho diy s6 (t,) v6i cac diéu kién sau
=1, ty, =4, ¢ =t t,.,0n=23..
1 (2010 4 (2010 4 (2010
a. Xac dinh ty,0, ty;;- b, Tinh nlin} t’t ...t ). c.Tinh S= t12010 3 2016

2010 2010 *
P o P I e

Cau 2 (4 di€m). (Sinh vién chon mot trong hai cau sau)
a. Cho hai ddy s6 (x,), va (¥,), thod man cac di€u kién sau

. _ +1 . 2

i limy, =0 i (x)’=(x_)*+2~, n=1,23,.. Tinhgidihan lim ()

n- 2010 n-teon
b. Cho day s6 (u,), thod man di€u kién (n+D)(n-D!'u, =uu,,, +(n+H(n-D!u,,,n=12,..

) D = , 22010(u,,, ~u)+uu, .
Tinh gia tr] cUa bi€u thuc .

n=1 unun+1
Cau 3 (4 di€m).
~ e , ’ n’ 1 + X —

a. Cho day (x,), v@i cac tinh chat x, =1, x, =0, x,, = 22k S, X = ;k ko 1.

Xac dinh Xy105 X011-

m 1
~ ~ - : s :Sin_, ] n+—,n:].,2,-.-
b. Cho day s6 (v,), xac dinh bGi % 6 Yo =Y (n+2)/n+1
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Chlng minh rang limy, (1, 2).

, _ 2010 )
c. Cho day s6 (z,), x4c dinh nhu sau: 2, >0, z,,, =2010(z, +Z—3)’ n N Chimg minh diy

s da cho c6 gidi han va tinh gidi han dé.

n+1
Cau 4 (4 diém). a. Tinh tich phan I, = %(sin1°°5(x)+,/sm20w(x)+1)% n N

-n

X

7., . ], n X2 42 .
b. Tinh giGi han J = lim n [e—(1+;) ]. c. Tinhdaoham (" e dt)".

0

Cau 5 (4 di€m). (Sinh vién chon mét trong hai cau sau)
a. Cho ham f kha vi trén doan [0, 1], f(0)=0, f(1)=1. Chitng minh rang t6n tai s6 thuc c
thuOc khodng (0, 1) sao cho f(c)-c=2010(f’(c)-1), v&i £’(c) 1a dao ham cUa ham f tai x = c.
b. Cho ham f kha vi trén khodng (0, 1), lién tuc trén doan [0, 1], f(0)=1, f(1)=e¢?
Churng minh rang phuong trinh f’(x)=2f(x) c6 it nhat mOt nghiém thuc trong khodng (0, 1).
Cau 6 (4 di€m). Gid s f:R R 1aham thod man f(x+y)=f(x)+ f(y) vGimoix.y R

a. ChUng minh réng f(ax)=a f(x), Dx@R, 0a€¥Q.

b. Néu thém diéu kién f lién tuc trén R va f(1) =2010. Xac dinh ham f.

TRUONG DAl HOC QUANG NAM KHOA\BQ MON: TOAN
BE THI CHON DOI TUYEN OLYMPIC TOAN HOC NAM 2010 ( VONG 1 )
MON THI: DAI SO NGAY THI: 28/11/2009
Thai gian 1am bai: 180 phlit
Cau 1 (4 di€m). Cho hai ma trén vudng cling cap A va B 1a nghiém cUa da thlc f(x) = x> - x.

I. Gid sir A va B kha nghlch ChUng minh rang AB=BA=E v6i E 1a ma tran don vi cling c& A.
1l Gid st A giao hoan vGi B. Chling minh rang AB, BA ciing 1a nghiém cUa da thUrc f(x).
iii. Gid sir AB+BA= O ( ma tran khong). Tinh det(A+B).

Cau 2 (4 di€m). Cho f(x) 1a da thlc bac 2010 thod mén
(=L kmor_ a0, ooy <1201 2002

2013
i. Xac dinh f(2011), f(n) v6i n 1a sO nguyén 16n hon 2012,
ii. Tim cong thUc t6ng quat cho bi€u thitc nf(n) véi n N

Cau 3 (4 di€m). a. Cho da thic f(x) =a, +a,x +a,x* +...+ a,, X

a, ta;+a. + ...+ a, =0.

ChUng minh rang da thlrc g(x) = a, +2a,x +3a,x* +...+ 2010a,,,X

1).

b. X4c dinh da thUc phUc bac ba f(x) thod man f(-i) =-i, f(i)=1i, f(0)=2, f(1)=7.

Cau 4 (4 diém). Gidi hé phuong trinh sau:

2010

(ay0,0 20). Gid sirrang

%" ¢6 nghiém trong khodng (-1,
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[12010x, +2009x, +2008x, +............... + 2%+ Xy =1
H2000x, +2008x, +2007X, +.ooccreeee + Xy +2010X,0,0 = 2

0

|:| .................................................................................................

H  x, +2010x, + 2009, +............... +3Xy + 2Xpp = 2010

Cau 5 (4 di€m). a. Cho 2 ma trén A va B sau
H4 6 3H Hl 1 IE

A=2 5 1 B=04 2 2

Hs 4 2H H11 3fF

Tim cdc tri riéng va vect0 riéng cla B. Tinh A™'BA.

010 010

10 os¢ sing 0 -1
b. Tinh H = 10 . c. Tinh K=g&sing cosp 0 + sin(20109) 1 08¢ R
02 0 0 1

Cau 6 (4 di€m). Cho A 1a ma trdn vuéng, B=(b,) ;. Chlng minh khang dinh sau
A b,A .. b A
A b,A .. b A i
det = (det B) (det A)".

Ab,A.. b A

ml m2 i mm

TRUGNG DAl HOC QUANG NAM  BE THI OLYMPIC TOAN HQC NAM 2010
KHOA\BO MON: TOAN MON THI: TOAN GIAI TICH (Vong 2)
.................... FEE e NGAY THI: ....2.../...2.../2010

DE Chinh Thirc THOT GIAN: 180 PHUT (khéng k€ thdi gian giao dé )

Cau 1 (6 di€m).
3

,n=1.
x, +1

a. Cho day sO (x,), xac dinh b3i X, =1 x,, =1+

Tinh gi¢i han lim x,.
b. Cho day ham s0 thuc (f,), vahams6 f tU R vao R. VGi mobi nON, dat
n+1, néu f(x)=n

X) = -
[2() gl%’ néii m2nls f(x)s2ﬂn,mm{1,2,...n

o) (ExOR),

ChUng minh rang day ham (f,), cé gii han va tim gidi han doé.

Cau 2 (3 diém).
Cho ham f kha vi 3 1an trén doan [-1, 1] va thod man vGi moi hO[-1,1],
f(h)+ f(=h)=f(0)+h* +o(h®),  f(h)= f(~h)= f(0)+h+o(h®).
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Xac dinh £(0), £(0), £(0).
Cau 3 (6 di€ém).

a. Tinh cac gidi han
_ .. cosx—cos’(sin x)
I =lim

x-0 x2

)

. . 1 m s T
J = lim arsin(1 ——).cos—.cos —.c0S —.....COS

N+ n 8 16 32 /4

b. Tinh tich phan
21
J'sin[sin[sin (2010x) +sin x] Jdx |
0

c. Tinh gia tri cUa bi€u thlc

2010 2010 1

et nek M2+ (3=2K)n+(k* =3k +2)

Cau 4 (6 di€ém).

a.Cho ham f kha vi trén doan [0, 1], f(0)=0, f(1)=1. Ch(ing minh rang phuong
trinh f(x)+2010=2010f’(x)+x c6 it nhat mét nghi€m thuc trong khodng (0, 1), v6i f(x)
1a dao ham cUla ham f.

b.Gid st f, g 1a hai ham s xac dinh, tudn hoan trén toan truc sO. Biét rang

lim[f()=-g()]=

ChUng minh rang f(x)=g(x) v4i moi xOR.

Cau 5 (3 di€m). Cho ham f: R - R thod man diéu kién

1 4 .
)= f) < Elx-yl , vOi moi x,yOR, x#y.

Gia sUrtOn tai sO nguyén n>1 sao cho f (x)= fo fO fO (x)=x,UxUR.

n lan

ChUng minh rang f(x)=x, véi moi xOR.

---Hét--
TRUONG DBAI HOC QUANG NAM DE THI OLYMPIC TOAN HOC NAM 2010
KHOA\BO MON: TOAN MON THI: DPAI sO (Vong 2)
.................... e A NGAY THI: ....27...../...12..../2010

DE CHINH THUC THOT GIAN: 180 PHUT (khéng k€& thdi gian giao dé)

HO va teN SINH VIBI: ...ttt Gidi tinh: ...............

Cau 1 (5 di€m).
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a. Ma trén A dudc goi 1 luy dang néu ton tai s6 thuc @ DR\{0} sao cho A=a E
v6i E 12 ma tran don vi cling cap véi A. Cho A 1a ma tran vudng cap hai. Chling minh
rang A giao hoan vGi moi ma trén vuéng cap hai khi va chi khi A 13 ma trén liiy dang.
b. Cho A 1a ma tran vudng cap hai v4i hé s thuc. Tim cic ma tran A thod mén
diéu kién A® = E.
Cau 2 (5 di€m).

a. Tinh A*™° véi

H . . TT E
Cos + 2sin 5sin——
A=0 4020 4020 4020 C
[l . TT T oo L
H —sin cos——2sm—E
4020 4020 4020

b. Tinh (E+S)", nON, v&i E 1a ma tran don vi cing cap v&i ma tran S, ¢ day

S = % 1 5 E
-1 -3
Cau 3 (5 di€m).

a. Gid st %/2010, nON* 1a mOt gia trj riéng cUa ma tran vudng S nao do.
ChUng minh rang 2010, ﬁ 13 cac gi4 tri riéng cUa ma tran S", S
tuong Ung.

b. Cho hai ma tran vuéng cap n: A=(;), 7, B=(;), ;.- Chlng minh rang
tr(AB)=tr(BA). Tinh tr(AB) khi biét A="B,

c. Tim tri riéng va vectO riéng cUa ma tran sau:

HZ -2 0 0

Mm 5 0 O
S:D

7 6 1 1

ﬁz 1 3 -1

:

Cau 4 (5 di€m).
a. ChO da '[hl:rC f(X) :1_X+X2 +X3 _X4 +X5 +...+X2007 _X2008 +X2009 +X2010.
ChUng minh rang da thlc g(x) = f(x) —x* chia hét cho da thlfc h(x) =1-x+x’. Tim
da thUc thuong q(x) khi chia da thlc g(x)
cho da thlc h(x).
b. Cho hai da th(c f(x) va g(x) v8i hé s thuc. Chlng minh rang
deg( f (x).g(x)) deg(f(x)) +deg(g(x)).
C. X4c dinh da thirc bac ba f(x) biét rang f(-i)=i, f(i)=-i, £(0)=2, f(1)=7.

66



Bai tap 6n thi Olympic todn GidiTich-Dais® (Bién soan: Th.s Tran Vin Su)

---Hét-- -
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