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Problem 1 Prove that for an arbitrary prime p > 5 the number
> ()

k
0<k<?2

is divisible by p?.
Solution The number %(Z) for 0 < k < % is congruent to (—1)’“1% modulo p. Hence it is sufficient to show
that the element

is 0 in a finite field F},. The sum
1 1 1 1 1 1
XO=2Gwwt X Grwtw)

is 0 in F,. But (1) = >_(2). In fact the terms of the shape ﬁ are evidently the same. As to a term o

in the 2(2) for 2k < £ it appears with the coefficient —1, what is O.K. The term i(for 2k < %) appears in

>-(2) twice with the sign “~” and once with the sign “+”. So > (1) = > (2). O
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Problem 2 Let n > 2 be a natural number. Prove that

n ]

[[ink< Vol .

n

k=2

Solution Counsider f: [1,00) — R defined by
1
ft) =2Int —t+4 .

We have

hence f’ is negative on (1,00). Therefore f is strictly decreasing. Since f(1) = 0, the function f has negative
values on (1,00). So

1 1
Putting x = t? in the above inequality we obtain that
Inx 1
vt e (1 —.
(Ve (o) 77 < o
Hence
‘T In ol 1
i<l z=-7
ek Ve VAl
and
- —1)! !
[Tk < (n-Dt_ val
i Vol oo

O
Solution We prove that Ink < vk- 521 for k € N and > 2. Let us consider the functions f(z) = Inz and

g(z) = Vo =21 Tt is

F=g) =0 and [()=",
1 z-1 1

9/(x):ﬁ . +\/EP,
7@ = @) = o (o= 142 -2/8) = o= (vE-1)"

which is = 0 for x = 1 and > 0 for > 1. It proves that g(x) > f(z) for x > 1, as we needed. Now by
multiplying Ink < vk - % over k=2,3,...,n we get

the problem solved. O
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Problem 3 Let A, B,C be sets in R™. Suppose that A is nonempty and bounded, that C is closed and convex,
and that A+ B C A+ C. Show the inclusion B C C.
We remind you that
E+F={e+f:ecE feF}

and D C R" is convex when
Vo,y e DVt € [0,1] :te+ (1 —t)y e D.
Solution We will use the following lemma.

Lemma Let aq,...,a,, be points of a convex set D C R™. Let A\1,..., A\, >0 with A\ +---+ X\, = 1. Then
A1a1+~~+)\mam e D.
Proof We argue by induction on m. When m = 1 the assertion is trivial. Suppose that the assertion holds

when m is some positive integer k. Let

T =Aar + -+ A1k,

where a1, ...,ak41 € D and Aq,..., A1 > 0 with A\ + -+ 4+ Agp1 = 1. At least one A; must be less than 1, say
Ak+1 < 1. Write

A Ak
y=2lg 4. g 2

) 7ak7

where
A=A+ FA=1—-)X41>0.

By the induction hypothesis, y € D. Since D is convex and contains both y and agy; the equation x =
Ay + Apt1ak+1 shows that x € D. This completes the proof by induction. o

Let ag € A. If b € B, thenag+b € A+ B C A+ C, and so there exists a; € A,¢; € C such that
ag + b = a1 + ¢1. Similarly, there exist as,...,a; € A and co,...,¢; € C with

ap+b=as+co,...,a;_1+b=a; +c¢;.
We add the ¢ equations above together to deduce that
a0+ib:a1 +Cl+"'+Ci.

Since C' is convex, the point x; defined by the equation

1
xizg(clJr"'JrCi)

lies in C' (Lemma). Now
1
16— 2] = =|la;i —aol] =0 as i— oo,
i

since A is bounded. Thus x; — b as i — oco. But C is closed, whence b € C and B C C. O

Solution For contradiction suppose there is b € B which ¢ C. Since C is convex and closed, there existS

(n — 1)-dimensional hyperplane H such that it separates b and C. Denote 7 the normal vector of H orientated

in direction of point b. Now every point = of space R™ can be expressed as x = h, + arn, where h, € H and

a € R. From this define linear function f(z) = a. It is clear that f(b) > 0 and f(C) < 0. Take now sup f(a) (it
a€A

is finite since A is bounded) and point ag such that f(ag) > sup f(a) — f(b). Then clearly, since function f is
acA

linear, it holds
Flan +b) = flao) + 1) > (f(a) = F)) + F(1) > fla) + f(e) = fla+e),

for all a € A and ¢ € C. But it is contradiction with f(A+ B) C f(A+ C) (which follows from A+ B C A+ C).
(]
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Problem 4 Let A be a set of positive integers greater than 0 such that for any x,y € A, x >y,

Ty
—y> 2L
tTV=%;
Find the maximal possible number of elements of the set A.

Solution For x > y > 25 we have

<r< Y
T — r < —=.
Y=T=095
Hence A contains at most one element greater than 24. Let A = {x1,x9,...,2,} where 21 < 29 < -+ < @,

ZTn—1 < 25. For the differences dj = 241 —2;, 1 < j <n—1, we get

zipz; _ (z +dj)z;

d; > =
7= 25 25 ’
which yields
2
4, > 2
7T 25—y
Since the function g(x) = Q;i,; is increasing in the interval [0,25), we obtain succesively
x5 > 5, ds>g(5)>1,
T > 7, d6 > g(7) > 2,
T7 > 107 d7 > 9(10) > 67
xg > 17, dg > g<17) > 36,

9 > 54.
So, we get n < 9. Simultaneously, we can see that the set with 9 elements
A={1,2,3,4,5,7,10,17,54}

satisfies all the conditions. O
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Problem 1 Let n > 2 be an integer and let x1,xo,...,z, be real numbers. Consider N = (g) sums x; + T ,
1 <4 < j < n and denote them by y1, ¥y, ...,yn (in arbitrary order). For which n are the numbers x1,xa, ..., Z,
uniquely determined by the numbers y1,y2,...,yN?
Solution The answer is n # 2P.
Denote the kth symmetric polynomial in z1,xs,...,z, by ox. Further denote
n N
se=D_ ol =)
i=1 i=1
The numbers z1,xs,...,x, are uniquely determined by the numbers oi,09,...,0, and these are uniquely
determined by the numbers s1, so, ..., s, since we have the following identity:
Sk — 85101 + Sp_909 — -+ + (—1)k_1510k_1 = (—1)’“—114501C .
So we will try to show that s, s9,...,s, are determined by the numbers ¢, to,...,t,. We have
n n n n k k
k _ ) Nk r k—r __
ot + 2 =3 b =33 ()m -
=1 j=1 i=1 j=1r=0

k=l
= 2nsy + Z (r) SpSk—p -
r=1

For n # 2F~1 we get

1 =k
1= g (20~ 22 (1) o).
r=1
Using induction with respect to k, we can conclude that for n # 2P, the numbers t1,to,...,t, determine

uniquely the numbers s1, So,..., Sy

For n = 2 the numbers from the sets A3 = {0,3} and By = {1,2} have the same sums. Suppose that we
have two disjoint sets A,,, By, every with n elements, which have the same sums of all possible couples. Then
the sets As, = A, U (c+ By,) and Ba, = B, U (c+ A,,) for ¢ large enought are disjoint with 2n elements and
have the same sums of all possible couples. O
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Problem 2 Let f: [0,1] — R be a continuous function of function {f,}, fn: [0,1] — R. Define the sequence
in the following way:

hﬂuﬁz/.mn:QLz””
0
Prove that if f,(1) =0 for all n, then f(x) = 0.

Solution Using induction on k, we prove that for any n, k& > 0 integers

1
/0 (1= ) fo(t) = K fuar (1), (1)

This is trivial for £ = 0. For greater k,

1

1
J =080 = (0= 0 @+ & [ =05 fa0) =
=0+k- (k=D flarny+—1)(1) = k! froir(1).

From (1) it follows for an arbitrary polynomial p, that fol p-f=0.
By Weierstrass’ theorem, for an arbitrary & > 0 there exists a polynomial p. such that |p.(t) — f(¢)| < ¢ for

all t € [0, 1]. This implies
/Olfz=/01f2—/Olps-f=/01(f—pa)f§€/01|f|-

This holds for any ¢, thus fol f? = 0. This implies f = 0. (]
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Problem 3 Let f: (0,4+00) — (0,+00) be a decreasing function, satisfying

| @) <o

0

Prove that li_>m zf(z) =0.

Solution As first we prove that liminfxf(z) = 0. Let lirginfmf(x) = ¢ > 0, that implies JzoVo > zq :
x oo

T—00

zf(z) > >0, 0r f(z) > %, and we get:
o0 o0 oo cl
| t@> [ s@s [ S —e
0 o) To x
a contradiction.

Now, let us suppose limsupzf(z) = ¢ > 0. It implies Vy3z > y : 2f(x) > §. We have also constructed a

T—00
sequence {x,}5° ,, satisfying:
c

> 0, which is the same as f(z,) > oy
Ty,

Xy — 00, and x, f(z,) >

N o

Since f is decreasing: f(z) > f(z,), for z € (z,_1,x,] and

oo>/f>

( T — xn—l)f(xn> 2
Tpn — Tp—1 & = Tn—1
In " Fn-1 _ 2 1- Iy,
2 Z ( Ty
n=D1

Ty,
o0

So we have a sequence {z,}52 ; such that z, — oo and (1 - I;—’l) < oo0.
= n

To make a proof clearer, we will do a substitution b, =1 — % Sequence {b, }>° ; satisfies:

Mg

1

3
Il

AV
N O
[M]8

3
Il
-

Zb < oo and Hl—b _nh—>Holo;7:0'

n=1 n=1

o0
Second condition for a sequence {b,}52; is the same as Y —1In(1 —b,) =
n=1

From the ratio criterion for convergence of the infinity sums, if

ibn < oo and i—ln(l—bn) =
n=1 n=1

| _
lim 711(1 bn) =00
n—00 bn,

should hold. But above limit is equal to 1, as can be easy checked by many ways. (From > b, < co, we get

n=1
b, — 0, and
—In(1—b —In(1 - b, .

tim 20 gy T b)) m g e g

n—o00 bn b, —0 bn b,—0 1
This yields to contradiction.

As a conclusion we have lin_1>inf zf(x) =0 and limsup zf(x) = 0. O
T—700 T—00

Solution For contradiction assume that lim zf(x) = 0 is not true. Then it must exist increasing sequence
Tr—r 00

{z;}52,, x; — o0, such that exists ¢ > 0 that z;f(x;) > ¢ for all z;. Moreover, we can choose subsequence



{y:} C {x;}, such that y; 11 > 2y,;. Then following inequalities hold (inequality (x) holds, because f is decreasing

function):
oo

/f ZZ — Yn—1) yn,ZZynfynz Z

o0
This contradicts the assumption that [ f(z) < oco. O
0



The 11** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 4" April 2001
Category 11

Problem 4 Let R be an associative non commutative ring and let n > 2 be a fixed natural number. Assume
that 2" = z, Vo € R. Prove that xy™ ! = y" 'z holds Vz,y € R.

Solution Let a = z" !, then
a2 _ (mn—l)Q _ m2n—2 _ erl,?L—Q _ ,CCLL'”_Q _ mn—l = a.
We show that if 72 = 0 then r = 0. Indeed r = " = r"~2r2 = 0. If €2 = ¢ then for every x € R:

(ex — exe)? = (ex — exe)(ex — exe) =

2

— erexr — erexe — 6£U€2117 + exe“ze = exex — exexe — exex + exexe =0

and similarly
(ex — exe)® =0

so ex — exe = 0 and xe — exe = 0, so for every x € R and every e € R, such that e? = e we have:

er = xe

and since for every y € R, (y"!) = y" 1, we get:

for every z,y € R. (]

Solution Since R is an integral domain and

n—1

y(zy" ™t —y" )y = yay" — yaey = yay —yay =0,

n

it is either zy" ! — "'z = 0 or y = 0, but that also implies 2y" ! = " 'z. The end. (]



