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Chuong 1

Ly thuyét

1.1 Cac dinh 1y vé gia tri trung binh

Dinh 1y 1.1.1 (Fecmat). Cho ham f zdc dinh trén (a,b) va c € (a,b). Néu f dat
cuc tri dia phuong tai ¢ va f'(c) ton tai thi f'(c) = 0.

Dinh 1y 1.1.2 (Rolle). Cho ham f lién tuc trén |a,b] va khd vi trén (a,b). Néu
f(a) = f(b) thi ton tai c € (a,b) sao cho f'(c) = 0.

Dinh 1y 1.1.3 (Lagrange). Cho ham f lién tuc trén |a,b] va khd vi trén (a,b).
Khi dé ton tai ¢ € (a,b) sao cho

fla) = £(b)

flo = =2 —

Dinh 1y 1.1.4 (Cauchy). Cho hai ham s6 f va g lién tuc trén [a,b], khd vi trén
(a,b). Khi dé ton tai c € (a,b) sao cho

Dinh 1y 1.1.5 (Darboux). Cho ham f khd vi trén (a,b) va ¢,d € (a,b). Khi do
f' nhan moi gia tri trung gian gita f'(c) va f'(d).

1.2 Khai trién Taylor va quy tic L’Hospital

Dinh ly 1.2.1. Néu ham s6 f : (a,b) — R ¢6 cdc dgo ham dén cip n — 1 trén
(a,b) va cé dao ham cip n tai diém xo € (a,b) thi vdi h dii nhé ta cé
f'@o), , f"(z0) f" (o)

2 n n

fwo + 1) = f(wo) +

Phan du o(h") dugc goi 1a phan du Peano.
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Dinh 1y 1.2.2. Cho ham f wdc dinh trén [a,b] va z¢ la mot diem co dinh trén
la,b]. Gid st f c6 dao ham dén cip n lién tuc trén [a,b] va c¢é dao ham cap n+ 1
trén khodng (a,b). Khi dé vdi méi x € [a,b], ton tai ¢ nam gitta x va xg sao cho
™ (2)

(o) F ()

f(x) = flxo) + T (x —x0) +...+ o (x — z)" + S (z — o)™
Biéu thiic f(n+1)( )
C n+1
Rn = m(&? — ZZ'()) T

dugc goi 1a phan du trong cong thiic khai trién Taylor (dén bac n + 1) clia ham
f tai zy. Phan du nay dudc goi 1a phan du dang Lagrange.
Dat h =2 — 2o va goi 8 € (0,1) 1a s6 sao cho ¢ = xg + 0h ta co

f’(fb’o)th f"(x0) Ty A f(”)(xo)hn . J ) (o + 0h)

hrtl
1! 2l nl (n+1)!

f(zo+h) = f(xo) +

Néu ham f théa man cac gia thiét trong dinh 1y trén thi ton tai sd ¢ nam gitta
T va xgy sao cho
(o)

f(z) = f(wo)+ 1

(x—z0)+...++

Biéu thrc .
)
" (n4 1)

dugc goi 1a phan du dang Cauchy. Hién nhien la

(x — x0)(x — )"

R, =R,

Dat h =2 — xo va goi 0" € (0,1) sao cho x = zg + 6'h ta co6

: ) (n+1) 0'h
f(zg+h) :f('rﬂ)—i_%h—l—”_{_ J n(!xo)hn+ f (n(f_ofg! )

(1 . el)nthrl‘
Dinh 1y 1.2.3. Gid st f va g la hai ham s6 xdc dinh va c¢6 dao ham hitu han
tren (a,b) \ {zo}, o € (a,b). Néu

1. lim f(z) == lim g(x) =0,

r—x0

Yo L (L €R hode L = +0),

Véi nhitng gia thiét thich hop, quy tac nay ciing ding cho gigi han mot phia,

o e 2, ~ ~ N e 7z ~ : w
gi6i han ¢ vo tan, va gidi han c¢6 dang vo dinh —.
00
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1.3 MBoéi lién hé gitta nguyén ham va tich phan xac
dinh

Gié st f 1a mot ham kha tich trén [a, b]. Khi d6 v6i moi x € [a, b], f kha tich trén

[a,b] v ta xac dinh duge ham s6

F: Jab] — R
r /f(t)dt.

Néu f la ham s6 lien tuc trén [a,b] thi f kha tich trén [a,b] va khi d6 F 1a mot

nguyén ham cia f trén [a, b], nghia 1a v6i méi = € [a, b,

(if@ﬁ):f@»

Néu f 1a ham lién tuc trén [a, b], o, 3 1a nhitng ham kha vi trén [a, b] va nhan gia

tri thuoc doan [a, b]. Khi d6 v6i mdi x € [a, b] ta ¢6

a(z) /
([ rdt) = sla@)ae) - 76@)8 )
B(x)
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Chuong 2

L -~

Bai tap

2.1 CaAac dinh ly gia tri trung binh

Bai 1: Cho f: [-7/2,7/2] — [—1,1] la mot ham kha vi ¢c6 dao ham lién tuc va
khong am. Chitng minh rang ton tai xg € (—m/2,7/2) sao cho

(F(@0))* + (f(20))* < 1.
Giai:
Xét ham s6 g(x) = arcsin(f(z)). Khi d6 g : [-7/2,7/2] — [—7/2,7/2] 1A mot
ham lien tuc trén [—7/2,7/2] va néu f(x) # +1 thi g khé vi tai z va

Jae f®
V- (@)

Néu ton tai xg € (—7/2,7/2) sao cho f(xg) = 1 hay f(zo) = —1 thi zq 1a cyc tri
dia phuong ctia ham f nén theo dinh 1y Fermat, f'(z¢) = 0. Do dé ta ¢6

(f(z0)2 4+ (f'(x0))? = 1.

Néu f(x) # +1 v6i moi x € (—7/2,7/2) thi g thdoa man cac diéu kién ctia dinh

Iy Lagrange trén [—7/2,7/2] nén ton tai zg € (—m/2,7/2) sao cho

o) gDy = (" (T

T V1= (f(@))?

Dé ¥ rang vi vé phai 1a khong am nén vé trai cting khong am. Ngoai ra vé trai

(]

khong vudt qua 7. Vay ta co bat dang thic sau day

o< _fx0) (r) < .

— V= (f(0))?

Tu doé ta nhan duge

(f(20))* + (f'(x0))* < 1.

4
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Bai 2: Cho ham f lién tuc trén [a,b] (a > 0), kha vi trén (a,b). Ching minh rang
ton tai xq, 9, 3 € (a.b) sao cho

f'(x2)

4332

!/
2 b b? f($3)
+ (a* 4 ab + )—6953

f(@1) = (a+D)

Giai: Ap dung dinh 1y Lagrange cho ham f trén [a,b] ta ¢6 21 € (a,b) sao cho
f(b) = f(a)

e NCAPE

Ap dung dinh 1y Cauchy cho ham f va ham x — 22 ta c6 x5 € (a,b) sao cho

f0) = fla) _ ['(x2)

2—a2 2y

hay

F(n) = (a+ )12

21’2 '

Ap dung dinh 1y Cauchy cho ham f v ham & — 2% ta ¢6 23 € (a,b) sao cho

f(b) = fla) _ f'(xs)

b — a? 33

hay
f'(xs)

f'(z1) = (a® +ab+ b?) 32

Tu cac két qua trén ta c6 @1, x9, x3 € (a,b) sao cho

f'(x2)

4(172

f'(x3)

+ (a* + ab + b?) 622

f(x1) = (a+0)

Bai 3: Cho ham f : (=00, +00) — (—00,+00) kha vi dén cap n + 1 tai mdi
diém ctia (—oo, +00) va (a,b) € R% a < b, sao cho
NELESIOESETLIONNAN
fla) + f'(a) + ...+ f)(a) '
Khi do ton tai ¢ € (a,b) sao cho f"*V(c) = f(c).
Giai: Xét ham

Flz)=(f(x)+ fl(x)+...+ f™(x))e™, x € [a,b].

Ta ¢6 F(a) = F(b) va v6i mdi z € [a,b], F'(x) = e *(f"*' — f(x)). Theo dinh ly
Lagrange, ton tai ¢ € (a, b) sao cho F'(c) = 0, tic la f™*D(c) — f(c) = 0.
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Bai 4: Cho ham f € C?([0,400)) (tic f khé vi lien tuc dén cap 2 trén [0, +00)).

V6i mdi (aq, as, ag) € R?, xét ham sb
) ) )

Fla) = f(z) néu x>0,

arf(—z) + asf(—2z) + azf(—3z) néu =z <O0.
Chiing minh rang c6 thé chon cac s6 ay, k = 1,2,3 dé F' € C*(R).
Hudéng dan giai: Ro rang F kha vi lien tuc dén cap 2 trén (—oo,0) va (0, +00).
Dé F € C*(R) thi chi can F kha vi lién tuc dén cap 2 tai 0 1a xong.

Ta co

F lien tuc tai 0 & lim F(x) = lim F(x) = F(0)

z—0t z—0~

& mlirgl+ f(x) = mlirgl_ la1 f(—x) 4+ as f(—2z) + as f(—3z)] = f(0)

& (a1 +az + a3) f(0) = £(0).
Diéu d6 ducc théa man néu ta chon cac so ap, ag, az sao cho

ay +as +az = 1.
Khi doé ta co
FL(0) = f(0) va F.(0) = (—a1 — 2ay — 3a3) f1.(0).
F sé& c6 dao ham tai 0 néu cac sé ay, as, asz thoa them dieu kien
—ay; — 2a9 — 3az = 1.

Lic d6 ham F’ duge xac dinh nhu sau
(
f(x) néu x>0,

F(z) = f1.(0) néu x =0,

—ay f'(=x) — 2as f'(—22) — 3azf'(—3z) néu z <O0.
\
FY(0) = f1(0) va F”(0) = (ar +4as + 9as3) f1(0).
Do d6 F sé c6 dao ham cap 2 tai 0 néu céc s6 aq, as, as théa thém dicu kien

a1 + 4as + 9a3 = 1.

Khi d6
1" (z) néu x>0,
F'(z) =< £7(0) néu x =0,
arf'(—z) + 4dasf' (—2x) + 9as f'(—3x) néu =z <O.

6
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la mot ham lién tuc.
Tém lai F kha vi lién tuc dén cap 2 tai 0 (va do d6 thuoc C*(R)) néu (ay, as, a3)
la nghiém ctia hé phuong trinh

(

a1+a2+a3:1

—ay —2&2—3@3 =1

ay + 4as + 9a3 =1
\
Giai he nay ta dugc ...

Bai 5: Cho ham f : R — R kha vi 2 1an va théa man f(0) = 2, f/(0) = —2 va
f(1) = 1. Chitng minh rang ton tai mot s6 ¢ € (0,1) sao cho

fle)f'(e) + f(e) = 0.
Giai: Xét ham so 1
g(z) = S (@) + f'(2), € R
Ta c¢6 ¢g(0) =0 va v6i moi z,
g'(z) = f()f'(z) + f"(2).

Theo dinh 1y Rolle, ta chi can chiing minh ton tai n € (0, 1) sao cho g(n) = 0 thi
suy ra ngay su ton tai ctia ¢ theo yéu cau ciia bai ra. Ta xét hai truong hop sau:
a) f(x) # 0 v6i moi x € [0, 1].

Khi do dat
Ba)=2 - we o]
T)=45— 7 T y 41
2 f(=)
ta ¢6 ham h xac dinh trén [0,1] va ' = % Vi h(0) = k(1) = —3 neén ap

dung dinh 1y Rolle cho ham &, ton tai n € (0,1) sao cho I/(n) = 0. Do d6
g(n) = f(n)h'(n) = 0.

b) Ton tai z € [0, 1] sao cho f(x) = 0.

Khi do ta goi

2z =inf{x € [0,1] : f(x) =0} va 2z, =sup{x €10,1]: f(x) = 0}.

T tinh lién tuc ctia ham f va tinh chét cia inf va sup ta c6 f(21) = f(22) = 0. Do
d6 0 < 21 < 2z < 1. Ngoai ra ciing dé thay f(z) > 0 véi moi x € [0,21) U (29, 1].
Tu do6 suy ra

g(z1) = f'(21) <0 va  g(z2) = f'(z2) >0,



WUWW.YiETmaTis.com

do d6 ton tai n € [z1,29) C (0,1) sao cho g(n) = 0. Vay ta ¢6 diéu phai ching

minh.

Bai 6: Cho f:[0,1] — R théa man

a. f tang trén [0, 1],

b. f khé vi trén (0, 1] va f’ gidm trén (0, 1]. Xét day (z,), dugc xac dinh béi
tn= (D) Q)+ 4 P ChneN.

Chitng minh rang day (z,), hoi tu.

Giai: Vi f tang trén [0, 1] nén f'(x) > 0 v6i moi x € (0,1]. Do d6 v6i méi n € N,

ta co
1 1

/
n+ 1)2f (n +1
Vay day (z,), 1& mot day tang. Dé ching minh (z,), hoi tu ta chi can ching

xn—i—l_xn:( )ZO

minh (z,), bi chan.

V6i mdi k € N, 4p dung dinh 1y Lagrange cho ham f trén [k%rl, =] ta co
1 1 , 1
2Y (Y= () ——

v6i 0, € [k%l, 2]. Vi f" khong am va gidm tren (0, 1] nén tir day suy ra

1 1 1 1
2y e f—) > () ———
bo do 1 1 E+1 ,1 1 1 1
/ + /
— (=) = < <20f(3) = F(—)].
Lan luot thay k& bdi 1,2,...,n 1di cong vé theo vé n bat dang thic dé ta duge

1

Ty < 2 f(l)_f(n+1

)| -
Vi f tang trén [0,1] nén f(—5) > f(0). Do d6

£, < 2[f(1) = F(0)].

Ngoai ra dé ¥ rang x,, > 0 v6i mdi n € N. Vay (z,), 1d mot day tang va bi chin
nén hoi tu.

Chu y:

1. Néu thay gia thiét f’ tang bang gia thiét f’ gidm thi két luan & trén c6 con
ding khong?

2. Ham s6 f(z) = x,x € [0,1] 12 mot ham théa man bai toan trén.

8
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Bai 7: Cho ham f lien tuc trén [0, 1], kha vi trén (0,1) c6 thé trit ra cic diém
thuoc tap {0} U {2 : n € N}. Chiing minh rng ton tai cdc day gidm ngat (oy,),,
(¢n)n chia trong khoang (0,1) sao cho

Tim 3" () = £(1) = ).

Giai: V6i méi k € N, dp dung dinh 1y Lagrange cho ham f trén doan [, 1],

ton tai ¢ € (77, 3) sao cho
1 1 , 1
f(E)—f(k—H)Zf(C )k:(k+1)
bat o = (k+1 ta dugc
1 1 ,
f(E) - f(k:—+1) f(ex)ou
T do ta nhan dude
n , B 1
> (o) = 1) = H )

Vi f lien tuc tai 0 nén khi qua gi6i han hai vé ctia déng thic trén ta nhan duge

n—oo

lim Y axf'(cx) = f(1) — f(0).

Ngoai ra dé thay cac day s (ay)n, (¢,), chita trong khodng (0,1) va gidm ngat.
Vay ta c6 diéu phai chiing minh.

Chau y:

1L.Viy_ 1ak—1—?nennh_>m S ap = 1.

2. Ham f thoa man cac tinh chat néu trong bai toan trén mot cach khong tam
thuong c6 thé dude xac dinh nhu sau:

Lay g 1a mot ham lien tuc trén [0,1]. Vi [0,1] = {0} U U (n_—i—l’ 1] nen ta xéc dinh

dugc ham f bang cach dit

(1 . 1
f<_) neu r=—,
n oy
- n bn ¢ y ]
f(x) anT + néu we(n+1 n)
L /(0) neu xz=>0

trong d6 a,, b, dugc chon sao cho
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a 1
- +b,= f(=
—+ f(n), 1
an,

b, = f(——).
n+1+ f(n—I—l)

Bai 8: Cho g la mot ham kha vi lién tuc trén doan [a,b], f la mot ham kha vi

tren doan [a, b] va f(a) = 0. Gi& stt ¢6 s6 A > 0 sao cho

19'(2) f(z) + f'(@)] < Alf(2)],
véi moi € [a, b]. Chiing minh réang f = 0 trén doan [a, b].

Giai: Gia st rang c6 ¢ € (a,b] sao cho f(c) # 0. Khong mat tinh tong quét ta gia
stt f(c) > 0. V1 f lien tuc trén doan [a, b] nén ton tai d € (a,c) sao cho f(d) =0
va f(x) > 0 v6i moi = € (d,c]. V6i z € (d, ] ta co

Oy ¥

/()

nén ham s6 F(z) = g(z) + In f(z) — Az khong tang trén (d,c]. Do d6 véi mdi

g'(x) +

x € (d, ],
g9(x) +1In f(z) — Az > g(c) +1n f(c) = Ac,
hay la
f(:v) > 6)\x—)\c+g(c)—g(a:)f(c).

Vi f va ¢’ lién tuc tai d nén ta nhan duge

0= f(d) = lim f(z) > M At9@=9df(c) > 0.

z—dt
Mau thuan trén ching t6 f = 0 trén doan [a, b)].
Cha y
1. Lay g(x) = 1 v6i moi x € [a,b] thi ta duge mot truong hgp riéng ctia bai toan
tren: Cho f 1a mot ham kha vi trén doan [a,b] va f(a) = 0. Gid st ¢6 s6 A > 0
sao cho

/(@) < Alf ()],

v6i moi x € [a, b]. Chiing minh rang f = 0 trén doan [a, b].

Mot céch chiing minh khac nhu sau: Gia st ¢6 ¢ € (a, b] sao cho f(c) # 0. Khong
mat tinh tong quét ta gid st f(c) > 0. Vi f lien tuc trén doan [a,b] nén ton tai
d € (a,c) sao cho f(d) =0 va f(z) > 0 v6i moi x € (d,c]. Vi x € (d,c) ta c6

f'(0:)
f(6a)

10

[ Tn f(e) = In f(z)] =

(c—z) < Ae—uw),
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véi 0, € (c,x). Qua gi6i han hai vé khi z — d* ta nhan dugc mau thuan. Mau
thuan do6 ching t6 f = 0 trén doan [a, b].

2. Mot bai toan tuong tu véi gia thiét nhe hon duge phat biéu nhu sau:
Cho ¢ la mot ham bi chdn trén doan [a,b], f 1a mot ham khé vi trén doan

la,b] va f(a) = 0. Gi& st ¢6 s6 A > 0 sao cho

l9(@) f(z) + f'(@)] < Alf ()],
véi moi € [a, b]. Chiing minh rang f = 0 trén doan [a, b].

Bai 9: Cho f 1a mot ham kha vi trén [0, 1] sao cho

Chiing minh rang ton tai ¢ € (0,1) sao cho f'(c) = —=.

Hudéng dan giai: Dit

Khi d6 F 1a mot ham lién tuc trén [0, 1], kha vi trén (0, 1]. Néu ¢6 = € (0,1] sao
cho f(z) = 0 thi F(x) =0 va tit dinh Iy Rolle ta c6 ngay diéu phai chiing minh.
Do dé sau day ta coi f(x) # 0 v6i moi x € (0,1]. Hon ntta do f lién tuc nén ko
mat tinh tong quat ta gid st f(x) > 0 véi moi z € (0,1]. Khi dé

F'(1) = —f(1) = lim Fla) = F)

r—1- r—1
nén ton tai 6 € (0,1) sao cho F(x) > F(1) v6i moi z € (4,1). Ngoai ra F(1) >
F(0) = 0, ta suy ra F' dat gia tri nh6 nhat tai ¢ € (0,1). Vay F'(c) = 0 va ta
nhan duge diéu phai chiing minh.

Chi y: Bai toan tong quéat ctia bai trén la: Cho (a,b) € R? sao cho a < b,
[ :[a,b] — R kha vi sao cho f/(a) = f'(b). Chiing minh rdng ton tai ¢ € (a,b)
sao cho f(e) — f(a) = f'(¢)(c — a).

Bai 10: Cho f 1a mot ham kha vi dén cap 2 tren R va f”(x) > f(z) v6i moi
r € R Gid st a < bva f(a) = f(b) = 0. Chiing minh rang f(z) < 0 véi moi
z € [a,b].

11
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Hudng dan giai: Gia st ton tai « € (a,b) sao cho f(z) > 0. Khi d6 ham f dat
gia tri 16n nhat tai zq € (a,b) va
f(ZE()) > 0, f/(af()) =0, f”(l‘o) > 0.
/ o /

T—To T — X T—=T0 T — X

>0

nén c6 a € (a,xg) sao cho f'(x) < 0 véi moi = € (o, zp). T d6 suy ra

fl@) > f(wo) = max f(z).

z€la,b]

Mau thuan nay ching t6 f”(z) < 0 v6i moi x € [a, b).

Bai 11: Cho ham f lién tuc trén [a, +00), khé vi trén (a,+00) sao cho f(a) <0,
f'(x) > k > 0 v6i moi x > a (k 1a hing s6 duong). Chitng ming rang ton tai

ce€ (a,a— @) sao cho f(c) =0.

Goi y: St dung dinh 1y Lagrange v6i chu § f tang ngat.

Bai 12: Gia st f : R — R la mot ham s6 tang va f(0) = 0, f’(z) < 0 v6i moi
r € R. Chitng minh réng néu a, b, ¢ 14 do dai 3 canh cia mot tam giac thi f(a),

f(b), f(c) cing la do dai ctia 3 canh clia mot tam giac nao do.

Bai 13: Cho ham f kha vi trén (a,b) (ké ci trudng hop a thay bsi —oo, b thay
bdi +00) sao cho

lim f(z)= lim f(x).

r—a™t x—b—

Chitng minh rang ton tai ¢ € (a,b) sao cho f'(c) = 0.

Bai 14: Cho ham f kha vi trén [a, b] sao cho
(i)  fla)=f() =0,
(i) f'(a) = fila) >0, f/(b) = f.(b) > 0.

Chitng minh rang ton tai ¢ € (a,b) sao cho f(c) =0 va f'(c) <O0.
2.2 Khai trién Taylor va quy tic L’Hospital
Bai 1: Cho f : [-1,1] — R 1a mot ham kha vi dén cap 3 va thoa man diéu kien

f(=1) = f(0) =0, f(1) =1 va f(0) = 0. Chiitng minh rang ton tai ¢ € (—1,1)
sao cho f"(c) > 3.

12
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Tim mot ham f théa cdc diéu kién néu trén sao cho f”(xr) = 3 véi moi
xr e [—1,1].
Giai: V6i mdi z € [—1,1], theo cong thiic khai trién Taylor (Maclaurin) ton tai

¢(x) nam gitta 0 va x sao cho

£10) 2, £lelw) s

f(x) = f(0) + f'(0)x + > T
Tt d6 suy ra c6 ¢; € (—1,0), ¢z € (0,1) sao cho
1 e 1 " e

Ta nhan duge f"(c1) + f"(c2) = 6, do d6 f"(¢1) > 3 hodc f"(c2) > 0. Vay luon
ton tai ¢ € (—1,1) sao cho f”(c) > 3.
Néu f"”(x) = 3 v6i moi x € [—1, 1] thi ta phai ¢6

flz) = / 2(0) + 23:3.

Két hop véi cac dieu kien khac ctia f ta dude ham

f(z) = %(1'3 + %), z € [-1,1]

14 ham thoa méan diéu kién bai ra.

Bai 2: Cho ham f khé vi dén cip n trong lan can ctia 0 va f™+9(0) ton tai va
khac khong. Véi mdi h (dt bé dé f xac dinh tai h) goi (k) € (0,1) 1a s6 dugc
xac dinh béi khai trién

-1
(n—1)!

FB) = O+ FIO) + o4 e F0) 4+ f 0

1
n+1

Chitng minh rang }llirr(l) O(h) =

Giai: Ap dung khai trién Taylor véi phan du Peano tai z = 0 ta c6

f(h) = fO)+ hf(0)+...+ gﬂ")(o) +

hn—|—1

(n " 1)!f(n+1)(0) + 0(hn+1).

Trit vé theo vé clia dang thitc da cho va ding thic trén ta co

S (O()R) = F™©) _ ["(0) | o(h)

h  on+1 h '
S () o(h)
+ 0]
S (0(h)h) — F™(0)
O(h)h

13
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Qua gi6i han khi h — 0 v6i luu ¥ ring fF(0) ton tai v khac khong ta dugce
1

}1112%9(}1) Tt

Cha y: Két luan ctia bai toan van con dang khi thay 0 bdi mot s6 thuc o bat ky
v6i cac gia thiét f kha vi dén cip n trong lan can ciia z va f™+1(x) ton tai va
khac khong.

Bai 3: Cho f 1a mot ham s6 kha vi vo han lan trén (—3,2) sao cho phuong

trinh f(z) = 0 ¢6 vo sO nghiem tren [1,1] va suhp | ™ (2)| = O(n!) khi n — oo.
2€(0,1

Chiing minh réang f(z) =0 véi moi z € (—1, Z).( |

Hudéng dan giai: Theo dinh ly Bolzano - Weierstrass ton tai day (z,), cac

nghiém phan biét ctia phuong trinh f(z) = 0 hoi tu vé zy € [1,3]. Vi f lien tuc

nén f(zg) = 0. Theo dinh 1y Rolle, gitta hai nghiém ctia f ¢6 it nhat 1 nghi¢m

ctia f’. Do f’ lien tuc nén f'(z¢) = 0. Bang quy nap ta duge f*)(zy) = 0 véi

moi k € N. Theo cong thiic Taylor, véi méi n € N va z € (—

0 =0(n,x) e (0,1)dé

5\ 1A :
,7), ton tai

(n) To T — T
f) = S (2o + 0( ) (2 — )"

n!

Bay gio vi sup |f(z)| = O(n!) khi n — oo nén ton tai M > 0 sao cho
2€(0,1)

[ ()] < Mz — ol

Vi zg € [§, 3] nén voi moi z € (—3,2) ta c6 |z — xo| < 1, tir d6 ta dudc f(z) = 0.

Chi §: Bai toan tong quat: Cho f 13 mot ham s kha vi vo han lan trén (a, b) sao

cho phuong trinh f(x) = 0 ¢6 vo s6 nghiém trén [c,d] C (c,d) va sup |f)(z)| =

z€(a,b)
O(n!) khi n — oco. Chiing minh rang f = 0 trén mot khodng con mé cua (a, b).

Bai 4: Cho s6 thiyc a > 0 v s6 nguyén m > 0. Chitng minh bat ding thitc sau
ding véi bat ky x > 0:

VEFT > a0t LomT

mam—l 2m2a2m—1 ’

Huéng dan giai: Khai trién Taylor ham s6 f(z) = {/a™ +x, v € [0, +00) tai 0
dén cap 2.

14
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Bai 5: Cho ham f thdéa man

(i) f khé vi vo han trén R,

(ii) ~ Ton tai L > 0 sao cho |f"(z)| < L v6i moi € R va moi n € N,
(iii)  f(+) =0 v6i moi n € N.

Chiing minh rang f = 0 trén R.

Ggi y: Ching minh f®(0) = 0 véi moi k& € N 16i sau dé sit dung khai trién
Taylor ciia ham f tai 0.

Bai 6: Cho f la mot ham kha vi trén R sao cho v6i méi k£ = 0,1, 2,

M;, = sup{|f®(z) : z € R} < o0.
Chting minh rang M, < /2MyM,.

Hudéng dan gidi: V6i h > 0 vaz € R, ¢6 01,05 € (0,1) sao cho

Fla+h) = F(@) + F@he+ £+ o)

va
2

F@—h) = f@) — F@h+ f'(z— %h)%.

T do ta nhan dude
1 h
F@) = 5 () = f (= B) = 5 (7" + 6uh) = J(z — 63h)).
Do do6

My h
F@)l < 52+ oMy

v6i h > 0. Diing bat dang thitc Cauchy ta c¢6 diéu phai chiing minh. Dang thiic
nhan duge khi h = ,/2%—2.

Bai 7: Cho f 1a ham kha vi dén cap 2 tren (0, +00) va f” bi chan. Chiing minh

rang néu lir_{l f(z) =0 thi liIJP f'(z)=0.

Huéng dan giai: Vi f” bi chin nén ton tai M > 0 dé
€ (0,+00). V6i z,h € (0,+00) ta c6 0 € (0,1) sao cho

f(x)] < M v6i moi

Fla+ ) = f(@) + Faho+ £+ om)

T do6 suy ra

S+ h) = f@)] M
h 2
15

(@) <
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Vi lim f(x) = 0 nén v6i € > 0 cho trudc ton tai zy > 0 sao cho véi moéi x > g
T—T00

va h >0,

, 2¢2 Mh
< — 4+ —.
o< M

Lay h = ta duge | f'(z)| < & v6i moi x > xp. Do d6 lim f'(z) = 0.
Bai 8: Cho f 1a ham kh& vi lien tuc dén cap 2 tren (0, +00) sao cho

lim zf(x)=0 va  lim zf"(z) =0.

r—+00 r—+00

Chiing minh rang lim zf’(z) = 0.

r——+00

Gdi y: Khai trién Taylor f(x + 1) tai x.

Bai 9: Cho f 1a mot ham kha vi trén (0, +00). Chiing minh rang
(i) Néu lirf (f(x)+ f'(x)) = L thi lir}rrl f(z) = L.
(ii) Néu hI_{l (f(x)+2yxf (z)) = L thi liril f(z)=1L.

Gdi y:
) Jim fo) = tim 10—y SRS

Bai 10: Chiing minh réng néu f”(z) ton tai thi

y flx+3h —=3f(x+2h) +3f(x+h)— f(x) ,,
B0 h3 = /7).

2.3 DPao ham va tich phan

b
Bai 1: Cho f lién tuc trén [a,b] va thoa man diéu kien [ f(z)dr = 0. Chiing
minh rang
a) Néu a > 0 thi ton tai ¢ € (a,b) sao cho [ f(z)dz = m
a c
b) Néu @ > 0 thi ton tai ¢ € (a,b) sao cho 2007 [ f(z)dx = cf(c).
¢) V6i méi a # 0 cho trude, ton tai ¢ € (a,b) sao cho [ f(z)dx = af(c).
Giai:

a) Xét ham s6 F(z) =e2 [ f(t)dt, x € [a,b]. RO rang f lién tuc trén [a, b], kha

vi trén (a,b) va v6i moéi = € [a, b,



WUWW.YiETmaTis.com

Mt khac, theo gia thiét F'(a) = F(b) = 0 nén theo dinh ly Rolle, ton tai ¢ € (a,b)
sao cho F'(c) = 0, tic la

—Z . —c?

—ce 2 /f(t)dHeTf(c):o.
-
Vie>a>0vae 2 >0 neén tix do ta co
/f(x)dx:m.

c
b) Lap luan tuong ty a) bang cach xét ham s6

J £ty

F(z) = , T € [a,b].

2007

c¢) Lap luan tuong tu a) bang cach xét ham

!

F(z) = e?/f(a:)da:, x € [a,b)].

Bai 2: Cho f va g la cac ham s6 lién tuc va duong trén [a,b]. Chitng minh réng

v moi 86 thyc « ton tai ¢ € (a, b) sao cho

O e
| f(x)dx jlzg(ac)dx
Hudéng dan giai:
CAach 1: Xét ham so
Bz) = 1@ _ bg(x) .z € (a,b).
Jf@dt [ f)dt

Dé thay rang f lien tuc trén (a,b), lim F(x) = o0, 111})17 F(z) = —o0. Stt dung
tinh chat nhan gia tri trung gian ctia ham lién tuc ta c6 diéu phai chiing minh.
Cach 2: Xét ham s6

g(x)dz, x € [a,b]

=
~

8
SN—

I

ml

Q

8
—
~~
—~

8
S~—
S8

8

B — .

va st dung dinh 1y Rolle.

17
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Bai 3: Cho ham s6 f lien tuc trén [a, b]. Chiing minh ring ton tai g € (a, b) sao

cho ,
[ fa)de = wof (o).

b
Hudng dan gidi: Xét ham s6 F(x) = z [ f(t)dt, € [a,b], va st dung dinh 1y

Rolle. ‘

Bai 4: Cho ham s6 f lién tuc trén [a,b]. Ching minh rang véi moi « € [0, 1], ton

tai ¢ € [a, b] sao cho
c b
/f(x)dx:a/f(x)dx.
b B
Giai: Dat [ = [ f(x)dx va xét ham s6 F(z) = [ f(z)dz, x» € [a,b]. Ta thay F

lién tuc trén [a,b] va F(a) =0, F(b) = I. Do al 1a mot gia tri trung gian gita 0

va I nén ton tai ¢ € [a,b] sao cho F(c) = al, tic la

/cf(x)dx:a/bf(x)dac.

18
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Chuong I i
TINH LIEN TUC CUA HAM SO

Bai 1.1. Cho f la mot ham lién tuc trén R sao cho f(f(x)) = = v6i moi = € R.

a) Chiing minh rang phuong trinh f(x) = 2 luén luoén cé nghiém.

b) Hay tim mot ham thod man diéu kién trén nhung khong dong nhit bang z trén
R.
Hudng dan:

a) Gia st phuong trinh f(z) = x vo nghiém trén R, tic 1a f(z) # = v6i moi = € R.
Vi ham f lién tuc nén ta suy ra f khong d6i ddu trén R. Khong mat tong quat, gia st
f(z) > x v6i moi x € R. Khi d6: f(f(x)) > f(z) > x. Diéu nay mau thuan véi gia
thi€t. Vay phuong trinh f(z) = x ludén c6 nghiém.

b) D& thdy ham f(z) = 1 — x thoa man di€u kién f(f(x)) = « va khong dong nhat
bang x.

Bai 1.2. Cho f : [a,b] — [a,b] 1a mot ham lién tuc sao cho f(a) = a, f(b) = b va
f(f(x)) = x v6i moi x € [a,b]. Ching minh rang f(x) = x v6i moi x € [a, b].
Hudng dan:

Tu gia thiét f(f(x)) = = ta d& dang suy ra f 1a don dnh. K&t hop véi tinh lién tuc
ta két luan dugc f 1a mot ham don diéu. Hon ntta, do f(a) = a < b = f(b) nén f don
diéu tang trén [a, b].

Néu ton tai x, € [a,b] sao cho f(x,) < x, hay f(x,) > z, thi f(f(z,)) < f(x,) <
x, hay f(f(z,)) > f(x,) > x,. Di€u nay mau thuan véi gia thiét.

Vay f(x) = x v6i moi x € [a, b].

Bai 1.3. Cho f 1a mot ham lién tuc trén R thoa man f(f(f(z))) = « v6i moi x € R.
a) Chiing minh ring f(z) = z trén R. Hay tim bai todn téng quat hon.
b) Tim mot ham f xdc dinh trén R thoda man f(f(f(x))) = = nhung f(x) khong
déng nhat bang .
Huéng dan:
a) Tu gia thi€t suy ra ham f don diéu ngat trén R. Néu f giam ngat trén R thi
f? tang ngat trén R. Do d6 f? lai giam ngat trén R. Diéu ndy mau thuin vé6i gia thiét
F(F(F())) = o
Bay gio gia str f tang ngat trén R. Néu ton tai z, € R sao cho f(z,) > z, thi ta
suy ra f(f(x,)) > f(xo) > 20, va f(f(f(2,))) > f(x,) > z,. Diéu nay mau thuan.
Tuong tu ta ciing c¢6 dugc dieu mau thuan néu f(z,) < z,. Vay f(z) = x v6i moi
r e R
Bai todn tong quéat: "Cho f lién tuc trén R va thod man f?"*(z) = z véi moi
x € R. Ching minh rang f(x) = x trén R."
znéux ¢ {1,2,3}
2néux =1

b) f(z) =

3néuz =2
1 néu =z = 3.

Bai 1.4. Cho f la mot ham lién tuc va don dnh trén (a,b). Ching minh rang f 1a mot
ham don diéu ngat trén (a, b).
Hudng dan:

Gia str f khong phai 1a ham don diéu ngat trén (a, b), khi d6 ton tai 1, x5, x3 thudc
(a,b) sao cho z; < x9 < 3 va
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flws) < f(x2) fzs) > fla2)

x1) < f(x
Gia sur { ;Ex;; - ;Eng bat m = max{f(z1), f(xz3)}, M = f(xq).
Chon k € [m, M]. Theo dinh 1y gia tri trung gian, ton tai ¢y, ¢ thudc (a, b) sao cho:
1< <Ty<cy<xgva fle) = fea) = k.
Diéu nay mau thuan véi tinh don anh cua f.
f(x1) > f(x2)
flas) > f(x2)

don diéu ngat trén (a,b).
Bai 1.5.Cho ham s6 f : [a,b] — [a, b] thoa man diéu kién

[f(z) = f(y)| <]z —y| v6i moi x € [a,b], 2 # y.

Ching minh rang phuong trinh f(z) = x luon luén cé duy nhét nghiém trén [a, b].
Hudng dan:

bat p(z) = f(x) — x. D& thiy ¢(x) lién tuc trén [a, b].

Ta c6: p(a) = f(a) —a >0, ¢(b) = f(b) —b < 0 nén ton tai =, € [a,b] sao cho
So(xo> = f(xo) — 1z, =0, tlc la f(xo) = To-

Néu tén tai x1,xy thudc [a,b], 21 # o ma f(z1) = x1, f(xs) = xo thi ta suy ra:

w1 — o] = | f(z1) — f(x2)| < |21 — x5/, diéu ndy 12 mau thun.

Vay phuong trinh f(z) = x luon c6 duy nhat nghiém trén [a, b].

{f(ﬂh) < f(x2) hoic {f(l"l) > f(x2)

Tuong tu, néu { ta cling suy ra diéu mau thuan. Vay f la mot ham

Bai 1.6. Cho f 1a mot ham lién tuc trén R thoa man mot trong hai diéu kién sau:

a) f la ham don diéu giam trén R.

b) f la mot ham bi chan trén R.

Chdng minh rang phuong trinh f(z) = x lu6én luén c¢6 nghiém. Trong mdi trudng
hop, hdy xem diéu kién duy nhét nghiém c6 dugc dam bao khong ?
Hudng dan:

a) bat o(x) = f(x) — 2 thi ¢ lién tuc trén R. VGi moi z > 0 ta c6

p(x) = f(z) —x < f(0) — .
Véi moi x < 0, ta ¢6 p(x) = f(z) —z > f(0) — x.
Trdésuyra lim = —ocova lim = +oo.

T— 400 T——00
Do dé, ton tai z, € R dé ¢(z,) = 0, tic 1a phuong trinh f(x) = x c6 nghiém.
b) bat p(z) = f(x) — x thi ¢ lién tuc trén R. Theo gia thiét, f bi chan trén R nén
ton tai M > 0 sao cho v6i moi x € R thi —M < f(z) < M.
Chon z; > M, khi d6 ta cé

(1) = f(x1) =21 < f(x1) = M <0.
Chon z9 < —M, khi d6 ta cé
o(x2) = f(w2) — 12 > f(22) + M > 0.

Vay ton tai z, € R sao cho ¢(z,) = 0, tic 1a phuong trinh f(x) = x ¢6 nghiém.
Ban doc tu kiém tra diéu kién duy nhat nghiém.
Bai 1.7. Cho f la mot ham lién tuc trén R. Chiing minh rang néu phuong trinh
f(f(z)) = x c6 nghiém thi phuong trinh f(z) = x cling cé nghiém.
Hudng dan:
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3

Gia su phuong trinh f(z) = = vo nghiém trén R. Do f lién tuc trén R nén ta suy
raVe € R, f(x) <z hoac Vz € R, f(z) > x.

Néu v6i moi z € R, f(z) > z thi f(f(x)) > f(x) > x. Diéu nay mau thudn véi
gia thiét phuong trinh f(f(x)) = x c¢6 nghiém.

Tuong tu, néu v6i moi x € R, f(z) < x thi ta cling c6 diéu mau thudn. Vay phuong
trinh f(z) = x ¢6 nghiém.

Bai 1.8. Cho f la mot ham lién tuc trén R thoa man
|f(2)] < |z] véi moi z # 0.

a) Ching minh rang f(0) = 0.
b) Chting minh rang néu 0 < a < b thi ton tai K € [0,1) sao cho

|f(z) < Kl|z|,Va € [a,b].
Hudng dan:
) Ta co: |£(0)] = lim | ()] < lim [] = 0. Vay £(0) = 0.
f(x)

b) V6i moi = € [a,b], dat g(x) = “——=. Ta thdy ¢ lién tuc trén [a,b]. Dat
x
K = sup ’@| Vi
x

z€[a,b]

g| lién tuc trén [a, b] nén ton tai z, € [a,b] dé

K = sup < 1.

z€la,b]

LGINES

Tur d6 dé thay rang | f(z) < K.|z| v6i moi = € [a, b].

Bai 1.9. Cho f 1a mot ham lién tuc trén R va thod man mot trong ba diéu kién dudi
day:

a) f(z)+ f(2x) =0, Ve R.

b) f(z?) = f(z),Vz € R.

¢) f(x) = f(sinx), Vo € R.

Chdng minh rang f 1a ham héng.
Huéng dan:

a) Tir gia thiét suy ra f(x) = —f(2x) v6i moi x € R. Bang qui nap ta dé dang
ching minh duge f(z) = (—1)”f(2£) v6i moi n € N.

n

Chd ¥ rang tir gia thiét ta cling ¢6 f(0) = 0. Vi vay

f(z) = lim (—1)”f(£) v6i moi x € R.

n—o00 omn

Ta co

(~D"f(55)
0. Do d6 f(z) = T}Lrgo(—nnf(;n) =0 véi moi = € R.
b) Tacé f(—x) = f(x) v6i moi x € R.
Mat khac, v6i moi x > 0 ta co
f(@) = f@d) = f(at) = = f(@¥F), ¥n eN.
Suy ra f(z) = lim f(z27) = f(1) (do f lién tuc trén R).
Vi f(—z) = f(?;)fovm moi z € R nén f(x) = f(1) véi moi = # 0.

— ‘f(;n) . Vi f lién tuc trén R nén lim ‘f(;—n)‘ = |f(0)] =

n—oo

N
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4
Hon nira, do tinh lién tuc cia ham f ta cling c6
f0) = Jliilof( )= lim f(1) = f(1).
Tém lai, f(x) = f(1) v6i moi x € R.
¢) V6i moi x € R, dat x; = sinz,x9 = sinxy, - , 2,41 = sinz,. Khi dé, hay
ching minh rang (z,), 1a day don diéu va bi chan. Goi « = — limz,; tit phuong

n—0o0o

trinh @ = sina ta suy ra a = 0.
Ta thay f(x) = f(x,) v6i moi n € N. Vi vay

fla) = i () = f(lim @) = £(0).

Tu d6, ta két luan duge f(z) = f(0) v6i moi 2 € R, tidc 1a f 1a ham hang.

Bai 1.10. Cho f la mot ham khong am, lién tuc trén [0, +00) va lim ) =k<1.
r—o00 I
Ching minh rang tén tai z, € [0, +00) sao cho f(x,) = w,.
Hudng dan:
bat p(z) = f(x) —x. Tacé p(0) = f(0) > 0.
Vi lim M—k:<1nentontalc>0saochovdlm01x>cth1 f( ) < 1. Suy
x

ra f(c) <c hzzlvy o(c) = f(c) —e <.

Vay ton tai x, € [0, c] C [0, +00) sao cho ¢(x,) = 0, tic 1a f(x,) = z,.
Bai 1.11. Cho f 1a ham lién tuc trén [0, 7], f(0) = f(n) (n € N). Ching minh rang
ton tai n cap (o, i), i, 3 € [0,n], B; — a; € N sao cho f(a;) = f(5;).
Loi giai:

Ta chitng minh bing qui nap. R rang khang dinh diing v6i n = 1. Gid sl ring néu
f 1a mot ham lién tuc trén [0, n] sao cho f(0) = f(n),n € N thi ton tai n cap («a, 5;)
thod man ; — oy €N, f(a;) = f(53).

Ta chiing minh khang dinh trén ding vé6i n + 1. Gia st f(0) = f(n + 1).

Xét ham ¢(x) = f(x + 1) — f(x), = € [0,n].

Ta c6 p(0) + (1) + -+ ¢(n) = 0.

Do d6 ton tai =, € [0,n] sao cho ¢(z,) = 0 hay f(z,+ 1) = f(z,).

Dt
x 9 7
oy 2 [ 2 € 0.
flx+1), x € (x,,nl.
Dé thdy rang h lién tuc trén [0,7] va h(0) = h(n). Theo gia thi€t qui nap ton tai n
cap (@;, ;) thoa man
h(@;) = h(5;)
Dat o = Qy néu Q; € [0 l'o] ﬁz - B néu ﬂz € [0>$0]7
o; =a; + 1 néu oy € (1,,n]; B = B;+ 1 néu B; € (z,,n).
RO rang
flaq) = f(Bs)
Bi —a; €N

(aivﬁi) 7£ (xoyxo + 1), Vi = ]_,_TL
bat o, .1 = 2., 5,41 = T, + 1. Ta ¢6 diéu can ching minh.
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Bai 1.12. Cho f : (0, +00) — (0,400) 1a mot ham don diéu tang sao cho g(z) = —=
12 mot ham don diéu gidm. Chdng minh rang f lién tuc trén (0, +00).

Ban doc tu giai.
Bai 1.13. Cho f la mot ham lién tuc trén [a, +o0) va lim f(x) =c.

T—+00
a) Ching minh rang f bi chan & trén [a, +00).
b) Ching minh rang f lién tuc déu trén [a, +00).
c¢) Gia su thém rang ¢ > f(a). Chting minh rang ton tai z, € [a,+00) sao cho
f(z,) =inf{f(x): x € [a,+00)}.
Hudng dan:
a) Tur gia thiét ta suy ra ton tai b > a sao cho

|f(z) —c| <1khiz>b.

Do d6 |f(z)| < 1+ |c| khi = > b.
Vi f lién tuc trén [a,b] nén f bi chan trén [a,b]. Ta dat M = sup |f(x)|.
z€[a,b]

Khi d6, |f(x)| < max{M,1+ |¢|} v6i moi = € [a, +00).
b) V6i moi € > 0, ton tai z, > a sao cho

|f(x) —c| <e/3, V> x,.

Vi f lién tuc trén [a,z,] nén f lién tuc déu trén doan nay, do d6 ton tai 6 > 0 sao
cho

@) = f@) < 5. Yoy € [,

Bay gio 1dy .,y € [a, +00) thod man |z — y| < 0. Khong mét tinh tong quét gid su
x <.
*zy€lax]: [f(z) - fly)l <e/3<e

*2,y> a0 |f(@) = fW) < @) = +1fy) —d < 23 S

2 € fa,a,y > 7o 1@ = ()] < 17(@) — Fa)] + o)~ 1)l < = <.

Vay f lién tuc déu trén [a, +00).

¢) Vi f(a) < ¢ nén ton tai b > a sao cho f(x) > f(a) véi moi « > b. Ham f lién
tuc trén [a, b] nén ton tai x, € [a,b] sao cho f(x,) = él[qu] f(z).

RO rang f(z,) < f(a) < f(z) v6i moi x > b. Vi vay ta c6

flwo) = inf f(z).

z€[a,+00)

Bai 1.14. Cho f, g :[0,1] — [0, 1] 1a cdc ham lién tuc thoda man f(g(z)) = g(f(x)) véi
moi = € [0, 1].

a) Chtiing minh rang tén tai z, € [0, 1] sao cho f(x,) = g(z,).

b) Két luan con ding khong néu thay [0, 1] bdi R?
Huéng dan:

a) Gia stir phuong trinh f(z) = g(z) vo nghiém. Khong mat tinh tdng qudt, ta c6
thé gia st f(z) > g(z) v6i moi x € [0, 1]. Khi d6 ton tai z, € [0, 1] sao cho

m = inf {f(x)—=g(x)} = f(xo) — 9(,) > 0.

z€[0,1]
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Do d6 f(x) > g(x) +m, Va € [0,1]. Vay f(g(z)) > g(g(z)) +m, Yz €[0,1]. Ta
suy ra f(f(z)) —m > g(f(x)) = g(g(x)) +m, Vo € [0,1].

Vivay f(f(z)) = g(g(x)) + 2m.
Bang cach 1ap lai qua trinh nay ta suy ra

JUCf@)--) 2 g(g(---g(x))-- ) +k.m, Vk € N.

J S
v~ v~

k lan k lan

Suy ra k.m < 1, v6i moi k € N. Diéu nay la mau thuan. Vay c6 z, € [0, 1] sao
cho f(x,) = x,.
b) Két luan khong con ding néu thay [0, 1] bdi R. Chang han ldy f(z) = z, g(z) =

er.

Bai 1.15. Cho f,¢:[0,1] — [0, 1] 1a cdc ham lién tuc thoa man f(g(z)) = g(f
moi x € [0,1]. Gia st f 12 mot ham don diéu. Chiing minh rang ton tai x, € |
cho f(z,) = g(z,) = z,.

(z)) véi
0,1] sao

Huéng dan:
Vi g lién tuc nén ton tai a € [0, 1] sao cho g(a) = a. Pat x; = f(a), zo =
f(x1), - ,x, = f(xp_1) v6i moi n € N. Khi d6 (z,), 1a mot diy don diéu va bi

chan. Vi vay ton tai x, € [0,1] sao cho z, = lim z,,. Do ham f lién tuc nén ta ciing
rT—00

¢6 f(x,) = x, (chi ¥ rang z, = f(z(,_1)).
Mat khic g(x,) = g(f(x)) = f(9(x,)) = f(g(lim ;) = lim f(g(xn))-

Tr—00

Dé thdy rang g(x,) = x,, v6i moi n. Do dé
9(w,) = lim f(g(zn)) = lim f(z,) = f(z,) = 2o.
Bai 1.16. Cho f 1a mot ham lién tuc trén R thoa man
fle+h)=2f(z) + f(x =h) =0 (h—00) (x)

v6i moi x € R. Chiing minh rang
a) Néu f 1a ham s6 1 thi f(x) = Az v6i moi z € R.
b) Néu f 1a ham s6 chan thi f 12 ham hang.
¢) Ching minh rang f(z) = Az + B, A, B = const.
Loi giai:
a) Tu gia thiét ta co:

f(z) :% hh_)rglo [f(x—l—h)—l—f(:v—h)}, Vo € R.
f(ac+y):1 lim :f(m+y+h)+f(x+y—h)}

=& Jim [f(ry+ )+ fa—y — )+ faty— )~ fa—y —h)]

B, :f(37+?/+h)+f($—y—h)+f(x+y—h)+f(y—(x_h))}

= f) + fy).
Tir d6 suy ra f(xr) = Az, A = const.
b) Ban doc tu giai.
¢) Hudng dan:
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oy = HHS) | f0) =

Dat
f(x) + f(==)

(o) = T ha) -

Vi ¢ 1a ham s6 chan thoa man diéu kién (*), ~ 1a ham s6 1€ thoa man diéu kién (*),
nén ta suy ra f(x) = Az + B tir cau a) va cau b).
Bai 1.17. Cho f, g la cac ham lién tuc trén R thoa man

[f(x) — 2| < g(x) — g(f(x)), Vo € R
{ g(x) >0, Vz € R.
Ching minh rang phuong trinh f(z) = = ¢6 nghiém.
Loi giai:
Chon z; € R va dat x,,.1 = f(z,), n > 1.
Ta c6
| (@n) = 20| < g(2n) — 9(Tns1), Y0 € N.
< |Tpy1 — o] < g(x,) — 9(2py1), Vn € N,
Do d6 (g(z,),) 1a mot ddy giam va bi chan dudi. Pat [ = lim g(z,).

n—0o0

Vi [zp41 — 20| < g(2n) — g(2n41), nén

|=Tn+p — | < g(2p) — g<xn+p)7 Vn,p € N.
Tur d6 suy ra (x,,), 1a mot day Cauchy. Goi ¢ = lim x,,. Ta dé thdy rang f(c) = c.

Bai 1.18. Cho f 1a mot ham xac dinh boi
1 —2znéuzeclnlo,1]
flx) = S
xnéux e QnNo,1].
a) Khao st tinh lién tuc clia f tai cdc diém 0, 1, %
b) Khao sat tinh lién tuc cla f tai a € TN [0, 3).
¢) Chiing minh rang f 1a mot song anh tir [0, 1] Ién [0, 1] va tim f~.
Huéng dan:
a) Ham s6 gian doan tai z, = 0,x, = 1.
. 1 1
Tal 33’025, f(xo):f(%): o°

2
Véi moi x € [0, 1] ta cé

1
1 |m—§|né'ux€@ﬂ[0,1]
@) -G =1
|§—x| néux elN|0,1]
!
=z 5
Tix do, tim | f(@) = £(3)] = lim |o — 3] =
T—5 T35

1

2

. o1

Vay f lién tuc tai 5
b) Taia € INJ0,5) tacéd f(a) =1—a.
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Vi Q tri mat trong R nén t6n tai day (z,), C Q, c6 thé gia st x,, € [0, 1] v6i moi
n, sao cho lim z, = a.

o . 1
Néu f lién tuc tai a thi lim f(z,) = f(a) hay a=1—a, ticla a = 5"
n—oo
Diéu nay mau thudn vi a € IN [0, 5). Vay f gidn doan tai « € IN [0, 3).

¢) Ban doc tu giai.
Bai 1.19. Cho f,g:[0,1] — [0,400) la cdc ham lién tuc thoda man

sup f(z) = sup g().
z€[0,1] z€[0,1]

Ching minh rang tén tai z, € [0, 1] sao cho

(f(20))? + 3f(20) = (9(20))* + 3g(a,).

Hudng dan:

Xét ham ¢(z) = (f(2))? + 3f(x) — (g(x))? — 3g(x) thi ¢ lién tuc trén [0, 1]. Do
tinh lién tuc clia cdc ham f va g nén ton tai x1, 25 € [0, 1] sao cho

f(x1) = g(x2) = sup f(z) = sup g(x).
z€[0,1] z€0,1]

Khi d6 dé dang kiém tra dugc ring ¢(z1) > 0 va p(x) < 0. T day suy ra diéu

can ching minh.

Bai 1.20. Cho a > 0 va f : R — R la mot ham lién tuc sao cho

f(@) = [yl z alz —yl, Yo,y € R.
Ching minh rang f 1a song dnh.
Huéng dan:
Tu gia thi€t suy ra f 1a don anh. Hon ntta, ham f lién tuc trén R nén theo Bai 2.4
ta ¢6 f 1a ham don diéu.
Gia st f 1a ham don diéu tang. Khi d6 ta co
f(z) = f(0) > a(x — 0) véi moi = > 0,

hay f(z) — f(0) > ax v6i moi x > 0.

Tuong tu, f(z) — f(0) < azx v6i moi x < 0. Bang cdch qua gii han, ta duoc

lirf f(z) = 400, lim f(r) = —o0.

Vay f 1a toan 4nh, do d6 f la song anh.

Truong hgp ham f don diéu giam, ta cling két luan duogc f 1a song anh.
Bai 1.21.Cho f : [0,1] — [0,1] 1a mot ham lién tuc thod man f(0) = 0. va |f(z) —
f(y)’ 2 |.I' - y‘a vxvy € [07 1]

a) Ching minh rang f(z) = x v6i moi = € [0, 1].

b) Két luan trén con ding khong néu thay [0, 1] béi R?
Hudng dan:

a) Tu gia thiét suy ra f don dnh, do d6 f don diéu. Dé thdy rang f(1) > 1 nén f
don diéu tang, va ta suy ra dugc f(1) = 1.

Ta thay

f(z) = [f(z) — f(O)] = 2, v6i moi z € [0,1].
1= f(z) =|f(z) = f(1)]| > 1 ==, véi moi z € [0,1].
Vi vay f(x) =z véi moi x € [0, 1].
b) Xét ham f(z) = 2.
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Bai 1.22. Cho f 1a mot ham lién tuc trén [0, 1] sao cho f(0) = f(1).

a) Ching minh rang v6i méi n € N, phuong trinh f(z) = f(z + %) luon luon c6
nghiém trong [0,1 — 1].

b) Tim tat ca cdc so thuc d € (0,1) sao cho phuong trinh f(z) = f(z + d) luon
luon ¢6 nghiém trong [0, 1 — d.
Huéng dan:

a) bat p(z) = f(z) — f(z + 2) thi ¢ lién tuc trén [0,1 — 2], Ta thay:

n

n—1

p(0) +9() + -+ o(" ) = £(0) — (1) = 0.

Néu (%) =0 v6i moi k € {0,1,---n — 1} thi ta c6 diéu phai ching minh.

Néu ton tai k € {0,1,---,n — 1} sao cho ¢(£) # 0, gid st p(£) > 0, thi lic d6
ta luon tim duoc &' # kK’ € {0,1,--- ,n — 1} sao cho @(%) < 0. Do do, ton tai
z, € [0,1 — 2] sao cho ¢(z,) = 0.

b) Hay ching to d = %

Bai 1.23. Chiing minh rang ton tai day s6 thuc (ay), C [0, 3] sao cho cosa, = aji. Tim
lim a,,.

Hudng dan:
Vé6i méi n € N, dat p,(xr) = cosz — x™. Ta thdy ¢, lién tuc trén [0
2ul0) > 0, 00(3) =
cos a, = a,.
Vi a, € [0, 3] nén cosa, € [0,1]. Dodé 0 <aj < 1.
Suy ra cos1 < a” = cosa, < 1. T d6 ta c6 (cos 1)% <a, <1.
Vay — lima, = 1.

r—00

t 2] va
' 2
—(5)™ < 0. Vi vay ton tai a, € (0, §) sao cho ¢,(a,) = 0, tic la

Bai 1.24. Cho f : R — R 1a mot ham lién tuc thoa man f(z + 1) = f(z) v6i moi
x e R.

a) Chiing minh rang f 1a ham bi chan.

b) Chitng minh rang f lu6n dat gid tri 16n nhat va nho nhat trén R.

¢) Ching minh rang phuong trinh f(z) = f(z + ) luon c6 nghiém trén R.
Huéng dan:

a) Ham f lién tuc trén doan [0, 1] nén bi chan trén doan nay. Do d6, ton tai M > 0
sao cho v6i moi = € [0, 1] thi |f(z)| < M.

Xét v € R bat ky. Khi d6 ton tai n € Z dé z + n thuoce [0,1]. Chd y rang tir gia
thiét ta suy ra f(z) = f(x +n) véi moi n € Z. Vi vay

[f (@) = [f(z +n)| < M.

Toém lai, ham f bi chan trén R.

b) Ham f lién tuc trén [0, 1] nén dat gid tri 16n nhat va nho nhat trén doan nay. Vi
f(z) = f(x+1) v6i moi z € R nén ta suy ra f dat gid tri 16n nhdt va nho nhat trén R.

c¢) Ban doc tu giai.

| va hai tap con

Bai 1.25. Liéu c6 ton tai hay khong mot ham lién tuc f : [0,1] — [0, 1
(B) C A?

A, B cua [0,1] sao cho AUB =[0,1],AnB=0va f(A) CB, f
Hudng dan:

Gia st ton tai 2 tap A, B va ham f : [0, 1] — [0, 1] thoa man cdc di€u kién cua bai
todn.
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Ta c6: f(0) >0, f(1) < 1. Vi f lién tuc trén [0, 1] nén suy ra ton tai z, € [0, 1]
sao cho f(z,) = x,.

Néu z, € A thi f(z,) =2, € B. Do d6 z, € AN B, tic 1a AN B # (), diéu nay
mau thudn véi gia thiét.

Lap luan tuong tu ta ciing ¢6 di€u mau thuan néu z, € B.

Vay khong ton tai ham f va 2 tip A, B thoa man yéu cau bai toan.

Bai 1.26. Cho M > 0 va f 1a mot ham lién tuc thoa man

fle+y) — f(z) — fy)| < M, v6i moi x € R.

. N e X A A C g . nr
Chitng minh rang v6i moi x € R, luén ton tai gi6i han lim f(nz) :
n—o0 n

Hudng dan:
Bang qui nap ta dé dang suy ra

| f(nx) — nf(x)| < M, v6i moi n € N,

Khi d6 |mf(nz)—nf(mz)| = ‘m[f(nx)—nf(x)}—n[f(m:c)—mf(x)]‘ < (m+n)M.
1

1
Vi vay ‘f(n.r) — f(mas)‘ < M(— + —). Tu ddy suy ra <M> . 1a mot day
n m n o m n /n

flnz)

Cauchy. Do d6 né hoi tu, tic 1a ton tai lim
n—oo n

Bai 1.27. Cho f 1a mot ham lién tuc trén [a,b] va xq, 29, - , 2, € [a,b]. Ching minh
rang ton tai ¢ € [a, b] sao cho
n
Huéng dan:
bat o = flan) + flaa) -+ f(xn) Ham f lién tuc trén [a, b] nén ton tai x*, z**

thuoc [a, b] sao cho

Ft) = min f(@). F(x™) = max f()
z€[a,b] x€la,b]
Khong mat tong quat, gia st r* < z**. Khi d6, ham f lién tuc trén doan [z*, z**]
nén theo dinh ky Bolzano-Cauchy, f nhan moi gia tri trung gian gitta f(x*) va f(z**).
Vi a € [f(z*, f(«*)] nén ton tai ¢ € [z*,2™] C [a, b] sao cho a = f(c).

Bai 1.28 Cho f : [0, +00) — [0, +00) la mot ham lién tuc.
a) Ching minh rang hIll f(z) = +o0o khi va chi khi

lim f(f(z)) = +oo.
b) Khing dinh cau a) con ding khong néu thay [0, +00) béi (0, +00)?
Hudng dan:
a) Di€u kién cén la rd rang. Ta ching minh diéu kién du.
Gia sur liI_il_l f(z) < +oo. Khi d6 ton tai s6 N > 0 sao cho v6i moi n, ton tai
r, >nva0 < f(r,) < N. Ham f lién tuc trén [0, N| nén ton tai M > 0 sao cho
f(z) < M vé6i moi z € [0, N].
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Nhu vay, v6i méi n € N, ton tai z,, > n sao cho f(f(z,)) < M. Diéu nay trai véi
gia thiét lirf f(f(x)) = 4o0.
1
b) Xét f: (0,400) — (0,400) Vi f(x) = —.
T
Ta ¢6: f(f(x)) =z — 400 khi  — +o00. Tuy nhién f(z) — 0 khi 2z — +o0.
Bai 1.29. Cho f : R — [0,400) c6 tinh chdt: v6i moi ¢ > 0, tap {x € R: f(z) > ¢}
l1a hitu han.
a) Ching minh rang v6i méi khoang mé (a,b) C R, ton tai z, € (a,b) sao cho
f(z,) =0.
b) Hay ching minh f lién tuc tai moi z, thoa man f(x,) = 0.
Hudng dan:
. 1 <
a) V6i mdéi n € N, dat A, = {x € R: f(z) > —}. Vi A; hitu han nén ton tai
n
al,bl c (CL, b),(Ll < bl, |b1 — CL1| <1va
[CLl, bl] N Al = @
Bing qui nap, ta xay dung dugc ddy doan déng long nhau ([a,,b,]) c6 tinh chat

1
b, — a,| < — v6i moi n va [a,, b,] N A, = 0.
n

7 N N . pay ~ - N 1
Theo b6 dé Cang to, ton tai =, € () [an,b,). DE thdy rang 0 < f(z,) < —, tir d6

n=0 n
suy ra f(x,) =0.

b) V6i moi € > 0, ta c6 tap A. = {& € R: f(z) > £} 1a hitu han va z, ¢ A..
Vi vay ton tai 6 > 0 sao cho [z, — 0,2, + 0] N A. = (. Khi d6, 0 < f(x) < e véi
|r — z,| < 0, tic 1a f lién tuc tai x,.

Bai 1.30. Cho f,g : [0,1] — R la hai ham s6 bi chan va ¢ : R — R 1a ham s6 xic
dinh boi

Vo € R, p(x) = sup |f(t) + zg(t)|.
te[0,1]

Ching minh rang ton tai K > 0 sao cho

lp(z) = ¢(y)| < K|z —y|, Vo,y €R.
Huéng dan:
V6i moi ¢ € [0, 1], v6i moi 2,y € R ta ¢6
[F(@t)+zg(t)] = [f(t) +yg(t)] = (z —y)g(t) < K|z —y| v6i K = sup |g(t)| hay

te(0,1]
f(t)+zg(t) < f(t) +yg(t) + K|z —y|, v6i moi t € [0,1]. T day 14y supremum hai
v€ ta dugc ¢(z) < ¢(y) + K.|z — y|.
Ly luan tuong tu, ta c6 p(y) < p(z) + K|z — y|.

Tir d6, |o(z) — ¢(y)| < K.|z — y| v6i moi z,y € R.
Bai 1.31. Cho ham s6 f lién tuc trén [0, +00), a1, a9, - ,a, € R va
lirf f(z) = +o0.

Chiing minh rang néu b > a = f(ay) + f(a2) + -+ + f(a,) thi ton tai cdc s6 thuc
b; > a;,i = 1,n sao cho

b= f(br)+ [(bs) + -+ F(b).
Hudng dan:
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a) bat ¢(z) = f(a1 + ) + f(as +2) +--- + f(a, + ) — b thi ¢ 1a lién tuc trén
[0,400). Ta c6 9(0) =a—b< 0. Vi lim f(zr) = +oo nén ton tai z, > 0 sao cho

T—+00
o(x,) > 0.
Tur d6 ¢(0).p(z,) < 0. Vay ton tai € € (0,2,) sao cho p(e) = 0 hay b =
flay+¢) + flag +¢) + -+ flan +¢).
biat b; = a; + ¢, ta ¢6 diéu phai chiing minh.

Bai 1.32. Cho f : R — R lién tuc thod man f(f(z) = —2? v6i moi # € R. Chiing
minh f(z) <0 v6i moi z € R.
Hudng dan:

Vé6i moi o < 0, goi y € R sao cho x = —y%. Khi d6

f@) = f(=y*) = f(f(f W) = =[fW)]* < 0.

Ta s& chiing minh thém rang f(z) < 0 v6i moi x > 0. That vay, tir gia thiét suy ra
f don anh trén (0,400), do d6 don diéu trén khoang nay.

Gia st ton tai x, € (0,+00) sao cho f(x,) > 0. Goi x1, rs la 2 s6 thuc thod man
0<zx, <21 < 29,

Xét truong hop f 1a don diéu tang trén (0, +00). Khi d6 ta ¢

0 < f(wo) < fl21) < [f(2).

nén —z? < —x3 hay z; > x,. Diéu ndy 1a mau thuén.
Ly luan tuong tu cho trudong hop f don diéu giam ta ciing ¢6 di€éu mau thuan.
Tu d6 suy ra f(z) < 0,Vx € R.

Bai 1.33. C6 ton tai hay khong ham [ lién tuc trén R thoa man mot trong hai diéu kién
dusi day

a) f(z) € Q khi va chi khi f(z+1) €.

b) f(z) € I véimoi x € Q va f(z) € Q v6i moi x € L.
Huéng dan:

a) Gia st ton tai ham f lién tuc trén R thoa man diéu kién f(x) € Q khi va chi khi
flx+1) el

Xét ham g(z) = f(x + 1) — f(z). Khi d6 g(z) € I v6i moi x € R. Két hop véi
tinh lién tuc clia ham g ta suy ra g(z) phai la ham hang tic la

flz+1) = f(z) = g(x) = ¢ v6i moi x € R.

Vi vay, ¢ phai la s6 vo ty va ta co f(z+ 1) = c+ f(z), Vo € R. Tir gia thiét, ta
suy ra ton tai x, sao cho f(x,) € Q. Lic d6 ta c6 f(z, + 2) € Q. Tuy nhién, ta lai c6
f(xo+2) =2c+ f(z,) nén f(x, +2) — f(x,) = 2c. Dicu nay mau thuin vi ¢ € L.

b) Tuong tu cau a), ban doc tu giai.

Bai 1.34. Cho f la mot ham lién tuc trén R va nhan nhiing gid tri trdi dau. Ching
minh rang ton tai 3 s6 a, b, ¢ 1ap thanh cap s6 cong sao cho f(a) + f(b) + f(c) = 0.
Hué6ng dan:

Theo gia thiét, tén tai = sao cho f(z) > 0. Vi ham f lién tuc nén trong mot
lan can cua x ta ¢6 f(r) > 0. Khi d6, ta tim dugc mot cdp s6 cong a,, b,, ¢, ma
fao) + f(bo) + f(co) > 0.

Tuong tu, ta cling tim dugc cép s6 cong a1, by, c; ma f(ay) + f(by) + f(c1) <O.

Véi t € [0, 1], xét cip s6 cong a(t),b(t), c(t) cho boi

a(t) = an(1 —t) + aqt.
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b(t) = bo(1 — 1) + bit.

c(t) = co(1 —t) + eqt.

Xét ham s6 F'(t) = f(a(t)) + f(b(t)) + f(c(t)) thi F lién tuc trén [0, 1]. Dé thay
rang F'(0) > 0 va F(1) < 0. Vi vay, ton tai ¢, € [0, 1] sao cho F(t,) = 0. Nhu vay, ta
c6 cép s6 cong phai tim 1a a(t,), b(t,), c(t,).

Bai 1.35. Cho f 1a mot ham lién tuc va ton tai 7' > 0 sao cho
lim f(z) =0; f(z)=f(z+1T), Vo € R.

Ching minh rang f(z) = 0 v6i moi = € R.

Loi giai:
Gia sl ton tai z, sao cho f(x,) # 0. Khi d6 ton tai A > 0 sao cho
@) < e i o] > 4
Ta ¢6 2, = x, + nT > A khi n dit 16n. Do vay
£l = £+ )] =) < L)

khi n du 16n. Mau thuén nay ching t6 f(z) = 0 v6i moi x € R.

Bai 1.36. Cho f va ¢ 1a cdc ham tuan hoan véi cic chu ky tuwong tng 1a 7,7, > 0 va
lim [f(z) — g(x)] = 0.

a) Chting minh rang 7y = T,,.

b) Ching minh rang f(z) = g(x) v6i moi z € R.
Giai:

a) Tur gia thiét suy ra f(x+71)—g(x+T,) — 0 (v — 00). Do d6 f(x)—g(x+Tf) —
0, (z — ).

Vay g(z) — gz +T) — 0, (v — o0).

Theo Bai tap 1.35. g(x) = g(z + T) v6i moi = € R.

Suy ra Ty > T,. Tuong tu T, > Ty. Nhu vay Ty = T,.

b) bat h(z) = f(z) = g(x).

Ta c6
lim A(x) =0
h(z+Tf) = h(z), Vx € R

Theo Bai tap 1.35., h(z) = 0 v6i moi x € R. Vay f(z) = g(x) v6i moi = € R.

Bai 1.37. Cho f la mot ham xac dinh trén R thoa man
[f(@) = f(y)| < K|z —y], Yo,y € R(K > 0).

a) Chiing minh rang néu K < 1 thi phuong trinh f(z) = 2 luén ¢6 duy nhat nghiém.

b) Gia stt théem rang véi moi z € R, lim f(x+n) = 0, hdy ching minh 1ir+n flz) =
0.

c¢) Hay chi ra mot ham lién tuc trén R thoa man lim f(z+n) = 0, nhung f(x) /—
0, khi x — +o0.
Loi giai:

a) Lé{y T, € R. Dét T = f(xo); Tpy1 = f(xn>7n > 1.
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Ta cé:
[f (@) = fl2a)] < Kl — @]
< K[f(n) = f@nn] < K20 — 201
<... < KnJr1|x1 _ x0|.

Do d6 véi moi n,p € N thi
|$n+p - wn| < ‘xn-i-p - xn-&-p—l} + -+ ‘xn—‘rl 2 xn‘

< (K™P 4o K™Y |z, — a4
<K' K+ K>+ + K|z, — z1]
< K"
- 1-K

Do vay (z,), l1a ddy Cauchy trong R nén hoi tu. Goi z, = lim z,.

Do tinh lién tuc ctia f va cach xay dung (x,), ta c6 f(x,) = z,.

Néu ton tai 2, # z, sao cho f(z) =/,

thi |z, — 2| = [f(2.) — f(z})] < K|, — 2],

Vi K < 1 nén diéu nay vo ly. Vay phuong trinh f(z) = = ¢6 duy nhat nghiém trén

|zo — 21| — 0 (n — 00).

T . L € .
b) V6imoie > 0,goiz, =0< 2 < --- <xmzlvdl‘xi—xi_1‘ < 3K 1

. . € .
Vi lim f(z; +n) = 0 nén ton tai N sao cho |f(z; +n)| < 2 Vn > N, Vi
n—odo
Vé6i moi © > N, goi n 1a s6 nguyén duong sao chon <z, =z —n < 1.

Khi d6 n > N va ton tai x; sao cho |z — (z; + n)| = |z; — (x — n)| < £

oK
Do d6 |f(z) — fxi +n)| < K|z — (2 +n)| < %

=1m.
=1,m.

€
Vivay |f(x)] < |f(z; +n)| + 7N
Bai 1.38. Cho f, ¢ 1a hai ham s6 lién tuc trén [0, 1] thoa man
Ve € [0,1], 0 < f(x) < g(x).

g(n) '

Cho (z,,),, 12 mot day bét ky cla doan [0, 1]. Vi méin € N, ta dat y,, = [

Chiing minh rang day (y,), hoi tu va tinh lim y,,.

—00

Hudng dan:
Xét ham h xdc dinh trén [0, 1] béi h(z) = % Dé thay rang h lién tuc trén [0, 1]
g(x
va h([0,1]) C (0,1).
Mat khdc, h lién tuc nén h([0,1]) = [m, M] véi m, M € (0,1). Vi vay

vz € [0, 1], m<&§M.

~ g()
f(@n) < M. Diéu nay kéo theo
9(wy)

VneN, m" <y, < M"
Vim,M € (0,1) nén lim m"” = lim M" =0, tt d6 lim y, = 0.

n—oo n—oo n—oo

~—

Dac biét, véi n € N ta co m <



Wwu. viETmaTiis.com

15

Chuong II. DAO HAM CUA HAM SO

Bai 2.1. Khao sat tinh kha vi cua cdc ham s6 sau:

z? néu z € Q
a)f(:z;)—{ OnéuzxeR\Q

b B z?néuzeQ
) @) = ?néuzeR\Q

¢) f(z) = [z] sin® 7.
d) f(x) = cos+/|z|.

V3, o= L
o sy =4 V2=

1, v6i z con lai.
Giai:
a) Tai moi x # 0, ham f khong lién tuc nén khong kha vi
- Tai x, =0 ta co

DO (@) oy v 0

— f(0
Vi hm |z| = 0 nén hn%Lg() = (0 do d6 f c6 dao ham tai z, = 0 va f/(0) = 0.
r— T —
b) Dé ching minh rang f khong lién tuc tai moi = ¢ {0,1} nén f khong c6 dao
ham tai céc diém d6.
-Tai z =0, ta cé

L@@ U0 s e g

xz—0 ||
Vi lim(Jz] + #%) = 0 nen MI%L{J@) 0
= T— T —
Do d6 f ¢6 dao ham tai x = 0 va f'(0) = 0.
-Taix =1
r?—1
1
fa)-s0) _ | wm1 e
r—1 2 —1

T nureQurel

r+1,n€uxreQr#1
2+ z+1néuzel
Chon day (z,), C Q, z, — 1(n — o0) x, # 1,Vn, ta c6

f(xn) — f(l)

2
p— — 2 (n — o)
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Chon day (2/,), C I, z, — 1 (n — o0) ta c6
n) — f(1
F@) =10 g0 sy
T, — 1
Vay f khong c6 dao ham tai x = 1.
¢) Ham s6 c6 dao ham trén R.
Bai 2.2 Cho

2.t 5 0
o) = :csmx—l-ax,neua:;é (0<a<1)

0,néuz=0

a) Chiing minh rang f c¢6 dao ham trén R.

b) Ching minh rang v6i mdi « > 0, ham [’ d6i dau trén (—a, a).
Tur d6 suy ra rang ham f khong don diéu trén mdi khoang m& chia 0.
Giai:
a) D& dang chimg minh duoc f ¢6 dao ham trén R va
1 1
) = a+2:csin; —.cos néu x # 0

a, néu x =0

1 1 1
Tacé f/(—) = (—1)™+! (————)=(=1)"+a Via€ (0,1) nen f/(—) vi
16 () = (<1 o, fem) = (C1 . Via€ (0.1) nen /() va
1 1 1
f'(————) luon trdi dau nhau. Chon n du I6n sao cho (—, —) C (—a,q).
(n+ 1) (n+ )7’ nw

Ta ¢6 f' d6i dau trén (—a, a).
Vi f’ d6i dau trén mdi khodng md chita 0 nén f khong don diéu trén mdi khoang
md chia 0.

Bai 2.3 (dinh ly Darboux) Cho f la mot ham kha vi trén [a, b] va
f'(a) <0 < f(b).

a) Ching minh rang f dat gid tri nho nhat tai mot diém x, € (a, b).
b) Chiing minh rang tén tai z, € (a,b) sao cho f'(z,) = 0.

Giai:
a) dat M = inf ] f(z)

z€la,b

Néu f(a) = M thi lim @) = /@) > 0. di€u nay vo 1y vi f'(a) < 0.
T—a Tr—a

Néu f(b) = M thi lim — lim L) = /(0)
z—bt z—b
diéu nay vo 1y vi f'(b~) > 0.
Do f lién tuc trén [a, b] nén f phai dat gid tri nho nhat tai mot diém x, € [a, b], z, #
a, r, # b. Do d6 ton tai =, € (a,b) sao cho

f(xo) = inf f(x).

z€[a,b]

<0.
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b) Suy ra truc tiép tir cau a) va Bo dé Fermat.
Bai 2.4. Cho f 1a mot ham s6 kha vi tai x, € (a,b). Ching minh rang
T a[ (o + ) = ()] = ()
f(@o +ch) — f(x,)

i h = of (@)
. flwotch) = flao+(c—=1h)
pm h A

Ban doc tu giai.
Bai 2.5. Cho f: R — R thoa man

[f(x) = f(y)| < klz —y|*, Yo,y €eR (e > 1,k = 0)
Chiing minh rang f(z) 1a ham hang trén R.

Giai:
V6i méi h # 0 ta c6 Jlo+ h})L /() < k|h|* 1
fath) =J@) o wer

Vi lim k|h|*~! = 0 nén lim
h—0 h—0
Do d6
f'(x) =0, Vx e R
Vay f(x) = const, Vo € R.
Bai 2.6. Cho f : [0, +00) — R 1a ham kha vi.

a) Ching minh rang néu lim f'(x) = a, thi lim /@) =a
T—00 r—00 I

b) Ching minh rang néu lim f'(z) = +oo thi lim @) = 400
T—00 r—00 I

¢) Chiéu nguoc lai trong cau a) c6 ding khong ?

Loi giai:
a) Trudce hét ta ching minh: néu lim ¢'(z) = 0 thi

T— 00

lim —= =0, v6i ¢ kha vi trén (0, +00).
T—00

p(z)

V6i moi € > 0, ton tai ¢ > 0 sao cho |¢'(z)] < =, Vo > c.

€
3 2’
Do d6 v6i moi x > c thi

p(@) _ (@) —ple) +9(c) _ ¢ —c)+¢(c)

T x x
Vi vay
T € c c € c
2 g ey, el =, L)
T 2 T T 2 T
Chan hang s6 ¢; > ¢ sao cho ’@‘ < g v6i moi = > ¢;.
T
Khi d6 v6i mbi & > ¢; ta c6 ‘90(5”)( <e.

X
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Vay lim —('O(JC) =

r—oo I

0.
Bay gio ta dat p(z) = f(z) — ax. Tacé lim ¢'(z) = 0.

T—00

Do dé limM: lim(M—a):O.

r—oo I T—00 €T

Suy ra lim M =a
r—oo U

b) Tir gia thiét ta ching minh duge lim f(z) = +o0.

r—00

Két qua duoc suy ra tir qui tic L' Hospital.

c) Xét ham s6 f(z) =z +sinz. Ta cé lim J(@) = 1 nhung lim f’(z) khong ton

T—00 €T
tai.

Bai 2.7. Cho f la mot ham lién tuc trén [0, 1], kha vi trén (0,1) sao cho f(0) =
0, f(1) = 1.

a) Ching minh ring ton tai cdc di€ém z, 29, - , @002, 0 < 7] < Ty < -+ <
Toog2 < 1 sao cho

m[f/(l"l) + fi(x2) + -+ f(2a002)] = 1.
b) Ching minh rang ton tai a,b € (0,1),a # b sao cho

f'(a).f(b) =1
Loi giai:
a) Theo dinh 1y Lagrange, v6i méi ¢ € {1,2,--- ,2002}, ton tai
T; € (ﬂ,L> sao cho
2002 2002
) 1—1 1

f(2002) - f(2002) = f’(l’i)-m-

Do vay
] 202

2002 Zf/(ﬂ?i) =f(1) - f(0)=1.
=1
b) Ban doc ty gidi.

Bai 2.8. Cho f, g la cac ham lién tuc trén R sao cho
g'(x) = fg(x)), vz € R.
Ching minh rang néu lim g(z) = c thi f(c) =0.
Loi gidi: o
Tur gia thiét ta c6 lim ¢'(x) = f(c).
Néu f(c) > 0 thi t%?loiai z, > 0 sao cho

/(<)

g,(l’) > T > O,V(L’ > T,

Vi vay

xz

o(z) = / J ()t + glzy) >

Zo

f(e)

T(x - 370) + 9(370)
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diéu nay mau thuan vi

lim @(w —x,) + g(xo)] = 400.

Tuong tu néu f(c) < 0 thi cling dan dén mau thuan. Vay f(c) = 0.
Bai 2.9. Cho f 1a mot ham c6 dao ham trén R thoa man

f(z +sinzx) < f(x), Yo € R.
a) Ching minh rang phuong trinh f’(z) = 0 ¢6 vo s6 nghiém.

b) Hay chi ra mot ham théa man diéu kién trén.
Giai:
dat g(x) = () — f(x +sin).
Ta c6
g(x) >0, Vr e R
g(k2m) = 0, Vk € Z.
Vi vay mdi diém x = k27, k € Z 1a cuc tri dia phuong cia hAam ¢. Theo bé dé Fermat
thi
g (k2m) =0
Ta c6
g (k2m) = f'(k2m) — f'(k27)(1 + cos k2m) = 0
<— f'(k2rn) =0, Vk € Z
b) f(x) = cosuz.

Bai 2.10. Cho f va g la cac ham c6 dao ham trén R thdéa man
{f(x) <g(z),Vx e R
f(xo) = g(z,).
Chiing minh rang f'(z,) = ¢'(z,).
Giai:
dat h(x) = g(r) — f(r).
Dé thdy h dat cuc tri tai z,, do d6 h/(x,) = 0. Vi vay

f'(wo) = g'(xo)-
Bai 2.11. Cho f la mot ham s6 c6 dao ham trén R\ {0} va ton tai gii han liH(l) f(x).
Chiing minh rang f’(0) ton tai.

Huéng dan:
Xét ty sO

va dung dinh ly Lagrange.

Bai 2.12. Cho f 1a mot ham x4c dinh trén R thoa man
f(0)=0, f(x) > |sinz|, Vo € R.

Chiing minh rang dao ham clia ham f tai 0 khong ton tai.
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Giai: 0 |
Gia sit /(0) ton tai. Véi méi z € (0, ) ta c6 flz) = £(0)  sina
2 pow— "
Vi vay
f/<()+) = lim M > lim sin x _1

z—0t+ z—0 z—0t X
Tuong tu ta ching minh duge f'(0~) < —1. Mau thuan nay ching td f’(0) khong ton
tai.

Bai 2.13. Cho f(x) = aysinx + assin2z + - - - + a,, sinnz.
Gia st rang f(z) < |sinz| v6i mdi = € R. Ching minh ring
|a1+2a2+--~+nan| S 1
Giai:
Ta co
. |sinx|

< lim =1
A Tal

LD 1O) _, 11@)
z—0

2 o]

£/(0)] = lim
Mat khédc |f'(0)| = |a1 + 2a2 + - - - + nay,|
Do d6 |ay + 2ay + -+ - + na,| < 1.
Bai 2.14. Cho R — [0,400) 1a mot ham c6 dao ham lién tuc trén R sao cho ton tai
k > 0 thoa man
fla) =0, |f'(2)| < kf(x), Yz €R.

. 1 1
Hay ching minh rang f(z) =0, Vz € [a— %,a—l— %}
Tur d6 suy ra f(z) = 0 v6i moi z € R.
Giai: A .
at M = - —<z<a+—
dat M = sup {f(z) : a 2k:_x_a—l-2k}<—|—oo

1 a6 |f(@) =

V6i méi - =
iméi z € [a ARy

j ()it

* Néu z > a thi

@) = | / 1ttt < / F ()]t < k / F@)dt < kM(z —a) < %

’ . M
Tuong tu néu z < q ta ciing ¢6 |f(z)| < -
Vi vay
M 1 1
@) =f@)| < 5 Vo€ ja—g at+ o],
Do do ) . M
- ecfombar Ay
0< sup {f(z) : z € |a 5% a+2k}_2
< 1 1
2 s . [__ _]
Vay 0va f(x) =0 véi mbi z € |a T a+2k
Bai 2.15. Cho f la ham lién tuc trén [a, +00) thoa man
!/
f(z) >0, Vz € [a,+00) va inf&>0.

z2a f(z)
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Ching minh rang v6i méi § > 0 ta c6 lim _J@) =0
a=too f((1+6)x)
Giai: /
Chon «’ sao cho ' > max {1,a}. dat k = ir>1f J;éx; > 0. Ta cod
r>a €T

f(x) > kf(z) >0, Vo > d.
Tu d6 suy ra f don diéu tang trén [a’, +00) va khi = >
(1+8)z (14+6)z

f(A+0)z) — fz) = / ftydt > k / f)dt > kéaf(x).

Do d6

f((1+0)x) > f(z)(1+ kox), Vo >d.

f(z) 1
< Vo >ad.
F(l+0)z) = 1+koa ="
N f(z)
Tudétacd lim —————— =0
A+ o)

Bai 2.16. Cho f la mot ham lién tuc trén [0, 1], kha vi trén (0, 1), f(1) = 0. Ching
minh rang tén tai ¢ € (0,1) sao cho

1
fle) + mcf'(c) = 0.

Suy ra 0 <

Hudng dan:
Xét ham ¢(z) = 2?92 f(x). 4p dung dinh ly Rolle.

Bai 2.17. Cho o, 3 > 1, f kha vi trén [0, 1], £(0) = 0 va f(z) > 0 véi méi = € (0, 1).
Ching minh rang ton tai ¢ € (0, 1) sao cho

/()

i Ji(1 -
70

RSET)

Huéng dan:
Xet ham o(z) = (f(2))*.(f(1 — )"
ap dung dinh ly Rolle.

Bai 2.18. Cho f la mot ham kha vi trén R, f’ giam ngat.
a) Chiing minh rang véi méi = € R ta c6

fle+1) = fz) < fl(z) < flz) = flz = 1),

b) Ching minh rang néu lim =/ thi lim f'(x) = 0.

¢) Hay tim mot vi du vé ham g kha vi trén R sao cho lim g(x) = [ nhung ¢'(z)

khong tién vé 0 khi © — +o0.
Giai:
a) Theo dinh ly Lagrange, v6i méi x € R, ton tai ¢;,cy saochor — 1 < ¢ < x <
o <x+1va
flx+1) = f(z) = f'(c2)
f(x) = flz = 1) = f'(c1).
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Vi f gidm ngat nén f'(c;) < f'(z) < f'(c1).

Do do f(x +1) — f(x) < f'(x) < f(x) — f(x —1).
b) Néu 11_)12Q f(z)=1thi

lim [f(z +1) = f(z)] = lim [f(z) — f(x = 1)] = 0.

Do dé lir}rq f'(xz)=0.
2
sin x
¢) Xétham g(z) = 4 5 =70
0,z = 0.
Dé chiing minh ¢ kha vi trén R nhung lim ¢'(x) khong ton tai.

T——400

Bai 2.19. Cho f la mot ham x4c dinh trén [0, +00), f(0) = 0. Ham ¢ xdc dinh boi

M, néu x > 0
glx)=q =
f'(0), néu z = 0.

a) Chiing minh rang néu f’ don diéu tang trén [0, 4+00) va f kha vi lién tuc trén
[0, 4+00) thi ¢ lién tuc va don diéu tang trén [0, 4+00).

b) Ching minh rang néu f kha vi lién tuc dén cap hai trén [0, +00) thi g kha vi lién
tuc trén [0, +00).

Giai:
a) * g(x) = @) kha vi trén (0, +00) do d6 ¢ lién tuc trén (0, +00).
T
- fz)
%] — £(0) = g(0).
lim === = f(0) = ¢(0)

Do vay g lién tuc trén [0, +00).
Tai méi = € (0, +00),

: f(x)
oy~ 3@ = f@) T
g'(x) = . = —
Theo dinh 1y Lagrange, ton tai ¢ € (0, z) sao cho
Do vay

Vay g la ham don diéu tang trén (0, +00) va do d6 g don diéu tang trén [0, +00).
b) Ban doc tu giai.
Bai 2.20 Cho f la mot ham kha vi trén [0, 1] sao cho
f(0) = f1(0) = f'(1) = 0.
Chiing minh rang ton tai ¢ € (0,1) sao cho f'(c) = ﬁ

e e c
Giai:
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dat
flx)
—= néux e (0,1
plr) =9 = 0.1
0, néu z = 0.

Khi d6 ¢ 1a mot ham lién tuc trén [0, 1], kha vi trén (0, 1] va

(1) = (1) = f1) =—=fQ1)

* Néu f = 0 thi két luan clia bai todn 12 hién nhién.

*Xét f # 0.
Thl: C6 z, € [0, 1] sao cho f(x,) > 0. Goi ¢ € [0, 1] sao cho
_ _ fl@)
ple) = max p(x) = max ==
Taco c#0. Néu c=1thi p(1) = f(1) > 0 va ¢'(1) = —f(1) < 0. Mat khac
— (1
¢'(1) = lim p() = o(1) > 0.
z—1- r—1

Mau thuin ndy chiing t6 ¢ # 1. Vay ¢ € (0,1). Theo b6 dé Fermat, ta ¢6 ¢'(c) = 0
nén f'(c) = _f(c)'
c
Th2: Néu c6 z, € [0, 1] sao cho f(z,) <0, ta goi ¢ € [0, 1] sao cho

p(c) = inf ().

z€[0,1]
Lap luan tuong tu dua dén [’'(c) = m
c

Bai 2.21. Cho n la mot s6 nguyén duong, ay, by € R, (k=1,2,--- ,n). Ching minh
rang phuong trinh

z+ Z(ak sin kz + by coskx) =0

k=1
c6 nghiém trong (—m, 7).
Hudng dan:
Xét ham
2 n b
gp(x):%—k (—%coskx—i—fsinlm), x € [—m, 7]

Khi d6 ¢(7) = ¢(—m). dp dung dinh 1y Rolle.
Bai 2.22.
a) Cho ¢y, co, -+« , Ca003 12 cac sO thuc thdéa man
c1 — 3c3+ des — Teq + - -+ + 20019901 — 2003¢9903 = 0.
Chiing minh riang phuong trinh
¢ 08T + 2209 cos 22 + - - - + 200329003 c0s 2003z = 0

c6 it nhat 3 nghiém trén (—m, 7).
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b) Cho ay,as, - ,a, thoa man
a an
m+§+m+gzom>u
Chiing minh réng phuong trinh a; + asx + - - - + a,2" ' = 0 c6 nghiém trong (0, 1).

ag
=0
2k +1

n
¢) Cho ag,aq, - ,a, € R théa man Z
k=0

Ching minh rang phuong trinh Z ag cos(2k + 1)z = 0 ¢6 nghiém trong (0, g)
k=0
Hudng dan:
a) Xét ham
o(x) = e sinx + 2¢y sin 2 + -« - - + 2003¢9003 Sin 2003z

Khi d6 ta ¢6: ¢(0) = ¢(5) = o(r) = (=) = p(=3).

2
ap dung dinh ly Rolle.

. . ZEQ "

b) Xét ham ¢(x) = ajx + a2 +-ta,—.
n

Ta ¢6 ¢(0) = p(1) = 0. dp dung dinh 1y Rolle.

¢) Xét ham

"y sin(2k + 1)z
ple) =2 2% 1
k=0

Bai 2.22. Cho f la mot ham kha vi trén R, ¢,d € R sao cho
c<dva () = f(d), £(c) >0, f(d) >0
Chiing minh rang ton tai, z, € (¢, d) thoa man

f(xo) = f(d)
f(z,) <0.

z—o™t r—cC
o(x) >0, Vr € (¢,c+6) C [c,d].

dat z, = sup {a € [¢,d] : ¢(z) > 0,Vz € (¢,c+ a)}.
Ta dé dang chiing minh ¢(z,) =0 va z, € (¢,d). Ta c6

= lim ﬂ S 0.

z—0" X — Ty
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Bai 2.23. Cho f la mot ham c6 dao ham trén [0, 1] va

f1(0) <0, f(1) <0, f(0)=f(1)=0.
a) Chiing minh rang phuong trinh f(x) = 0 c6 nghiém trong (0, 1).
b) C6 thé khang dinh ring t6n tai 21,25 € (0,1), 1 # x5 v

f(@1) = f(x2)?

Ban doc tu giai.

Bai 2.24. Cho f la ham kha vi trén [0, 1], f(0) = 0, f(1) = 1. Ching minh rang véi
moéi Ky, Ky > 0, ton tai z1, 25 € (0, 1), sao cho x1 # x5 va

K Ko
+ = K, + K.
fi(x1) — f(2) T
Giai: %
Xét ham p(x) = f(z) — ———.
SRl > A
Tacé p(0) = ————— <0, p(1)=-—"2— >0.
©(0) K 1K, p(1) e
Vi ¢(0).(1) < 0, nén ton tai ¢ € (0,1) sao cho
K
=0<+= .
o(c) =57

ap dunh dinh ly Lagrange cho ham f trén [0, ¢] ta c6:
dry € (0,¢) = f(e) = f(0) = f'(z1)c.
1

K, K
Do 46 ————— = f/(x1)c ha =c.
K+ K f(m)e hay f(@1) (K7 + K3)
ap dung dinh ly Lagrange cho ham f trén [¢, 1] ta c6:
dzs € (¢, 1) f}({}) — fle) = f'(@) (1 = o).

2

Nhu va =1—e
Y Pl (K + K)
Do do
K, . K, B
(@) (K + K)o f(22) (K + Ka)
K K
hay ! 2 _=1.

+
frlaa)  f'(x2)
Bai 2.25. Cho f 1a ham lién tuc trén [a, b], kha vi trén (a, b). Biét rang f(a) < f(b) va

f(x)+ f(z) <e, Va € (a,b).
Chdng minh rang f/'(z) < e, Va € (a,b).
Giai:
Vi f la ham lién tuc trén [a, b] nén ton tai z, € [a, b] sao cho

f(xo) = sup f(x).

z€a,b]
+ Néu z, € (a,b) thi theo b6 dé Fermat f’(z,) = 0. Do d6
f@o) = flxo) + f'(,) <e.

Vivay f(z) <e, Vo € (a,b).
+ Gia st x, = b.
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* Néu ¢6 x1 € (a,b) dé f(x1) = f(b) = sup f(x) thi f'(z;) =0 va ta ciing c6
z€[a,b]
f(x) < f(z1) < f(zy) + fl(21) <e, Vz € (a,b).
* Néu f(x) < f(b) v6i moi x € (a,b), thi ta can ching minh f(b) < . Gia su
ngugc lai f(b) > e. Ta tim dugc § > 0 sao cho f(z) > e,Vz € [b—4,b].
Theo dinh 1y Lagrange, ton tai ¢ € (b — 6, b) sao cho
b)— f(b—19¢
pg= 102100
Do vay f(c)+ f'(c) > 0.
Mau thuén trén ching to f(x) < f(b) <&, Vo € (a,b).

Bai 2.26. Cho f la mot ham kha vi trén [—1, 1], f(0) = 0.
Tim gi6i han cta day (u,), voi

. 1
Huéng dan: (u,), hoi tu vé §f’(0).

Bai 2.27. Cho f 1 ham kha vi trén [0, +00) va lim f'(z) = 0.

Ching minh rang v6i méi d > 0 ta c¢6 lim |f(z+d) — f(x)] = 0.
Ban doc tu giai.

Bai 2.28. Cho f la mot ham thdéa man
f(z) <0< f(x),Vo <0
f(z) <0< fl(x),Vz > 0.
Ching minh rang f’(0) khong ton tai.
Hudng dan:
Gia str rang f’(0) ton tai, hdy ching minh rang lic d6 f/(0) = 0. Hay chi ra mau
thuén bang céc gia thiét trén.
Bai 2.29. Cho f la ham lién tuc trén (a,b). Gia st rang v6i mdi x € (a,b), gii han
1
lim — —fz—h)] =
lim oo f(z +h) = f(z = h)| = g(z)
ton tai hitu han.

a) Ching minh rang néu g(z) > 0 v6i méi x € (a,b) thi f 1a ham don diéu tang.

b) Chitng minh rang néu g = 0 thi f 12 ham hang.

¢) Ching minh rang néu g lién tuc trén (a,b) thi f kha vi lién tuc trén (a,b).
Giai:

a) TruGc hét xét truong hop g(x) > 0 v6i mdi x € (a,b). Gia st f khong phai 1a ham
don diéu tang trén (a, b), ta tim dugc x1, x5 € (a,b) sao cho x; < x5 va f(z1) > f(x2).

dat c = w va p(z) = f(z) —c

Ta 6 o(x1) = f(z1) —c > 0,¢(x3) = f(z2) —c < 0.
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dat T = sup {a € (z1,22) : p(z) >0Vx € (z1,0a)}.
Ta tim dugc (by,)n, b, >0, b, — 0 va (T +b,) <O0.
Khi doé
9(@) = Tim [f(7+ba) = f(@—b)]

= lim [so(f +bn) — (T —by) < 0.

Mau thudn nay ching to f don diéu tang trén (a, b).

* Truong hop g(z) > 0 v6i mbi € > 0, xét h(z) = f(z) + ex.

Theo ching minh trén A 1a ham don diéu tang trén (a,b), do vay f ciing 1a ham
don diéu tang trén (a,b) vie > 0 tly y.

b) Néu g = 0 thi f vira don diéu tang vira don diéu giam do d6 f 1a ham hang.

¢) Goi GG 1la mot nguyén ham cua g. Khi d6

Gz +h) — Gz — h)

. 2h = 9(@).

Do vay

= O k)~ (= )~ )
h—0 2h

Theo cau b) thi f — G = const.

Suy ra f(x) = G(z) + ¢,V € (a,b).

Nhu vay f 1a ham c¢6 dao ham lién tuc trén (a,b).

=0,Vz € (a,b).

Bai 2.30. Cho f 1a ham kha vi lién tuc dén cap hai trén [0, +00) sao cho
F0) = Jim )
Chdng minh rang phuong trinh f”(2) = 0 ¢6 nghiém.

Bai 2.31. Gia st f va g la cac ham kha vi trén [a, b], trong d6 g(z) # 0 va ¢'(z) # 0
v6i méi x € [a, b]. Ching minh rang ton tai ¢ € (a,b) sao cho

1 f(a) f(b)’ _ L e glo)
g(b) — g(a) [9(a) g(b)] — g(c) |f'(e) d'(o).
Hudng dan: @
a = f_:z: xr) = L x a
dat p(z) = @), e(x) o) € la, b.

Hay 4p dung dinh ly Cauchy.

Bai 2.32. Cho f va g la cic ham xdc dinh trén (a,b) sao cho v6i méi = € (a,b), ton
tai 5, > 0 dé
flx+h)— f(x —h) =2hg(z),0 < h < J,.
Ching minh rang néu f kha vi thi f”(x) =0,Vx € (a,b).
Ban doc tu giai.

Bai 2.33. Cho f la ham kha vi lién tuc dén cap hai trén [0, +00) thoa man
f(0)=0,f(0) > 0va f(z) = f(x),¥z > 0.
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Ching minh rang f(z) > 0 v6i mdi z > 0.

Giai:
dat p(x) = e*(f'(x) — f(x)). Ta co
'(x) = " (f"(x) — f(x)) 2 0,V = 0.
Do vay ¢ 1a don diéu tang trén [0, +00). Mat khic
p(0) = f(0) = f(0) >

Suy ra p(z) > 0,Vx € [0,+00) nén f'(z) > f(x),Vm € [0, +00).
Lap lai lap luan tuong tu v6i V(z) = e~ f(x) ta suy ra

f(z) > 0,Vx > 0.

Bai 2.34. Cho f 1a ham kha vi lién tuc dén cap hai trén [0, +00) sao cho f >0, f' <0
va f” bi chan trén [0, +00). Ching minh ring

lim f'(x) =
Giai:
Tur gia thiét suy ra ton tai giéi han [ = lim f(z).

Khong mat tinh téng quat gia st [ =0 (neu khong ta dat ham
o(x) = f(z) —1). V6imdi ¢ > 0, ton tai A > 0 sao cho

|f(z)| < €,V > A.
dat M = sup |f"(z)].
x>0

V6i méi x> A, ton tai 6 € (0,1) sao cho

flo ) = F(m) = /(@) = 51" + )2

Do dé6

o) MA@ 1,

1

Vay lim f'(x) =

T— 00

Bai 2.35. Cho f la ham kha vi lién tuc dén cap hai trén [a,b] sao cho f(a) = f(b) =
f'(a) = f'(b) = 0. Ching minh rang ton tai ¢ € (a,b) sao cho f”(c) = f(c).

Hudng dan:
Xét ham p(x) = e *(f(x) + f'(z)]. 4p dung dinh 1y Rolle.

Bai 2.36. Cho f 1a ham kha vi lién tuc dén cdp hai trén [a,b] va trén doan nay f cé
khong it hon ba khong di€ém khac nhau. Chiing minh rang ton tai ¢ € (a,b) sao cho

fle)+ f(c) = 2f'(c).
Huéng dan:

dat p(r) = 7" f ().
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ap dung dinh 1y Rolle ta tim dugc ¢, ¢y € (a,b) sao cho f'(c1) = f(c1), f'(e2) =

fle2), e1 # ca
Lai dat W(z) = e *(f'(x) — f(x)) r6i 4p dung dinh 1y Rolle ta suy ra di€u phai

chiing minh.

Bai 2.37. Cho f la ham kha vi lién tuc dén cap n trén [0, 1], z1, 29, -, Tp, Tpyq 12
cac s6 khac nhau thugc [0, 1]. Ching minh

= f(xr)
‘ ; (xp, — 1) (@, — Tp—1) (T — Tpgr) -+ (T — Tigr)

1
< — sup [f)()]

n! z€[0,1]
Giai:dat
n+1
fr) 11 (& — )
n+1 J=1
.
p(a) = f(2) =Y —g
k=t T (e — )
j=1
itk
Ta c6 p(21) = p(22) = -+ - = p(ay41) = 0.
Do d6 tén tai ¢ € (0,1) sao cho ™ (c) = 0, tic 1a
n+1 |
£ ,; (= 21) - (o — 1) (T = Thg1) -+ (T — Tnga)
Suy ra
n+1
1
Z f(zx) < — max f(”)(a:)’
p (xp — 1) (2 — xp1) (g — Tpr1) -+ - (T — Tpg1) n! z€0,1]
Bai 2.38. Cho f la ham kha vi cdp 2 trén R va thda man
lim (F(x) = [o]) = 05 £(0) < 0.
Ching minh rang ton tai z, sao cho f”(x,) = 0.
Loi giai:
Tu gia thiét suy ra
lim @) =1; lim @) =—1; lim f(z) =400
r—o00 I r——00 I T—00

R6 rang f’ 1a ham lién tuc trén R.
Thl: Néu f’ khong phai 1a don dnh trén R nghia Ia ton tai 21,29 € R, 27 # x5 va
f'(x1) = f'(x2), thi theo dinh ly Rolle, ton tai z, sao cho f”(z,) = 0.
Th2: Néu f’ 1a don dnh khi d6 f’ 1a ham don diéu trén R. Do d6 ton tai giGi han
lim f'(z) va lim f'(z), va
lim f(r) = lim @ =1; lim f'(z)= lim ) = —1.

Vay f’ 1a ham don diéu tang trén R va —1 < f'(z) < 1, Vz € R.
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dat p(z) =z — f(x). Tacod ¢'(x) =1 — f'(x) >0, Vx € R, ¢(0) = —f(0) > 0.

Vay x — f(z) /=0 (z — +00).
Nhu vay trudng hop nay khong thé xdy ra.

Bai 2.39. Gia st f 1a ham kha vi lién tuc dén cap 3 trén [0, +00), f(z) >0, f'(x) >
0, f”(x) > 0 véi mdi z € [0,+00). Chiing minh rang néu:

).
f'(@).f" ()

lim =c, c<?2
a0 (f"(x))?
thi
1
: 1
) @)
a—ce (f'(z))? 2-c
Hudng dan:
1
Xét ham ¢(x) = .
=
TruGe hét chimg minh lim ¢'(x) = 0. Do vay
l 2
lim —(f (z)) = +00
a—oo  f"(x)

Sau d6 ching minh lim f(z) = +o00.

ap dung qui tac L'Hospital

@) G
v (f'(2))? oo (f'(2))?
[ (@)
= lim L = L i
x_)oo2_ f’(l‘).fm($) 2 _ ¢
(f"(x))?

Bai 2.40. Cho f la ham kha vi dén cdp hai trén (a,b). Ching minh rang véi moi
x € (a,b) ta cod

fe+h)+ flz—h) —2f(x)

A h? = f'().
Giai:
Xét
flz+h)+ flz—h) —2f(x)
B2 '
Ta o6 f(#+h) = f(2) + f'(£)h+ = f"(2)h% + o1 (h2)

2
Flz — Y= f(@) — f@)h+ 31" @)h + oa(1?).

Tur do ta co

i L& R+ fl@—h) —2f(z) _
h—0 h?
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Ban doc tu kiém chiing v6i x = 0 va

fla) = x2sin£, x#0
e, v =0.

ot TOH 1)+ 0= R) = 2£(0)
h—0 h?

= 0 nhung f”(0) khong ton tai.

Bai 2.41. Cho f la ham xdc dinh trén R c¢6 dao ham méi cap va
1
f2) = f V()| < =, Yz €R.
n

Ching minh ring lim f™(z) = ce®, ¢ = const.

Hudng dan:
Day ham (f™(z)),, hoi tu déu vé ham g(z) tréen R. D& thiy rang ¢'(z) = g(x) vé6i
moi x € R tir d6 suy ra g(x) = ce®, ¢ = const.

Bai 2.42. Cho P(z) la mot da thiic bac n v6i hé s6 thuc sao cho P(z) c¢6 n nghiém
phan biét z1,xs, -+ ,x,. Chliing minh ring

n P”(Jﬁk)
P’ ()

= 0.
k=1

Giai:
Theo gia thiét P(z) = a(x — z1)(z — x2) -+ - (x — x,,), a # 0. Do d6

1 1
),VSE ¢ {1'1,232,"' axn}'

P'(z) = P(z)( + SR
Vi P(x1) = P(xg) = -+ = P(x,) nén ton tai cic SO yi, Yo, - ,Yn_1 Sao cho

r—2r1 X — Ty T — T,

T <Y1 <Ta <Y< < Tp_1 <Yp-1<Tp

P'(y1) = P'(y2) = -~ = P'(yn-1) = 0.
Ta lai c6
P/(a) = P(a).(— bt b ) Vi ¢ { }
’ x_yl x_yz T _yn—l ? yl’y27 7y7’b—1 9
va
/ 1 1 1
0=P(yk):P(yk)-< + ot ) Vk=T,n—1
Y — 21 Yp — X2 Yk — T
Vi P(yi) # 0 nén ta c6
1 1 1
+ + -+ =0, Ve=1,n—1.
Ye — X1 Y — T2 Yk — Tn
Do d6
n P”I’ n—1 1 1 1
Pl((xk))zz<$_ e —— )
k=1 k 1 Tk T k— Y2 k— Yn—1
n n 1
()=
Y — Xy

k=1 j=1
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Bai 2.43. Cho P(z) la mét da thic bac n > 1 théa man P(z) = 0 v6i mbi z € R.
Chiing minh
P(z)+ P'(x) + -+ P™(x) >0, Vo € R.

Giai:
Gia stt P(z) = apz™ + ap_ 12" '+ +ay (a, #0).
Vi P(z) > 0 v6i mdi € R nén n chan va a,, > 0.
Xét ham

F(x) = P(z)+ P'(z) +---+ P"(2).
Vi F ciing 1a da thdc bac n v6i hé s6 ctua z™ 1a a,, nén lim F(x) = +o0.
Do d6 ton tai =, € R sao cho F(z,) = ;IelﬂgF(ﬂj) T
Theo b6 dé Fermat F'(z,) = F(x,) — P(z,) = 0.
Nh vay F(z,) = inf F(r) = P(r,) > 0
Va F(x) > 0,Vx € R.

Bai 2.44. Cho f 1a mot ham lién tuc trén [a — h, a+ k], kha vi trén (a —h,a+h), h > 0.
Chiing minh rang ton tai # € (0,1) sao cho

fla+h)— fla—h) = h(f’(a +OR) + f'(a — 9h)>.
Giai:
dat p(z) = f(a+ ) — f(a —x),x € [0,h]. Ta c6 ¢ lién tuc trén [0, k] va kha vi
trén (0, k). Theo dinh 1y Lagrange ton tai 6 € (0,1) sao cho

p(h) — (0) = ¢'(0h).h
e flla+h)— fla—h) = [f’(a+ oh) + f'(a — 0n)|h

Bai 2.45. Tim tat ca cdc ham f kha vi lién tuc dén cdp hai trén R sao cho ton tai
6 € (0,1) de
f(x+h)=f(x)+hf'(x+6h), Ve,h € R.

Giai:

V6i méi z,h € Rtacd f(x+h) = f(z)+ f'(x)h + o(h?).

Vivay hlf(z+ 08) — /()] = o(h).

! Ohn) — ' h2

soy o LELINZL) _ o),

Do d6 bang céch 1ay gidi han khi h — 0 tacé 0f"(x) =0, Ve € R

Vay f(x) = Az + B.

Bai 2.46. Cho f la ham kha vi lién tuc dén cép hai trén [—2, 2] sao cho

[f(@)] <1, Vo € [-2,2],(f(0))” + (f'(0))” = 4.
Chiing minh rang ton tai =, € (—2,2) sao cho f(z,) + f"(z,) = 0.
Giai:
dat F(z) = (f(2))* + (f'(x))%.
Ta o6 Fl(z) = 2/ (2)(f (@) + (x)), F(0) = 4.
Theo dinh ly Lagrange, ton tai 6 € (—2,0) sao cho

f0) = f(=2) = f'(61)2.
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Tuong tu ton tai 65 € (0,2) sao cho f'(6;) < 1. Suy ra
Vi F(0) =4, F(6,) <2,F(0y) <2,nén F phai dat gia tri 16n nhét tai x, € (6,,05)
0

Do 46 f'(6h) < 5(1(0)] + F(~2)]) <1

fi(wo) # 0 va f(zo) + f"(x,) = 0.

Bai 2.47. Cho f la ham kha vi lién tuc dén cdp hai trén [a,b]. Chimg minh rang ton
tai ¢ € (a,b) sao cho

fla) + f(b) atb  (b—a)

ALY R e L)
Giai: ; ) ) )
Goi A 1a hang s6 sao cho: fla)+70) _ f(a; )+ ( —Sa) A.
N2
o ) = LI _ oty o)t
Ta c6 F(a) = F(b) =0 do d6 ton tai 6 € (a,b) sao cho F'(0) =0
11, ,, a0+ 6 0—a,
=s[FoO-rEo-Fa=0
Lai 4p dung dinh ly Lagrange cho ham [’ trén [a i 9; 0] ta tim dugc ¢ € (a,b) sao
cho ; 4
/ ;0 + " —a

Thay vao (*) ta c6 f"(c) = A.
Nhu vay ton tai ¢ € (a,b) sao cho

f(a) + f(b) a+b  (b—a)

- 1"
(G )
c 2 a+b
Bai 2.48. Ch b R théa man - = —— .
ai oa,bce da'man o 5(n+2)

Ching minh rang phuong trinh
asin"” x4+ bcos" x4+ csinx +c=0

c6 nghiém trong (0, g)

Hudng dan:
Xét ham

asin"t? gz cos" 2 csin®zr  csin’zx

_ L
P(r) == = nto 3 T3

™

Chimg t6 ¢(0) = ¢ 2) roi 4p dung dinh 1y Rolle.
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Bai 2.49. Cho phuong trinh 2" = x + n.
a) Chiing minh rang v6i mdi n, phuong trinh ¢6 duy nhét nghiém z,, > 0.

b) Ching minh day (z,), bi chan va tim lim x—?; lim x,.
Giai:
Xét ham f,(z) = 2" —x —n. Tacé f.(z) =nz" ' — 1.
1
fi(z) > 0=z > (Z)it
n
Ta c6 bang bién thién

Dua vao bang bién thién ta thay phuong trinh f,, () = 0 ¢6 duy nhat nghiém z,, véi

1

1
n> — Jn—1,
> ()

b) Vi f,(1) = —n < 0 nén z,, > 1.
Vify(2)=2"—2—n>0neénz, <2
Vay (z,), bi chan. Ta c6 z!' = z,, + n nén

Dodé$—2—>1(n—>oo).

nn
Twr d6 suy ra lim z,, = 1.

n—oo

Bai 2.50. Cho f : [0,1] — R la ham lién tuc sao cho f(0) = f(1) =0, f kha vi dén
cép hai trén (0,1) va f"(z) + 2f'(x) + f(xz) > 0 Vz € (0,1).
Chiing minh rang f(z) < 0 véi méi = € [0, 1].
Giai:
Xét ham @(z) = e”. f(x). Khi d6
p(0) =¢(1) =0
¢"(x) >0, Vz € (0,1).
Néu ton tai x, € (0,1) sao cho p(z,) > 0 thi goi ¢ € (0,1) thoéa man

p(c) = sup p(x) > 0.
z€[0,1]

Ta c6 ¢'(¢) = 0. Vi ¢’ la don diéu tang trén (0, 1) nén
¢'(x) >0, Vr € (c,1)
{g@’(m) <0, Vz € (0,¢).
Do vay 0 = ¢(0) > ¢(c) > 0. Mau thudn nay chidng to
o(x) <0, Yz €]0,1].
Suy ra f(z) <0, Vz € [0,1].

Bai 2.51. Cho f la ham kha vi lién tuc dén cdp hai trén R va f”(z) > f(x) v6i moi
z € R. Ching minh rang néu tén tai a,b € R,a < b, f(a) = f(b) = 0 thi

f(x) <0, Vx € [a,b)].
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Giai:
Gia st ton tai x, € (a,b) sao cho f(z,) > 0. Goi ¢ € (a,b) sao cho

fle) = sup f(z)>0.

z€[a,b]

Ta ¢6 f'(¢) = 0. Khi d6 f"(c) > f(c) > 0.
Goi [a, 8] C [a,b] sao cho ¢ € (o, B) va f"(x) > 0, Vz € |o, (.
Khi d6 f’ 1a ham don diéu tang ngat trén («, 3). Do f’(¢) = 0 nén

f'(z) <0, Vo € (a,¢)
f'(z) >0, Yz € (¢, 3).

Vivay f(a) > f(c) = sup f().

z€la,b]
Mau thuén ndy chiing t6 f(x) <0, Vz € [a, ]

Bai 2.52. Cho K 1a mot hang s6 , f 1a ham kha vi trén [0, 4+00) sao cho

Chiing minh ring f(z) < e f(0), Va > 0.
Huéng dan:
Xét ham ¢(z) = e %2 f(2).
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Chuong III. PHEP TINH TICH PHAN

Bai 3.1. Cho f la mdt ham lién tuc trén R. Dat

Chiing minh rang néu f 1a ham chén thi F' 1a ham 1é , néu f 1a ham 1€ thi F' 1a ham
chan.

Giai:
Gia st f 1a ham chan
Bing phép déi bién t = —
ta c6 F(— f f@)dt = [ f(—u)(—du) = — [ f(t)dt = —F(x) v6i mdi = € R.
0 0

Vi vay F' la ham 1¢ . Trudong hop con lai hoan toan tuong tu.

Bai 3.2. Cho f 1a mot ham lién tuc va nhan gid tri duong trén [0, 1].

a) Chiing minh rang
/ f(sinx)dx o
f(sinz) + f(cosz) 4

b) Tinh céc tich phan

2 dx 3 dx
[:f1+eC0822; :f1_|_ 7
0 0 gx
Giai:
a) bat

B f(sinx) .
h _/f(sinx)+f(cosx)d ’

Bang phép doi bién z = g —t tasuy ra

=]

T
2
(cos )
dx.
/f (sinz) 4+ f(cosz) *
0

2

Do d6 2[1:J1+]1:fdx:g.ViVayllz—
0

b) Ta cé

1 1 esin2 T

1 4 ecos2 o ecos? x—sin? x +1 - esin2x + ec052x'

Do d6 [1 = Z
day 12 trudng hop riéng ctia cau a) véi f(x) = e .



Wwu. viETmaTiis.com

37

Bai 3.3. Cho f la mot ham chan lién tuc trén [—a,al,a > 0; ¢ la mot ham lién tuc

nhan gid tri duong trén [—a, a] va

1
g(—z) = ——, Vo € |—a,al.
(<) = o= Vo € [ad
a) Chiing minh rang
d:c
[ / fls
+ g(z
b) Tinh
I /2 cos T
S
¢) Tinh
lim a o,
a—+o00 (1—|—$2)<1+€m)‘
Giai:
a) bat r = —t, ta cé
S [ S@ds [ f(=be
S 1+g@) ) 14 g(=t)
e [ (g dt [ [(2)g(x)dz
B T~ )1 + g(t T'
Jo 1+ —= 2
g(t)
Vi vay

I+I:2[:/f(x)dx:2/f(x)dx
—a 0

Tu dé suy ra I = [ f(z)dx
0
b) Ap dung cau a) véi g(z) = Va2 + 1 — z. Dé thay
1 1
= , Vo e [—

9(—$)=m+w: P12 o)

—a, a]. Ching minh rang

7T7T]
2727

Bai 3.4. Cho f 1a hém lién tuc trén |

a)ff d:c—fo
b)j’xf(:v2

Huéng dan:
a) Dat g(z) = f(z?). D& thay g 1a ham chén trén [—a, al.
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b) Dat h(x) = zf(x?*). Dé thay & 1a ham 1é trén [—a, al.

Bai 3.5. Cho f 1a ham lién tuc trén [0, 1]. Ching minh rang

a) ff(sinx)dm =

1 ™
COSLL’ = = SlIlIL’
I I
20

S —uwla

b) [ f(cos®z)dx =n [ f(cos® x)dx.
0 0
(Ban doc tu giai)
Bai 3.6. Cho f 1a mot ham lién tuc nhan gia tri duong va tuin hoan véi chu ky bang 1

tréen R. Chdng minh ring
1

/Lﬁb‘)ldel, Vn € N*.
0 f(fC"‘E)

Loi giai: Ta c6

l/ / It L, +/ (o ‘[ S

0 n

Trong moi tich phan

i+1
n

Lx)ldx, 1<i<n-—1,
i f(flf"‘ﬁ)

n

thuc hién phép doi bién x =t + —, ta c6
n

|t P

i f(x‘i‘ﬁ) o flr+ " )
Vi vay
; ; Pl ) e
/ f(x)l dx / f(x)l dx—l—/ g dr + +/ f(x)n dz
0 f(37+5) 0 f(37+g) 0 f($+ﬁ) 0

Bing cich dp dung bat ding thitc Cauchy ta nhan dugc

1

Ojff dm/dx:l.

0
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Bai 3.7. Cho f la mot ham kha vi lién tuc trén [a, b], f(a) = 0 va
0< f'(z) <1, Vx € [a,b].
Chidng minh rang

b 1 2 2
0 [ fyde 2 5[(F0)? = (fa))]

b) afb(f(x))i%dx < <afbf(:c)dx)2.

Giai:
a) Ta c6 f 1a ham don diéu tang trén [a, b] va f(z) > f(a) =0, Va € [a,b]. Do d6

f(@) = f(z).f(x), Vo € [a,b].
Tur day suy ra

[ f@dez [ ra).r@ds = 5@

b) Xét ham s6
/ f(t)dt)? / )ydt, x € [a,b).

=2 [ f(t)dt.f (@) — (f@)) = F()[2 ] Fle)dt — (F(a))?].

bit G(z) =2 [ f(t)dt — (f(x))?. Taco

G'(x) = 2f(x )0— 2f(x).f'(x) = 2f(2)(1 = f'(x)) 2 0, Va € [a,b].
Do d6 G(z) > G(a) =0, VY € [a,b].
Tur d6 suy ra F'(z) > 0, Vx € [a b]. Nhu vay F'(b) > F(a) = 0.

b
Nghia 1a <ff($)dx> > f x))3dx.

Ta cé

Bai 3.8. Cho f € Cluy; @1,22, -+ ,zn € [a,b], k1, k2, -+, k, > 0. Ching minh ring
ton tai x, € [a, b] sao cho

b [ fa)de+ ks [ f(2)de+ -+ kn | f(z)dz = 0.
Gidi: Xét ham
7) = kl/f(t)dt 4 k;Q/f(t)dt T kn/f(t)dt.

Ta dé dang kiém tra dugc

Eip(xr) + kap(xa) + - - + knp(x,) = 0.
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Mat khdc ¢ 1a ham lién tuc trén [a, b] va k; > 0 v6i moi i = 1, n, do d6 ton tai x, € [a, D]

sao cho ¢(x,) = 0, hay k; flf(as)das + ko fo(as)das +--+ky fnf(as)da: a0

Zo

Bai 3.9. Chiing minh rang v6i moi a,b, 0 < a < b thi

a+1 1
a) | [ Sinxzdx‘ < -,
o a
b .
b) fsmxdx‘ <2
pA a
Giai:

a+1
a) Xét tich phan I = [ sina?dz. Bang phép doi bién ¢ = 22, ta c6

(a+1)?
sint
I = ——dt.
/ 2/t
a?
1 1 1 . .
bat u = —=, du = ——.——=dt va chon v = —cost.Ta ¢c6

2t 2/t

(a+1)?
1| = ‘—COSt (a+1)? / cos tdt
2Vt la? 4t\/t
CL2
(a+1)?
- 1 . 1 " } / cos tdt
~2@+1)  2a At\/t
(12
(a+1)?
. 1 4 1 N / dt 1
~ 2(a+1)  2a 4t a
a2
5 1 1 . ,
b) bat u = —, du = ——dx va chon v = —cosz. Ta c6
T T
b b
sin x —coszx|b cos xdx
] = o
x x a x

a

b
1+1+/\cosx|dx
a b x?

b

VAN

|

+
S|

+
—
|&.
)

Il
| DO
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Bai 3.10. Tim tit ca cdc ham f lién tuc trén [0, 1] sao cho

] F(t)dt = /1 f(t)dt.

Huodng dan: Lay dao ham hai vé.
Bai 3.11. Cho f 1a ham kha vi lién tuc trén [a,b], f(a) = f(b) = 0. Chling minh rang
b

b
0 [ 2f(@)f @iz =~ [(7(a)de.
a b a
b) Gia stt / [f(x)]*dx = 1. Hay chiing minh

b

b
Jr@rde. [les@pds = 4.
Giai: |

a) Dat u = x, dv = f(z).f'(z)dx va chon v = E(f(x))2 Ta c6

[atta)r @ = salf@l], -5 [r@rds
a 1 y a
——; [(@ra

b)

Bai 3.12. Cho f la ham lién tuc trén R. Dat

fi() = / FO)dts - ) = / fo ()t

. 1
Chdng minh rang f,1(x) = - (x —t)"f(t)dt, n > 1.
n

C—s

(Ban doc tu giai).
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Bai 3.13. Cho f la ham lién tuc trén [0, 7| sao cho

/f )sin xdx = /f ) cos zdx = 0.

Ching minh rdng phuong trinh f(x) = 0 ¢6 it nhit hai nghiém phan biét trong
(0, 7).
Giai:

Gia st rang f c6 khong qua mot nghiém trén (0, 7).

Thl: f vo nghiém trén (0,7). Do tinh lién tuc cla f ta suy ra f khong d6i ddu
tréen (0, 7). Khong mét tinh téng qudt, gia st f(z) > 0 v6i moi x € (0,7). Khi d6

[ f(z)sinzdx > 0, mau thuan.
0
Th2: f ¢6 duy nhat nghiém z, € (0, 7). D& thdy rang ham
g(z) = f(x)sin(z — x,) khong ddi dau trén (0, 7). Do d6
/f(:z:) sin(z — x,)dz > 0.
0
Mat khac tir gia thié€t da cho ta co

/f(x) sin(x — z,)dx = cosz, / f(z)sinzdr — sinz, / f(z)coszdr =0
0

Mau thuén trén ching td f ¢6 it nhat hai nghiém phan biét trén (0, 7).
Bai 3.14. Cho I = [ag,b], k =1,2,--- ,n la n doan r&i nhau timg d6i mot.
a) Gia su P(z) 1a mot da thic bac nho hon n théa man
b,
/P(x)dxzo, Vk=1,2,---,n
ay,

Chiing minh rang P(z) = 0 v6i moi x € R.
b) Ching minh rang ton tai mot da thic khac khong bac n thoa man diéu kién trén.

Hudng dan:
a) Dung dinh 1y gid tri trung binh cua tich phan.
b) Ban doc tu giai.

Bai 3.15. Cho f la ham kha vi trén [—1, 1] sao cho

/Df(x)dx:/lf(:c)d:c

Chiing minh rang ton tai ¢ € (—1,1) sao cho f'(¢) =

Giai:
Theo dinh 1y gid tri trung binh cua tich phan, ton tai x; € [—1,0],
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x9 € [0, 1] sao cho

_fj f(x)dr = f(z1), va Oflf(a:)da: = f(x2).

* Néu x1 # 0 hodc x5 # 0 thi 21 # 5. Theo dinh 1y Rolle, ton tai ¢ € (1, 25) C
(—1,1) sao cho f'(c) = 0.
* Néu Tl = Ty = O, thi

]ﬂmm:fwwi/ﬂmm'

Néu f(z) # f(0), Va € (0,1] thi g(z) = f(x) — f(0) # 0 v6i moi = € (0,1]. Vi
vay g(z) khong déi dau trén (0, 1] va
[ stz = [ gtayiz - 1(0) 0.
0 0

Mau thuén ndy chiing t6 ton tai x; € (0, 1] sao cho

fry) = f(O)-

Lai 4p dung dinh 1y Rolle ta ¢6 diéu can ching minh.

Bai 3.16. Cho f 1a ham lién tuc trén [0, 1]. Chiing minh rang ton tai ¢ € [0, 1] sao cho

1 y 1
/ﬂmxngﬂq

Giai:
Do f 1a ham lién tuc trén [0, 1] nén ton tai z1, x5 € [0, 1]

f(z1) = min f(z), f(z2) = max f(z).

z€[0,1] z€]0,1]
Do dé
22 f(xy) < 22f(2) < 22 f(22),Vz € [0, 1].
Suy ra

Theo dinh 1y gid tri trung gian ctia ham lién tuc, ton tai ¢ € [0, 1] dé
1

fle) = 3/x2f(x)dx.

0
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Bai 3.17.Cho o > 0, f lien tuc [0,1], f(0) > 0, va

1

/f(x)dx <

0

a+1
Ching minh rang phuong trinh f(z) = 2* ¢6 nghiém trong (0, 1).

Loi giai:
Xét ham ¢(x) = f(z) — 2%, x €[0,1]. Ta c6 ¢(0) = f(0) > 0. Mat khédc

/1<p(x)dx— /lf(x)dx— ! - <0.

a +

1
Vi vay ton tai z, € [0, 1] sao cho [ ¢(z)dx = ¢(z,) < 0.
0

Do tinh lién tuc cua ¢ va ¢(0).p(x,) < 0 ta suy ra phuong trinh ¢(x) = 0 ¢6
nghiém trong (0, 1).

Bai 3.18. Cho f la ham lién tuc trén [0,n] va /f(x)dx =0, (n € N). Ching minh
0

rang ton tai ¢ € [0,n — 1] sao cho

/cf(x)dx = 71f(x)dx.

Giai:
Xét ham
x x+1 x+1
o= [ swi- [ = [ s
0 0 T
R& rang ¢ lién tuc trén [0,n — 1] va

p(0) +¢(1) +---+(n—1)=0.
Ta dé dang suy ra ton tai ¢ € [0,n — 1] d€ p(c) = 0.

Bai 3.19. Cho f 1a ham lién tuc trén [0, 1] thoa mén
1 1
[aff(x)de =0, Vk=1,--- ,n—1, [2"f(z)dx = 1.
0 0

Chiing minh rang ton tai z, € [0,1] sao cho |f(z,)| > 2"(n + 1).
Loi giai:
Gia su rang |f(x)] < 2"(n+1), Vx €]0,1]
Ta c6
1

/| 1y”d 1
r—=|"dr = ———=.

2 27 (n + 1)
0



Wwu. viETmaTiis.com

45
Vi vay
1 1
1 n 1 n
@2y f@e < o - Lpip@)ds
0 0
/ 1
< /\:v - §|".2”(n + 1)dx = 1.
0
Mat khdc

Mau thuén trén ching t6 rang ton tai z, € [0, 1] sao cho

[f(z,)] = 2"(n +1).

Bai 3.20. Cho f 1a ham lién tuc trén [0, 1] thod man

/blf(x)ldfv =0.

Chiing minh rang f(z) = 0 v6i moi x € [a, b].

Loi giai:
Gia st ton tai x, € [a,b] sao cho f(x,) # 0. Ta c6 |f(x,)| > 0.
Do tinh lién tuc cua f, ton tai [«, 5] C [a,b] va € > 0 sao cho

|[f(z)] > ¢, Vzela,/ps].

Khi do:
b 8
/ (@)l > / Fo)de > (b —a) > 0.

Mau thun nay ching to f(x) =0, Va € [a, b].

b
Bai 3.21. Cho f 1a ham khi tich trén [a,b] va [ f(z)dz > 0.

Chiing minh rang ton tai [«, §] C [a,b] sao cho f(x) >0, Vz € [«,[].
Loi giai:

Gia st rang v6i moi doan [«, 3] C [a, b], ton tai =, € [«, (] sao cho f(z,) < 0.

b
bat I = [ f(x)dz > 0. Xét phan hoach [a, b] boi

b—a

To=a <11 <To<---<xp,=>b, 1, =a-+1. 1= 0,n.

n

Ta c6 lim Z f(éz)sz =1>0véi fz € Al = [1};71, l’l]
=1
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Do vay, ton tai n, sao cho véi moi n > n,, thi
= 1
i=1
Chon &; € [x;_1, 2;] sao cho f(&) < 0 ta dan dén di€u mau thuln.

Bai 3.22. Cho f,g la cic hﬁm lién tuc trén [a, b]. Chiing minh rang

b b
a) (ff(:c) da:) < f dz. [(g(z))*dz.
1 1
b) Of:v V1 —zdr < RSN A
b b

@N&f@y>avxemme/jumx/?%5 2> (b a)2.
Giai:

a) Ban doc tu giai

b)

1

/ T = wde = / NI T

0
1 1

<(/x"dx /x 1—:cd:c

0 0

-
\/an O/x /:U"“QM)é

<

g 1 ( 1 >§

T vn+1\n+1 T

L 1 1 1

“Vn+lvn+lvn+2 h (n+1)vn+2

Bai 3.23. Cho f lién tuc trén [0, 1], 0 < f(z) <1 v6i moi z € [0,1]. Ching minh ring

/f Yz < jﬂﬁﬂ@%

Loi giai: Xét
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(1) = f(a?).20 2 / ()t ()

— 2o~ [ £

Theo dinh 1y gid tri trung binh cua tich phan, ton tai £ € [0, 1] :

¢'(2) =2f(2*) [z — 2 f(&)]
=2z f(z*)[1 = f(§)] >0, Vo € [0,1].

Vay ¢ la don diéu tang trén [0, 1]. Do vay ¢(1) > ¢(0) = 0.
1 1

Ta suy ra /f(t)dt > </f(t2)dt>2.

1
Bai 3.24. Cho f la ham lién tuc khong am trén [0, 1]. Ching minh rang \/1 +(f f(x)dm)2 <
0

/deg 1—|—/1f(:c)d:c.

Loi giai:
* Ta luon ¢6 f(x) > 0 véi moi = € [0,1]. Do dé

14+ (f(2)2 <1+ f(z), Yz €[0,1].

Vi vay
/vl—l—(f(:v))?dxg 1+/f(:5)da:.

* Bat dang thic con lai tuong duong véi

<1 [(VIFG@P+ /@) 1+(f(cg)2+f(w)

Bét dang thiic cudi luon luon thoa mén theo Bai 3.23.

Bai 3.25. Cho f la mot ham lién tuc trén [0, 5], va 0 < a < b, f nghich bién trén [0, b].
Ching minh rang
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a b
/ dx > ao/f(
Loi giai
a a b
bo/f(x)dxZao/f(x)dx—l—a/f(x)dx

(b—a ff dx>ajf

Theo dinh ly gid tri trung b1nh cta tich phan, ton tai &1, & :

b—a/f alb — a) (&)

0<§1<a<£2<bva

Vi f(&1) > f(&2) nén

(b—a) / f(a)dz > a / f(x)da

Bai 3.26. Cho a,b,c € R, a < b < ¢. Chliing minh rang

/f dx

f(z dx<max{
c—a/

v6i f lién tuc trén [a, b].

/ (w)do),

Loi gii
Gia su
( c b
1
d - = d
— [ 1wz [ @)

Khi do ta g:é

Cia/f(x)d93+$/cf(x)das>ﬁ/bf(m)dx
C_a/ d:c+c_a/f dm>—/f

\ a
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S 0 ly.
uyra/f( )dx>b_ac_b/f( )dxz, vo ly
b b

Bai 3.27. Cho f 1a ham kha vi lién tuc trén [a,b], f(a) = 0. Ching minh ring

b
/ s wlae < E5D [pepar
Loi giéi
V6i moi x € [a,b], ta c6 f(x ff’
Do d6 | f(x f (t)|dt.|f'(z)].
Suy ra '

/!f 1dw</ /\f )£ (2)]d

Ta cé: (f [f/(t)]dt)" = |f'(x)]. Do vay

/ ( / (1)) 1 () dz = 5 / o

Ta c6 bat dang thic can chiing minh.

49
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Bai 3.28. Cho f 1a ham kha vi lién tuc trén [a,b], f(a) = 0. Ching minh ring

— / (@)l < / )l

Giai: Ta c6

@ =15 - @l = | [ ro

T b
S/W@WS/W@W
Do do

b b
/If(a:)ldxg (b—a)/lf'(:v)|dx.

Bai 3.29. Cho f 1a ham kha vi lién tuc trén [a,b]. Ching minh rang

[ ¢ - r@yar < CS% [(payas

a a

. 2.

Do d6

/b (f(z) = fla)’de < /b (z — a)dz. /b (f'(x))?da

a

B= [
<22 [y

a

Bai 3.30.Cho f la ham kha vi lién tuc trén [0, 1], f(0) = 0. Ching minh rang

sup |7(0)] < [ (@)
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b
Bai 3.31. Cho f lién tuc trén [a,b] va [ f(z)g(z)dz = 0 v6i moi ham g kha vi lién tuc
trén [a, b] thoda man g(a) = g(b) = 0.
Ching minh rang f(z) = 0 v6i moi = € [a, b].
Loi giai:
Gia st rang ton tai z, € [a, b] sao cho f(z,) > 0.
Khi d6 ton tai [«, 5] C [a,b] va € > 0 sao cho f(z) >e >0, Vx € [a, §]. Dat

0 néu x € [a,q]
g(z) = { (z—a)*(@ - B)", € (a.0)
0,z € [3,0].
Khi d6 g kha vi lién tuc trén [a, b] va
B

/bf(x)g(m)dw > 8/(:1: —a)?(z — B)*dz > 0.

(qui ude [a,a] = {a} néu a = a, [3,b] = {b} néu B =b.)

Bai 3.32. Cho f, g la cdc ham lién tuc don diéu cung loai trén [a,b]. Ching minh rang

/bf(m)g(cH—b—x)dxg ﬁ/bf(x)dx./bg(x)dxg /bf(x)g(x)dx.

Hudng dan:
Theo dinh 1y gid tri trung binh cua tich phan, ton tai z, € [a, b|:

/bg(x)dx:/bg(a+b—x)dx:g(a+b—xo).

Str dung
(f(z) = f(zy)) <g(a +b—2x)—gla+b— xo)) <0, Vz € [a, b] dé suy ra phan dau
ctia bat dang thic.

Bai 3.33. Cho f 1a ham kha vi lién tuc dén cap hai trén [0,2]. Ching minh riang
2

[ @yar = 510 - 200) + 7))

0

/(f”(x))Qda: = 3/x2dx./(f”(x))2d:v > 3(/$2f”(z)da:)2
=3(/()+ 0 = FD)"

2

/2 (f"(z))2dz = 3 / (z — 2)%dz. / (f"(2))2dx > 3( /2 (z —2) f”(:c)d:c)2

1
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=3(=f()+f(2) - F))"
Do d6

Jr@ s = s+ 10 - 1)

0

2

+ (= S+ 1) - £1)7]

>

(F(0) —2f(1) + f(2))".

DN o

Bai 3.34. Cho f:[0,1] = R, ¢:[0,1] — [0, 1] la cdc ham lién tuc, f don diéu giam.
1

bit a = [ g(z)dx
0

Loi giai
x x go(x)
Daww%ZJMﬂﬁvaF@)zgf@M@Mﬁ—g’ﬂﬂﬁ
Luc d6
F'(x) = f(x)g(x) — flo(x).¢'(v)
= f(z).g(x) — flo(x)).g(x)
= [#@) - fp(@)]g(a), v e 0.1
Ta cé

)
Tur d6 suy ra F'(z) <0, Vz € [0,1].
Vivay F(1) < F(0) = 0 hay

Bai 3.35. Cho f, g la cic ham lién tuc trén [a, b], f don diéu tang va 0 < g(x) < 1 v6i
moi z € [a,b]. Dat h(x fg

a) Hay so sanh
a+h(z

ff (t)dt va G(x) = f f

b) Ching minh véi | = fg Ydz, ta ¢6

a

a+l

[ e [ i
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Huéng dan: Tuong tu Bai tap 3.34.

Bai 3.36. Cho a,b € R,b > 0 f 1a ham lién tuc trén [0, +oc|, f(z) > 0 v6i moi
x € [0,+00) va

f(x) Sa—l—b/f(t)dt, Vo > 0.
0

Chiing minh ring f(z) < ae®®, Vo > 0. Loi giai:

+ Thl: b= 0. Ta dé dang suy ra két qua.
+Th2: b>0. Xét h(z) =e ([ f(t)dt+%). Tacé
0

W(x) = e (f(z) — a — b/f(t)dt) <0, Vz > 0.
Do d6 h 1a ham giam trén [0, +00) va h(z) < h(0), Vz € [0, +0).

Suy ra: e~ ft)dt + 9 < g, Vz > 0, hay
b

a+b/f(t)dt§aebx Yz > 0.

Vi vay f(z) < ae®, Vo > 0.

Bai 3.37. Cho f la mot ham lién tuc trén [a, b] va

| / f@)da| = / £ (@)|dz.

Chiing minh riang f khong doi ddu trén [a, b]. Loi giai:

Tu gia thiét suy ra

/bf(x)dl":/blf(w)ldff hay /bf(ﬂf)dl“: —/blf(ﬂf)ldiv-
% o o o

Thl: Gia st [ f(z)dz = fb |f(x)|dx. Khi d6

a

b

[ 5@ = sz =0

a

bat o(x) = |f(z)| — f(z). Ta c6 ¢ lién tuc trén [a,b], p(z) > 0, Vo € [a,b], va

fbcp(x)dx =0

Do vay: o(x) =0, Vx € [a,b] hay |f(z)| = f(x), Yz € [a,b].
Vayf(x) >0, Vx € [a,b].
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b b
Th2: Gia st [ f(x)dx = — [|f(z)|dz. Hoan toan tuong tu ta suy ra

f(z) <0, Vz € [a,b].
Bai 3.38. Cho f la mot ham lién tuc don diéu tang trén [a, b]. Dat

= / f(t)dt
Chdng minh rang

(*) Flar+ (1 —a)y) < aF(z)+ (1 —a)F(y), Ya,y € [a,b],a € (0, 1).
Loi giai:
Khong mat tinh téng qudt, gid sit v < y. Khi d6
r<ar+(l1—a)y<y.

(*) dugc viét lai nhu sau

az+(l—a)y v
[ dt<aff )t +(1—-a) [ f(t)dt.
’ Ot£+7 o) /
— (%) « f)dt < (1 —a) f(t)
“ az+(1-a)y

)
Két qua trén c6 duoc bing cich thay f f(t)dt boi

az+(1—a)y

/fdt+/fdt+/f

azr+(l1—a)
Theo dinh 1y gid tri trung binh cua tich phan, ton tai 51, &5 sao cho
r<G<art(l-a)y<é&<y

VI (sx) = a.f(&).(1 = a)(y — x)

VP(xx) = a(l — a) f(&2)(y — 2)-
Vi f(&1) < f(&) nén (**) ludén thoda man.

Bai 3.39. Cho f la ham kha vi lién tuc trén [0, 1] sao cho
1
70) = £(1) =0, [ £ ()]do = 1.
0

, Vo € [0,1].

N| —

Ching minh rang |f(z)| <

)= / F(t)dt] < / (1) dt

0

Huong dan: St dung
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@i =] [ s < [1rol

Bai 3.40. Cho f kha vi lién tuc trén [a, b], va f(a) = f(b) =0, | f'(z)| < M, VY € [a,].
Ching minh ring

)/bf(:v)dx’ §M.<b_a)2.

4
(Ban doc tu giai)
Bai 3.41. Cho f la ham kha tich trén [a, b] sao cho f(z) > 0, Vx € [a,b].
Ching minh rang fbf(x)dx > 0.
(Ban doc tu giai). ’

Bai 3.42. Cho a € [0, 1]. Tim tat ca cic ham khong am, lién tuc trén [0, 1] sao cho
1 1

1
/f(x)dx =1, /xf(x)d:z; =0 /fo(x)dx =a’.
0 0 0
Huéng dan: St dung bat dang thitc Cauchy-Schwartz:

1

1 1
a= [zf(x)dr < \/f fo(:zc)dx.\/f f(z)dr = a, va diéu kién dé ddu \=" xdy ra
0 0

0
dé két luan khong c¢6 ham f nao thoa man.

Bai 3.43. Cho f la mot ham lién tuc trén R thoa man

1
y—x

/f(t)dt:f(x;y), Ve,y € R,z #£y.

Ching minh rang f(z) = Az + B, v6i A, B = const.
Huéng dan: Ching minh
1 z+h
flz) = o / f(t)dt, Ve, h € R, h # 0.
xz—h

Tur d6 suy ra f c6 dao ham lién tuc trén R.
z+h

Bang cach 14y dao ham hai v€ biéu thic 2hf(z) = [ f(t)dt
xz—h

theo h ta nhan duoc diéu can ching minh.

Bai 3.44. Tim tat ca cic ham lién tuc trén [0, 1] thoa man

/1 (f(x))?dx = /1 (f(z))3dx = /1 (f(z))*dz.
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1
2

Huodng dan: St dung / [f(x) — (f(z)?| dx =0.

0

Bai 3.45. Tim cic gi6i han lim w,, trong dé:

I dx
a)un_ofl—i-x”'

1
b) u, = [a"arctg(nz)dx.
0

1
C) Up = fm" In(1 + 2%)dx.

jus

4

d) u, =n [tg"zdz.

1

[en]

e) U, = farctg(nx)dx.
0

1
f) u, =n [ 2"/1— zdx.
0
1
) u, = [ a"tgxd.
° 1
h) u, =n fx”tgxdx.
0
(Ban doc tu giai)

Bai 3.46. Cho f la ham lién tuc trén [0, +00). Dat

/f

a) Chiing minh rang néu hm f(z) =1thi hrf F(z) =1
b) Ching minh rang néu hrn f(z) = 400 thi liin F(z) = 4o0.

1’%

c¢) Hay tim mot vi du dé chi ra chiéu nguogc lai & cau a) khong con ding.

Loi giai:
a) Ta cé:
1 [ 1 [
o) il == [ gwa—1] =% [ (7 - Dl
x x
0 0
J1f(E) =1t
g —7 |}
x
Ham s6 G(x f |f — l|dt 1a ham don diéu tang, khong am trén (0, +o0).

Néu G(z) bi chan trén boi M, ta cé

|f(x)—l\§%, o > 0.
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Tur d6 suy ra hr_{l F(z) =1.
Néu G(z) khong bi chan trén [0, +00) khi d6 lim G(x) = +o0.

T——+00
Theo qui tac L' Hospital
. G(x) . .
Jm —— = lim G(z)= lm |f(z)-1=0
Do vay liIJP flz) =1
b) Huéng dan: dp dung qui tac L'Hospital:
[ ft)dt
lim F(z) = lim 2 = i = +o0.
L -

(D€ y rang lir}rq [ f(t)dt = +0.)
T—1T00 0

c) Xét f(z) =sinz.
Bai 3.47. Cho f(z) 1a ham lién tuc trén [0, +oo) va lim f(x) = 1.

r——400

Chiing minh rdng v6i moi a > 0, ta c6 lir+n [ f(nz)dz = al.
T—1T00 0

Loi giai:
Dung phép déi bién t = nx ta c6
]f()d {fﬂww 1{7ﬂww
nr)ar = — = a— .
n an
0 0 0

Theo Bai tap 3.46. thi

Do vay lim [ f(nx)dz = al.
T—00 0

Bai 3.48. Cho [ 1a ham lién tuc trén [0, +00), liril =1%#£0,va f(0)+ f(1)+---

f(n) # 0 v6i moi n. Chiing minh rang
[ f(x)dx

) 0
lim

i o) =

Loi giai: Ta c6
J f(z)dx L[ f(x)dx
. 0 . 0
i | O+ FM) T+ f (n)} = I o

n

1 n
Theo Bai tap 3.46, thi lim — [ f(z)dx = 1.
Tr—0o0 N 0

Mat khac vi lim f(n) =1, nén

o TO)+ S+ + f )

T—00 n

= 1.

57

+
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| [ fays
Ve i [ g ) =

Bai 3.49. Cho f la ham lién tuc trén R tuan hoan véi chu ky T, g 1a mot ham lién tuc
trén [0, 7]. Ching minh rang
T

lim [ f(nx)g(z)dz = 0.

T—00

0
Ban doc tu giai.

Bai 3.50. Cho f va g la cdc ham lién tuc tuan hoan véi chu ky bang 1 trén R. Chiing
minh rang

1 1

lim | f(nz)g(z)ds = /1 f(@)da. / g(z)dz.

T—00
0

0

Bai 3.51. a) Cho f la ham lién tuc trén [0, 1]. Ching minh rang
1

lim n/x”f(m)dm = f(1).

0
b) Gia st f’(1) ton tai va f(1) = 0. Hay chimg minh
1

lim n2/a:”f(x)dx — —f(1).

T—00
0

Loi giai:
a) Trudc hét ta chiing minh :Cll_gnjx”(f(a:) — f(1))dx = 0.
V6i moi € > 0, ton tai 6 € (0,1) sefo cho
\f(x) — f(1)| <e VYre(l-4,1).

bat M = sup |f(z)|. Ta cé
z€[0,1]

1

’n/m”(f(m) - f(l))dx’ <n 762Mx”dx+n / wheda

1

0 1-9

< (2M(1—6)"" +¢).

n+1

Do d6 lim nflx”(f(x) — f(l))dx‘ <eg, Ve > 0.
0

Tu d6 suy ra lim nflx"(f(x) — f(1))dz = 0.

T—00 0
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Do d6 lim [nofx”f(x)dx - nL—l—lf(D =0.

T—00

1

Suy ra lim n [ 2" f(x)dz = f(1).
Tr—00 0

b) Ban doc tu giai.

Bai 3.52. Cho f la ham kha vi lién tuc trén [—a, a],a > 0. Tim gi6i han

1—
lim ﬂf(x)dm
T—00 €T

Ban doc tu giai.

Bai 3.53. Cho f : [0, +00) — [0, +00) 1a ham lién tuc thoa man

lim f(z) /(f(t))?dt = 1.

r—+00

Ching minh lim f(z)(3z)5 = 1.

r——+00

Ban doc tu giai.
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UBND Tinh Quang Binh
Truong Dai hoc Quang Binh

MOT SO BAI TOAN DAY SO, LUYEN THI OLYMPIC TOAN
Bién soan: Th.s Phan Trong Tién

Mot s6 kién thitc nhic lai:
Day s6 1a mot anh xa tt tap cac s6 ty nhién (hodc cic sd nguyen khong am) vao tap céac sb
thuc
f*N—=R.

Dat a, = f(n),n € N, va dimg ky hieu {a, } dé chi day so.

Day s6 {a,} dugc goi la:
- duong (am) néu a, > 0 (a, < 0) véi moi n;
- khong am (khong duong) néu a,, > 0 (a, < 0) v6i moi n;
- don dieu tang (gidm) néu a,1 > a, (a1 < a,) v6i moi n;
- tang (gidm) ngdt néu a,y 1 > ap (@ny1 < a,) voi moi n;
- hoi tu t6i @ € R (hodc ¢6 gidi han hitu han 1a a), néu véi moi s6 € > 0 cho trude bé tuy v,
ton tai n(e) € N sao cho

la, —al < e, Vn > ny.

Trong truong hop nhu thé, ta néi day {a,} hoi tu, va goi a 1a giéi han cia day {a,} va viét

lim a, = a
n—00

- phan k¥ ra 400, néu véi moi s6 A > 0 cho trudc 16n tuy ¥, ton tai n(A) € N sao cho
a, > A, Vn > n(A).
Trong truong hop nhu thé, ta viét

lim a, = 400.
n—oo

- phan k¥ ra —oo, néu véi moi s6 A > 0 cho trude 16n tuy ¥, ton tai n(A) € N sao cho
a, < —A, Vn > n(A).
Trong truong hop nhu thé, ta viét

lim a, = —oc0
n—o0

- day Cauchy (hozic day co ban), néu véi moi s6 € > 0 cho trude bé tuy ¥, ton tai n(e) € N
sao cho

| — an| < ,Ym,n > n(e).

Dinh ly hoi tu don diéu néi ring day s6 don diéu (tang hodic giam) va bi chan c6
gi6i han hitu han.



WUWW.YiETmaTis.com

Cu thé: Day {a,} tang va bi chan trén thi hoi tu vé sup{as, as, ...}; day {a,} giam va
bi chan dudi thi hoi tu vé inf{ay, as, ...}

Tiéu chuan Cauchy néi ring day s6 hoi tu khi va chi khi né la day Cauchy (day co
ban).

Cac tinh chat co ban ciia giéi han la
- Mot day hoi tu thi bi chan.
- Bao toan cac phép tinh s6 hoc, tic la, néu

lim a, =a; lim b, =b
n—0o0 n—oo

thi
lim (aa, £ 6b,) = aa + b, Va, B € R;
n—oo
nh_}rgo anb, = ab; Jbrgo(an/bn) =a/b(b+#0)

- Bao toan thi ty theo nghia sau: néu

lim a, =a; lim b, =0
n—oo n—,oo

Gy, > by; V61 n > ng nao do, thi a > b.

- Dinh 1y kep: Cho ba day s6 thuc {a,},{b.},{cn}. Néu a, < ¢, < by, v6i n > ng nao
do

lim a, =a; lim b, = a
n—oo n—oo

thi lim ¢, = a.
n—oo

1. Gia st {ay, ag, ..., a,} 1a nhitng s6 duong ¢ dinh. Xét cac day sau:
ay +ay +...+ay

Sy = va Xp, = V/S,; n €N,
p

Chiing minh ring {z,} la day don di¢u tang. HD. Trudc tién xét tinh don dieu ctia day
{ Sn } n > 2.

Sn—1

= n L - N ~ L 2
2. Ching minh rang day {a,}, véi a, = o™ > 1, 1a day gidm ngit va tim giéi han cta

day.

. 1 <
3. Cho {a,} 1& day bi chan thoa man dieu kién a,1 > a, — 2—n,n € N. Chiing minh rang

1
day {a,} hoi tu. HD. Xét day {an ~ S } )

4. Ching minh rang day {a,} dugc xac dinh theo cong thiic truy hoi

3
a; = §’a” =/3a,_1 — 2, v6in > 2

hoi tu va tim giéi han ctia no.
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5. Cho ¢ > 2, xét day {a,} dugc xac dinh theo cong thitc truy hoi
ay = any1 = (a, —c)*,n > 1.
Ching minh day {a,} tang ngit. HD cm a, > 2¢
6. Gia si day {a,} thod man diéu kien 0 < a, < 1,a,(1 — apy1) > i v6i n € N. Thiét lap
st hoi tu ctia day va tim gi6i han ctia no.
7. Thiét lap sy hoi tu va tim gidi han cia day duge xac dinh theo biéu thiic
a1 =0,ap11 = V6 +a, véin > 1.

8. Khao sat tinh don diéu cua day va xac dinh gi6i han ctia no.

B n! 51
RN CE S TTRALE

2n)!!
9. Hay xéac dinh tinh hoi tu hay phan ky cua day a, = (L, n>1.
(2n+ )N
10. Chiing minh sy hoi tu ctia cac day sau
1 1 1 .
a) =1+ ? + ? TR —|— neN
1 4N 1 )
b) =14+ —= 9 + § ST + in € N*.

11. Cho p € N*, @ > 0 va a; > 0, dinh nghia day {a,} bdi

1 a
Ap41 = 2—9 <(p_1)an+w> ,n € N.

n

Tim lim a,. HD cm a,,; > ¥/a, lap hiéu a, 1 — a,, dé chiing minh {a,} tang.

n—oo
12. Day {a,} dugc xac dinh theo cong thiic truy hoi

2(2a, + 1)

T3 , v6in € N.
Qnp,

a; = 1,Cln+1 =

Thiét 1ap su hoi tu va tim gidi han cia day {a,}.

13. Tim céc hiang s6 ¢ > 0 sao cho day {a,} dugc dinh nghia bdi cong thiic truy hoi

1
a; = g,anﬂ = 5(0“‘&%),% eN

1a hoi tu. Trong truong hop hoi tu hay tim lim a,. HD cm bang quy nap day {a,} téng

n—oo

ngat
14. Cho a > 0 ¢6 dinh, xét day {a,} dugc x4c dinh nhu sau

3
a1 > 0,a,41 = ;L;_—_'_Z n € N.

Tim tat ca cic sd a; sao cho ddy trén hoi tu va trong nhiing truong hgp dé hay tim giéi han

.- ai—a a + 3a 3
ctua day. HD a,+1 = a, (1_23a%+a>’n21;& 302 1 > a & (a, —+/a)? > 0.

3
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15. Cho a 1a mot s6 ¢6 dinh bat ky va ta dinh nghia {a,} nhu sau:
a; €R,any1 = a2 + (1 —2a)a, +a*,n €N,
X4c dinh a; sao cho diy trén hoi tu va trong truong hop nhu thé tim gidi han ctia no.

16. Cho ¢ > 0 va b > a > 0, ta dinh nghia day {a,} nhu sau:

a2 + ab
a-+b

a1 = C, Qpt1 =

v6i n € N. V6i nhitng gia tri ctia a,b va ¢ day trén sé hoi tu? Trong cac truong hop doé hay

xac dinh giéi han cua day.

17. Tinh

1 1 1
lim + +oit ——.
n—00 (\/n2+1 Vn? +2 \/n2+n—|—1)

18. Cho a4, as, ..., a, la cac s6 duong, hay tim

lim . a?+a§+...+ag '
n—oo p
2009 2009
lim d 2 sin? " + cos? " )
n—00 n-+1 n+1

UBND Tinh Quang Binh
Truong Dai hoc Quang Binh

19. Tinh

MOT SO BAI TOAN PAO HAM, LUYEN THI OLYMPIC TOAN
Bién soan: Th.s Phan Trong Tién

Mot s6 kién thiic nhac lai:
Cho ham f xac dinh trén [a,b] va xy € (a,b). Ta néi ham f dat cyc dai dia phuong tai xg
néu ton tai mot lan can U = (z9— 0,29 +9) C (a,b) clia xq sao cho f(z) < f(xg) moiz € U.
Dinh 1y Fermat: Ham s6 [ xac dinh trén (a,b). Néu f dat cuc tri dia phuong tai x¢ va c6
dao ham tai zg thi f'(z9) = 0.
Dinh ly Lagrange: Cho f lién tuc trén [a,b] va ¢c6 dao ham trong (a,b). Khi d6, ton tai
1O =5i0) _ py
Dinh 1y Cauchy: f, g la hai ham lién tuc [a,b] va c6 dao ham trong (a,b). Khi d6, ton tai

¢ € (a,b) sao cho [f(b) — f(a)lg'(c) = [9(b) — g(a)]f'(c)-

20. Chitng minh rang néu |a; sinx + agsin2x + ... + a, sinnz| < |sinz|, Vo € R thi
2a5 + ... + na,| < 1.

¢ € (a,b) sao cho

a +

21. Chitng minh ring néu f lien tuc trong khoéng déng [a; b, khé vi trén khodng md (a;b)
va f(a) = f(b) =0 thi v6i a € R, ton tai x € (a;b) sao cho af(z) + f'(z) = 0.

4
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22. Cho f va g la cac ham lién tuc trén [a;b], kha vi trén khodng mé (a;b) va gia si
f(a) = f(b) = 0. Chitng minh rdng ton tai z € (a;b) sao cho ¢'(z)f(x) + f'(x) = 0.

23. Cho f la ham lién tuc trén [a;b];a > 0 va khé vi trén khodng mé (a;b). Ching minh
. ) b S

rang néu @ = %, thi ton tai zp € (a;b) sao cho xof'(xo) = f(z0):

24. Gia st f lien tuc trén [a; b] va kha vi trén (a;b). Chiing minh rang néu f2(b) — f2(a) =
b* — a? thi phuong trinh f'(z)f(z) = x ¢6 it nhat mot nghiem trong (a;b).

25. Gia st f va g lién tuc, khac 0 trong [a;b] va kha vi trén (a;b). Chiing minh rédng néu

= a) thi ton tai a;b) sao cho f'(o) = g (o)

Qo Ap—1

n+ 2
minh ring da thic P(x) = agz™ + a;2™ ! + ... + a,, ¢6 it nhat mot nghieém trong (0;1).

. , a
26. Gia st ag; aq;...; a, la cac so0 thuc thod man ] + 244 + a, = 0 : Chiung
n

27. Cho f kh& vi lién tuc trén [a;b] v kha vi cap hai trén (a;b), gid st f(a) = f'(a) =
f(b) = 0. Chiing minh ring ton tai z; € (a;b) sao cho f"(z;) = 0.

28. Cho f lien tuc tren [0;2] va kha vi cap hai trén (0;2). Chiing minh rdng néu (f(0) =
0; f(1) =1 va f(2) = 2 thi ton tai 2 € (0;2) sao cho f”(xq) = 0.

29. Cho f lien tuc [0, 1] va kha vi trén (0,1), f(z) # —1,Vz € [0,1]. f(0) =0, f(1) = 1.
CMR: 3¢ € (0, 1) sao cho f/(£) = %[1 + O

30. Cho ham s6 f(z) c6 dao ham va trén (0, +o0) va khong phéi 1a ham hang. Cho a,b 1a
hai s6 thyc théa man diéu kien 0 < a < b. Chitng minh ring phuong trinh sau c6 it nhat

mot nghiem thuoce (a,b): xf'(x) — f(z) = W

31. Cho f la mot ham lién tuc trén [0,1], kha vi trén (0,1) sao cho f(0) = 0, f(1) = 1.
Chitng minh ring ton tai cac diem 1, T, ..., Taggy, 0 < T1 < Xy < ... < Tage9 < 1 sao cho
f/(l’l) 4+ f/(IQ) + ...+ f/(ZEQQOg) == 2009

UBND Tinh Quang Binh
Truong Dai hoc Quang Binh

MOT SO BAI TOAN HAM LIEN TUC, LUYEN THI OLYMPIC TOAN
Bién soan: Th.s Phan Trong Tién
Mot s6 kién thiic nhic lai:
Cho X C R. Ta goi mot anh xa f tit X vao R 1a mot ham so. Tap X dude goi la tap xac
dinh ctia ham f.
Ham don diéu:
Ta n6i ham s6 f don diéu tang (don diéu gidm) trén tap E C R néu v6i moi cap 1,79 € E

ma xp < @y thi f(21) < f(22) (f(21) > f(22)).
Ham f dugce goi 1a don diéu tang ngdat (don diéu gidm ngat) trén tap E C R néu v6i mdi

5
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Cap T1, T3 € E ma 1 < my thi f(21) < f(x2) (f(x1) > f(x2)).
Ham s6 don dieéu tang (ngit) hay don digu gidm (ngit) duge goi chung la ham don dieéu
(ngat).
Ham bi chan:
Ham s6 f duge goi 1a bj chan trén tap D C R néu ton tai s6 M sao cho f(r) < M,Vx € D.
Ham f dugc goi la bi chan dudi trén tap D C R néu ton tai mot s6 m sao cho f(x) >
m,Vx € D.
Ham f vita bi chan trén vita bi chan dudi trén D duge goi 1a bi chan trén D. Nhu vay cé
thé suy ra rang: ham f bi chan trén D néu ton tai s6 M > 0 sao cho |f(z)| < M,Vz € D.
Gié6i han ctia ham sé:
S6 thyce I duge goi 1a gidi han ctia ham sb f khi z dan dén g néu Ve > 0, 35(¢) > 0: Vo € X
ma 0 < |z —x| < = |f(z)—1] <e. Lac do6 ki hiéu: xli)l?of(:c) = lhay f(x) — [ khi x — x.
DPinh 1y chuyén qua day: Diéu kién can va da dé xllg:lo f(z) = 11a v6i moi day (x,), C X
ma x,, — xg khi n — oo thi f(z,) — [ khi n — co.
Gidi han biang vé cung va gidi han & vo cing:
Néu v6i mdi s6 M > 0 ton tai s6 § > 0 sao cho f(x) > M (f(z) < —M) v6i moi x thod man
bat dang thitc 0 < |z — a| < 0 thi ta néi f c6 gidi han bang +oo (—oo) khi x tién téi a va
ky hiéu:

lim f () = +00 (tim f(z) = —oc),

r—a

Bay gio ta gia thiét ring ham f xac dinh trén tap khong bi chin.

S6 L duge goi 1a gidi han clia f khi @ tién ra +00(—00) néu véi méi € > 0 ton tai
s6 M > 0 sao cho véi moi z € X thod man bat dang thic z > M (x < —M) ta co:
|f(z) — L| < e. Ky hieu: 1iI_iI_1 flz)=L( lim f(x)=1L).

T—+00 T—r—00
Néu v6i mdi s6 £ > 0 ton tai s6 M > 0 sao cho f(x) > E (f(x) < —FE) v6i moi z € X thoa
méan x > M thi ta néi ham f ¢6 giéi han +oo(—o0) khi z tién ra +oo va ky hieu:

lim f(z)=+oo ( lim f(z)=—o0).

T—+00 IT——00

Tuong tu cho lim f(x) = —ocova lim f(x) = —c0.

25400 z—+o00
Ham lién tuc:

Ham f duge goi 1a lién tuc tai diém xy néu: Ton tai giéi han xli_gclo f(x); f(zo) = xli_)rglo f(z).
Theo ngon ngit € — 0 thi

Ham f dugc goi 1a lién tuc tai xp néu véi mdi € > 0 ton tai mot s6 & > 0 sao cho véi moi
x|z —al <dtacod|f(z)— flzo) <e.

Tinh chat ham lién tuc:

1) Néu f lien tuc trén [a,b] v& f(a).f(b) < 0 thi c6 it nhat mot diem ¢ € (a,b) sao cho
f(e) =0.

2) Gia st f lien tuc tren [a,b] va f(a) = A # B = f(b). Khi &y f nhan moi gia tri trung
gian gitta A vd B. (Ta néi : f lap day doan [A, B]).

Ham s6 duge goi la lien tuc déu trén tap X C R néu nhu véi méi sé6 duong & (nhd bao nhiéu
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tuy ¥), ta tim duge s6 duong § sao cho

Ve, ye X, v —y[<d=|f(z) - fly)| <e

Dinh ly Cantor: Ham lién tuc trén doan thi ciing lién tuc déu trén doan do.
Néu ham f lién tuc trén doan [a,b] thi f bi chan trén doan [a,b]. Hon nita f dat gia tri

16n nhat va gia tri nhé nhat trén doan do, titc 1a c¢6 a, 3 € [a, b] dé

F(8) = min f(z) va f(a) = max f(z).

x€[a,b] x€la,b]

Bai 1.1. Cho f la mot ham lién tuc trén R sao cho f(f(x)) = z véi moi x € R.
a) Chiing minh rang phuong trinh f(z) = z luon luén c6 nghiem.
b) Hay tim mot ham thoid mén diéu kién trén nhung khong dong nhat bing x trén R.

Bai 1.2. Cho f : [a,b] — [a,b] 1a m6t ham lién tuc sao cho f(a) =a, f(b) =bva
f(f(x)) = x v6i moi z € [a,b]. Chitng minh rang f(z) = v v6i moi z € [a, b].

Bai 1.3. Cho f la m6t ham lién tuc trén R thoa man f(f(f(x))) = = v6i moi
reR.

a) Chitng minh rang f(z) = 2 trén R. Hay tim bai toan tong quat hon.

b) Tim mot ham f xac dinh trén R thoa man f(f(f(z))) = z nhung f(z) khong
dong nhat bang x.

Bai 1.4. Cho f 12 mét ham lién tuc va don anh trén (a,b). Chitng minh ring f la

mot ham don diéu ngat trén (a,b).
Bai 1.5.Cho ham s6 f : [a,b] — [a,b] thoAd man diéu kién
(2) = Fy)] < |z — y| v6i moi @ € [a,b],z # y.
Chitng minh ring phuong trinh f(r) = 2 luén luén c6 duy nhat nghiém trén
[a, b].
Bai 1.6. Cho f 1a mét ham lién tuc trén R thod man mét trong hai diéu kién sau:
a) f la ham don diéu giam trén R.
b) f 1a mot ham bi chan trén R.

Chitng minh ring phuong trinh f(r) = r luén luén cé nghiém. Trong méi
trudng hop, hay xem diéu kién duy nhit nghiém cé dudc ddm bao khéng ?

Bai 1.7. Cho f 12 mét ham lién tuc trén R. Chitng minh ring néu phuong trinh
f(f(z)) = x c6 nghiém thi phuong trinh f(z) = 2 cing c6 nghiém.

Bai 1.8. Cho f la mot ham lién tuc trén R thod man

|f(2)| < |z| v6i moi x # 0.
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a) Chitng minh rang f(0) =
b) Chitng minh rang néu 0 < a < b thi tén tai K € [0,1) sao cho
|f(z) < Klz|,Vx € [a,b].

Bai 1.9. Cho f 1a mét ham lién tuc trén R va thod man mot trong ba diéu kién
duéi day:

a) f(z)+ f(2x) =0, Ve R.

b) f(2?) = f(x),Vx € R.

c) f(z) = f(sinz), Vo € R.

Chitng minh rang f 13 ham hing.

Bai 1.10. Cho f 1a mot ham khong am, lién tuc trén [0, +oo) va lim /) =k<1.

r—oo0 I

Chitng minh rang tén tai z, € [0, +00) sao cho f(z,) = ,.

UBND Tinh Quang Binh
Truong Dai hoc Quang Binh

MOT SO BAI TOAN TiCH PHAN, LUYEN THI OLYMPIC TOAN
Bién soan: Th.s Phan Trong Tién
Mot s6 kién thitc nhic lai:

MD Néu f 14 moét ham lién tuc trén [a,b] va f(z) > 0Vx € [a,b] thi fbf(:c)dx > 0.

b
MD Néu f, g 1a hai ham lién tuc trén [a,b] va f(z) > g(2)Vx € [a,b] thi [ f(z)dz >
b a
[ g(z)dx

MD Néu f 14 mot ham lién tuc trén [a,b] v f(z) > OVx € [a,b] vA f khong dong
b
nhét bang 0 trén [a,b] thi [ f(z)dz > 0.

b
MD Néu f 1a mot ham lién tuc trén [a, b] thi < [|f(z)|dx.

[

b
S6 thuc ;= ﬁ [ f(z)dx goi 1a gia tri trung binh ctia ham f trén [a,b].

Ménh dé: Néu ham f kha tich trén doan [a,b] vA m < f(z) < M,Vx € [a,b] thi ton
b

tai s6 p € [m, M] sao cho [ f(z)dz = u(b — a).

Hé qué: Néu f 1A mot ham lién tuc trén [a, b] thi ton tai it nhat mot diém c € [a, ]

b
sao cho [ f(z)dx = f(c)(b— a).
32. Cho f, g la cac ham lien tuc trén [a,b]. Ching minh ring

a) (afbf(x) dx) j ))%dx. fb g(z))?*dz.

a
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1 1
b)ofx V1 —xdr < CESV
¢) Néu f(z) > 0, Vz € [a, ], thi fbf(x)dx. fb ﬁa& > (b—a)?

HD b)

1 1

jz"ﬂd:ﬂ:/\/az_”. 2"(1 —x)dx < (/ﬂdx)%-(/lx”(l—x)dx)é

0

1 1
1 3 1 1 1 \3
< ( x"dr — x"“dx) < ( — >
—vn+1 / / T Vn+1l\n+1 n+42
0 0
1 1

= Vn+1 vn+1vn+2 - (n+1)vn+2

33. Cho f la mot ham lién tuc trén R. Dat F(z f f(t)dt. Chitng minh réng néu f la

ham chn thi F 13 ham 18, néu f 1a ham 1é thi F' 1a ham chan.

34. Cho f la mot ham lién tuc va nhan gia tri duong tréen [0, 1].

. 2 f(sinz)dx s
Chut h ra = —.
2) 18 T Tang Of f(sinz) + f(cosz) 4
b) Tinh b phan T = | jof_d
inh cac tic a =
) m 1 phan Ofl_i_ecos?ac ‘!1+\/_
35. Cho f la mot ham chén lién tuc trén [—a,al,a > 0; ¢ 1a mot ham lién tuc nhan gia tri
1
duong trén [—a,a] va g(—z) = @) Yz € [—a,al.
g(x
f(z)dz ¢
Chiing minh rang f(x
?) £1+9 {
H COS T
b) Tinh I =
) ‘2 l—x+vVa2+
d
¢) Tinh lim f :

a—r+o0 1 + :EQ)(l + 6“:)'

36. Cho f la ham hen tuc tréen [0, 1]. Chiing minh rang

&
~—

o3 O
kﬁ

(sinz)dx = ff cosx)d
0

l\DI»—t

[ f(sinz)d.
0

3

™

(cos?x)dz =n [ f(cos® z)dx.

0

=
S~

37. Cho f 1a mot ham lién tuc nhan gia tri duong va tuan hoan véi chu ky bang 1 trén R.
1
Ching minh rang [ de > 1, Vn € N*.

O fle+ )

38. Cho f la mot ham khé vi lién tuc trén [a,b], f(a) = 0 va 0 < f'(z) < 1, Vo € [a,b)].

Chufng minh rang b b
0 [ i 307 - 0@r]v) fueyiar < (f i)’

a
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HD F(z) = ([ f(0de) — [(f(®)dt, o € [a,b]. F'(x) = 2 [ f(t)dt.f(z) — (f(z))® =

F@)[2] 1oyt = (1@)?)

Dat G(x) = 2 [ f(t)dt — (f(2))% Ta c6

T

G'(z) =2f(x) — 2f(2).f'(z) = 2f(x)(1 — f'(z)) > 0, Yz € [a,0].
39. Cho f € Cloy; 1,22, -+, %, € [a,b],ki, ko, k, > 0. Chiing minh réng ton tai
z, € [a,b] sao cho

k1 Tf(]f)dlf—f—kgjgf(l’)dl"f—'“+kn7lf(l')dl' = 0.

Lo
Giai: Xét ham
Tn

go(:c):kl/f(t)dt+k2/f(t)dt+---+kn/f(t)dt.

xT

Ta dé dang kiém tra dugc
kip(z) + kap(x2) + -+ + knp(2,) = 0.

Mat khéc ¢ 1a ham lien tuc trén [a,b] va k; > 0 v6i moi ¢ = 1,n, do d6 ton tai z, € [a,b] sao

cho p(z,) =0, hay k; ?f(a:)d:c + ko 72f(x)dx ootk 7]‘(1’)613: =0.

Zo Zo

T 1
40. Tim tat ci cac ham f lien tuc tren [0, 1] sao cho [ f(t)dt = [ f(t)dt.
0 T

HD Lay dao ham hai vé.

41. Cho f la ham kha vi lién tuc trén [a,b], f(a) = f(b) = 0. Chiing minh rang

) [2f(@). @) = -1 [if) .

b
b) Gid st [[f(x)]*dx = 1. Hay chiing minh

b b

Jr@rde. [lef@pas = 4.

a a

42. Cho f 1a ham lién tuc trén [0, 7] sao cho

O/f(x) sin xdx = O/f(x) cos xdx = 0.

Chitng minh rang phuong trinh f(x) = 0 ¢6 it nhat hai nghiégm phan bigt trong (0, 7).
Giai:

10
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Gia st rang f c6 khong qua mot nghiem trén (0, 7).

Thl: f vo nghiém trén (0, 7). Do tinh lién tuc clia f ta suy ra f khong doi dau trén (0, 7).
Khong mat tinh tong quat, gid st f(z) > 0 v6i moi x € (0, 7). Khi do }f(w) sinzxdz > 0,
mau thuan. .

Th2: f c¢6 duy nhat nghiem z, € (0, 7). Dé thay ring ham

g(x) = f(x)sin(z — x,) khong d6i dau tren (0, 7). Do d6

] f(2)sin(a — 2,)dz > 0.

Mat khac ti gid thiét da cho ta c6
™ ™

/f(.r) sin(x — z,)dr = cosx, / f(z)sinzdx — sinz, / f(z)cosxdxr =0
0

0 0
Mau thudn trén chitng t6 f ¢6 it nhat hai nghiém phan bi¢t tren (0, 7).

43. Cho f la ham kha vi trén [—1, 1] sao cho

Chiing minh rang ton tai ¢ € (—1,1) sao cho f(c) = 0.
Giai:
Theo dinh 1y gid tri trung binh ctia tich phan, ton tai z; € [—1,0],

xe € [0, 1] sao cho
_fif(m)dx = f(z1), v Oflf(x)da: = f(z2).

* Néu z; # 0 ho#ic zo # 0 thi 21 # x5. Theo dinh 1y Rolle, ton tai ¢ € (2, 12) C (—1,1)
sao cho f'(¢) = 0.

* Néu o1 = 29 = 0, thi

/0 flayds = £(0) = [ f(oe

0

Néu f(x) # f(0), Vx € (0,1] thi g(z) = f(z) — f(0) # 0 véi moi x € (0, 1]. Vi vay g(z)
khong doi dau trén (0,1] va
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Mau thuén nay ching t6 ton tai z; € (0, 1] sao cho
f(z1) = f(0).

Lai ap dung dinh 1§ Rolle ta c6 diéu can chitng minh.

44. Cho f la ham lien tuc trén [0, 1]. Ching minh rang ton tai ¢ € [0, 1] sao cho
1
[t = L rte)
0

Giai:
Do f 1a ham lién tuc trén [0, 1] nén ton tai xq, x5 € [0, 1]

f(z1) = min f(x), f(z2) = max f(x).

z€[0,1] xz€(0,1]

Do dé

Suy ra

1
Theo dinh 1y gid tri trung gian ctia ham lién tuc, ton tai ¢ € [0,1] dé f(c) = 3 [ 22 f(z)dz.
0

45. Cho f la ham lién tuc trén [0, n] va

jf@ﬂ%z7}@ﬂm

f(x)dz =0, (n € N). Chiing minh réng ton tai

O—3

¢ € 10,n — 1] sao cho

Giai:

Xét ham

R6 rang ¢ lién tuc trén [0,n — 1] va
p(0) + o)+ +pn—1)=
Ta dé dang suy ra ton tai ¢ € [0,n — 1] dé ¢(c) = 0.

12
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46. Cho f la ham kha vi lién tuc trén [a,b], f(a) = 0. Chiing minh ring

b
/ de

b

[ 1) r s < &

a

ooooo

Vi moi € [a,b], ta c6 f(z) = [ f/()dt.

T

Do do6 [f(« < [ @lde]f ()]

a

Suy ra
b

[15@.£@lds < / ( / F(0)lde) |/ (2)lde.

a

Ta c6: (f|f’ \dt) |f'(z)]- Do vay

//!f )dt) | (x)|do = & /|f

Ta c6 bat déng thitc can ching minh.

2L =5 1r@i) < 5o -a). [ Ir@pd.

47. Cho f la ham kha vi lién tuc trén [a,b], f(a) = 0. Ching minh ring

b b
o @it < [ 7@l

Giai: Ta cb

#@) = 17@) - f@) = | [ £ < [Iroa< [ 7o
Do do6

b |f(z)|dz < (b—a) b |f'(2)dz.
/ /

48. Cho f la ham kha vi lien tuc trén [a,b]. Chiing minh ring

j(f(x)f( 20p < ¢ /

13
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. e 2

x xT x xT

Do do
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