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KY THUAT CAUCHY NGUGC DAU

Tac gia :Pham Kim Hung !
Bién tap: Vii Dinh Viét? - Tran Trung Kién *

I. LOI NOI DAU
Céc ban than mén!

Bat dang thic (BDT) la mot trong nhing phan kién thiic dic biét quan trong trong
Toan Hoc noi chung va chuong trinh THPT néi rieng. BDT ciing 13 mot phan khong thé
thiéu trong cac ky thi Toan, thi Dai Hoc, Cao Déng,...

Né6i dén BDT, ching ta khong thé khong nhic dén mot BDT khé quen thuoc dé 1a BDT
Cauchy (AM-GM). Viéc luyen tap tot vé BDT, gitp cho cac ban ¢6 duge nhiing tu duy
tot hon trong viec hoc tap va cai thien t6t tam 1y trong phong thi (khi gidp mot bai BDT
kho) ...

Cubn "Sang tao bat dang thiic" - TG: Pham Kim Himg, 14 mot trong nhitng cudn sach
rat hay viét ve dé tai nay.

Dé gop phan gitp cho céc ban ndm ving cac kién thic vé BDT nay, van dung mot sd
k¥ ning, phuong phap dé gidi quyét céc bai toan lien quan dén BDT, ciing nhu viéc tim
doc céc tai lieu viét vé BDT dugce dé dang hon, toi da tong hgp va hé théng ngin gon lai
cac bai tap tieu biéu ciia phuong phéap goi la: "K§ thuat Cauchy nguge dau".

Tai lieu duge bién soan nhan su kién http://diendantoanhoc.net ky niém 8 nam hoat
dong béi Vit Dinh Viét va Tran Trung Kien. C6 thé coi day la phan qua danh cho tat ca
cac ban.

Bai viét sé gom 4 phan chinh:

Phan I: LOI NOI DAU )

Phéan II: KY THUAT CAUCHY NGUOC DAU - PHAM KIM HUNG : Phan nay sé trich
nguyén mau trong sach "Sang tao bat ding thic” - Pham Kim Hing.

Phan IIT: MOT SO BAI TOAN VA LOT GIAI HAY : O Phin niy gdm céc bai toan va
161 gidi clia cAc thanh vien trén http://diendantoanhoc.net cing mot s6 bai toan suu tam.

Phin IV: BAI TAP DE NGHI

Viéc bién soan khong thé tranh khéi nhitng thiéu sot, rat mong nhitng y kién déng gop
clia cac ban! Moi déng gop xin gui vé dia chi: echcon ks9x@yahoo.com.vn

Tran trong cam on!

'Pham Kim Hing cé nickname trén Dién dan toan hoc VMF 1 hungkhtn.
2Vii Dinh Viét ¢6 nickname trén Dién dan toan hoc VMF la vietfrog.
3Tran Trung Kién c6 nickname trén Dién dan toan hoc VMF la Ispectorgadget.
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II.LKY THUAT CAUCHY NGUQC DAU - PHAM KIM HUNG!

Ching ta sé xem xét bat dang thic AM — GM va mot ki thuat dic biet - k§ thuat
Cauchy ngugc dau. Day 1 mot trong nhitng ki thuat hay, khéo 1éo, méi mé va an tuong
nhat ctia bat ding thic AM — GM. Hay xem cac vi du cu thé sau:

Vi du 1: Cac s6 duong a,b, ¢ thoa man diéu kién a + b + ¢ = 3. Chiing minh bat déng

thic:
a b c 3

>
1—|—b2+1—|—c2+1+a2_2

LOI GIAI
Ta khong thé sit dung truc tiép bat dang thic AM — GM v6i mau s6 vi bat dang thiic
sé dobi chiéu
a b c a b c 3

< — = — > 7
1+b2+1+02+1+a2_2b+20+2a_2

Tuy nhién, rat may mén ta c6 thé ding lai bat dang thiic do theo cach khac

a ab? ab? o a_b

1+ T Iixe =Ty T

Ta da st dung bat dang thitc AM — GMcho 2 s6 1+b> > 2b & duéi mau nhung lai c6 dudc
mot bat dang thitc thuan chiéu? Sy may mén ¢ day 1a mot cach diing nguge bat déng thic
AM — GM, mot ki thuat rat an tuong va bat ngs. Néu khong sit dung phuong phap nay
thi bat ding thiic trén sé rat kho va dai.

Tt bat déng thic trén, xay dung 2 bat dang thic duong tu véi b, croi cong ca 3 bat ding
thic lai suy ra:
a b c ab+ bc + ac

3
g _—>_
22 1@ 1 ethte 5 =3

Vi ta c6 ab + bc 4 ac < 3. Dang thiic xay ra khia =b=c = 1.
V6i cach lam trén c6 thé xay dung bat dang thiic tuong ty véi 4 sb.

Vi du 2: Cac s6 duong a, b, ¢, d théa man diéu kieén a + b + ¢ = 3. Chiitng minh bat déng

thic:
a b c d

> 2
1+ b2 * 14 c? * 1+ d? * 14+a? —
Va néu khong dung ki thuat Cauchy ngudc daw thi gan nhu bai toan nay khong thé
giai duge theo cach thong thuong duge. Ki thuat nay thuc sy hiéu qua véi cac bai toan
bat dang thic hoan vi.

Vi du 3: Chitng minh v6i moi s6 thuc duong a, b, ¢, d thda man diéu kien a +b+c+d = 4
ta co:

a n b n c n d S
1+b%¢c 1+c2d 1+d?a 1+a?b —

2

4Phan II nay duge trich nguyeén mau trong cudn sach "Sang tao Bat déng thic” clia tac gid Pham Kim
Hung.
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LOI GIAT
Theo bat dang thitc AM — GM
2 2
a _ ab®c Za_abc:a_ab\/e
1+ b2c 1+ b2 2by/c 2
>a_b\/a.ac>a_b(a+ac)
- 2 - 4
a 1
:>—1+6262a—1(ab+abc)
Hoan toan tuong tu ta cé them 3 bat ding thic sau:
b 1 c 1 d 1
———>b—=(be+bed),——— >c— = (cd+ cda), ——— > d — = (da + dab
14 c2d — 4(C+C)’1+d2a_c 4(0 +Ca)’1+a2b_ 4(a—|—a)

Cong vé ci 4 bat dédng thic trén ta dugc

a b c
1+ bQC+1 + 02d+1 + d2a+1 + a?b

1
> a+b+c+d—zl (ab + bc + cd 4 da + abe + bed + cda + dab)
Tt bat dang thitc AM — GM dé dang suy ra cac bat dang thiic:
1
ab+ bc + cd + da < Z(a+b+c—|—d)2 =4

1

3
—4
Glatbtetd

abe + bed + cda + dab <

Do do
a b c

1+0% 1+ 1+da  1+a%
Ding thic xay ra khi vi chi khia =b=c=d = 1.

>a+b+c+d—2=2

Vi du 4: Chitng minh véi moi s6 thuc duong a, b, ¢, d tac luon co:

a’ N b3 N c3 N d? >a+b+c+d
a?4+02 b2+ 2+d? d2+a? T 2

LOI GIAI
St dung bat ding thic AM — GM véi 2 sb

a’ ab? ab? b

—_— ——> —_—— =
a? + b2 “ a2+b2_a 2ab “ 2

Xay dung 3 bat déng thic tuong tu véi b, c,drdi cong theo vé cac bat dang thitc lai ta
dugc:
a a+b+c+d

A S R L U S S S
a— — ——+c—— —— =
a?+b b2+ 24+d2 d2+a? 2 2 2 2 2

Ta ¢6 dugce diéu phai ching minh. Dang thiic x4y ra khi tat ca cac bién bing nhau.
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Mot bat déng thitc cting dang trén la:

at N b4 N ct N d* a+b+c+d
ad+203 B +2c3  B4+2d 0 d3+2a3 T 3

Vi du 5: Cho a,b,c > 0 va a 4+ b+ ¢ = 3. Chitng minh:

a? N b? N c? .-
a+2b2  b+2c2  b+2a%
LOI GIAI
St dung bién déi va bat ding thitc AM — GM cho 3 sb:
a? 2ab? S 2ab? 2( b)%
—_— =g ———>a0— ——=a— —(a
a + 2b? a-+ 202 — 37 ab* 3

Hoan toan tuong tu ta ciing c6 2 bat dang thiic:

b? 2 2 c? 2 2
>b— Z(be) — Z(ca)}
prae =03 g 2 e gl
Do dé ta chi can chitng minh:
2 2 2 2
a+b+c— 3 ((ozb)§ + (bc)® + (ca)§> >1

& (ab)3 + (be)5 + (ca)s < 3
Nhung bat ding thiic nay hién nhién ding, vi theo bat déng thiic AM — GM:

win

a—i—ab—i—bz3(ab)%,b+bc+cz3(bc)%,c+ca—|—a23(ca)

Ngoai ra dé thay ab + bc + ca < 3 nén ta cé6 diéu phai chitng minh.
Dang thitc xdy rakhia=b=c=1

Két qua ctia bai toan van dung khi thay gia thiét @ +b + ¢ = 3 béi ab + be + ca = 3
hosic \/a+vb+ /¢ = 3, trudng hop sau khé hon mot chiat. Ta c6 them mot bat dang thitc
khac cung dang trén.

Vi du 6: Cho a,b,c > 0 vd a + b+ ¢ = 3. Chitng minh rang:
a? N b? L_C o
a+20>  b+2c2 b+ 2a® —

2

LOI GIAI
Chiing minh tuong tu dua bat dang thic veé:

oWa? + Va2 + ave? < 3
Sau d6 4p dung bat ding thic AM — GM ta co:

ba’ §b(2a+1),cb% gc(%—l—l),ac% <a(2c+1)
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Cong ca ba vé bat dang thitc trén duge diéu phai chiing minh.

Vi du 7: Chitng minh véi moi s6 thuc duong a, b, ¢ c6 tong bing 3 thi:

a+1 b+1 c+1

>3
R+l 2+1 a+1°-
LOT GIAT
Theo bat dang thitc AM — GM dé thay
a+1 (a+1)0? v (a+1) ab+b
atl _pqolet DS et
1 ¢T Ryl =07 % @t 2

Tuong tu ta c6 2 bat dang thiic nita véi b, ¢ 161 cong lai ta dugce:

a+1+b+1+c+1 S 1 ab+b (b bec+ ¢ n L ca+a
a — — c —
2+1 c24+1 a?241" 2 2 2

:3+a—|—b—|—c—2ab—bc—ca23

Ding thic xay rakhia =b=c = 1.

Vi du 8: Chitng minh riang v6i moi a, b, ¢, d duong c6 tong bang 4 thi:

a+1 b+1 c+1 d+1>2
2+1 c2+1 d2+1 a2+1—

Ciing bang phuong phéap tuong tit ta c6 bat dang thiic sau day.

Vi du 9: Chitng minh ring v6i moi a, b, ¢, dduong c6 tong bing 4 thi:

1 N 1 n 1 n 1 S
a?+1 +1 A2+1 &P+1-
LOI GIAT
That vay ta c¢6 danh gia sau:
2 2
;:1_a_21_a_:1_2
a?+1 a’?+1 2a 2

Sau d6 chi can lam tuong tu véib, ¢, drdi cong lai ta dude diéu phai ching minh.
Déang thiic xdy rakhia =b=c=d = 1.

Ki thuat Cauchy nguge dau la mot ki thuat gitp gidi quyét bai toan theo 16i suy nghi
nhe nhang va trong sang, cac két qua lam bing ki thuat nay néi chung rat kho cé thé lam
dugce theo cach khac, hoac phai lam theo cach khé dai.

Trich “Sdng tao Bat dang thitc—Pham Kim Hung”
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11I. MOT SO BAI TOAN VA LOT GIAI HAY

Bai toan 1: Cho z,y, z 1a 3 s6 thyc duong . Tim GTLN ctia biéu thic:

P N N vz n VY
T+ 2/yz  y+2y/rz z2+2 /7y

(Dé du bi khéi B — 2010)

LOI GIAT .
Day 1a loi giai cila HA QUOC DAT trén Dién dan toan hoc VMF

Ta c6:
A L L S W —)
T+ 2,/yz T+ 2,/yz r+y+z
Chtng minh tuong tu:
Vaz ] Y Y 2): Ty 1 z ] z

VT 1 < 1—
y+2y/zz y+2yrz - w+y+=z

Cong theo vé (1)(2)(3) ta co:

Vay MinP = 1 khi va chi khi x =y = 2.

Bai toan 2: Cho 3 s6 a,b,c 1a 3 s6 thuc duong.
Chiing minh rang:
a’ b c a+b+c
+ + >
a?+ab+0* bB>+ab+c? A+ ac+ a? 3

LOT GIAT 1
Day la 1oi gidi ctia Ispectorgadget trén Dién dan toan hoc VMF
St dung bién doéi va bat ding thic AM — GM cho 3 s6 ta cé:
a? a?b + ab? ab(a +b) a+b

_— _— > —_ Y = -
a? +ab+ b2 “ a2+ab+b2_a 3ab “ 3

Chtng minh tuong tu ta co:

b3 S _b+c 3 S a+tc
b2+ cb+c2 —

Cong (1)(2)(3) ta co:

a’ N b? N 3 S astbt a+c a+b b+c a+b+c
a c— — — =
a?+ab+b> b24+bc+c?2 24ac+a? T 3 3 3 3

Ta c6 duge diéu phai ching minh. Dang thitc xay ra khia =b = c.
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Ta ciing c6 mot 151 giai khac kha hay, hoan toan khong lien quan dén LOI GIAIL 1 va
ciing thu duge danh gia tuong tu.

LOI GIAT 2
Day 1a loi giadi cia vietfrog trén Dién dan toan hoc VMF
Loi gidi nay st dung "Phuong phap tiép tuyén”
. Gia st
a’ 2a —b
a?+ab+0> — 3

sl 4+ —d?h—ab? >0

& (a+b)(a—b)*>0(x)
Do a,b > 0 nén bat dang thitc (x) hién nhién ding. Nhu vay gid sit ding.
Xay dung 2 bat dang thiic tuong tu véi b, ¢ 16i cong theo vé ta dugc:

a’ n b3 N 3 >2a—b+21)—c+20—a a+b+c
a24+ab+b2 bV2+ab+c2 24 ac+a? T 3 3 3 3

Dang thitc xay ra khi x4y ra khi a = b = c.

Bai toan 3: Cho a,b, ¢ thyc duong théa man a + b+ ¢ = 3.
Chiing minh rang:
_a—l—b~|—c+a+b—|—c+a—|—b~|—c
a?2+abc B2 +abc -+ abe

9
>
-2
(Dé thi thit DH lan 2 truong chuyén Nguyén Hué 2007-2008)

LOT GIAT
Day 1a loi giai cia Ispectorgadget trén Dién dan toan hoc VMF
Tt gid thiét ta co:

a+b+c:323\9/a_bc<:> 1 > abe

Do do: Vz(a+b+c)(a21+1+b21+1+021+1):3(1—a§—il+1—%+1—%>

a? b? c? at+b+c 9 9
> l——4+1l—-—=4+1—-——| = - — =0 — =_
sa(1- g g g ) —a e (U a5

Ta c6 duge diéu phai chiing minh. Dang thitc xdy rakhia=b=c=1

Bai toan 4: Cho a, b 14 2 s6 thuyc duong thay doi théa man a+b = 2 Tim gia tri nho nhét
cua:

a? b?
M=
a—|—1+b+1
LOI GIAI 1
z. a2 _ a a J— \/a
Ta co: G =02 g =a="g
Tuong tu véi b ta c¢6 dugce: b+1> b—*/?g

Cong theo vé 2 bat dang thiic trén ta dudc

a? b? Vva Vb

a1l byl 2 5 ¢ 2
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Theo Bat ding thitc Cauchy-Schwarz ta co:

\/a—i-bZ%@ 2(a—0—b)2\/5+\/5

2(a+b
Do dé: M2(a+b)—¥:2—1:1
Nhu vay :  MinM =1 . Dau "=" xdy ra khi a=b=c=1
Thuyc ra thi bai toan van duge gidi quyét bang bat dang thitic Cauchy-Schwarz dang Engel
hay van goi la bat déng thiic Schwarz:
Véi x,y, m,n 1a cac s6 duong ta luon co:

(z+y)°
m-—+n

(%)

2 2
X

T L
m n

LOI GIAT 2
Ap dung bat dang thitc Cauchy-Shwarz dang Engel ta co:

a? b (a+b)? 22

_ -1
atl brl-atbr2 249

Ta ciing ¢6 duge MinM = 1 khi va chi khi a =0 = 1.

Tuy nhién, khi lam bai thi Dai hoc thi ta vAn phai chitng minh lai bt dang thic (). Vi
vay cach chitng minh bing ky thuat Cauchy nguge dau nhu trén cling c6 thé la mot lua
chon hay.

Bai toan 5: Cho a,b, ¢ 14 3 s6 thyc duong; a,b, c < 2 CMR:

1 1 1 A+ +2 3
> + =

LOI GIAI
Ta co:
1 b2 b2 b 2—b 1 b +1

- -] >1 = — = = >
Erl T Eric T 5= 3 T332 2 W

1
Chitng minh tuong tu: > (2) 5
Cong theo vé (1)(2)(3) ta co:

1 N 1 N 1 >a2+1+b2+1+1+02_a2—|—b2+02+3
2—a 2—b 2—c¢— 2 a 2 2

Ta c6 dieu phai chitng minh. Ding thic xay ra khi cac bién bang 1.
Bai toan 6: Cho z, v, z 14 3 s6 thuc duong thoéa méan: zyz = 1 Ching minh bat dang thitc:

xty ytz 2
2 5 3
»?»+1 y*+1 2z2+1

3
> 2
-2

(©www.diendantoanhoc.net Trang 8/13


www.diendantoanhoc.net
www.diendantoanhoc.net

©Dién dan Toan hoc — VMF

LOI GIAI
Day la 16i gidi ctia phuc_ 90 trén Dién dan toan hoc VMF
Theo bat dang thitc AM — G Mcho 3 s6 két hop v6i gia thiét zyz = 1 ta cé:

22y + 2%y + 22 > 3y/ a3 (zyz)” = 3z

Tuong t ta c6 duge: v iz + vyl + 2%y > 3y 2o+ 2Pr 4yt > 3z
Cong 3 bat ding thiic theo vé theo vé ta cé:

2’y + Pz + 22 > 1+ oy + 2(x)

Theo bat dang thitc AM-GM ta co:

T do suy ra:

AM— GMnyAM GM 3

4 (*
Z;fl—z ?J—‘Zl’y )12 (=*y +y) ——ny 2 > 3

Day chinh la diéu phai chiing minh. Dang thitc xdy ra khiz =y = 2z = 1.

Bai toan 7: Cho a,b,c 1a 3 s6 thyc duong thay doi théa man a + b+ ¢ = 3 Chiing

minh rang:
a b c 1
>
b3+16+c3+16+a3+16_6

LOI GIAI )
Day 1a loi giai cia HA QUOC DAT trén Dién dan toan hoc VMF
Ta co:
a 1 ab? 1 ab? 1 ab’ 1 ab?
—=—(a— )=—(a— ———=) > — = —(a
b>+16 16 b3 + 16 16 b3 + 23 + 23

Bat ding thiic can chiing minh tuong duong véi

1 3 ab?® + bc® + ca?®
16 12

= ab? + b 4 ca? <4
Chiing minh BDT manh hon:
ab® + bc? + ca® + abe < 4
Gia st b nam gitta a va c.

Ta co:
alb—c)(b—a) <0

Theo bat dang thitc AM — GM

ab® + bc® + ca® + abe = b(a + ¢)* + a(b — a)(b—c¢) < bla+¢)* < 4
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Tt d6 ta c6 duge diéu phai chitng minh.

Bai toan 8: Cho a, b, ¢ 1a 3 s6 khong nhoé hon 1. Chiing minh bat déng thrc:

1 1 1
a(b—l—c)+b(a+c)+c(a+b)—l—2(1+a2+1+b2—|—62+1)29
LOT GIAT
Ta co:
1+1+1_1a2+1b2102_ a2+62+02
14+a2 140 241 = 1+a? 14802 241 1+a? 1402 241
Theo bat dang thitc AM — GM ta cé:
a? N b2 N c? <a2+62+02_a+b—|—c
1+a2 140 241" 22 2b 2¢ 2
Suy ra:
1 1 1 at+b+c
>3- — =
1+a2+1+b2+02+1_ 2
Ta can chitng minh:
b
a(b+c)+b(a+c)+c(a+b)+2(3—%“)29

salb+c—1)+bla+c—1)+c(b+a—1)>3 (%)
That vay, do a,b,c > 1= (b+c—1)>1=a(b+c—1) > 1. Tit d6 nhan thiy bat dang
thiic (x) ding va suy dugc bat dang thiic can chiing minh.
Déang thitc xdy rakhia=b=c=1

Bai toan 9: Cho a,b, ¢ 14 cac s6 duong théa man a" + 0" + " =k van,k € N*.
Tim Min ctia biéu thtec:
a” " "

1 + phrtl + 1 4+ nentt + 1 4+ nant!

LOI GIAI
Day 1a 1oi gidi ctia vietfrog trén Dién dan toan hoc VMF
Ta ¢o:
a,b,c a,b,c a,b,c a,b,c
i am i n.a"bttt a™btl n.a"btt a™btt
S — —_— = n
a,b,c a,b,c
n.a"b"tt a"b”Jrl n -
>k — - ) a™b"

Mat khac ta co:

a,b,c 2
n bn bn k2
Zanbn:anbn+bncn+ancn§<a + 3+ ) :E

cyc
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Suy ra:

n  k?
S>k— —
- n+1 3
Nhu vay: MinS =k — =%+ khi va chi khia =b=c=£.
Bai toan trén c6 thé tong quét cho n sé duong.

Bai toan 10: Cho a; > 0;i = 1.n Chiing minh rang:

ay P a, >a1—|—a2—|—...+an
atl 4 (n—2)ayt T a4 (n—2)a}t T n—1
LOI GIAT
Day 1a 1oi gidi cia anh qua trén Dién dan toan hoc VMF
Ta c6:
al . (n —2)ay.ay™?
AT+ (n—2art @+ (n—2)a) !

. Ma theo bat dang thic AM — GM
al ™'+ (n—2)ay ™t > (n—1).a;.a57?

Do doé:
al (n —2)ay

> a) —
a4 (n—2)ayt T ! n—1

Xay dung cac bat dang thic tuong tur rdi cong vé véi vé ta c¢é diéu phai chiing minh.

Tren day 1a 10 Bai toan vé bat déng thiic va cuc tri c6 st dung ki thuat Cauchy nguoc dau.
C6 thé do khong phai 1 nhing 15i gidi hay nhat, ngan gon nhat nhung mong ring qua do,
cac ban c6 thé c6 them nhing kinh nghiém méi, cach nhin nhan méi dé tit dé sang tao ra
nhitng 161 giai tuyét voi. Chiic cac ban thanh cong.
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III. BAI TAP DE NGHI

Duéi day la mot s6 bai tap dé nghi c6 thé gidi bang cach st dung ky thuat Cauchy
ngugc dau. Nhitng bai tap nay co thé giai quyét bing nhiéu cach nhung hay thit dit but
va lam biang k¥ thuat dugde néi téi trong bai. Sé rat tha vi!

Bai tap 1: Cho x,v, z 1a 3 s6 thuc duong thay doi théa man = +y + z = 3.
Tim GTNN ctia biéu thic:

xZ y2 ,2’2

V= + +
vy y+22 0 24P

Bai tap 2: Cho a,b, ¢ la cac s6 thiyc duong. Chitng minh ring:

a® n b? n 3 at+b+c
a?4+02  b2+c2 2+a? T 2

Bai tap 3: Cho a,b 1a 2 s6 thyc duong théa man ab = 1.Chitng minh ring:

a’ b3
> 1
1+62+1+a2 -

Bai tap 4: Cho a,b,c la cac s6 duong théa man ab + be + ca = 3. Tim gia tri nhé nhat
clia biéu thiic:
p__ 4 . b . c
1203 14263 1+ 243

Bai tap 5: Cho a, b, c 1a 3 s6 thuc duong thoa a, b, ¢ < 4.Chting minh bat déng thiic:

a’ + b + 2

>
+ + = 16

+

>~ w

Bai tap 6: Cho a,b, ¢ 1a cac s6 thiyc duong théa man: a +b+c =k van € N*
Tim gia tri nhé nhét ctia biéu thiic sau:

a,b,c 2

a
S: _
Czy; a + nbntl
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Tai lieu tham khao

1. Cudn sach "Sang tao Bat dang thitc” — Pham Kim Hing
2. Dién dan toan hoc VMF : diendantoanhoc.net

3. Mot s6 dé thi.

Bién tap : Vii Dinh Viéet va Tran Trung Kién

Soan thao ETEX : Vit Dinh Viét.
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