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Loi néi dau

“S6 hoc 1a ba hoang ctia Toan hoc”

C6 thé néi S6 hoc 1a linh vire xuat hién sém nhat trong lich stt Toan hoc. Khi con ngudi bét
dau lam viéc véi nhitng con s6 thi khi ay, S6 hoc ra doi.Trai qua hang nghin nim phat trién,
S6 hoc van gitt duge vé dep thuan khiét ctia né. Vé dep ay duge thé hién qua cach phat biéu
don gidn ctia bai toan, dén ndi mot hoc sinh 16p 6 cling ¢6 thé hiéu duge. Thé nhung, vé dep
ay thuong tiém an nhing thit thach sau thdm beén trong dé thach thic tri tué loai ngudi. . .

Hay noi vé Dinh 1y Fermat 16n, mot dinh 1y da qué ndi tiéng trong thé gisi Toan hoc. Trong
mot tuyén tap van hoc véi tua dé  Thod wdc vdi Quy co truyen ngan Con Quy va Simon Flagg
ctia Arthur Poges. Trong truyén ngan nay con Quy cé dé nghi Simon Flagg dit cho né mot cau
hoi. Néu con Quy tra 1oi duge trong vong 24 gio, né sé lay di linh hon ctia Simon, con néu né6
dau hang no sé tra cho Simon 100.000 dola. Simon da dat cho con Quy cau héi: “ Dinh 1y cudi
ciing ciia Fermat c6 dung khong?” Nghe xong, con Quy bién mét va bay vat di khap vii tru dé
tiép thu tat ca tri thic toan hoc da ting dugde sang tao ra. Ngay hom sau con Quy quay trd lai
va tht nhan: “Simon, nguoi da thdng”, con Quy buon rau néi va nhin Si mon vdi con mdt day
than phuc. “Ngay cd ta, ta cing khong cé di kién thite todn hoc dé trong mot thoi gian ngdn
nhu thé ¢é thé gidi ddp duge mot bai toan khé nhu vay. Cang nghién ciu sau né cang rac roi
hon. .. Cha! Nguoi cé biét™-Con Quy tam su- “ngay cd nhing nha todn hoc ¢idi nhat trén cdc
hanh tinh khdc, ho con uyén bac hon nhiing nha todn hoc cia cac nguoi nhiéu, cing khong gidi
noi cau do do khong? Thi ddy, mot ga trén sao Tho nhin giong nhu mot cay nam trén ca kheo,

ga co thé gidi nham cdc phuong trinh vi phan dao ham riéng, ma cing phdi dau hang dé thoi.”

Chinh vi ¢6 cach phat biéu don gidn nhung can nhitng suy luan sau sic va tinh té nén nhing
bai todn S6 hoc trong cac ki thi Olympic thusng duge ding dé phan loai hoc sinh. Tuy ring
trén thi truong da c6 rat nhicéu cudn sach viét vé Sé hoc, nhung nhu cau sich vé linh viyc nay
chua bao gio voi di. Dic biét, ngay cang nhiéu cang phuong phap mdi xuat hién, can mot dau
sach khong nhitng phat trién nhitng phuong phap cit ma con c6 thé gisi thieu nhitng phuong

phap méi hodc nhitng cai nhin méi vé nhitng van dé cil.

“Chuyén dé S6 hoc” ctia Dién dan Mathscope ra ddi chinh 1a dé dap ting nhu cau dé ctia dong
d&o hoc sinh, sinh vién va gido vién trén khap ci nuée. Chuyen dé duge thuyc hién béi cac thanh
vién ctia Dién dan Mathscope, bao gom cac chi dé: Cap va can nguyen thuy, Cac bai toan s6

hoc hoan vi vong quanh, Day s6 s6 hoc, Ham s6 hoc, B6 dé nang s6 mit LTE, Phan nguyén,



Thang du chinh phuong, Phuong phap budc nhay Viete. Hi vong day sé 1a mot tai lieu hitu ich

cho cac ban doc gan xa trong viéc 6n luyén cho cac ki thi Olympic.

Dé hoan thanh chuyén dé nay, ban bién tap xin gii 16i cAm on sau sic dén tac gia clia cac
bai viét, cac thanh vién da tham gia thdo luan, déng gép trén Dién dan. Diac biét, xin gui 1o
cam on sau sac dén Ban quan tri ctia Dién dan Mathscope da luon tao dieu kién t&t nhat cho
ban bién tap dé hoan thanh chuyén dé nay. Cudn sach nay chinh la thanh qua qua trinh lao
dong nghiém ttc cia cic thanh vién trong ban bién tap, nhung hon hét day van 1a mot san

pham dang quy ciia cong dong Mathscope néi rieng va cong dong Toan hoc Viet Nam noéi chung.
Tuy da dugc kiém tra ki cang nhung chuyén dé khong tranh khéi nhitng sai sét. Moi gép ¥ vé
chuyén dé xin dugc gii len Dién dan Mathscope (mathscope.org) hodc giii vé hop mail
phamtienkha@gmail.com. Xin chan thanh cam on.

Thanh phé H6 Chi Minh, ngay Phu nit Viet Nam 20-10-2013

Thay mat Ban bién tap
Pham Tién Kha



CHUYEN PE 1:
Budc NHAY VIETE

Pham Huy Hoang !

Mé& dau

Trong cac ki thi hoc sinh gidi, cac bai toin vé phuong trinh Diophante bac hai da khong con
xa la. Phuong trinh Pell 13 mot trong cac vi du noi bat nhat vé phuong trinh Diophante bac
hai, tuy nhién do lugng bai toan vé phuong trinh Pell da kha nhiéu, nén trong ki thi IMO 1988
da xuat hien mot dang bai phuong trinh Diophante bac hai rat méi mé thoi bay gio:

Cho a,b la hai s6 nguyén duong théa man ab + 1|a® + b*. Chitng minh ring

a? + b?
ab+1

la s6 chinh phuong.

Bai toan nay dudgc coi 1a khoé nhat trong cac ki thi IMO trude nam 1988 va ciing 1a bai toan
kh6 nhat trong ki thi nay. Tac gia Authur Engel da timg binh luan vé bai toan nay (nguyén

van):

" Nobody of the six members of the Australian problem committee could solve
it. Two of the members were George Szekeres and his wife, both famous problem
solvers and problem creators. Since it was a number theoretic problem it was sent
to the four most renowned Australian number theorists. They were asked to work
on it for six hours. None of them could solve it in this time. The problem committee
submitted it to the jury of the XXIX IMO marked with a double asterisk, which
meant a superhard problem, possibly too hard to pose. After a long discussion, the
jury finally had the courage to choose it as the last problem of the competition.

Eleven students gave perfect solutions."
Dich ra tiéng Viet nom na la:

"Khong c6 ai trong sb sau thanh vien ctia hoi dong giam khao ctia Uc gidi duge
bai toan nay. Hai thanh vién néi bat trong d6, déu la nhitng ngudi noi tiéng giai va
sang tao cac bai toan, 1a George Szekeres va vo ong. Day 1a bai toan s6 hoc nén né
da dugc gt cho bén nha sé hoc 16n nhat ciia Uce bay gio. Ho duge yéu cau giai bai

toan trong sau gis va khong cé ai giai dugc sau d6. Hoi dong tham dinh nop cho

'Pai hoc Khoa hoc Ty Nhién



ban giam khao IMO XXIX bai toan nay v6i hai dau hoa thi, dé néi len 1a né rat
kho, hodc 1a qua kho dé ra trong ki thi. Sau mot hoi ban bac, hai dong IMO XXIX
quyét dinh chon bai toan nay lam bai cudi ctia ki thi. C6 musi mot hoc sinh cho 1oi
giai hoan chinh ctia bai toan."

Trong s6 11 hoc sinh d6 c6 Gido su Ngo Bao Chau ciia ching ta.

Lgi giai nguyén thuay cua bai toan va cac van dé lién quan

Chiing ta bat dau véi bai toan gbe:

Bai toan 1. Cho a,b la cac s6 nguyén duong théa man ab + 1 | a® + b2
Chitng minh rang

a® + b?

ab+1

14 s6 chinh phuong

Loi gidi. Dat k = fbibf. C6 dinh k va xét tat ca cic cap (a,b) nguyén duong théa man phuong
trinh

k:a2+b2

¢6 nghia la xét tap

a?® + b?
S = b N* x N*|k =
(o= £22)

Vi S la tap céc cip s6 nguyen duong nén luon ton tai mot cap (ag, bo) trong S ma ag + by dat
gia tri nho nhat va ag > b.
Xét phuong trinh
x? + b
zby +1
13 mot phuong trinh bac hai an . Ta da biét ring phuong trinh trén c6 mot nghiém la ay. Nhu

=ker?—krby+b5—k=0

vay theo dinh 1y Viete thi ton tai nghiém a; théa man phuong trinh bac hai véi an z tren va
b —k
ag '

alzkbo—doz

Tt day ta c¢6 a; cling la s6 nguyén. Ta chitng minh a; khong am. That vay, néu a; < 0 thi
ai —kboay +by —k >ai +k+b5— k>0,

mau thuan. Do dé ta c6 a; > 0. T day ta co:
Néu a; > 0 thi (ag, bp) 14 mot cap thuoce S. Theo dinh nghia ctia (ag, by) ta co:

ag+ by < ap + by = ag < ay.
Do dé ciing theo Viete thi:
agéaoalzbg—k<bg:>ao<bo,

trai vi gid thiét ban dau.

Do d6 a; = 0, vi vay suy ra k = b3 1a mot s6 chinh phuong, ta c6 diéu can chiing minh. 0



Tit bai toan nay ta c6 thé thay dude cac bude giai bai toan ding phuong phap nay nhu sau:
1. Nhan dang bai toan thudc 16p phuong trinh Diophante bac hai (trd lén).

2. C6 dinh mot gia tri nguyén ma dé bai cho, roi gid st ton tai mot cap nghiém thoéa man

mot vai diéu kien ma khong lam mat tinh tong quét ciia bai toan.

3. Dua vao dinh Iy Viete dé tim cac mdi quan hé v sy mau thuan, tit dé tim duge két luan

cua bai toan.

Diém méu chét ciia cac bai toan nay 1a nguyén i cuc han: Trong tap hop céc s6 nguyen duong
thi luon ton tai s6 nguyén duong nhé nhat. Ménh deé trén khong nhiing hitu dung trong céac 16p
bai toan nay ma con trong nhiéu bai toan t6 hop, to hop s6 hoc va sé hoc.

Tt nhitng bai toan tiép theo, to6i sé trinh bay van tat cac budc lam va cach lam thay vi trinh
bay day di nhu bai toan trén, dé cac ban cé thé tu phat huy tinh tu lam viéc ctia minh. Phan

gdi ¥ sé ¢6 & cudi bai viét.

Bai toan 2. Tim tat ci cic s6 nguyén duong n sao cho phuong trinh sau c6 nghiém nguyén
duong :
2+ y* =n(z+1)(y+1).

Chiing minh. Chung ta sé lam theo cac budc nhu bai toan trén:
1. C6 dinh n, gid st ton tai cap (x¢,yo) Ma tong xo + Yo min va xo = yp.
2. Xét phuong trinh bac 2 an X nhu sau:
X% - Xn(y+1)+yd —ny —n=0.
Phuong trinh ¢6 nghiém la xy nén c6 nghiém x;.
3. Ap dung dinh 1y Viete:

o+ 21 =n(yo + 1), zoxr1 = yS — NYo — N.

4. Tuong ti bai trude, cac ban chiing minh z; > 0 va tit d6 sé ching minh z; = 0 bing

cach chiing minh z; > 0 thi sé dan dén mau thuan.

5. Tu d6 di dén két luan bai toan: z; = 0 va 2 = n(yo + 1) suy ra yo + 1 | y2, 1a diéu khong
thé x4y ra khi yo nguyén duong.

Do d6 khong ton tai s6 nguyén duong n théa man phuong trinh dau tien. 0
Tit bai toan nay, ta dan dén dude bai toan thia vi sau:
Bai toan 3. Gia su a, b nguyén duong thoa man:

b+1|a*+1,a+1|b*+1.

Chitng minh rang a,b déu 1a cac s6 1é.
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Chatng minh. Nhin vao bai toan trén, tit gid thiét ta khong nhin thay méi tuong quan gitta a, b
va tinh chin 1é ctia hai s6 d6. Vi vay, nhd ban nang va kinh nghiém, cach lam t6t nhat dé them
dit kién 1a sit dung phuong phap phan chiing.

Gia st a, b déu la cac sd chdn. T gid st nay, ban doc hay ching minh hai mau chét sau:

1. a+1va b+ 1 nguyén toé cing nhau.
2. a+1|a>+0? b+ 1]a®+ b2

Tt d6 suy ra ton tai n nguyen duong sao cho a® + b* = n(a + 1)(b+ 1) va theo bai toan trén

ta c6 dieu mau thuan. Vi vay a, b 18. 0
Bai toan trén ciing la mot bo dé quan trong clia mot bai toan trong IMO Shortlist 2009.

Bai toan 4. Tim tat ca cac s6 nguyén duong n sao cho ton tai day s6 nguyén duong aq, as, ..., a,

thda man
a? +1

Ty
ap—1 +1

Qg1 =
vol moi k théaman 2 <k <n—1.
(Phan goi § sé c6 & cudi bai viét).
Khi da giai dugce hai bai toan trén thi da s6 cac bai toan v6i hai bién x,y sé thanh chuyén "don
gian". Xin moi ban doc thit sitc v6i bai toan sau, va diéu an sau d6 mdi la diéu tha vi:
Bai toan 5. Tim tat ci cac s6 n nguyeén duong sao cho phuong trinh sau c6 nghiém nguyeén
duong:

(x+1)* =n(4oy +1).

Chatng minh. Ching ta tuan ti theo cac budce & trén. Dap an 1a véi n 13 s6 chinh phuong thi
phuong trinh luon c¢6 nghiém nguyén duong. 0

Dang chi ¥ 1a bai toan don gian nhu vay ma lai 1a mot bd dé cuc ki quan trong cho mot bai

toan kho sau:

Bai toan 6 (Taiwan MO 1998). Cho m,n 14 hai s6 1& v6i m > n > 1 théa man
m? —n®+1|n* - 1.

Chitng minh rang m? — n? + 1 14 s6 chinh phuong.

Chitng minh. Nhin vao bai toan nay va bai toan trén, ching ta khong thé thiy ngay sit lién hé.
Gai ¥ cho bai toan nay la lam thé nao dé chuyén vé bai toan trude.

Tit gid thiét ta c6 m? —n? +1 | n? — 1, dé cho tién va gon hon, ta c6 m? —n? +1 | m2. Tit day
ta c6 thé dat m? = k.(m? —n?+1) v6i k nguyén duong. Dén day thi chic khong kho dé nhin ra
moi lien he: Tt gid thiét m, n 1€, ton tai hai sd nguyén duong a, b sao cho m = a+b,n = a —b.
Do d6 phuong trinh trén tré thanh:

(a+b)?* = k(4ab + 1),

chiing ta quay vé bai toan trén. Vay k 1a s6 chinh phuong, do d6 4ab + 1 ciing 1a s6 chinh
phuong hay m? —n? + 1 1 s6 chinh phuong. 0
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Nhin bai toan trén, nhu mot ngudi lam toan, ching ta khong khéi thac mac 1a: lieu ¢ ton tai

2

hai s6 m,n nhu vay khong dé thoa man m? —n?+ 1|n? — 1 dé rdi suy ra m? —n?+1 14 s6 chinh

phuong? Bang 16i suy nghi d6 ching ta nén tim thit mot nghiém ctia bai toan:
Bai toan 7. Tim mot cap nghiém (m,n) 1é nguyén duong théa man dicu kién bai toan trén.

Chaing minh. Thit mot vai gia tri, bai toan khong hé dé nhu cac ban tuéng: Ching ta khong
thé "mo" nghiem dé rdi suy ra duge. Chiing ta nén bt dau véi cach lam tu nhien nhat: dit
m? = k(m? —n? + 1). Vi bai todn chi yéu cau mot nghiém, ta bat dau véi k = 1 la s6 chinh
phuong dau tién:

m*=m?—-n*+1en=1,

khong thoa man vim > n > 1.

Tiép tuc véi k = 4 1a s6 chinh phuong tiép theo:
m? =4(m? —n?+1) & 4n* — 3m? = 4.
Tt phuong trinh trén suy ra 2 | m hay dat m = 2¢. Tt d6 phuong trinh tuong duong véi
n? —3t* =1,

tré vé phuong trinh Pell quen thuoc va phuong trinh nay chic chin c6 nghiem vi 3 khong
phéi 1a s6 chinh phuong. Tim nghiém ctia phuong trinh nay khong hé kho, cac ban co thé tu
tim bing cach st dung cong thic nghiém tong quat ciia phuong trinh Pell hodc hé phuong
trinh. 0

Vay tat cd cac bai toan trén déu cé thé tim duge nghiem théa man. Bai toan vita xong chi 13
mot nghiém don gidn. Cau héi 13 c6 thé tim duge nghiém tong quat khong? Cau tra 16i 1a c6.
Trong ki thi chon hoc sinh giéi Toan qubc gia nam 2012, bai toan ciing stt dung phuong phap
buéc nhay Viete dé giai duge bai toan. Xin trich dan dé bai, bai giai trong tai licu "Nhan xét
va danh gid dé thi VMO 2012" ctia Thay Tran Nam Diing:

Bai toan 8. Xét cac s6 tu nhién 18 a,b ma a 1a u6c s6 clia b? + 2 va b 1a wée s6 clia a® + 2.

Chitng minh rang a va b 1a cac s6 hang ctia ddy s6 tu nhién (v,) xac dinh bdi
v =0y = L;v, =4v,_ 1 — Vp_9,Vn = 2.

Chitng minh. Gia st (a,b) 1a cdp s6 tu nhién 1& ma a 1a u6e s6 ctia b* + 2 va b 1a wde sb clia
a® + 2. Truée hét ta ching minh (a,b) = 1. That vay, dit d = (a,b) thi do d | a | b*> + 2 nén
d|2. Maa,blénéndlé, suy rad=1.
Xét s6 N = a? 4+ b> + 2 thi do a® + 2 chia hét cho b nén N chia hét cho b. Tuong tu, N chia hét
cho a. Vi (a,b) = 1 nén tir day suy ra N chia hét cho ab. Vay ton tai s nguyén duong k sao
cho

a®+b° +2=kab (1)

Tiép theo, ta chiing minh k£ = 4. That vay, dit A = {a + b|(a,b) € N* x N* ay + by + 2 = kab}.
Theo gia st & trén thi A # (. Do tinh sap thi tu tot cia N, A c¢6 phan tit nhé nhat. Gia st
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ao, by 1a cap s6 thoa man diéu kién (1) v6i ag + by nhd nhéit.

Khong mat tinh tong quat, c6 thé gid sit ag > by. Xét phuong trinh a? — kbga + b3 +2 = 0 ¢6
b2+2

02 .
Theo cong thiic nghiém thi r6 rang a; nguyén duong. Nhu vay (ag, by) cing la mot nghiém cta
(1). Do tinh nhd nhét clia ag + by, ta c6 ag + by < ay + by, titc 1a ag < kby — ag suy ra Z—g < %

Ta ¢6 a2 + b3 + 2 = kaghy suy ra

nghiém ag. Theo dinh 1y Viete thi phuong trinh trén con c¢6 1 nghiém nita la a; = kby—ay =

(on) bg 2
T I — 2
bo Qo * aobo ( )

Do & < % nen tir (2) ta co k < §+2+ 1 hay k <6.
Mit khéc, ap dung bat dang thitc AM-GM ta c6 a2 + b2 > 2agby nén k > 2.

Néu k # 4 thi (ag, by) # (1,1), do d6 agbp > 2. Dung (2) dé dénh gia ta c6 k < £+ 1+ 1 nen
k < 4. Vay cac gia tri k = 5,6 bi loai. Néu k = 3 thi do a3+ b2 +2 = 3aghy nén suy ra a? + b2 +2
chia hét cho 3, suy ra mot trong hai s6 ag, by chia hét cho 3, s6 con lai khong chia hét cho 3.
Néu by = 1 thi ag chia hét cho 3, khi d6 vé trai khong chia hét cho 9 con vé phai chia hét cho

9, mau thuan. Vay by > 1. Tit d6 suy ra agby = 6. Lai sit dung (2) dé danh gi4, ta suy ra

k 2 8
E<=-+1+- k< —.
2+ +6:> <3
Ma k € N nén k£ < 2, mau thuan.

Nhu vay ta da ching minh dude néu a, b 1a cic s6 tir nhién 1é théa man diéu kien dé bai thi
2, 12 _
a”+b"+2=4dab (3)

Ta sé ching minh trong trudng hop nhu vay thi ton tai s nguyén duong n sao cho (a,b) =
(U, Vpy1) VOI v, 12 day s6 duge dinh nghia ¢ dé bai.

Trude hét, ta c6 nhan xét : Néu a,b la nghiem cia (3) thi (4a — b,a) va (4b — a,b) cing la
nghiém cua (3). Tu d6, do (v, v9) 14 nghiém ctia (3) nén (4vy — vy, v2) cing la nghiém cia (3),
tiic 1a (vg, v3) cling 1a nghiém cta (3). T day bang quy nap suy ra (v,,v,11) 1a nghiem cia
(3).

Gia st ton tai cap s6 (a,b) théa man (3) nhung khong ton tai n sao cho (a,b) = (vn, Vni1)-
Trong cac cap so nhu thé, chon (a,b) c6 tong a + b nhdé nhat. Khong mat tinh tong quat, gia
st a > b (chil ¥ a khong thé bang b vi néu a = b suy ra a = b = 1, khi d6 (a,b) = (v1,v2).
Theo nhan xét trén thi 4b — a, b ciing la nghiém cua (3). Nhung do 4b —a = b%z <a(Via>b
nén ab — b* = (a+b)(a —b) > 3)), nén 4b — a + b < a + b. Theo dinh nghia cta (a,b) § trén,
phai ton tai n sao cho (4b — a,b) = (v, vyy1). St dung dang thic 4b — a = biTH va b > 1, ta
suy ra 4b — a < b. Nhu vay 4b — a = v,,b = v,41. Nhung tt day a = 4v,41 — v, = VUyyo, tiic
14 (a,b) = (Vpy1, Vpyr2) mau thudn. Vay diéu gia st 1a sai, titc 1a phai ton tai s6 tu nhién n sao
cho (a,b) = (vn, vny1) va nhu vay a,b 1a s6 hang cia day (v,). Bai todn duge gidi quyét hoan
toan. )

Nhan xét:

e Bai toan nay c6 2 y chinh:
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1. Chitng minh réng néu k 1 s6 nguyén duong sao cho ton tai a, b nguyén duong thoa
méan diéu kien a® + b> + 2 = kab thi k = 4. Phan nay kha quen thuoc véi cac ban
biét vé phuong phap phuong trinh Markov hay “buéc nhiy Viete”.

2. Mo t4 tat ca cac nghiém ctia phuong trinh a? + % + 2 = 4ab thong qua cap s6 hang
lien tiép ctia day v,, cai nay goi la phuong phap gien.

e Phuong trinh (3) con c6 thé gidi thong qua phuong trinh Pell 22 — 3b*> = —2. Tuy nhién
cach giai nay sé kha cong keénh vi day khong phéai 14 phuong trinh Pell loai 1.

Nhu vay qua nhan xét ciia bai toan trén, thay Tran Nam Diing da tong két lai cac budc lam
chinh: D6 1a sit dung budc nhay Viete dé tim duge k va st dung phuong phap Gien, phuong
phap 1 vo han dé tim duge diém dac biét ctia nghiém, d6 1a néu (a, b) 1a nghiém thi (4b — a, b)
ciing 1a nghiem, dan dén tim duge nghiém tong quét ctia phuong trinh trén.

Ngoai ra thay cling da dé cap tdi phuong trinh Markov, 1a mot phuong trinh rat ndi tiéng, co
thé néi 1a "thiy t6" clia phuong phap budce nhay Viete:

Bai toan 9 (Phuong trinh Markov). Tim tat ca cac sé nguyen duong k sao cho phuong trinh
sau ¢6 nghiém nguyén duong:
2 + 1% 4 2% = kayz.

Chitng minh. Chiing ta vita gidi quyét xong cac 16p bai toan véi hai an, vay bai toan ba an thi
161 giai c6 khac khong? Va khac nhu thé nao? Lieu ta c¢é thé tim dude cach giai tong quat cho
bai toan v6i ba an nhu véi hai an khong?
Céch giai bai toan nay phu thudc vao cach giai bai toan déi véi hai s6, truée hét ta can bo deé
sau:
B6 dé 1. k = 3 la s6 nguyén duong duy nhit dé phuong trinh sau luén c¢6 nghiém nguyen
duong (z,y):

22 +y* + 1 = kay.

B dé tren la mot bai toan st dung bude nhay Viete quen thude, moi ban doc tu giai.

Trd lai bai toan:

1. Thay k = 1 thi phuong trinh ¢6 nghiém (3,3,3) va k& = 3 thi phuong trinh ¢6 nghiem
(1,1,1).

2. Xét k # 1,3. Gia stt phuong trinh ¢6 nghiém (z0, yo, 20). Khong mat tinh tong quét, gia
stt 2o < Yo < 20 VA o + Yo + 2o nhd nhat trong tat ca cac tong x + y + 2 véi z,v, 2 1
nghiém ctia phuong trinh.

e Néu yg < 29, xét phuong trinh bac hai:

Phuong trinh trén c¢6 mot nghiém la zy. Theo dinh 1y Viete thi c6 nghiém thit hai
z1 thdéa man:
x5 + Y

20 '

21 = kxoyo — 20 =
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T d6 suy ra z; nguyen duong va (Zo, Yo, z1) 12 nghiem thit hai. Do d6 theo gia thiét
cuc han ta co:

To+ Yo+ 20 < To+ Yo+ 21 = 20 < 21,
dan dén
o+ s —kroyo =220 — 21 —20= (21 — D)(20 — 1) = 1 =95 — 1,
va suy ra
1 > zo(kyo — xo) = xo(kxo — x0) = X0,

ma 7 nguyen duong suy ra xo = 1. Ta trd vé bai toan y? + 22 + 1 = kyz, chinh 1a

b6 dé suy ra k = 3, trai gia thiét.
e Néu yy = 2. Ta c6
2y5 — pyo + a5 = 0 = aj = yg(pro — 2) = 23(pro — 2),
va tit d6 dan dén 3 > pxg, ma pro > 2 nén pro = 3 suy ra p € {1, 3}, trai gid thiét
Vay k € {1,3} thi phuong trinh luén c¢6 nghiém nguyén duong. 0

Trén day 1a mot s6 bai toan ma toi muon gidi thieu véi ban doc, dé 1a cic bai toan kha quen
thuoc va duge lip lai trong nhiéu ki thi. Toi hi vong qua bai viét nay ban doc c6 thé nim bét
phuong phéap giai mot 16p cac bai toan vé phuong trinh bac hai Diophante nhiéu an.

Sau day 1& goi ¥ cho cac bai toan va mot sd cac bai toan thit stc.

Ggi y cho mot so bai toan
2. Chiing minh z; > 0:

x5 + Y

2 2
- 1) — 1 0 =220
ri —z1n(yo +1) —n(yo + 1) + 45 1 (o + 1)

—1>-1,

ma ri nguyén nén z; = 0.

3. V6ia,bchin: c6b+1|0*—1,b+1|a’+1nénb+1|a®+ b Tuong tu a+ 1| a®+0°.
Goid=(a+1,b+ 1, hay ching minh d |2 ma d1é doa+1,b0+11é nén d = 1, tit d6 suy
raa®+ b =k(a+1)(b+1).

4. n=1,2,3,4. Dé dang chi ra day v6i n = 1,2,3. Day c6 do dai 4: 4,33,27,1384.

Phan chitng ton tai diy do dai 5: a1, as, as, as, as. Tt day chitng minh hai ménh dé sau:
(a) ag,as chan (st dung phan ching)

(b) ag+1|a2+1,a3+1]a2+ 1.
5. Ching minh x; > 0: tit phuong trinh ta co

2
1
M_1>_1<:>$1>__
n

dr1yo =
4y

ma z; nguyén nén xr; > 0.
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Cac bai toan thu sirc

21 p2 <z
Lb% ]_a SO
ab

Bai toan 10. Chiing minh ring néu a,b 1a cac s6 nguyén duong sao cho k =

nguyén thi £ = 8.
Bai toan 11. 1. Tim n sao cho phuong trinh sau ¢6 nghém nguyén duong:

(x+y+2)?*=nryz

2. Tim n sao cho phuong trinh sau c6 nghém nguyén duong:
(x+y+2z+1)* =nwyzt
Bai toan 12 (Mg rong phuong trinh Markov). Cho a, b, ¢ 1a ba s6 nguyén thoa man
a® 4+ b* + ¢ = kabe.
Chiing minh rang hoac (a,b,c) = 1 hodc (a, b, c) = 3.
Bai toan 13. Chitng minh ring phuong trinh
2y + 22 =n(ryz+ 1)

c6 nghiem nguyén duong khi va chi khi n duge biéu dién duéi dang tong ctia hai s6 chinh
phuong.

Bai toan 14 (Adapted from Vietnam TST 1992). Tim tat ca cac cip s6 nguyen duong (a, b)
thoa man
a® 4+ b* = k(ab —1).

Bai toan 15 (Turkey TST 1994). Tim tat ca cac cap (a,b) ma ab | a* + b* + 3.

Bai toan 16. Cho a,b, ¢ 1a ba s6 nguyén duong théa man
0<a®+b*—abc <c,

chitng minh rang a? + b*> — abc 14 s6 chinh phuong.

Bai toan 17. Chiing minh ring ton tai vo han cic cip (m,n) nguyén duong théa man

m+1 n+1
—|— —
n m

4.

Bai toan 18 (IMO Shortlist 2003). Tim tat ca cac ciap a,b thda man

CLZ

2ab? — b3 + 1

Bai toan 19. Chitng minh rang tit cd nghiem nguyén duong ctia phuong trinh 22 4y?+1 = 3zy
1a (z,y) = (Fog_1, Fory1) v6i F,, 1a 86 Fibonacci.
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Bai toan 20 (IMO 2007, IMO shortlist). Cho a,b nguyén duong. Ching minh réng néu

4ab — 1| (4a® — 1), thi a = b.

Goi 9. Dung phan chiing, gia sit a > b véi moi a, b théa man. T gid thiét, hiy ching minh:
1. 4ab—1| (a — b)?

2. ag— by = (ag + bo)(4aghy — 1) v6i ag, by 1a nghiem nhd nhat theo nghia ag + by min, tir d6

suy ra mau thuan
0

Bai toan 21 (**, Kiran Kedlaya). Ching minh rang (zy + 1)(yz + 1)(z2 + 1) 1a s6 chinh
phuong khi va chi khi zy + 1,9z + 1, zz + 1 12 s6 chinh phuong.

Goiy. 1. Néu xy + 1,9z + 1,22 + 1 1a s6 chinh phuong thi hién nhién ta c6 tich ba s6 d6
chinh phuong.

2. Néu (zy +1)(yz +1)(zz + 1) 1a s6 chinh phuong. Hay chitng minh ton tai ¢ thoa man he
sau:
(x+y—2z—1)?2=4(zy +1)(zt +1)

(x+2z—y—t)2 =4d(xz+1)(yt + 1)
(x+t—y—2)?=4(xt+1)(yz+1)

(t chinh 1a nghiém ctia phuong trinh 2 + 2% + y? + 22 — 2(xy + yz + 2t + to + 2z + ty) —
dryzt — 4 = 0). Xét nghiém ¢ nho nhat.
St dung phan chiing: gia st zy + 1 khong chinh phuong. Tu day, hay chiing minh:

(a) t> —F—~ > —1nént>0.

Z max{zy.7}

(b) Xét hai truong hop ¢ = 0 va ¢ > 0, dan dén mau thuan.

Tai liéu tham khao

1. Dang Hung Thang, Nguyén Van Ngoc, Vii Kim Thiy, Bai gidng s6 hoc. NXB Gido duc,
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2. Kiran S. Kedlaya, When Is (zy + 1)(yz + 1)(zx + 1) a Square. Mathematics Magazine,
Vol. 17, No.1, Feb., 1998.

3. Authur Engel, Problem Solving Strategies. Spinger Verlag, 1998.
4. Tran Nam Diing, Loi gidi va binh lugn VMO 2012. Dién dan Mathscope, 2012.

5. Site: http://www.artofproblemsolving.com/Forum



CHUYEN BE 2:
VAN DUNG PHUGNG PHAP LTE
VAO GIAI CAC BAI TOAN SO HOC

Pham Quang Toan !

Bo6 dé vé s6 mii dung (Lifting The Exponent Lemma) 1a mot bo dé rat hitu dung
trong viéc gidi cac bai todn s6 hoc va rat duge biét dén trong lich st Olympiad.
Thuc chat 1a né dude mé rong ra tit bo dé Hensel. Ta thuong viét tit ten ctia bo
dé 1a LTE, tén Tiéng Viét thi c6 thé goi 1a bo dé vé s6 ma ding. Bai viét nay xin
dugc gidi thieu véi ban doc vé bd dé va nhitng ting dung dic sic ctia né vao cac bai
toan 1y thuyét sb.

Bai viét chii yéu dita vao tai lieu ctia thanh vien Amir Hossein bén trang mathlinks.ro
(vé mat 1y thuyét thi minh gitt nguyén ban bai viét ctia Amir Hossein sang bai viét
nay) va c6 kem theo mot s6 vi du duge 1ay tit cac ki thi Olympic toan trén thé gidi.

Mot s6 khai niém
O day, thay vi ki hieu a'b nghia la a chia hét cho b, ta sé ki hieu bla. Va a /b sé dugc thay bing
b1t a.
Dinh nghia 1. Cho p 14 s6 nguyén t6, a 13 s6 nguyén va « 1a s6 tit nhién. Ta c6 p® 1a liiy thita
ding (exact power) clia a va « la sb mil ding (exact exponent) ctia p trong khai trién clia a
néu p®la va p®*! ta. Khi dé ta viét p* || a hay v,(a) = a.
Vi du. Ta c6 v5(5400) = 3 hay 5% || 5400 vi 5400 = 53 - 3% - 22,
Sau day 1a mot s6 tinh chat. Ching minh tinh chat nay khong kho, xin danh cho ban doc.
Tinh chét 1. Cho a, b, ¢ la céc s6 nguyen. Ta co

1. uy(ab) = vy(a) + ,(0)

2. v,(a”) =n-vy(a)

3. min{vy(a),vy(b)} < vp(a+b)
Déu déang thic xay ra khi v,(a) # v,(b).

4. vy (ged(lal, [0], [e])) = minfv,(a), v, (), vp(c)}

5. vy (lem([al, [0, |¢f)) = max{vp(a), vy(b), vy(c)}

Cha y. v,(0) = oo v6i moi s6 nguyén to p.

'Lép 9C THCS Diang Thai Mai, Tp Vinh
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Hai b6 dé

Dau tién, xin giéi thieu véi ban doc hai b6 dé. Va hai bo dé nay sé gitp ta tim cach chiing
minh dugce cac dinh 1i khac cta LTE.

B6 dé 1. Cho z,y la hai s6 nguyén va cho n 1a s6 nguyéen duong. Cho sé nguyén t6 p bat ki
sao cho plr —y vapfa,pty. Tacod

n

vp(2" —y") = vp(x — ).
Chitng minh. Ta c¢6 p|x — y nén
" " Ry by Py =™ £ 0 (mod p)

Ma 2" —y" = (x —y) (@ '+ 2" %y + -+ 2y" 2+ 9" !) néen ta suy ra diéu phai ching
minh. 0

B dé 2. Cho x,y 1a hai s6 nguyén va n 1a sé nguyen duong 1é. Cho s6 nguyeén t6 p bat ki thoa
méan plx +y va ptx,pty. Khi do

vp(2" +y") = zp(x + ).

Chitng minh. Ap dung bd dé 1 ta c6 v, (2™ — (—y)") = v,(z — (—y)) nén v, (" +y") = v,(z +y).
(vi n 18). Bo dé dugc chiing minh. 0

Lifting The Exponent Lemma (LTE)

Dinh 1y 1. Cho x va y 1a cac s6 nguyen (khong nhat thiét phai nguyen duong), n 1a mot s6

nguyén duong va p 1a mot s6 nguyén t6 16 thoa man p|lz —y va ptx,pfy. Ta co
up (@™ = b") = vy(a — b) + vp(n)

Chaing minh. Ta sé di chitng minh quy nap theo v,(n). Truéc hét, ta sé di chiitng minh khang
dinh sau:

vp(” = ¢") = vp(r —y) + 1

Dé chiing minh diéu dé thi ta can chi ra ring

p‘l’p_l + xp—Qy et xyp—Q i yp—l (1)

P ralTt b aP Py e gy (2)

Véi (1), nho ap dung = =y (mod p) ta suy ra

P71 4+ .4 yp_l = pxp_l =0 (HlOd p)
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Vé6i (2), tadat y =+ kp véi k € N*. Khi d6 v6i 1 <i<p—1 (i € N) thi
yixp—l—i = (ZL‘ + ]{?p)il‘p_l_i
= g1t (:c’ +i(kp)a't + i1 5 )(/’fp)sz’2 + - )

= g1 (xl + i(kp)xi_l)
= 2! +ikpa?? (mod p?).
Do do,
oP Py P = 2P (2P kpaP ) A+ (2P 2kpa )+ (2P 4 (p— 1)EpaPT?)
= paP ! + ]%1 - kp*aP?
=pr’ ' #Z0 (mod p?)

Nhu vay v, (2P — y?) = vp(r —y) + 1.
Quay lai bai toan, dat n = p* - h v6i b,k € N, b > 1 ged(b, p) = 1. Khi d6 thi

vpla” = ") = wp((a”)" = ()"

Dinh ly duge ching minh. 0

Dinh 1y 2. Cho hai s6 nguyén z,y, n 1a s6 nguyén duong 1&, va p 14 uéc nguyen t6 1é sao cho
plr+y vapta,pty. Khido

vp(2" +y") = vp(x + y) + vy(n).
Chitng minh. Ap dung dinh 1y 1 ta c6
vp(e" = (=y)") = vp(x = (=y)) + vp(n)

hay
Up<xn +y") = Up(x +y) + Up(n)

Dinh 1y 3. (cho truong hop p = 2) Cho z,y la hai s6 nguyen 1¢ théa man 4|z — y. Khi d6
va(2" = y") = va(x — y) + v2(n).
Chitng minh. Theo bo dé 1 thi néu p nguyén to, ged(p,n) = 1, plr —y va pfa,pty thi

vp(2" —y") = vp(x — y)
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Do d6 ta chi can xét téi truong hop n 1a liiy thita clia 2, titc can chiing minh
on ony
va(a” =y ) =wa(r—y)+n

That vay, ta ¢

n n n—1 n—1 n—2 n—2
=y =@+ )@+ )@+ ) @+ y) (e —y)

Viz=y=+1 (mod 4) nén 22° = y* =1 (mod 4). Do d6

2n71 27171 277,72
+y )

vo(x = va(x )= =z 4y) =1
Nhu vay v (2% + y*") = n+ vy(x — y), ta c6 diéu phéi chiing minh. 0

Dinh 1y 4. (cho truong hop p = 2) Cho hai s6 nguyén 1& x,y, n 1a s6 nguyén duong chin va
2|z —y. Khi d6
va(a" = y") = vz —y) + va(x +y) + v2(n) — 1.

Chiing minh. Ta c6 4|x? — y* nén dat n = 2% - h v6i k, h € N*, ged(h,2) = 1. Khi dé ta c6

n n .2k .2k
vy (2™ — y") = vp(a™F — ¢

=u((@)” - )*)

=wv(z® —y*) + k-1
= vz —y) + va(x + y) + v2(n) — 1

Ta ¢6 hé qua sau:

Hé qua. Cho a,n 1a hai s6 nguyén duong:

i) p la hai s6 nguyeén t6 1é sao cho v,(a — 1) = @ € N*, khi d6 v6i moi s6 tu nhien 5 ta co
va" —1) =a+ B < v,(n) = p.

ii) n chén sao cho vy(a? — 1) = o € N*, khi d6 v6i moi s6 nguyen duong § thi ve(a” — 1) =
a+p e uv(n)=0+1

Chu y.

a) Néu trong cac bai toan doi hdi van dung phuong phap LTE, ta nén dé y t6i cac dieu kién
dat ra ctia n, x,y, lya chon dinh Iy phu hgp dwa vao 16i giai bai toan.

b) Néu dit lieu bai toan cho a|b véi a,b € N thi v6i moi p 1a uéc nguyén t6 clia b, ta luon co
v,(b) = vp(a). Nguge lai, néu v,(b) > v,(a) thi a|b. Nhu vay

alb < vy(b) = vy(a)

Day 1a mot tinh chat rat thuong dude ding trong céc bai toan st dung phuong phéap
LTE.
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Mot so vi du

Sau day minh xin dua ra mot s6 vi du vé cac ting dung clia phuong phap nay.
Vi du . Tim s6 nguyen duong n nhdé nhat théa man 229131999" — 1.
Loi gidi. Ap dung Dinh 1y 4 ta ¢6

02(1999" — 1) = vy(n) + v2(2000) + v5(1998) = va(n) + 5

Dé théa man 22013]1999™ — 1 thi vy(n) + 5 > 2013 hay va(n) > 2008.
Vay s6 nguyén duong n nhé nhat théa man deé ra 1a 22908,

Vi du . (IMO Shortlist 1991) Tim s6 nguyén duong k 16n nhat théa man 1991% 1a uée ciia

11992 11990

1990171 4 1992199

Loi gidi. Dat a = 1991 thi a 1& s6 nguyen t6 1&. Do d6 theo Dinh ly 2 thi

-1

(00 1) = (0 )

=, ((a 1) +a+ 1) + v (a®t)

:a—1+va((a—1)”’2+a+1)

Ciing theo Dinh 1y 2 thi v, ((a —1)” + 1) = v4(a) +v,(a?) = 3 nén v, ((a ~ )% +a+ 1) =1

Vay, v, <(a — 1)+ (a+ 1)““71> — a. Ta thu duge maxk = a =[1991]

Vi du 1. (Italy TST 2003) Tim bo s6 nguyén nguyeén (a, b, p) sao cho a, b 1a s6 nguyén duong,
p 1a s6 nguyén t6 thoa man 2¢ + p® = 19%.

Loi giai. Vi a nguyén duong nén 17|19* — 2. Vay p = 17. Ap dung Dinh 1y 1 ta c6

U17(19a - 2(1) = ’017(17> + v17(a)
(:>b21+v17(a) <l+a

1. Neub < 1+ a hay 1 < b < a. Dé dang chitng minh quy nap rang 19% — 2% > 17% véi
a>1. Mal17* > 17" Vay a = b = 1 & trudng hop nay.

2. Néu b = 1 + a thi dé dang chiing minh quy nap 19% — 2% < 179! = 17°, mau thuén.

Vay (a,b,p) = (1,1,17) la dap 4n duy nhat bai toan.

Vidu . (IMO 1990) Tim s6 nguyén duong n sao cho n?|2" + 1.

Loi gidi. V6i n = 1 théa man. V6i n > 2, nhan thay n 18.

Goi p la uéc nguyen t6 1é nho nhat ctia n. Khi do ta suy ra 22" =1 (mod p). Goi k 1a s6 nguyéen
duong nhé nhat théa man 2¥ =1 (mod p). Khi d6 k|2n. Theo dinh 1y Fermat nhé thi 2P~ =1
(mod p) nén k|p — 1. Nhu vay ta suy ra ged(n, k) = 1 nén k|2. V6i k = 1 thi p|1, mau thuan.
Vay k = 2. Do d6 p = 3 hay 3|n.

Dit vs3(n) = k (k € N*). Ap dung Dinh 1y 2 thi ta c6

v3(2"+1) =v3(3) +v3(n) =14k
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Lai ¢6 vi n?|2" 4+ 1 nén v3(2" + 1) > v3(n?) & k+ 1 > 2k. Vay k = 1. Dat n = 3m véi m € N*
va ged(m, 3) = 1.

Goi p; 1a u6c nguyen t6 nho nhat ctia m. Khi do ta c6 2™ = 1 (mod p,). Goi k; 1a s6 nguyéen
duong nhé nhat théa man 2% = 1 (mod p;). Tuong tu thi ta d& dang suy ra k|6. Vi p; > 5 nén
k = 3 hoac k = 6.

Véi k = 3 thi py|7 nén p; = 7. V6i k = 6 thi p;|63 ma p; > 5 nén p; = 7. Tuy nhién
2"+ 1=2"4+1=8"+1=2 (mod 7) ma 7|n? mau thuan.

Vay uéc nguyen t6 duy nhat cia n 14 3 ma 3 || n nén n = 3.

S6 nguyen duong n théa man dé bai la n € {1;3}.

Vi du 2. (European Mathematical Cup 2012, Senior Division) Tim sb nguyén duong a, b, n va
sO nguyén t6 p théa man

0,2013 + b2013 — pn

Loi giai. Dat a = p* -y, b=p* -t v6i x,y,z,t € N; t,y > 1 va ged(y,p) = 1, ged(t,p) = 1.
Khong lam mat tinh tong quat, gia st ring > z. D& nhan thay rang n > 2013z > 2013z. Khi
d6 phuong trinh ban dau tuong duong véi

252013 +p2013(x—z) 2013 _ pn—2013z

"y
Néu z > 2 thi p{ VT. Do d6 pt p" 2137 suy ra n = 2013z. Vay ta dugc phuong trinh

t2013 _|_p2013(xfz) 2013 _ 1

"y )
mau thuan vi VI' > 2 (do ,ty > 1). Vay = z. Phuong trinh tré thanh
t2013 + y2013 — pnf2013z — pk (k =n — 20132 e N*) (3)

Néu p|2013 thi theo dinh Iy Fermat nhd ta suy ra t2°% + %013 = 2 (mod p), mau thuan vi p|p*.
Vay ged(p,2013) = 1.
D@ thay theo (3) thi p|t +y. Do d6 bang viec 4p dung Dinh 1y 2 ta c6

vy (12013 4 y213) = o (¢ + )
Ta lai ¢6 t + y|t?"*® + y?*'3 va (3) neén ta suy ra

pk =t + y = t2013 + y2013
tQOlQ(t o 1) + y2012(y o 1) =0

Vit,y > 1 nén tit phuong trinh tasuyrat =y =1. Dodép=2,ttdésuyraa=b=2"n =
2013~h + 1 v6i h € N.
Nhan xét. Ta c6 thé tong quat bai toan len thanh: Giai phuong trinh nghiém nguyén duong

an+bn:pk

v6i p nguyén to.
Vi du 3. (Romanian IMO TST 2005) Giai phuong trinh nghiém nguyén duong

3F=2"y+1

Loi giar. Ta xét hai truong hop:
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1. Néu z 1é thi 4p dung Dinh 1y 1 ta ¢6 v2(3* — 1) = v2(3 — 1) = 1 hay v5(2* - y) = 1. Do
d6 x = 1. Tu phuong trinh ta suy ra y = 1.

2. Néu z chan thi 4p dung Dinh 1y 1 ta c6

12(3" — 1) =v2(3 = 1) + v12(34+ 1) + va(x) — 1 =2 + vy(x)
Sva(27-y) = 2+ va(x) & w +oa(y) = vax) +2 (1)

Diat x = 2™ - k v6i m,n € N*. Ta dé dang chiing minh bing quy nap rang 2™ -k > m + 2
v6im € N, m > 3. Do dé o > vy(x) + 2 véi vp(x) = 3 hay v6i x > 2*2®) = 8. Nhu vay
x > 8 thi (1) khong xdy ra. Vay < 8, x chdn nén = € {2;4;6}. T day ta tim dugc
(z,y) = (2:2), (4 5).

Vay phuong trinh c¢6 nghiém nguyén duong (z,y) = (1;1), (2;2), (4;5).
Nhan xét. Qua bai toan trén, ta luu ¥ mot s6 ¥ tudng duge ding trong phuong phap nay: Véi
p 1a mot uc nguyeén t6 ciia a = p™ - k v6i m, k € N* thi:

i) a 2 pvp(a).
ii) p™ -k >m+avéim > 8. Tu day suy ra a > vy(a) + « véi vy(a) = 8 hay a > pP.

Céc bai trén chi yéu la cac bai khong khé dé van dung b6 dé LTE vi ta da xac dinh duge céc
yéu to p,a,b mot cach dé dang. Tuy nhién, van c6 mot s6 bai toan doi héi ta phai di tim ra
cac yéu to p,a,b ...

Vi du 4. (IMO 1999) Tim tat ca cac cip (n,p) nguyen duong sao cho p la s6 nguyén t6 va
(p —1)" + 1 chia hét cho nP~1.

Loi gidi. Dé thay v6i n = 1 thi p 1a s6 nguyén t6 bat ki déu thoa man dé ra. Véi n > 2, ta co
cac truong hop:

Trudng hop 1. Néu p = 2 thi n|2. Do d6 n = 2.

Trudng hgp 2. Néu p 1é. Lay ¢ 1a wéc nguyén t6 nhd nhat ctia n, khi d6 (p — 1)" = —1
(mod ¢) hay (p—1)>" =1 (mod ¢) va ged(p —1,¢q) = 1. Ta lay o 1a s6 nguyen duong nh6 nhat
thoa méan (p —1)° =1 (mod ¢). Khi d6 thi ta suy ra o|2n. Ap dung dinh 1y Fermat nhé ta c6
(p—1)7' =1 (mod ¢). Do d6 o|g — 1.

Nhu vay, o|2n va o|q — 1. Néu ged(o,n) > 1 hay o,n chia hét cho s6 nguyén t6 r, khi d6 ta suy
rar|n var <o. Maolg—1nén o < ¢, do d6 r < q. Ma r va ¢ déu 1a u6c nguyén t6 ctia n, mau
thuan vé6i diéu kien nhé nhat ctia ¢. Vay ged(n,0) = 1. Do d6 2|o. Vay (p — 1) = 1 (mod q)
hay g|p(p — 2).

1. Néuglp—2thitaco (p—1)"+1=1"+1=2 (mod q). Vay ¢ =2. Ta c6 (p—1)" + 1
chia hét cho 2 nén p = 2, mau thuan vi p 18.

2. Néu ¢|p. D& nhan thay n phai 1é (vi néu n chén thi (p —1)"+1 =0 (mod 4), mau thuan
vi p 1é). Ta ap dung DPinh 1y 2 ta c6

vg (0 = 1)" + 1) = 04(n) + vy(p) = vg(n) - (p = 1) (4)
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Dit p = ¢* - b v6i a,b € N*. D& dang chitng minh bang quy nap ¢* - b > a + 2 (cha y vi
q|lp nén g > 3), dau bang xdy ra khi a = b =1,¢ = 3. Do d6 p > v,(p) + 2. Két hop vdi
(3) ta suy ra

p— 22 v4(p) = vy(n)(p —2)
Vay ¢ = p =3 vavg(n) = 1. Dat n = 3k v6i k € N*, ged(k,3) = 1, ged(k,2) = 1. Nhu
vay tit dé bai ta s& c6 9k2|8F 4 1.
Hién nhien 9|8% + 1. Ta chi can di tim k sao cho k?|8% + 1. V6i k = 1 thi n = 3, thda man.
V6i k > 2, hoan toan tuong ty, lay r 1a uéc nguyén t6 nhé nhat clia k va s 14 s6 nguyén
duong nhé nhét sao cho 8 = 1 (mod 7). Ta suy ra s|2 nén s = 2. Khi d6 r|8* — 1 hay
7|7, diéu nay mau thuin vi 8 +1 =2 (mod 7).

Vay, cap s6 (n,p) thoa man dé bai 1a (1,p), (2,2), (3, 3).
Vi du 5. (Brazil XII Olympic Revenge 2013) Tim céc bo ba s (p,n, k) nguyén duong thoa
méan p 1a s6 nguyen t6 Fermat va

p+n=(n+1)" (5)
So nguyén to Fermat la so nguyén to cé dang 2% + 1 vdi x tu nhién.
Loi gidi. Dat a =2 Néun=1thi (5) ©p=2F-1=2*+1.Dod6 k=2,a=1nén p=3.
Néu n > 2. Ta goi 7 1a mot u6c nguyén t6 ctia n. Tt phuong trinh ta suy ra p” = 1 (mod n)
hay p" =1 (mod r). Do d6 ged(p, r) = 1. Dat k 1a s6 nguyeén duong nhé nhat théa man p* =
(mod 7). Ta ciing ¢6 theo dinh Iy Fermat nhé thi p"~! = 1 (mod r). Vay ta suy ra klr — 1 va
kln. Vi ged(r —1,n) =1 nén k = 1. Ta ¢6 r|p — 1 hay r|2*. Vay r = 2 hay 2|n. Ta c6

(B)ep'—1=Mm+1)[(n+1)""—1]
Tu phuong trinh dan dén vs(p™ — 1) = vo ((n + )" = 1).
Néu k — 1 1é thi
vy ((n+ 1Et — 1) = va(n) < vy (p2 —1) 4+ va(n) — 1 =w(p" — 1),
mau thudn. Vay & — 1 chn. Ap dung Pinh 1y 4 ta c6
va(p" — 1) = vy ((n+1)"' —1)
Svy(p® — 1) +va(n) — 1 =v3(n) + va(n +2) +ve(k —1) — 1
Sva(p—1) +va(p + 1) = va(n +2) + va(k — 1)

Néu vo(k — 1) = va(p — 1) thi p — 1|k. Do d6 (n + 1)* = n + 1 (mod p) theo dinh ly Fermat
nhé. Tuy nhién theo (5) thi n = (n + 1)* (mod p) nén n = n + 1 (mod p), mau thudn. Vay
ve(k — 1) < va(p — 1). Khi d6 theo phuong trinh ta c¢6

I <up+1) =v2(294+2) < va(n+2)
Do d6 va(n+2) > 2. Tasuy ran =2 (mod 4).

1. Néup>5thi2¥ +1>5nénx>2 Dodép=2 (mod5). Ap dung n =2 (mod 4) thi
ta suy ra p" =4 (mod 5). Do d6 4 +n = (n+ 1)* (mod 5). Vin+4 #Zn+1 (mod 5)
nén k #1 (mod 4). Vik1énén k=3 (mod 4). Vay 4+ n = (n+1)® (mod 5).
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e Néun=0 (mod 5) thi4d+n— (n+1)> =3 (mod 5), mau thuin
e Noun=1 (mod5) thid+n— (n+1)>=2 (mod 5), mau thuan
e Néun=2 (mod 5) thid+n—(n+1)>=4 (mod 5), mau thuén
e Néun =3 (mod 5) thid+n— (n+1)> =3 (mod 5), mau thuin
e Néun =4 (mod 5) thid+n— (n+1)> =3 (mod 5), mau thuan

Vay v6i moi n € N* thi n +4 # (n+1)® (mod 5). Ta loai truong hop p > 5.

2. Néu p =5 thi o = 2. Khi d6 thi 3 = vy(n + 2) + va(k — 1). Vi ve(n +2) > 2 nén ta suy
ra vy(n +2) = 2,v9(k — 1) = 1. Ta cling c6 5" +n = (n + 1),

e VG6in=2thi k=3.

e V6i n > 3. Goi ¢ la uc nguyen t6 18 ctia n thi ¢|5™9Y — 1 =52 — 1 = 24. Vay ¢|3
nén ¢ = 3. Do d6 n = 0 (mod 6). Ké hgp véi n = 2 (mod 4) ta suy ra 5" = —1
(mod 13) nén n — 1 = (n+ 1)* (mod 13). Ap dung Pinh 1y 1 ta c6

v3(5" = 1) =3 (n+ 1" ' = 1) & 14 vs (g) =v3(k — 1) +v3(n)

Vay 3|k — 1. Ta cling ¢6 k = 3 (mod 4) nén k =7 (mod 12). Theo dinh 1y Fermat
nhd tasuyra (n+1)*=(n+1)"=+(n+1) (mod 13). Nhuvayn— 1= —n—1
(mod 13) dan dén n = 0 (mod 13), vo ly. (vi v6i 13|n thi 5 = 1 (mod 13), mau
thuan do 5" =5 (mod 13)).

Vay (p,n, k) = (3,1,2),(5,2,3).
Vi du . Tim bo ba s6 nguyén duong (a, b, c) sao cho a® + 1 = (a + 1)°.
Loi gidi. Goi p 1a mot uée nguyen t6 1é ciia a. Khi dé thi theo Dinh 1y 1 ta c6

vp((a+1)° = 1) = vy(a) + vp(c) = vy(a) - b
Svy(c) 2 vp(a)(b—1)  (6)

1. Néu c1é thi ta c6 vy ((a + 1) — 1) = va(a). Do d6 b = 1. Nhu vay thitac6 a+1 = (a+1)°

suy ra ¢ = 1.
2. Néu ¢ chén thi vy(c) > 1 va b > 2. Theo Dinh 1y 4 thi
ve((a+1)°=1) =vo(a) + vala+2) + ve(c) — 1 = wvy(a) - b (7)
e Néu vy(a) = 1 thi ta ludn c6 va(c) = vy(a). Ket hop vé6i (6) ta suy rac > a(b—1) > b,
mau thuan vi lic dé thi (a + 1)¢ > a® + 1.
e Néu vy(a) > 2 thi (7) & wvy(c) = wa(a) - (b — 1). Két hop véi (6) ta dan dén
¢ > a(b—1) > b, mau thuan

Vay phuong trinh ¢6 nghiem (a, b, c) = (k,1,1) v6i k 1a sd nguyen duong tuy .
Nhan xét. Tu bai toan trén, ta c6 thém mot s6 mé rong sau:

Mé rong 1. Tim cac s6 nguyéen duong m, [, n, k thda man (1 +m")! =1 + mk.
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Md rong 2. (IMO Shortlist 2000) Tim bo ba s6 nguyen duong (a, m,n) théa man a™+1|(a+1).

Ngoai viéc phuong phap LTE dudc ting dung tric tiép vao 10i gidi thi phuong phap nay con
dugc dung dé tim dang vo han ciia bai toan chia hét.

Vi du 6. Chiing minh ton tai vo han s6 ty nhién n théa man n|3" + 1.

Phan tich va dinh hudng 107 gidi. Diéu bay gio ta can lam va di tim mot trong cac dang ctia n
théa man n|3" + 1.

Truée hét, nhan thay 5|32 + 12. Bay gio ta dé ¥ dén cac dicu kién a, b, p trong Dinh 1y 2, ap
dung va ta sé duge 571[3%%" +125° Do d6 2-5%|325" +-1. Vay ta chi can ching minh n = 2. 5
v6i k € N thi n|3™ + 1.

Loi gidi. Truée hét, ta sé di ching minh 3*3"" =1 (mod 5%). Ap dung Dinh Iy 1 ta c6

s (34'5k_1 — 1) =vs(3* = 1) +us(5F ) =k

Vay 3% = 1 (mod 5) hay 5| (32'5’“ - 1) (32-5k + 1). Do d6 5*|32" + 1. Lai c6 2|32 + 1
nen 2 - 5¥[3%%" 41,

Vi k € N* nén ton tai vo han s6 ty nhién n = 2 - 5% sao cho n|3" + 1.

Vi du 7. (Romanian Master of Mathematics Competition 2012) Chiing minh ton tai vo han
s6 nguyén duong n théa man 22"+ + 1 chia hét cho n.

Phan tich va dinh hudng 107 gidi. Ta sé tim mot s6 n théa man diéu kien trén. Dé thay n = 3
théa man. Ta manh dan thit v6i n = 9,27 -- cling déu théa man. Tu day ta dé dang tim dugc
mot dang ciia nn la n = 3. o) day minh xin gidéi thiéu hai loi giai:

Loi gidi 1. Ta sé di chiing minh s6 nguyén duong a, = 3" thoa man yéu cau bai toan. That

vay, theo Dinh 1y 2 ta c6
v3(2% + 1) = v3(3) + v3(a,) =k + 1
Va
v3(2" T 1) = v3(3) + (2 + 1) =k + 2

Vay a, |22 + 1.
Loi gidi 2. Ta & di chitng minh sé nguyen duong a,, = 2 5+ thoa man yeu cau dé ra.
Ap dung Dinh 1y 2 ta c6

vg(a,) = v3(3) +v3(3") —2=n—1
Dit a, = 3" 'm v6i m € N*, ged(3,m) = 1. Ta ¢6
v3(27" T+ 1) > v3(2% + 1) > v3(a,) =n — 1.
Vay 37122+ 4 1. Mat khac, tiép tuc ap dung Dinh 1y 2 thi
v3(2' + 1) = v3(3) + v3(a,) =n

Do d6 3™[2%" + 1. Vay ta suy ra 23" + 1|22 T + 1. Ma m|2% + 1 nén m[2*" ™! + 1.
Vi ged(m, 3) = 1 nén a, 22" 1 + 1.
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Bai tap van dung

1.

10.

11.

12.

13.

14.

15.

16.

Chiing minh phuong trinh 27 + y” = 19987 khong c6 nghiém nguyén duong.

. Tim tat ca s6 nguyen duong n théa man 72913|5" + 1.

Tim s6 nguyén duong n 16n nhat sao cho 2"|201120132016*1 -1
Chitng minh ton tai vo han s6 nguyén duong n € N théa man n?|2" + 3" + 6™ + 1.

(Japan MO Finals 2012) Cho p la s6 nguyen t6. Tim moi s6 nguyén n thoa man véi moi

s6 nguyén z, néu plz™ — 1 thi p?|z™ — 1.

Cho a > b > 1, b 1a mot s6 16, n 1a mot s6 nguyén duong. Néu b"|a™ — 1. Chiing minh

ab > 3",
n
Tim s6 nguyén duong n théa man 9" — 1 chia hét cho 7".

(IMO Shortlist 2007) Tim moi ham s6 toan anh f : N — N sao cho v6i méi m,n € N va
v6i moi p nguyen thd, f(m +n) chia hét cho p khi va chi khi f(m)+ f(n) chia hét cho p.

(IMO 2000) Ton tai hay khong s6 nguyén n thoa man n ¢6 diung 2000 udc nguyen t6 va
2" + 1 chia hét cho n ?

Vé6i mot s6 tu nhién n, cho a 1a s6 tu nhién 16n nhat théa man 5 — 3" chia hét cho 2¢.

Lay b la s6 ty nhién 16n nhat théa man 2° < n. Chitng minh rang a < b + 3.
Chitng minh rang néu n > 2 sao cho n|7" — 3" thi n chin.
Tim s6 nguyén duong n théa man

i) n|5" + 1.
i) n?5" + 1.
iii) 35" + 1.

Tim moi s6 nguyén duong k sao cho k s6 nguyén t6 1é dau tién py, ps - -+, pr déu ton tai

hai s6 nguyen duong a,n thoa man
pl.pz."pk,‘_]‘:an

(MOSP 2001) Tim céc s6 nguyen duong (z,r,p,n) thoa man 2" — 1 = p™.
Tim tat ca cic bo s6 (m, p, q) v6i p, ¢ nguyen t6 va m nguyén duong sao cho 2mp*+1 = ¢°.

(Iran TST 2009) Cho n 1a mot s6 nguyén duong. Chitng minh rang

n n
52 321

3% = (—5)7% (mod 2"
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17. (IMO Shortlist 2010) Tim cac cap s6 nguyén khong am (m,n) thoa man
m*+2-3"=m (2" - 1).
18. (Iran Third Round 2011) Cho s6 tu nhien k > 7. C6 bao nhiéu cip nguyén duong (x,y)

thoéa man
73" =9 (mod 2%)?

19. Giai phuong trinh nghiém nguyén duong trong dé6 p 1a s6 nguyen to:

pr—1=2"p-1)
Tai liéu tham khao

[1] Amir Hossein Parvardi, Lifting The Exponent Lemma: (tai lieu pdf)
[2] Cac dién dan toan:

diendantoanhoc.net/forum

forum.mathscope.org

mathlinks.ro



CHUYEN BE 3:
CAC BAI TOAN SO HOC HOAN VI VONG QUANH

Nguyén Anh Huy, Nguyén Viét Tam !

Su binh ding va hoan vi gitta cac an s6 1a mot nép dep ctia Toan hoc, thuong duge
gap trong cac bai toan hé phuong trinh va bat dang thitc. Tuong tu, S6 hoc ciing
c6 nhitng bai toan hoan vi vong quanh ma céc an la sé nguyén, sé6 nguyén duong,
tuy nhién 16i gidi da dang v phic tap hon rat nhiéu. Bai viét nay sé dé cap dén
hai huéng di cu thé dé giai dang bai trén, 1a déi xting héa va bat déng thiic.

Trong bai viét ¢6 stt dung mot s6 kién thiic vé bude nhdy Viete va ham v,(n), ban
doc ¢6 thé tham khao & hai chuyén dé trudc.

Phuong phap dbi xding héa

Phuong phap nay thuong duge diing trong cic bai toan chia hét hoan vi vong: a | f(b); b| f(a).
Néu c6 (a;b) = 1 ta xay dung ham ¢ thdéa g(z) : x Vo € Z va h théa
h(a;b) = f(a)+ g(b) = f(b) + g(a) d6i xting theo a,b. Khi d6

a| h(a;b); b| h(a;b) = ab | h(a;b) = h(a;b) = kab

Day la phuong trinh nghiém nguyén véi a,b déi xing. Ta c6 thé ding bat déng thic néu
deg h = 1 ho#c budce nhay Viete néu deg h = 2.

Néu khong c6 (a;b) = 1 thi tit gia thiét ta suy ra ab | f(a)f(b), sau d6 khai trién vé phai va bd
cac hang ti chia hét cho ab dé dugce phuong trinh nghiem nguyén c6 dang tuong tu.

Bai tap 3.1. Tim cac sd nguyén to p > ¢ théa

g—1|3p—1
p—1]3¢g—1
Loi giai

bData=p—1,b=qgq—1(a>b>1),taco

a|3(b+1)—1

=ab| (3a+2)(3b+2) (x)=6a-+6b+4:ab
b|3(a+1)—1

Lép 12CT THPT chuyén Lé Hong Phong
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Tu do ta co

4
6a+66+4>ab$§+§+—>1
a b ab
Lai c6
12 4 6+6 4
b v a b ab
Suy ra

12 4
- b—2>1:>b2—12b—4<0:>1<b<12
Do b+ 1 nguyén t6 nén b € {1;2;4;6;10;12}. Xét cac truong hgp sau, véi luu ¥ a + 1 nguyén

t0:

*Néub=1:(x)=>6a+6+4:a=10:a= a € {1;2;10}.
*Néub=2:(x)=>6a+12+4:2a=8:a=a€ {2;4}.
*Néeub=4:(x)=6a+24+4:4a=a+ 14 2a = a € {6;10}.
*Néub=6:(x) = 6a+36+4:6a=40: 6a (loai).

*Néub=10: (x) = 6a+60+4:10a = 3a+ 32 : 5a = a = 16.
*Néub=12: (x) = 6a + 72+ 4 : 12a (loai).

T do ta tim duge cap (p, ¢) nguyen t6 thoa bai toan 1a
(2,2),(3,3),(5,3),(7,5),(17,11). O

Bai tap 3.2. Tim s6 bo s6 nguyéen duong (a; b; ¢) doi mot nguyen t6 cing nhau thod a < b < ¢
va
albc—31; b|ca—31; ¢|ab—31

Loi giai
Do a | be — 31 va a | a(b+ ¢) nén ta c6
a | ab+ bc+ ca — 31.
Tuong tu véi b va c. Lai do (a;b) = (b;¢) = (¢;a) = 1 nén
abe | ab+ be+ ca — 31 (x)

Xét cac truong hop sau:
® Truong hop 1: a > 3
Suy rab>4; ¢>5, do d6 ab+ bc+ ca > 31. Ta cling c6

abc = 3bc > ab + bc + ca > ab + bc + ca — 31
Diéu nay mau thuan véi (*).
® Truong hop 2: a =2
Suy ra b | 2¢—31 vac | 20— 31, do do

be | 2b+ 2¢ — 31
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Chtng minh tuong ty ta ¢6 b= 3; ¢ =5.

® Truong hop 3:a=1

Suyrab|c—31vac|b—31. Néub+ c =31 thi hai didu kién trén hién nhién thod. Khi dé ta
coa=1<b<cvab+c=31.Doa<b<cnén?2<b< 15 D& thay c6 14 bo s6 (a; b; ¢) thoa.
Néu b + ¢ # 31 thi ta chiing minh 1 < b < ¢ < 31. Néu ngudc lai:
*Néub>3l=c>b>b—31>0. Do do c khong 1a uéc ctia b — 31.

*Néu b=31thi 31 | c—31=31]c,loaido (b;c) = (31;¢) = 1.

* Néu b < 31 < ¢ thi|c| > |31 — b| > 0 do d6 ¢ khong la u6c ctia b — 31.

Nhu vay 1 < b < ¢ < 31. Ngoaira, tit b | ¢ —31 va ¢ | b— 31 véi (b;¢) = 1 ta cling c6

be |31 —b—c.

*Neub>25=c>26=bc>30>11>31—(b+c), voly.
*Néeub=4thi4]|c—31vac|27= c=27 (loaido b+ c# 31).
*Néub=3thi3]|c—31lvac|28, suyrace {4;7}.

Vay trudng hop 3 cho 16 bo (a;b; ¢) thod bai toan.

Két luan: C6 17 bo s6 (a; b; ¢) thod bai toan. O

Bai tap 3.3. Tim cac s6 nguyén to p, g thod p < ¢ < 1000 va
g’ =1l -1
Loi gii
Tacoqg|pP—1=(p—-1)(¢>+q¢+1) mag>p—1neén
q|p+p+1
Vap| @ —1=(q—1)(¢>+q+1). Do d6 ta xét 2 truong hgp:
® Trudng hop 1: p | g—1

Dat p’+p+1=nqg (neN*).Dop’+p+1=¢g=1(modp)nénn=1 (mod p).

Lai ¢6

2 2
pPH+p+1 P +p+1} { 1 ]
. {p+1 ) p (dog=p+1)
Suyran=1,vay ¢ =p*>+p+1. Do d6 p < 31, vi 37% + 37 + 1 > 1000.
Thit v6i tat ca so6 nguyeén to p < 31 ta tim duge cac bo s6 thod bai toan 1a

(p;q) = (2:7),(3;13), (55 31), (17; 307).
® Truong hop 2: p | ¢*+q+1
Dop| @ +q+1vaq|p?+p+1néntacd
pl+aq+1+p"+p gl P +p+1+¢*+¢

hay
pg | PP+ +p+qg+1
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Nhu vay ta xét phuong trinh nghiém nguyén duong
a>+b*+a+b+1=mab (¥) (meN)

Viét lai (*) duéi dang
A+ (1—mba+b*+b+1=0 (*x)
Goi S 1a tap céc bo s6 nguyen duong (a;b) thoa (**). Theo nguyeén 1y ciic han trong S ton tai
cap s6 (ag; by) thod ag + by nho nhat. Khong gidm tong quat gia st ag > by.
Theo dinh 1y Viete, (**) ciing c6 nghiém (a'; by) trong d6 a’ thod

ag+a = mby — 1

apa' = b2 +by+ 1

Tt phuong trinh dau suy ra @’ € Z. Tt phuong trinh sau suy ra a’ > 0. Vay (a'; by) € S. Do d6

) _bitbot+1

&by +by+1>al
Qo

ag+bo<ad +bysar<a

Néu ag > by thi ag = by +1 = a2 > (bp + 1)? > b2 + by + 1, mau thudn. Vay ag = by, suy ra
ag + (1 —ag).ap+ a2 +ag+1=0

Suyral:ay= ag=0by=1. Vay ta c6 m = 5.
Khi d6 (*) tré thanh
a> +b*+a+b+1="5ab ()
Theo chitng minh trén, néu (ag; by) 1a nghiem cia (*) thi (5aq — by — 1;ag) ciing 1a nghiém clia
(*). Do d6 tit nghiém (1;1) ta c¢6 nghiem (3;1), sau dé la (13;3), ...
Tém lai cédc nghiém cua (*) duge cho béi cong thiic

(ai;b;) = (zi41;2;) VO (xy,) - #o=m =1
Tpi1 =0Ty — Ty —1Vn >1
Viéc chitng minh diéu trén hoan toan tuong tu bai s6 hoc VMO 2012, va xin dudc danh cho
ban doc.
Tiép theo ta tim cadc nghiém 1a s6 nguyén t6 nhé hon 1000. Dé thay chi can xét ¢ < 4, do
zg > 1000. T d6 ta tim duge (p; q) = (3;13), (13;61).
Két luan: Cac bo s6 (p; q) thod bai toan 1a (2;7), (3;13), (5;31), (13;61), (17;307). O

Phuong phap dung bt ding thirc

Ta c6 thé sdp xép cac an s6 dbi xiing theo thit tur hodic chi ra mot an ¢6 mot dai lugng nao dé
16n nhat hodc bé nhat. Luu ¥ viec sap xép ¢ day khong chi gidi han 6 @ > b > ¢, ma ciing ¢6
thé 1a f(a) > f(b) > f(c), trong d6 f la mot ham s6 hoc.
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Bai tap 3.4. Cho cac s6 nguyén duong a, b, c. Chting minh
(a;0).(b;¢).(c;a) _ |asb].[b; c].[c; a]

(a3 b; ¢)? [a; b; c]?

Trong d6 (a;b) va [a;b] 1an lugt 1a 14 wéc chung 16n nhat va boi chung nhé nhat cia a, b.
Loi giai

Goi p 1a 6 nguyén t6 bat ki. Néu p khong la uée cta [a; b; ¢] thi dé thay v,(VT) = v,(VP) = 0.
Néu p | [a; ;] thi p 1a ube clia a,b hodic ¢. Dat a = p*.ay;b = p¥.by;c = p*.c; va khong gidm
tong quat gia st z >y > 2. Khi do ta co

v,(VT)=y+z2z+2—2z=y

va
v, (VP)=o+y+zr—-2x=y

Suy ra v,(VT) =v,(VP)VpeP. Dodo VI'=VP. O
Nhén xét la trong 161 giai trén ta da gid st vy(a) = v,(b) = vy(c), va st dung dinh 1y co ban

ctia 86 hoc: Moi s6 nguyeén 16n hon 1 déu ¢6 mot va chi mot cach phan tich ra thita sé nguyén t6.

Bai tap 3.5. Tim cac s6 nguyén tb p, ¢ thoa
(5" =27)(5* = 2%) i pq (%)
Loi giai

Gia sit p < ¢. Nhan xét p = ¢ = 3 thoa.
% Néup=3,q > 3 thitaco

117(57 — 29) * 3¢ < 39(57 — 27) © ¢

Do 57 — 29 =5 — 2 = 3 [q] theo Fermat nén ¢ | 39, do d6 ¢ = 13.
% Néu b < p < q (dé y VT(x) khong chia hét cho 5 nén p,q # 5) thi tuong tu ta c6
5P — 2 =5 —2 =3 [p], do d6 tir gia thiét suy ra

5¢—27:p

Lai c6 5?71 = 2Pt =1 [p] nén 571 —2r=1 i p.

Do ¢ >p—1nén (¢,p— 1) = 1. Theo dinh 1y Bezout, ton tai m,n € N* thoa
mqg—(p—1)n=1hoacm(p—1) —ng=1 (xx)
Xét dong du mod p ta c6

5p—1 = op-1 5n(p—1) = on(p—1)
o1 =21 oM = 2™
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Suy ra
5n(p—1) gmq — 9gn(p—1) gmq

Két hop véi (¥*), sau khi rat gon hai vé ta duge 5 =2 [p] hay p = 3 (loai vi dang xét p > 5).
Két luan: (p;q) = (3;3),(3;13),(13;3). O
Bai tap 3.6. Tim cac cip s6 nguyen t6 (p, ¢) thoa
2P 4+ 27 : pq
Loi giai

Nhan xét la (x — L,z +1) = (2,2 +1) <2 Vz € Z.
*Neup=qgthi2?Ptl i pP=p=¢qg=2.

*Néup>q:

Xét g=2taco22+2P 1 2p=2+2""1 i p=pe{2;3}.
Xét ¢ > 2 thido 2P +27=29(2""1 +1) : ¢ nén

2l p1ig (1)=2209 =1 [g

Goi a 1a s6 nhoé nhat thoéa 2 =1 [¢]. Theo tinh chat ctia ord suy ra ¢ —1:ava 2(p—q) : a.
Ditp—qg=2m; ¢g—1=2n; a=2"s(k+1=r;l=rm:isn:smmn,slé).

% Truong hop 1: r=k+1. Tasuyral > k+ 1 va

2(p — =21 m 2(p—q)s =am
(p—q) N (p—q)

qg—1 =2n (q—1)m = (p—q)n2-+1
n2t (g—-1)m  q—1 2'n
2s  2s(p—¢q) a  2's

N 217k72 _ 2177 =r=kKk+2 (mau thllén>

% Truong hop 2: r < k

Suyrap—q:a=2P"1-1:2"—1:q (2)

Tu (1) va (2) suyra g | (2P77— 1,279+ 1).

Ma (2P77—1,2P79 4 1) < 2 theo ching minh trén, do dé ¢ = 2 (mau thuan do dang xét ¢ > 2).
Két luan: (p,q) = (2;2),(2;3),(3;2). O

Bai tap 3.7. Cho cac s6 nguyén duong z,y, z thod (zy+1)(yz+1)(2x+1) la s6 chinh phuong.
Ching minh ay + 1,yz + 1, zz + 1 déu 1a s6 chinh phuong.

Lai gidi
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Trong céc bo s6 (;y; 2) thod bai toan, xét bo (z;y; 2) ¢6 x + y + 2 nhd nhat. (1)
Khong giam tong quat gia st z = max{x;y; z}.
Goi t 13 s6 théa phuong trinh bac hai

a4y 2% =2y dyz oot Ftr oz +ty) — 4oyt —4 =0 (%)
et? —2(r+y+z+2ry2) 2+ + 22— 2@y +yz+zr) —4=0

Nhan xét rang (*) tuong duong véi 3 phuong trinh sau:

(x+y—2z—1)?=4(xy+1)(2t+1)
(x+z—y—t)? =4(zz+1)(yt +1)
(x+t—y—2)?=4(xt+1)(yz+1)

Va t nguyén do (*) ¢6 2 nghiém nguyén

hho=c+y+2z+2ayz+ 2\/(9cy + D) (yz+ 1)(zz + 1)

Nén nhan ci 3 phuong trinh trén vé theo vé, ta suy ra (xt + 1)(yt + 1)(2t + 1) 1a s6 chinh
phuong.
Ngoai ra ta cling c6

zt+120; yt4+120; 2t4+120

Suy ra

t >

>——————>—-1 (dox=y=2z=1khong thod)
max{z;y; 2}

* Néu ¢t = 0 thi tir (¥) ta suy ra
(z+y+2)P=4aytyz+zr+1)e (r+y—2)7°? =4(zy+1)

Suy ra 2y + 1 1& s6 chinh phuong. Ching minh tuong tu ta cling c¢6 yz + 1,z + 1 1a s6 chinh
phuong. * Néu ¢ > 0 thi tit (1) suy ra t > z véi moi ¢ thoa (*).
Nhung ¢ chi c6 thé bang ¢, hodc t, va ta lai c6

tity =2+ + 22 =2y +yz+21) —4 < 22— 222 — 1) —y(22 —y) < 2?

Suy ra diéu mau thuan. Vay ta c6 dpcm. O

Bai tap 3.8. Tim cac bo s6 nguyeén (a; b; ¢) thoa

a? — be =91
b? —ca =91
? —ab=091

Lai gidi
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Khong giam tong quat gia sit a < b < ¢. Do 91 khong 1a s6 chinh phuong nén a, b, ¢ # 0.
Néu a > 0thib,c>0do déa? —bec <0 <91, vay a < 0.

Néu (a; b; c) thoa he thi (—a; —b; —c) cling thoa he. Do d6 ta xét cac bo s6 ¢6 ¢ > 0.
Néu b = ¢ thi ta c6

Dé thay a = b = ¢ vo 1§, va a = —2b ciing dan dén 50* = 91, vo ly.
Do dé b # c. Tuong tu ta c6 a # b.

® Truong hop 1: b >0
Tt hé ta co
91b = b(b* — ac); 9lc = c(c® — ab)

= 91b—9lc =b* — ¢
= 91 =0+ bc+ ¢ > 3b?
= be {1;2;3;4;5}
Thay vao hé ta tim duge cac nghiém (a;b;c¢) = (—10;1;9), (—11;5;6).

® Truong hop 2: b <0
Tt hé ta co
91b = b(b* — ac); 9la = a(a® — be)

= 91(b—a)=b"—d’
= 91 =a®+ab+b* > 3V
=be{-1;-2;,-3;—4; -5}
Thay vao hé ta tim duge cac nghiem (a;b;c) = (—9; —1;10), (—6; —5; 11).
Toém lai cac bo (a;b; c) thoa gid thiét 1a
(=10;1;9), (10; =1; =9), (=11;5; 6), (115 =5; =6), (=9; =1; 10), (9; 1; =10), (=6; =5; 11), (6; 5, —11)

va cac hodn vi. O

Bai tap tu luyén
Bai 1: (APMO 2002) Tim cac s6 nguyén duong a, b thoa
bV —ala®+b a®>—b|b+a
Bai 2: Chiing minh c¢6 vo han bo s6 nguyén duong (a; b; ¢) thod ab+ 1, bc+ 1, ca + 1 déu la
s6 chinh phuong.

Bai 3: Tim céac s6 nguyén duong z,y, z doi mot nguyén t6 ciing nhau thod

T 2
2l lew

y oz ox

Bai 4: Tim céc bo s6 nguyen (z;y;2) thod 2 <z <y < 2z va

zloy—1;, y|ze -1z |yz—1
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Bai 5: Tim céc s6 nguyén duong a, b, ¢ > 1 doi mot khac nhau thoa
(a—1)(b—=1)(c—=1)| abc—1
Bai 6: Chitng minh véi moi s6 nguyén duong a, b, n thi

(36a + b)(36b + a) # 2"

Bai 7*: (VMO 2013) Tim sb cac bo (a;b;c;a’; ;) véi a, b, c,a’, b, ¢ € {0;1;2;

thoa
ab+a'b' =bc+bd =ca+ da’ =1( mod 15)

Bai 8: (VMO 2012) Tim céc s6 nguyen duong 1é a, b thod
alb*+2;b|a*+2

Bai 9: Cho a,b,c € Z thoa

Chitng minh abc 1a lap phuong mot s6 nguyen.
Tai liéu tham khao

1. Trang web brilliant.org.

2. Céc chuyen dé s6 hoc - Phan Huy Khai.

. 14} va

3. Cac phuong phép giai todn qua céc ky thi Olympic - Tran Nam Ding (Chi bién), Vo

Quéc Ba Can, Leé Phic Lit.

4. Problems in Elementary Number Theory - Peter Vandendriessche, Hojoo Lee
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CHUYEN PE 4:
DAY SO SO HOC

Ninh Vin Ta!

Day s6 1a mot van dé kha thiét yéu trong giai tich va duge ting dung vao kha nhiéu
cac linh viyce khac nhu phuong trinh ham, t6 hop, s6 hoc. .. Nhitng bai toan vé gidi
han day s6 duong nhu tré thanh van dé kha quen thudc va xuat hién nhiéu trong
cac ki thi hoc sinh gi6i cap truong, cap tinh, cap thanh phé ciing nhu cac ki thi
Olympic, VMO. .. Nhung mot mang kha dac biét ctia day sb trong viéc ting dung
s6 hoc ciing nhu cac bai toan sé hoc dé gidi cac bai toan day s6 la mot van dé kha
thi vi trong mang day s6. Hi vong chuyén deé nay sé gitip ich cho cac ban trong viéc

tiép thém kinh nghiém vé mang thu vi nay.
Day so6 nguyén va tinh chat so hoc
Ta sé lan lugt xét téng quan céac bai toan véi dang téng quat dé cé thé cé cai nhin
bao quat hét vé thé gisi day nguyén phong phi, da mau. T dé ta sé cé6 dudc cac

y tuéng khi gap mot bai toan chitng minh day nguyén hoac cac bai toan lién quan

dén dang ay.

Bai tap 4.1. Cho a,b,c € Z théa man a? = b+ 1. Day s6 (u,) duge xac dinh

Ug = 0
Upi1 = QU, + /buy? + 2, Vn € N

Chitng minh rang moi s6 hang ctia day déu la s6 nguyén.
Loi gii

Cach giai bai toan nay ciing tuong tit nhu cich tim cong thiic truy hoi ding ctia mot dang cong

thiic truy hdi can thic dé tim cong thitc tong quat ctia mot dang day nay nhung véi didu kien

Upy1 — AUy = \/ buy? + 2

:>un+12 — 20UpUp 11 + a’u,? = bu,® + 2

ngat. Ta co:

SUpr1? = 20U Uy — Un® + 2 (1)

"Hoc sinh THPT chuyén Tran Dai Nghia.

39
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Gidm n xuéng 1 don vi ta co:
Up? = 20UnUp_1 — Up_1> +* (2)
Lay (1) — (2), ta co:

u = Up—
2 2 n+1 n—1
Unt1” — Un—1" = 20Uy (Upt1 — Up-1) =
Upt1 = 20Up — Up—1

*VOi tpy1 = Up_1, Yn =1 thi day (u,) 1a ddy tuan hoan theo chu ki 2. Nhu thé , ta suy ra
Uyg = Uy = Ug = ... = Ug, = 0
Uy = U3 = U5 = ... = U2k+1 = |C|
Nén (u,) c6 cac s6 hang déu l1a s6 nguyen.
*V6i (u,) thoa
up = 1; ug = |c|
Upt1 = 20Uy — Up_1, VN =1 7

Ta c6 cac hé s6 trong hé thiic truy hoi déu 1a s6 nguyén va 2 sé hang dau tién ctia day ciing 13
s6 nguyén nén tir dé ta suy ra (u,) c¢6 cac s6 hang déu la s6 nguyen.

Tém lai, cic s6 hang clia ddy trén déu la s6 nguyén. O

Bai tap 4.2. Cho day (a,) théa man diéu kién

ag = 2, a; = 5
Qpy1Qp—1 — a> =6""1 vn>1
Chitng minh rang ton tai duy nhat day s6 nguyén duong théa man diéu kién trén.
Loi giai

Y tudng ctia bai toan nay la tim mot cong thic truy hdi ding cho day tren. Nhu vay, ta sé
diing phuong phap quen thuodc dé danh gia bai toan, do la phuong phap sai phan.
Ta co

{ Uni1Gp1 — Qp° = 6"71

2 n
anQp42 — Apy1 = 6

=ap (Apao + 6a,) = anyq (ane1 + 6a,-1)
:>(a +2 a)_(a +1 an-1)

Qp+1 anp,
Diit v, = @t t0an1) o quoge
Uptl =Up =Up_1 = ... =V =D = apy1 = Oa, —6a,_1, Vn=1,2,3...

Do cac s6 hang dau ctia day la s6 nguyén: ag = 2, a; = 5 va cong thiic truy hoi ding ctia day

déu co6 cac hé s6 1a s6 nguyén nén tit d6 ta suy ra day trén la diy sd nguyen.
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Dé ¢6 them diéu kien day trén c6 moi sé6 hang la sé nguyen duong, ta can phai cé them yéu
t6 don dieu tang. Viec chitng minh don diéu khong thé sit dung cong thitc truy hoi ma ta vira
tim dugc vi ta chua chitng minh duge cong thiic ay 1a duy nhat. Chinh vi thé ma ta sé chiing
minh trie tiép bang quy nap thong qua céch dién dat ctia dé bai.

Ta thay diéu trén ding véin =1: a3 > ag (5 > 2).

Gia st dieu nay ding dénn =k : ap > ap_;.

Xétn=k+1, ta co:

6k71 + ak2 6k71
>

+ ap > ag (ak > ak_l)
ag—1 g

Q1@ — @ = 6" = apyy =
Vay diéu tren ciing dang v6i n = k + 1 nén theo nguyéen 1y quy nap ta suy ra (a,) 1a day don
diéu tang véi moi n € N.
Bay gio ta sé chiing minh day trén 14 day duy nhat théa man dieu kién dé bai:
Céch thong thuong ma ching ta sé nghi dén 13 ding phan chiing dé chiing minh ton tai duy
nhat.

Gia st ton tai diy a,’ sao cho v6i n > 2 ton tai a,yo : apie > aypo’ thoa:

2 n
pGp42 — Apy1 = 6
! 2 n
UpQpy2 — Gpi1 = 6

Suy ra

p (Gnyo — Apy2’) = 0 (VO 1§ do Gpyo > Gpyo)
Nhu vay ta suy ra day trén l1a day duy nhat théa man diéu kien dé bai. O
Nhitng bai toan tuong tu dang trén c6 thé ton tai & nhiéu dang khac nhau. Doi lac
nhitng cich dién dat biang truy héi khién ta mat di phuong huéng sai phan. Nhung
ta can phai hiéu muc dich cta viéc ching minh day sé nguyén la tim dudc cong

thic truy hoi ding cta né.

Bai tap 4.3. (GER 2003, Ngay 2) Cho day sb (a,) dudc xac dinh béi

alzl;agzl;a3:2

Ap420n+1 + 7
Api3 = a—, Vn e N
n

Chitng minh moi s6 hang ctia ddy trén deu la s6 nguyén duong.
Loi giai
Ta co:

Qn+30n = Qp410n4+2 + 7

Do do léch cac thit tu ctia phan ti trong day khong déu nhau nén sé khé cho ta nghi dén viéec
dung sai phan vi néu dung sai phan sé xuat hién thém phan tit thi 5. Tuy vay, nhung viéc ap

dung sai phan trong day sd nguyén la mot cong cu kha manh va ta khong nén bé qua né chép
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nhoang trong y nghi.
Ha n xudng 1 bac, ta co:
Qn420p—1 = Aplp+1 + 7

Trit 2 biéu thitc trén cho nhau, ta dugc

Qp43Qp — Ap42ap—1 = Qp410n42 — Qplpyl

=an (an+3 + a'n-‘,-l) = Un+2 (an—‘rl + an—l)
Up43 + Apy1 Gpg1 + Gp1

An2 Qn,
Diat v, = %ﬂan‘l, ta o Upqo = Uy.
Vay day (v,) tuan hoan theo chu ki 2.
Nhu vay ta can xét thém tinh chn 1é ctia diy, diéu nay dan dén day 1a diay gom 2 cong thiic
truy hoi song song nhau.
*V6i n chén ta suy ra:
Vg2 = Vo = ... = U2 = 3 = py1 = 3ap — Ayt
*V6i n 1é ta suy ra:
V243 = Uggql = ... = U3 =0 = Upy1 = Oy — U1

Tt d6 ta xac dinh duge cong thitc truy hoi cia day la:

a1:a2:1, CL3:2

pi1 = 30y — Qp_1, 1 = 2k (k € N)

Gpy1 = DAy — Ap_1, N =2k + 1
Do céc sd hang dau clia day déu 1a sd nguyén va hé s6 ctia hé thitc truy hoi ctia day ciing 1a s6
nguyén nén ta suy ra moi s6 hang ctia (a,) déu la sé nguyen.
Dé day trén la day s6 nguyén duong, ta can ching minh day trén la day ting ngit véi moi
n = 2.
Dé thay: as > ay nén diéu trén ding véi n = 2.
Gia st dieu trén ding véin =k : a; > ap_;
Xétn=k+1, taco:

arap_1 + 7 arap_1 + 7

Ap4+1 = > > ag +
Qp—2 Ar—1 Ar—1

> ag

Vay diéu nay cling dang véi n = k + 1 nén theo nguyen 1y quy nap ta suy ra (a,) la day téng
ngat.
T do, ta ching minh duge day (a,) c6 moi s6 hang déu 1a s6 nguyén duong. O

Bai tap 4.4. (Croatia TST 2011) V6i a,b 1a 2 s6 nguyén t6 phan biet, cho day (z,) thoa
man
1 = a, ro = b
2 2
xn+2 — M’ Vn 6 N
Tn+1 + Zn

Chitng minh rang z,, khong 1a s6 nguyeén véi moi n > 3.



43

L&i giai

Ta dé dang ching minh duge z,, > 0, Vx € N theo quy nap.

Ta sé chitng minh mot bé dé ciia day nay:

Bo6 dé: Néu ké tit mot phan ti ng sao cho z,, khong 1a sé nguyén ctia day ma cé
dang phan thic, thi sé khong ton tai n dé z, € N, Vn > nq.

Gia st z3 1a mot s6 hitu ti.

Ta co:

$3:%:§ (CadEN; (Cad)zl)

() +e2

_ _ 24b2d?
Ta= " = o)
Do (¢,d) = 1 nén z4 ¢ N, dat
e :
Ty = 7 <€,f€N§ (e.f)=1; f3d)

Ta c6: f 1 d= f > d. Ta chia lam 2 trudng hop:

x Truong hop 1: f>d=1> ¢ ta cé:

(5)°

<
d

+
T =
° +

(5) _(ef) + (ed)®
i (cf +de)df

Gia stt x5 € N, suy ra
(cf)? + (de)? P df = (de)? P df = de? * f (vo 1y)

Mit khac tit s6 ciing khong thé bing mau s6 do f < (cf)” + (de)” nén f khong thé chia hét
cho (cf)* + (de).
Dieu nay vo 1y do (e,d) =1vad < f.

Vay x5 & s6 vo ti.

% Truong hop 2: f =d, ta c6:

Iy =

(5)° (?)2 C(ef) +(ed? e
7

_'_
S+ ~ (ef+de)df  f(c+e)

Gia st x5 € N, suy ra

Areticte=2e c+e

Diéu nay hién nhien vo 1.
Vay tom lai, ta da chitng minh rang, néu xuat phat véi s 1a mot s6 hitu ti thi ta sé thu duge
mot day sé hitu ti va khong ton tai bat ki s6 nguyén nao trong day doé véi n > 3.

Bay gio ta chi viéc chiing minh x5 khong thé 14 s6 nguyén. Do cong thiic truy hdi c6 dang phan
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thiic nén z3 sé c6 dang phan s6 t6i gian.
Gia stt x3 € N, suy ra
a>+b i a+b=2abia+b

Xét mot trong hai s6 1a s6 nguyen t6 chan. Gia st do 1a a, suy ra
a=2=4b:b+2=4:b+2 (voly dob>2)

Suy ra 4b = b+ 2 (vo ly do b 1a s6 nguyen t6 1é nén tinh chin 1& ctia 2 vé khong dong nhat).
Ki hiéu {a, b} 1a u6c cua a hodc b.

Vay a+b | {a,b,2} do (a,b,2) = 1.

Ta ¢6 nhan xét rang néu a + b | {a,b,2} do:

*a+0b| {a,b} thi

a=za+b 0=b
= (sai do a,b > 0)
b> 0>a

*a+0b]| {2}: Do a,b 1a s6 nguyén t6 nén a + b > 2. Suy ra

a+b:a ch:a
= a+b=2ab= = = a =10 (sai do a # b)

a+b:b a:b
Nhu vay, ta két luan rang diéu gia sit la sai nén x5 khong thé 1a s6 nguyen.

Vay theo bd dé trén ta suy ra x, khong thé la s6 nguyén véi moi n > 3. O

Bai tap 4.5. Cho mot day s6 nguyén duong sao cho ta c6 thé chon 1998 phan tit bat ki ctia
day tao thanh mot he thang du khong day du va rieng biét nhau khi xét modulo 1999. Lieu c6
ton tai cach chia 1998 phan tit nay thanh 2 tap con A, B sao cho tich clia caAc phan ti trong
mdi tap con bang nhau khong?
Loi giai

Mot suy luan don gian cho bai nay: 2 tich bing nhau thi ching phai c¢é cing sd du khi
xét modulo véi mot sdé nguyén duong.
St dung bo dé quen thude: Néu 22 + 42 | p (p nguyen t6 ) thi p = 4k + 3 hodc p = 4k + 1. Khi
p =4k + 3 thiz,y: p.
Goi 1998 phan t1t bat ki ciia day thoa diéu kien dé bai 1a 1 22; 23 ...; T1g0s.
Ta c6: AU B = {x1;22;...; L1098 }-
Gia stt 3z; = 0 (mod 1999). Do 1998 phan tif nay lap thanh mot he thang du khong day du va
riéng biét nhau nén

z; =1 # 0(mod 1999) Vj # i
Vi vay néu x; € A thi A chia hét cho 1999 va B khong chia hét cho 1999. Tuong tu néu z; € B.
Vay khong c6 phan t1t ndo trong day chia hét cho 1999. Vay hé thang du ctia day: {1;2;3...; 1998}.

Ta co:
(H x,f) =[] = [ = =1.2.3...1998 (mod 1999)

TREA T €A l’jEB



45

Suy ra
2
(H xk> = 1998! (mod 1999)
TR EA

Mat khac theo dinh ly Wilson ta c¢6: 1998! = —1 (mod 1999), do dé6

( 11 xk> +1 = 0 (mod 1999)

TR EA

Ap dung bd dé tren ta suy ra diéu vo 1y do 1999 1a s6 nguyen t6 dang 4k + 3 nén 1 khong thé
chia hét cho 1999.

Vay khong thé chia 1998 phan tit bat ki ctia day nguyén duong nay thanh 2 tap con co tich cac
phan ti trong tap bang nhau. O

Bai tap 4.6. Cho day s6 (u,) thoa

u1:1,u2:2

UpUp—1(n+ 1)
Unp+1 = P .

a) Tim s6 nguyén t6 pdé S = u‘;ﬁ;l 12 s6 nguyéen.

b) Ching minh [“2=] =0 (modn — 1).

Lai giai

Y tudng ctia bai nay don gian 1a tim pla s6 nguyen té dé u,_» — 1 = 0 (mod pP~!). Qua do, ta

du doan cong thic tong quét ctia u, dé cé thé dua vé mot bai toan sé hoc don thuan.

% Cau a:
Ta ching minh theo qui nap u, =n! Vn € 1,2,3....
R u =1=1!
That vay dieu nay diang véin =1;2 : '
Uy = 2.U1 =2l

Gia st dieu nay ding dén n = ktic uy, = k! Xét up, 1, ta co:

T Ry (k=)

= (k+1)!

Vay diéu nay dang dén n = k + 1nén theo nguyén 1§ quy nap ta suy ra u, = n!Vn = 1;2; ....
Vay S = (p;pz#.(}ié stt S 1a s6 nguyen, ta suy ra S.pP~t +1 = (p—2)L.
Xét p > 5. ta co:

(p—2!'=0(modp—1)= Sp" ' +1=0(modp—1) = S+2=0(modp — 1)

Mit khac: S+2<p—1& (p—2)! <1+ p"2(p — 3) (ding).
Tu d6 ta suy ra dieu vo 1y. Vay p < 5. Dé thay p = 3thoa man diéu kién dé bai.
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x Cau b:
+Truong hop 1: n 14 s6 nguyeén t6.
Theo dinh ly Wilson ta co:

(n—1)!+1
n

(n—1)!'=—-1(modn) = € Nx

[unl}:{(n—l)!}_{(n—g!—i—l :L _(n—711)!+1_1(d00<%<1)

Suy ra

n n

[un,l} =D =n-1) (n—1)[(n—-2)!-1]

Mit khéac, do (n;n—1)=1= W € N* nén ta suy ra

[un—l

. } =0(modn —1)

+ Truong hop 2: n khong 1a binh phuong ctia 1 s6 nguyén t6 = n=rsvéi 1l <r < s <n— 1.
Dor < s<n-—1néntasuyrar < s < n— 2 nén r,sla udc s6 clia mot trong cac sod
{1;2;3...;n — 2}.
Vay

(n—2)! (n—2)!

= € Nx = [u:l] _ (- 1);1(71—2)! =(n—1).k=0(modn —1)

+Trusng hop 3: n 14 binh phuong ctia 1 s6 nguyén t6. Dit n = p? v6i 3 < p < n — 1 vi néu
p = 2 thi hién nhién ta c6 diéu phai chiing minh.

Lap luan tuong ty nhu truong hop 2, p 1a wée clia mot trong céac sé {1;2;3...;n — 2}. Bay gio
ta xét xem lieu p con la wdc clia s6 nao nita khong.

That vay,taco:n—1=p*—1=(p—1)(p+1) > 2p > p.

Vay 2p con la ude ctia mot sd bat ki trong cac s6 {1;2;3...;n — 2}. Chinh vi thé ma

(n—1)! =0 (mod 2p.p.(n —1)) = (n — 1)! = 0(mod 2n(n — 1))
(n—1)!

Up—1

= EO(modn—l):>[ }EO(modn—l)

n

Tu cac diéu trén ta c6 dpecm. O

Bai tap 4.7. Cho day s6 xac dinh béi:
ani1 = {an}[a,], n >0
Chitng minh rang a, = @, khi n du 16n.

Lai gidi



47

% Xét 0 < ag < 1, ta co
lag] = 0 = a,, = [a,| {a,} =0, Vn=1,2,3...
x Xét ag > 1, ta co:
any1 = {an} [a,] < lan] < an, = 0 < [ani1] < [a,] < ... < la1] = [an,] = ¢1 khi ng di 16n
x Xét ag<0=a, <0,Vn=1,2,3... ta co:
a1 = {an} [an] > an = 0> [an41] > [an] > ... > [a1] = [an,] = ¢2 khi ng di 16n

Nhu vay [a,,] = k v6i ng di 16n.
Ta co:

a1 = {an} [an] = ap [an]) — ([an])? = kan — k2, ¥n > ng

Stt dung phuong phéap sai phan vdéi ting hang tit cia diy vdi he s6 tuong ting ta co:

,
kn_l@n—&-l — knan _ kn+1

K'anyo = k" tanp — K"

= Qjqn = k'nan

E2(1 — k" k? k?
- (1—k ) :kn<“”+1—k> "
kaiin_1 = k2ai+n72 — K

2
[ Gitn = kaiyn1 —k

Néu |k| > 1 thi

/{32 /{32
Apyi = k" (an + 7 k) 1 % — 00 (vo 1y do day trén bi chén)

Suyra —1<k<1=ke{-1;0;1}.

*Néuk=0: a,=0,Vn>ng

*Néuk=1: a,1 =a,—1,Yn > ng (vo 1y do [a,,] =k Vn > ny ma khoang cach giita 2 hang
tit lien tiép ctua day la 1).

* Néu k = —1 suy ra

pyr =1 —a,

i1 =1 —a,, Vn 2 ny =
Upt2 = 1 - Any1

Trit nhau ta ¢6 a, = a,12, Vn = ng (dpem). O

D3y s6 nguyén va tinh chinh phuong

Bai tap 4.8.

a) Ching minh (3 +2\/5) + (3 _2\/5

) 1a s6 nguyén.

3+\/5> +<3—2\/5

b) Chitng minh moi s6 hang 1¢ ctia day

5 ) — 2 déu la s6 chinh phuong.
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L&i giai

x Cau a:

Xét day s6 sau:

Xr1 = 3, To = 7
Tpao = 3Tpy1 — TV =1;2; ...

Ta chiing minh theo quy nap

3+v5\  [3-5
n=(50) (5

' <3+ V5
I =
2
That vay diéu nay dang v6in = 1;2 :
<3+ V5
To =
2 2
\

Gia st dicu nay ding dén n = ktic x5, = ( 5

Xét xp11, ta co:

2 2

k k
3+ VD 3—Vd
Tpyr = 3T — T = 3 ( \/_> + ( \/_) -

3+¢5>k+ 3—5

3+ v5\"

(7)) - (
3B\ (743vB)  [(3-vE\

D 2 )Tl 2

) Vn=1;2;..

()

55 k—1
2

Vay diéu nay dung dén n = k + 1 nén theo nguyén 1y quy nap ta suy ra

3+v5\  [3-5
()

Do z, = <%5> + (%) Vn = 1;2;... ¢6 cong thiic truy hoi véi cdc he s6 nguyen va z; xo
" (35

Tiép tuc v6i ¥ tudng bien luan day nguyen theo cong thiic truy hoi va mot chit bién déi khéo

)”_2

nguyén nén tit do ta suy ra x,, nguyén. Vay ( 5

x Cau b:

léo dé chiing minh s6 chinh phuong.

Ta co:

3+v5\  [3-V5
(57) (=

3++5

ey

ey

)]

) Vn =1;2; ..

7—3\/5> _ (3+2¢5> +<

) nguyén Vn = 1;2; ...

>k+1
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Vay bai toan trd thanh bai toan thit nhat va ta chi viéc ching minh z,

= —\/Ean +2x,Vn =1;2; ..

V5 + 1

NG

5 nguyén véi moi n 1é.

[

Chiing minh theo quy nap z, = (

{

That vay diéu nay dang v6in = 1;2:

V5+1
2

=5

1 = 1; 29

Tnt2

(
{L‘1:<
$2:<

\

Gia st diéu nay diang dén n = 2k tic g

nguyen va Top = V5.
Vay Topro = BV5 (B = Top1 — a)
Xét Topi3; Toprq. Ta co:

\/5$2k+2 — T2k+1

) (%

Lok43 =

:5<\/_+

) 2k+2

) (\/_+ 2k+1<
= Tok+3 = 5
B (\/_+1 2k+1< > (
= T2k+3 = 5
- 2k+3 2k+3
()

Va

= \/gx2k+3 — T2k+2

\/5+1 2k+3
i)
\/5_’_ >2k+2<

=Tokir4 = ( 5
V5 —

- \/5+1 2k+4
- B 2

2
Lai ¢6 ok3

Tok+4

V5 —
2

2k+3]
: )

3+\/5>_

2

1) 2)

1

VA Topgs = VDTopss — Topro =

V541

)

Vh—1

Vi+1
2

_< )"_

n
> c6 cong thitc truy hoi 1a

V5—1
2

VA Top = AV Topt1 =7

) (-
(57 s

2
\/gx2k+1 — TorVa Toky1 nguyén do xy;xs;...

V5 —1
2

2

2

al

V5 —1

— /BZoprs — Tops1 = 5B — Tapy1 12 86 nguyen (3).
V/5(\ — B3) khong la s6 nguyen (4).
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T (1);(2);(3);(4) ta suy ra nhiing diéu tréen ding véi n = k + 1 nén theo nguyén ly quy nap ta
chiing minh dugc
{xl =129 = NG

vVa Top = AV D; Topi1 =Y
Tpio = _\/5$n+1 +2x,Vn=1;2; ...

Do 9,41 = 7 nén ta suy ra moi s6 hang 1é ctia day trén déu 1a s6 chinh phuong. O

Dua vao bai trén ta cé thé xét them mot bai tha vi sau:

Bai tap 4.9. Cho day s6 (x,) thda man:

o= 121 =3

Tn42 = 6xn+1 — Tn
Chitng minh rang véi moi n > 1 thi (x,,) khong 14 s6 chinh phuong.

Loi giai

Tuong tu ¥ tudng ctia bai 2, ta sé bién doi khéo 1éo dé dua vé y nhu dang ctia bai
2. Nhung & diéu dac biét & day chinh 1a ta can 2 day chitng minh song song ciing
nhau bing quy nap dé cling c6 cho 18i giai ctia bai toan thém chit ché. (Luu y: Loi
giai chi dé bd sung va cho ta thiy mét ng dung kha manh ctia bai 2).
Dé dang chiing minh theo quy nap:

(3+2v2)" + (3-2v2)"
2

Ty =

Ta bién doi z,, theo 2 hinh thiic sau:

/

B R 0 R R i Ca I
n = (V2™ (V2o {(ﬂH)”—(ﬂ—l)"rH
\ " 9 — .

Va ta c6 thé dung phuong phép truy hoi dé tim cong thiic truy hoi ctia (\/§ + 1)n + (\/§ — 1)n
lan ludt c¢6 cong thiic truy hoi la:

{U0:2;U1:2\/§ . {21:2;22:4\/5
va

Unt2 = 2\/§Un+1 — Up “n42 = 2\/§Zn+1 — Zn

Theo nhu bai trén ta c6 thé chiing minh chiing lan lugt c6 tinh chat

Vop = Q Zn:C\/§
? (@beZ) va{ (c:d € Z)
Voan+1 = b\/§ Zopy1 = d

Tt d6 ta rit ra duge x,c6 dang A% + 1 hodac B? — 1 nén 16 rang z, khong thé 1a s6 chinh
phuong véi moi n > 1. O
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Mot van dé thia vi ring tai sao ta lai phai can dén 2 day song song dé ching minh.
Chinh 2 day song song nay da tao nén su thi vi cia bai toan, khién né tré nén
chiat ché hon trong 15i giai. Vi khi xét n chin va 1é ta c6 thé dién dat z, theo 2
hinh thic va do 2 hinh thic trén déu c6 dang 22 + 1 nén hién nhién né khong thé
14 s6 chinh phuong véi moi n > 1.

Mot 10i gidi khac chung ¥y tudng nhung 16i gidi ngan gon hon:

ug=0; up =2
Upy2 = 2un+1 + Up
Ta dé dang ching minh theo quy nap

(V2+1)" = (1=v2)"
V2

Xét day s6 nguyen

Up =

ro=1;21 =3 .
¢6 cong thic tong quat 1a
Tn4+2 = 6xn+1 — Tn

Mait khac, day {

(3+2v2)"+(3-2v2)"  (V2+1)"+(v2-1)"

[L’n: _=

2 2

Vay x, + (—1)""" = u,%. Tt d6 ta két luan réing z,khong thé 1a s6 chinh phuong véi moi
n>1. 0

Bai tap 4.10. (CIS 1992)
Cho day sb a, xac dinh béi

a; = 1
2 2 2 2
pi1 =a1” +as” +a3”"+...+a,”+nvVn > 1
Chitng minh rang a, khong la s6 chinh phuong v6i moi n > 2.
Loi giai

Véi nhitng bai toan c6 cong thitc truy hoi phiic tap nhu trén, viéc dau tién ta can nghi dén 1a
stt dung sai phan dé dua vé mot biéu thiic ngan gon va don gian hon dé bién luan. Qua do, ta
van dung céc tinh chét ctia s6 chinh phuong dé chiing minh. Cu thé s6 chinh phuong chi c6 tan
cuing 14 0, 1, 4, 5, 6, 9.

Ta c6: ag = 2

V6i moi n > 2; ta co:

n
2
Apt1 = E ag” +n
k=1

1 :>an+1—an:an2+1>0
an:Zak2+n—1
k=1
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Ta suy ra day nay la mot day tang ngat.
Bay gio ta ¢c6 mot day méi

a2:2
an+1:an2—|—an+1‘v’n>2

Van dung tinh chét trén, ta sé ching minh a, khong thé 1a s6 chinh phuong theo phuong phéap
quy nap don thuan, vi néu a, la s6 chinh phuong thi n6é phai c6 tan cing 1a 1 trong cic s6
0,1,4,5,6,9

Ta thay ro s6 hang trong diy c6 tan cting 1a 7 xuat phat ttn = 3: a3 = 7;a4 = 57

Gia sit diéu nay dung dén n = k; tiic aycod tan cing 1a 7.

Xétn=k+1, taco: apy = ap® +ap + 1

Do ta chi xét chit s6 tan cling clia a4 nén ta sé xét chit sé tan cling ciia tiing so6 hang trong
biéu thic tren.

Ta c6 a;, c6 tan ciing 14 7nén ai?c6 tan cung 1a 9. Nhu vay chit s6 tan cling clia

Ag+1 = b1b29 + Clcg...7—|— 1= d1d27 (§—|—7—|— 1= 64— 1= 7)

Diéu nay ciing dang v6i n = k + 1, theo nguyén 1y quy nap ta suy ra a, c6 tan cing 1a7Vn > 3.
Ap dung tinh chét trén ta suy ra a, khong thé la sé chinh phuong véi moi n > 3.

Mit khéac as = 2 khong 1a s6 chinh phuong.

Vay ta suy ra a, khong 1a s6 chinh phuong v6i moi n > 2. O

Bai tap 4.11. (Balkan 2002)
Cho day sb a, thoéa man
{a1:20; as = 30

Qpto = 3Apt1 —a, Vn > 1

Tim n dé A = 5a,41a, + 1 1a s6 chinh phuong.
Loi giai

Tuong tu, ta di tim cong thic téng quat ctia day sb6 va bién luan. Déi véi nhitng
bai tim gia tri n dé mot biéu thiic nao d6 1a sé chinh phuong trong day sé. Ta can
lvu ¥ dén nhitng tinh chat ctia day chinh ciing nhu day con (néu c6) nhu don diéu,
dong du. ..

Dé dang chiing minh theo quy nap cong thtc tong quét cta a, 1

ool 5
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Suy ra
A:5an+1an—|—1
3+v5)  [3-v5\ 3+vE\"
2 + 2 ' 2
< > +(3_2\/g> +3| +1
<\/5+1> +<\/52_1> +3] +1

=A=5.10%

=A = 500

=A = 500

JE—1 on—17 2
+( _> + 501

=A =500 <\/5+1) 5

Xét day phu sau:
T = \/5; 9 =06
Tp42 = \/g'rn—‘,—l — In vn = 1

Day trén c6 cong thiic tong quat 1a

T, = (ﬁ;l) + (ﬁ;l) Vn €N

(a1 (vE-1\" (VB (vE-1\"
e 2 |72 72
:<\/52+1> ) +<\/32—1> ) .

Suy ra z, > z,_1 Vn € N. Vay x,, 1a day tang ngat.

Ta co:

Tuong tu bai 2, day trén c6 mot tinh chat c6 thé ching minh duge bing quy nap theo 2 day
Top = C ( d N)
c,ac
Ton—1 = d\/g

Chinh vi thé ma ta suy ra: A = 500(d\/5)2 -+ 501.
Gid st dng € N: A = bayy1a,, + 1 14 86 chinh phuong, ta co:

song song la:

(50d)* + 501 = k? (k € N) = 501 = (k — 50d) (k + 50d)

Mait khac ta phan tich duge 501 = 3.167, ma

k +50d + k — 50d = 2k
k 4 50d > k — 50d



54

nén ta suy ra
k 4 50d = 501
=d=5

k—50d =1

Vay dng e N: z,, = 5v/5. Ta tinh toan duge x5 = 5v/5 va z, 1a day tang ngat nén ta suy ra
n = 3.
Vay v6i n = 3 thi A = 5a,,1a, + 1 14 s6 chinh phuong. O

Bai tap 4.12. Cho day sb t,, thoa man:

t1 =9;ty = 25; t3 =81
{tn+3 = Ttnyo — 14t,0 + 8, V0 > 1
a) Chiing minh rang: v, = t,,.1 — 2""'\/T, 41 + 22" Vn > 1 1a s6 chinh phuong.
b) Chitng minh rang néu 7' = 2 + 24/12¢,, + 1 € N thi n6 1a s6 chinh phuong.
c¢) Gia st ton tai day s6 x,, sao cho z,.t, c6 1¢ s6 uéc. Chiing minh day x,, gom toan s6 chinh
phuong.

Lai giai

x Cau a:

Ta thay biéu thiic can chitng minh c6 dang cian thitc. Dicu nay goi cho ta viéc ching minh ¢,
1a mot day sé chinh phuong.

Bang viéc thit 1an lugt cac sd hang dau tién cta day, ta rit ra nhan xét rang diy ¢, gom toan
s6 chinh phuong. Bay gio viéc ta can lam 1a chiing minh day ¢, gom toan sé chinh phuong.
Thong thuong nhitng bai toan ching minh day la s6 chinh phuong hoac khong 1a sd chinh
phuong ta thuong phai tim ra cong thiic tong quét ctia day dé dua vé bai toan s6 hoc thong
thuong. Nhung trong day sb ta c6 thé chii dong bién déi linh hoat gitta ching dé tao nén 1vi
gidi hop ly. Dién hinh véi bai toan nay ta thay viéc chitng minh ¢, = 22" 4+ 2"+ 4+ 1 gém toan
s6 chinh phuong ré rang 1a mot cong viéc khong kha thi.

Song ta c6 thé diya vao phuong phap clia day s6 va chitng minh thing dé dy doan vi chiing
minh ¢,, 1a binh phuong ciia mot déng thitc nao do.

Nho phuong phap sai phan ta ¢6 danh gia nhu sau:

3 5 9 17 33
ot 92 93 24

Hay

Vi Vs Vs Vit Vs
2! 22 23 24

Do do6, ta sé chiing minh theo quy nap t,+1 = (2" + \/5)2
Do t; = 9 = 32 nén didu trén dang véin = 2: ty = (2 + 3)* = 25.
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Gia sit dieu nay dang véi n = k; tic t;, = (2’“‘1 + \/tk,l)Q.
Ta xét n =k + 1; ta co:

2
tpon = Tty — 1481 + 8ly_o = Ty — 148, 1 + 8(« i1 — Qk—2)
Sotpr = Tt — 6ty — 8.25 1/t + 82200 — 7 — 6(V/l — 251) — 828 (Vi — 28) 4 8.2202)
=tp =ty + 225V + 2% = (Vi + Qk)2

Vay theo nguyén 1y quy nap ta suy ra
toir = (2" + V1) VneN

Mat khac do t; = 9 1a s6 chinh phuong nén tit d6 ta suy ra moi s6 hang ctia day déu la sé chinh
phuong.
Vay v, = tpy1 — 2" /Tl + 22" = (V1 — 2”)2 14 s6 chinh phuong.

% Cau b:

Viéc chitng minh s6 chinh phuong da gitp ta dua bai toan vé mot dang quen thudc hon:
“Néu A =2 +2v/12a2 + 1 € N thi n6 la s6 chinh phuong".

That vay, gia st A € N= /12, + 1 =k (ke N) = 12t, = (k — 1)(k + 1)

Do k 1é nén ta suy ra k =2+ 1 (I € N). Tu d6 ta suy ra: 3t, = [({ + 1).

Do (I;14 1) =1 va t, l1a s6 chinh phuong nén ta suy ra

[ = 3a® [ =0
hoac (a;b € N)
[+1=10 [+1=3d®

| = b
* Truong hop 1: { = 3a®=1+b?
[+1=3a>

Mat khéc 3 = 4.0 4+ 3 nén tit d6 ta suy ra b? + 1 ¢6 uéc dang 4k + 3 nén ta suy ra 1 : 3 (vo 1y).
Vay truong hop nay khong thé xay ra.

y . [ =3a®
Truong hop 2: T
Ta co:

A=242y/12t, + 1=2+2k=2(k+ 1) =4(t + 1) = 4b*

T dé ta suy ra A 1a s6 chinh phuong.
Vay néu A =2+ 2v/12n%2 + 1 € N thi n6 la s6 chinh phuong,.

% Cau c:

Mot tinh chat co ban clia s6 chinh phuong: Néu a 1a mot s6 chinh phuong bat ki thi né luon
6 1é s6 udc va ngugde lai. (tinh chat duge chiing minh nhd viéc stt dung phép dém).

Ching minh: Gia st a la s6 chinh phuong, ta viét dang tong quat clia a 1a

201, 202, 2a3 2an

a=p1 P2 "P3 "...Pn
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A 2, 2 z N A z A 7z A ~ A 2,0 7z X 2. 7z 7z
SO uwéc cua a chinh 1a so tich so ctia cac sO nguyén to véi cac lan thay doi khéc nhau ctia cac

s6 mil a; , Vi = 1;n. Chinh vi thé ma theo quy tic nhan ta dém dudc a c6
(200 +1) 202+ 1) 2a3 + 1) ... 2o, + 1)

s6 udc va hién nhién tong s6 wée tren la mot sb 18.

Ngudc lai gia sit s6 a c6 1é s6 udc, ta c6 dang tong quat cia a la

Tn

a=p1"p2”ps"...pn
Theo quy tic nhan ta dém dugc aco
(ri+1)(ro+ 1) (rs+1)...(rp, +1)
Do a ¢6 18 s6 wée nén r; + 1, Vi = 1;n déu phai 1a s6 18, suy ra
r; =2k (keN),Vi=1;n

Vay a chinh 1a s6 chinh phuong.

Tinh chat da dugc ching minh hoan tat. Quay lai bai toan trén va st dung tinh chat nay dé
tim ra 1oi giai thich hgp cho bai toan.

Ta ¢6: x,.t, ¢6 16 s6 uée. Ap dung tinh chét tren ta suy ra x,.t, 1a s6 chinh phuong. Mat khéc
t, 1a day cac s6 chinh phuong = x,, 14 day cic s6 chinh phuong.

Bai tap 4.13. Cho day (u,) théa man

Uy =2; U =9
Upy1 = DUy — 6uy,_q1, Vn > 1

Xét ham s6 , ,
DX Uy,

f@)=5 -5

c6 dao ham tai zg € (a;b) v6i a;b € N.

Chiing minh riang f (z) c6 diém cyc dai va cyc tiéu ¢6 hoanh do luon 1a s6 nguyén.

+ (6u,> +6") 2+ C (C € R)

Loi giai
Dau tien, ta c6 nhan xét sau: 2 diém cuc tri cia ham s6 tréen thudc phuong trinh
f'(z) = 2* — bau, + 6u,” +6" =0

Nhu thé diéu kien dau tién dé nghiém ctia phuong trinh trén 1a s6 nguyen thi A = u,,2—4.6" phai
12 s6 chinh phuong véi moi n > 1. Nhu vay ta dua bai toan vé viéc ching minh v, = u,,? — 4.6"
14 s6 chinh phuong v6i moi n > 1.

Trong bai toan nay, ta sé chitng minh bai nay bing phuong phap dung tam thitc bac hai dé giai
quyét bai toan nhanh gon hon (nghia 14 ta sé dua bai toan vé dang X? + aXu, + 5+ 6" =0

do s6 6™ xuat hien mot cach khong tu nhién va mat ca s6 hang u, bac nhat trong bai toin).
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Nhu vay day s6 sé c6 dang up12 + aplpys + 6"+ 5 =0 (do 6 dang nay ta co thé tach w,o
theo cong thiic truy hoi v dua phuong trinh trén vé dang da néu trén). Ngoai ra ta van c6 the
chiing minh biéu thtc trén thong thuong theo quy nap ctia mot biéu thic doan dugc.

Nhu da dién dat 6 trén, ta co:

Upi1? — DUy Uy + 6ot + 6"+ =10
Xem biéu thiic trén nhu phuong trinh bac 2 theo tham s6 u,, an Upt1, ta duge
A = 250%u,? — 24au,® — 4.6" — 46 = a’u,® — 4.6" — 48

Dong nhat hé s6 véi bieu thiic can ching minh ta duge oo = 1; 3 = 0.
Nhu vay ta sé chiing minh theo quy nap

Uplpio — Uns1” = 6",Yn € N

That vay diéu ndy ding v6in =0do 2.13 -52 =6 =1van =1 do 5.35 — 13 =
Gia st diéu nay ding dén n = k, tic uptpps — Uppi’ = 6.
Xétn=k+1, taco:

2 2 2 2
k1 Ut3 — Ukt2” = U1 (DUkpo — OURG1) — Upo™ = DUpy1Ukgo — OUk 1™ — Upyo

2 k+1 2
S U1 Uk 43 — U2~ = DUpp1Upg2 + 67 — OUpULL2 — Upyo

k1 2 _ k1 _
6" — Upyo” = 6" (do ugso = Hugry — Guy)

=Upto (Dupy1r — Buy) +
Vay diéu nay dung véi n = k + 1, theo nguyén 1y quy nap ta chiimg minh dugc
UpUpro — un+12 =6",YneN
Do do, ta co:
US| — Uplingg + 6" =0 = u | — Duytny + 6u; +6" =0 (x)
Xem (*) nhu phuong trinh bac 2 theo tham s6 u,, an wu,,, ta cé:
X? = 5u, X 4 6u,” +6" =0
Do day sb trén l1a diy céc s6 nguyén nén ta suy ra X ciing phai 14 sé6 nguyén. Nhu vay

A = 25u,? — 24u? — 4.6" = u,* — 4.6" = v,

phai 13 s6 chinh phuong.
Xét phuong trinh tong quat

2% — buyz + 6u,> + 6" =0 (z € R)

Phuong trinh c6 nghiém khi va chi khi A = v, = u,? — 4.6" > 0.
Ma v,, 1a s6 chinh phuong (chting minh trén) nén phuong trinh nay luén c6 nghiém va vA € N.
Nhu vay 2 nghiém ctia phuong trinh trén lan lugt 1a

Su, £ Vuy? —4.6"
xr =
2
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+V6i u, 1é ciing nhu w, chin, thi 5u, + vu,2 — 4.6" luon 1a mot s6 chdn nén hién nhién noé
chia hét cho 2. Cho nén z luon la mot s6 nguyen.
Mat khac

3

2
/(1'2 — 5a:un+6"+6un2) = % - DI Un

2

+ (6u,” +6") 2+ C (C €R) = [ (2)

Mat khac ham s6 chi c6 thé dat cyc dai hodc cuec tiéu tai a, b, xy nén tit d6 ta suy ra diéu phai

chiing minh. O

Bai tap 4.14. Xét ham s6 f(t) [ﬂ Day s6 (a,) duge xac dinh

ap=m > 2, (m € N)
ani1 = f(a,),Vn=0,1,2...

va day () : tp = [b\/ﬂ Vb € N. Chttng minh réng ton tai ng; by : \/dngy-te, € Z.
Lai giai

V6i diéu kieén dé bai, ta c6 thé nhan ra rang tich s6 trén phai 1a sé chinh phuong. Nhu vay hoic
Qg Ty, deu 12 s6 chinh phuong, hodc a,, = ty,, hodc chi a,,.t, 14 s6 chinh phuong. Viéc chi ra
ton tai hodc a,, = ty,, hodc chi an,.ty, 1 $6 chinh phuong 1a cong doan tinh toan vat va nhat 1a
d6i v6i ham phan nguyén. Nhu vay ta sé chiing minh ton tai vo s6 s6 hang 1a s6 chinh phuong
dé khang dinh sy ton tai ctia 2 bién doc lap ma khong can chi ra cu thé diéu kién ctia 2 bién
bang viéc tinh todn. Ta sé tuan tu chiing minh bai toan theo tinh chat ctia ham phan nguyén
ap dung khai trién Newton trong day sb ciing nhu do léch ciia cac hang tit trong day.

Xét day (an), ta c6: m < f(m) < f(f(m)) < ... nén day trén la day tang ngat. Vay ta chia
lam hai truong hgp sau:

s Truong hgp 1: Néu m khong phai 1a s6 chinh phuong.
Goi t? 14 s6 chinh phuong 16n nhat khong vitgt qua m = ag. Theo cach xac dinh trén ta suy ra

duge d = [y/m] .
Datm=d?+k Tacod> <m< (d+1)°=0<k<2d+1.

*a) Xét 0 < k < d+ 1.Theo céch xac dinh day ta co6:
> <ay=f(ag)=m+ [Vm|=d+k+d<(d+1)
=d < /[ (@) < (d+1) = d = |\/T (a)| = [v/a]
Ta co:
ay = f(a1) = a1 + [Var] =m+ [Vm] + [Va] =m+2d = (d+1)* + k- 1

Nhu vay ta thiy s6 chinh phuong 16n nhat khong vugt qué as 1a (d + 1)2 va do léch ctia ching

gidm di 1 sau 2 1an thyc hién qua trinh trén.
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Ap dung tuong tu véi phan tit bat dau 1a a;. Qua trinh trén duoe lap lai va do lech gidm dan
ve 0 nén sau hitu han buéc ta sé gap sé chinh phuong.

*b) Xét d+1<k<2d+ 1 taco:
ai=fm)=m+[Vm]=d®+k+d=d+1)°+k—-d-1

Do0<k—-—d—1<d+1neén ta co:

ﬁ:m:\/(d+l)2+k—d—l:[\/a_ﬂ:[ Fm)| =d+1
Mat khéac, ta lai co:
a = f @) = f(m)+ [VI ()] =+ k+2d+1 = (@d+ 1) +k

Vay (d + 1) 1a s6 chinh phuong 16n nhat khong vugt qua as va k chinh la do lech ctia né. Do
0 < k < d+ 1 nén ta quay lai truong hgp a) v6i phan tit bat dau ctia day nay la as.

Nhu vay, ta chiing minh duge sau mot hitu han bude thi day (a,) sé gap phan tit 1a s6 chinh
phuong.

x Truong hop 2: Néu m da la s6 chinh phuong thi hoac day (a,) ¢6 vo han s6 chinh phuong
ho#ic ton tai ng € N : a,,khong 1a s6 chinh phuong. Khi iy ta quay lai trudng hop 1 va sau hitu
han buéc ta sé gap lai phan tit ctia day 1a s6 chinh phuong.

Do qua trinh trén lap lai vo han lan nén ta suy ra day trén c6 vo han sd chinh phuong.

Xét day (). Theo khai trién Newton, ta co:

(\/§+ 1>l = 2V2 4y,

(Va-1) = av2—y
=2-1)'=222—y’=1+y?=2"
=yt +y’ = (ylzl\/§>2

=yt +u?=uyuv2

khillé

Mat khéac:
v <Vuttur<(wi+1l) = [\/ ut + yzﬂ =y’
Lai c6

[\/ yz4+y12] = [yzzz\/i] = [ylzl\/é] =y

Do [ylzl\/ﬂ 1a mot diy con clia ddy #, nén ta suy ra day trén c6 vo han sd chinh phuong.
Nhu vay
b, 0 € N1 \/angtry €Z = angs1 = f (an,) =d*>+d=d(d+ 1)

Vay ta c¢6 dpecm. O
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CHUYEN PE 5
MOT sO HAM SO HOC VA UNG DUNG

Lé Phic Lir !

Ham s6 hoc f 1a ham nhan déi s6 va gia tri trén mot tap rdi rac 1a tap con cia
s6 nguyén, thong thuong thi ta xét f : N — N. Cac ham s6 hoc quen thudc va
gap nhiéu ting dung nhu: ham phan nguyén, ham phan 18, ham téng céac chit s,
ham Euler... Con cac ham téng cac wéc va ham sé cac uée ré rang la ciing duge
gi6i thieu nhiéu nhung phan tng dung ctia n6 kha it. Bai viét dudi day luge dich
tit mot chuong trong cuén Elementary Number Theory and Its Application ciia tac
gia Kenneth Rosen. Mong riang v6i mot s6 lugng bai tap kha phong pht, ching ta

sé dugce tiép can tét hon doi v6i hai ham sd hoc “quen ma ciing la” nay.

Ham tong cac udc so va s6 cac udc so

Kién thd'c can nhé

Dinh nghia va tinh chat. Véi mdi s6 nguyén duong n, ki hiéu 1a tdng cac wdc duong ctia n (ké
cad n) va 7(n) 1a s6 cac ude duong ciia n (ke ca n).

Ta xét biéu dién ctia n 1a
— al a2, a3 af
N = P1 D" P3"---Py,

VO 1, Pa, P3, ..., P 12 cAc sO nguyén té con aq, as, as, ..., ai 1a cac s6 nguyeén duong. Tu day ta
quy uée bicu dién ctia n dudi dang nay.
Khi do6 ta co:

o(my = P LT AT 2
pm—1 p—1 p3—1 pr—1

az+1 o ap+1 . 1
2 k

T(n) = (a1 + 1)(az + 1)(ag + 1)...(ax + 1)

Chti ¥ réng ta ciing c6 thé ki higu o(n) =Y. d va 7(n) = > 1.
dn d|
Chiing minh.

Ta thiy riing mot s6 d = p? pbph?...pt* 1a udc ctian khi va chikhi 0 < b; < a; véii = 1,2,3, ..., k..

Nhu thé gia tri ctia b; ¢ thée c6 a; + 1 cach chon va nhu thé, theo nguyén li nhan, sé udc ctia

1Sinh vien Dai hoc FPT
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n chinh la . Tiép theo, ta xét biéu dién

H (Zn) Lt pr+p) 4+ 08) (L po 05 + o+ 052) o (L4 pp + 17 + oo+ 0})
=1 =1

D& thay khai trién nay c6 tat ca (a1 +1)(az +1)(ag +1)...(ax + 1) va cic s6 hang d6 1a cac udc
phan biéet ctia n. Do d6, dai luong trén chinh 1a tong cac uéc ciia n va ¢6 thé thu gon thanh

atl _q -1 -1
o(n) = P1 2 D3 Dy,

p—1 p—1 ps—1 " p—1
Nhan xét. Néu f 1a ham nhan tinh, nghia 1a f(m)f(n) = f(mn) véi moi (m,n) = 1 thi ta c6
F(n) =3 f(d) cing la mot ham nhan tinh.
dln
That vay, gid stt m,n la cac s6 nguyeén duong nguyen t6 cing nhau thi F(mn) = > f(d).

d|(mn)
R6 rang ta c6 thé viét d = dydy mot cach duy nhat sao cho d; 1a udc ctia m va ds 1 ude ciia n
v6i (dy,ds) = 1. Khi d6 , ta c6

Z f(d Z fldidy) = Z fdi)f(dz) = Zf(d1)2f<d2):F<m>F(n)

d|(mn) di|lm,dz|n di|m,dz|n dilm da2|n

as+1 az+1 ap+1 1

Nhan xét duge chitng minh. T day, lan lugt thay f(x) = x va f(z) = 1, ta suy ra dugc rang

cac ham o(n) va 7(n) déu la cac ham nhan tinh.

Vi du ap dung
Vidu 1.
1. Tim tat c& cac s6 nguyen duong n sao cho o(n) lan lugt bang 12, 18, 24, 48, 52, 847
2. Tim s6 nguyén duong n nho nhat sao cho 7(n) lan lugt bang 1,2, 3,6, 14,1007
Loi giai
1. Dé lam céc bai nay, ta can chon céc sé nguyén t6 va sd6 mil thich hgp sao cho
(T+pr+pi+o+p) L+po+p5+ . +03) . L+ pr+pp + .. + 1) = a(n)
Ta liet ke cac s6 ¢6 dang 1+ py + pi + ... + pi* tit nho dén 16n:
14+2,1+3,14+51+2+2%1+7,14+3+3%1+24+224+2% .

Véi o(n) = 12, ta thay chi c¢6 thé viét thanh 12 = (14 2)(1 + 3) va s can tim la n = 6.
Cac s6 con lai thyc hién tuong tiy.

2. O bai nay, ta ciing chon cac sb mi thich hop trudc rdi tiép dén chon céc s6 nguyen t6 nhd
dé cho gia tri clia n cang nhé cang t6t. Chang han véi 7(n) = 14, ta c¢6 thé chon ngay s6 mii la
13 tng v6i uéc nguyen t6 2, tic 1a n = 2'3. Tuy nhién, ta c6 thé lam cho gia tri nay nhé hon
bang cach viét 14 = 2- 7, ting v6i 2 s6 mil 1 va 6, ta chon s n = 3 - 2°. Day 1 s6 nhoé nhat can
tim.

Cac sb con lai thuye hién tuong tu.
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Vi du 2.
1. Chiing minh rang 7(n) 1a s6 1é khi va chi khi n 1a s6 chinh phuong.

2. V6i céc gia tri nao ctia n thi o(n) la s6 187
Loi gii
1. Ta thay rang 7(n) = (a1 + 1)(ag + 1)(az + 1)...(ax + 1) nén néu 7(n) 1é khi va chi khi tat ca

cac sO6 mil déu phai 1a s6 chén, nghia 1a n 1& s6 chinh phuong.

2. Ta can chon cac wéc nguyen t6 va s6 mii thich hop dé o(n) 1a s6 18. Ta c6
on)=1+pi+pi+..+p0) (L+po+ps+ ... +03) . (L+pr+pp+ . +1p%)

nén néu c6 uéc nguyen t6 nao dé 1a 2 thi van thoéa man, néu n c6 uéc nguyen t6 1é thi trong
tong trén, ching phai xuat hien chin lan. Do d6, s6 can tim c6 dang n = 2¥m? v6i m 1a mot
s6 chinh phuong 1é.

Vi du 3. Mot mat khau hop 1é ¢6 do dai n,n > 6 gom 2 phan: 4 ki tu dau la 1 trong 2 chit
s6 0 hodc 1, n — 4 ki tu sau 1a 1 trong 26 ki tu clia bang chit cai tiéng Anh nhung khong chita
toan chit ‘A’. Chéng han: 0100XYZ la mot mat khau c6 7 ki tu, hop lé nhung 0111AAA hay
0123ABC la cac mat khau c6 7 ki tir nhung khong hop le.

a. Hoi tong s6 mat khau hop 1é 1a bao nhieu? Dit s6 luong dé 1a s,,.

b. Goi s6 tat ca cac cach bicu dién s,, thanh tdng ctia cac s6 nguyén duong bang nhau (c6 lugng

s6 hang tiy ¥ v& c6 thé chi gdm 1 s6 hang) 1a ¢,,. Chitng minh réng ¢, chia hét cho 10.
Loi giai

Cau a:
Xét mat khau c6 dang X1 X2 X5...X,, v6i

X; e {01} Vi=T,4
Xy € {A,B,C,...Z} Vk > 4

M&i s6 X1, Xo, X3, X4 ¢6 2 cach chon nén c6 tat cd 2 x 2 x 2 x 2 = 16 cach chon 4 ki tu dau.
Mbi 86 X3, 4 < k < n c6 26 cach chon nén cé tat ca 26" % cach chon nhung trit trusng hop
toan bo 1a A di nén c6 tong cong 26" 4 — 1 cach chon n — 4 ki tu sau.

Do d6, tong sb mat khau hop 1 ¢6 thé c6 1a s, = 16(26"* — 1).

Cau b:

Dé& dang thay rang t, chinh la s6 udc clia s,. Ta ciing c6 (16,26" % — 1) = 1 nén c6 thé viét s,
dudi dang s, = 2* x p v6i p 1a mot s6 nguyén duong 18.

Don >6nénn—4 > 2 va 26" % chia hét cho 4, tic 1a 26" * — 1 ¢6 dang 4k + 3, khong thé 1a
mot s6 chinh phuong, tic 1a né c¢6 s6 ude chin.

Thém vao d6, 4 + 1 = 5 nén theo cong thitc tinh s6 uéc clia mot sé6 nguyén duong thi ¢, via
chia hét cho 5 va vita chia hét cho 2 nén né phai chia hét cho 10.

Ta c6 dpem.
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Vi du 4.
a) Cho n l1a mot s6 tu nhién théa man n + 1 chia hét cho 24. Chitng minh ring tong cic udc
duong cia n (ké ctia n) ciing chia hét cho 24.
b) Xét s6 nguyen
A =2010*"" — 2011°" — 2052

Hay ching minh ring A 1a mot hop sé duong va tong cac uée so6 duong ctia A chia hét cho 24.
Li giai

a) Goi d(n) 1a tdng cic uéc duong ciia n. Trude hét, ta s& chiing minh rang d(n) chia hét cho
3.

That vay, goi a 1a mot wéc nao do ctia n thi 2 ciing la udc ctia n va néu xét 0 < a < /n thi
cac bo (a; %) doi mot khac nhau (do n + 1 chia hét cho 24 nén n chia 3 du 2 va n6 khong thé
14 s6 chinh phuong).

Vi n chia 3 du 2 nén trong hai s6 a, 2 ¢6 mot s chia 3 du 1 va mot so chia 3 du 2; suy ra tong

ctia ching phai chia hét cho 3. Do d6

)= <a+g> 3

0<a<+/n

Tuong ty, ta thay rang n + 1 chia hét cho 8 nén n chia 8 du 7. Do n 1a s6 1& nén chia 8 c6 cac
so dula 1,3,5,7; khi do, dé dang thay rang trong hai s0 a, 2 ¢6 mot s6 chia 8 du 1, mot s6 chia
8 du 7 hoac mot sb chia 8 du 3, mot s chia 8 du 5.

Dé thay khi dé tong ctia hai uéc nay ciing chia hét cho 8.

T do suy ra d(n) chia hét cho 8.

Két hop hai diéu trén lai, ta thay ring tong cac uéc duong ctia n chia hét cho 24.

b) Trude hét, ta sé chitng minh ring n 1a hop s6 duong. That vay, ta sé chiing minh rang néu
x>y >3 thi
y* > a? (%)

Bét dang thic nay tuong duong véi

In |
ny Inz
Y x

rlny >yhzr &

Ham sb f(t) = 2Lt > 3 ¢6 f/(t) = 158 < 0 nén day la ham nghich bién, suy ra f(z) < f(y)
hay (*) dung.

Ciing bing cach ding ham s6, ta c¢6 thé ching minh ring véi n dit 1én va 0 < a < n thi c6
danh gia

nn—l—a

(n+a)"
Do d6 2010?29 > 2.20112°1% > 20112010 4- 20521994 nen A > 0. Xét trong modun 5 thi

> 2

A=—(1+42"") (mod5)
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Ma
2! = 1(mod5) = 219 = 4(2%)*"

= 4(modb)
Suy ra A chia hét cho 5 hay A 13 mot hop so.
Tiép theo, ta sé chitng minh rang A + 1 chia hét cho 24. That vay, do 2010, 2052 chia hét cho
3 nén
A+1=—((-1)*"7) +1=0(mod3)
Hon nita 2052 chia hét cho 8 va

1005

A+1=-3"41=—(3*)"" +1=-1"" + 1 = 0(mod8)

Suy ra A + 1 chia hét cho 3 va chia hét cho 8 nén A + 1 chia hét cho 24.
Theo két qua & cau a, ta c6 tong cac udc duong ctia A chia hét cho 24, suy ra dpem.

Bai tap c6 hudng dan, goi y

Bai tap 5.1. Chiing minh ring phuong trinh 7(n) = k ¢6 vo s6 nghi¢m nguyen duong n véi
moi k, con phuong trinh o(n) = k thi ¢6 hitu han nghiém nguyén duong n.

Gdi ¥.

Ta thay riang gia tri ctia o(n) c6 sy tham gia clia cac s6 nguyén to, con gia tri ctia 7(n) thi

khong (dic¢u nay c6 nghia I ta ¢ thé chon gié tri clia cac udc nguyen t6 clia s6 n 1én tity ¥).

Bai tap 5.2. Tich clia tat ci cac udc clia n bang bao nhiéu? Chiing minh rang ham tich cac
uée clia n 1a mot don anh trén tap hgp s6 nguyen duong.

Gdi §.

Chi ¥ réng cac ude clia n c6 thé chia thanh ting cap ¢6 dang (d; 2) va nhu thé khi nhan ching
lai, ta sé dudc mot gia tri n mdi. Két qua 1a nT(M/2,

Con viéc chiitng minh tinh don anh thi c6 thé st dung phan tich thanh thira s6 nguyén to.

Bai tap 5.3. Tim tat ca cac s6 nguyén duong n sao cho o(n) + ¢(n) = 2n, trong dé ki higu
d(n) 1a s6 cac s6 nguyén duong khong vigt qua n va nguyén t6 cing nhau véi n.

Gdi §.

C6 thé sit dung tryc tiép cong thiic clia cAc ham sb trén roi ding bat dang thiic chitng minh

rang o(n) + ¢(n) = 2n hodc dung lap luan tryc tiép dya theo ¥ nghia ctia cdc ham s6.

Bai tap 5.4.
a. Chitng minh rang s6 cip c6 thit tu cac s6 c6 BCNN ding bang n 1a 7(n?).
b. Chiing minh rang véi moi s6 nguyén duong n thi

(2" — 1) > 7(n).

c. Chiing minh réng s6 nguyén duong n 1a hgp s6 khi va chi khi o(n) > n + /n.
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Gdi §.
a. Ta tinh s cach chon bo (a,b) ma [a,b] = n la (2a; + 1)(2az + 1)...(2a; + 1) béng viec lap
luan trén cac sé6 mi tuong ty nhu ching minh cong thitc tinh 7(n).

b. Cht ¥ ring (2% — 1)i(2* — 1) véi a,b € Z* nén dé thay s6 udc ctia 2" — 1 nhiéu hon cia n.
c. Gidasin=abvéil <a<b<nthion)>1+a+b+n>1++n+n>n+./n Chieu

nguoc lai chiing minh kha dé dang bing viec kiém tra cac s6 nguyeén to.

Bai tap 5.5.
1. Chitng minh réng

100
Tit d6 tinh tong > 7(3).

i=1
2. Cho a, b 1a céc s6 nguyén duong. Chiitng minh

max{o'(a)7 U(b)} < a(ab) _ o(a)o(b)

a b ab ab
P . S z < % ~ N ab
3. Chitng minh rang néu a,b 1a cac s6 nguyén duong thi o(a)o(b) = Z d-o 7 )
d|(a,b)
Gai y.
a. Ta st dung phuong phap quy nap. Chi ¥ réng trong budc quy nap, ta kiém tra 2 truong

100
hop n 14 s6 chinh phuong hodc khong. Tong >- 7(i) = 482.
i=1

b. Ta chia thanh 2 bat dang thiic bo(a) < o(ab) va o(ab) < o(a)o(b) rdi sit dung tryc tiép cong

thic cia ham o(n).

c. Dat a = [[p®,b = [ p¥ va ¢; = min(as, b;) v6i i = 1,2,3, ..., k. Trude hét, ta ching minh

rang |
I3 siott™ )= ¥ a0 (%)

p; j=0 d|(a,b)

C
Sau dé xem xét cc tong c6 dang > (p@tt=I + patt=i=l 4 4 pJ) véi ¢ = min(a, b) va chil § s6
7=0
lan xuét hieén ctia cac thita s6 nguyen t6 trong o(a)o(b).

Bai tap tu giai
Bai tap 5.6.

a) Tim tdng cac wéc duong ciia cac sd sau: 35,2-3-5-7-11,196,2°-3*-5%.72. 11,1000, 10!, 219,
b) Tim s6 cic ude clia cac s6 sau 36,99,2-3-5-7-11-13,99, 144, 20!.
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Bai tap 5.7.

a. Héi cac s6 nguyén duong nao c6 ding 2 wdc nguyén duong?
b. Héi cac sd nguyén duong nao c6 dung 3 udc nguyén duong?
c. Hoi cac s6 nguyén duong nao c6 ding 4 wéc nguyeén duong?

Bai tap 5.8. Cho s6 nguyén duong a. Xét day sb (u,) xac dinh béi

u; = a,
Upr1 = T(uy),n=1,2,3, ...
Chitng minh rang v6i n da 16n thi uy = 2,VN > n.

Bai tap 5.9. S6 n dugc goi la “highly composite” néu 7(m) < 7(n) véi moi 1 < m < n.

1. Chitng minh rang v6i moi k € Z*, ton tai s6 HC n thdéa man k& < n < 2k. Tu do suy ra c6
vo han s6 HC va danh gia chin trén cho sé HC thit k& nao dé.

2. Chitng minh rang néu n 1a mot s6 HC thi ton tai s6 nguyén duong k& ndo do6 sao cho ta c6
biéu dién n = 2“13“25“3...}92’c v6i py, 14 s6 nguyén t6 thi k va a; > ay > ... > ap > 1.

3. Tim tét ca cac s6 HC c6 dang n = 293° véi a, b 1a cac s6 nguyén duong.
Biét s6 square-free la so c6 dang n = p1paps...pr VOi p1, D2, P3, ..., P Lo cdc s6 nguyén to. Hay
trd loi cac cau hot sau day.

Bai tap 5.10.

a. Hoi trong cac s6 sau day, s6 nao 1a s6 square-free?

A.44 B.50 C'.10000000 D.95

b. Mot s6 square-free nao dé co sb cac ude 1a A. Hoi A ¢6 thé nhan gia tri nao?

A.25 B.30 C.1024 D .99

c. Cho tap hop B = {2,3,5,7}. Hbi ¢6 tat cd bao nhiéu s6 square-free c6 cac uéc nguyen t6
thuoc tap B?
A.15 B.16 c.17 D.14

Bai tap 5.11. Cho n la s6 nguyén duong. Chitng minh cac déng thiic sau:
2

a [ )| =D ()’

dln dln

b. 7(n?) = Z 2¢( v6i w(n) la s6 cac ude nguyen to ciia n.
dl

.y Méd> =Y dr(d).

dn dn

Bai tap 5.12. Chiing minh ring ton tai vo s6 cip s6 (m,n) sao cho ¢(m) = o(n) néu nhu
ton tai vo s6 cdp s6 nguyén t6 Mersense (s6 nguyén t6 dang 2" — 1) hofic ton tai vo s6 cap s6

nguyeén t6 sinh doi.
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Mot s6 ham so6 khac

Ham phan nguyén
Céc kién thiéc can nhé

Cac tinh chat ctia phan nguyén:
e [x] = z khi va chi khi z 1& s6 nguyen.

e [z+n] = [x] + n vdi n la sd nguyeén.

[z 4+ y] < [x] + [y] v6i moi sb thuc x, y.
o [z] +[y] =x+y—1véiuxylacic sé khong nguyén va x + y nguyen.
e S0 céc s6 nguyén duong khong vuot qua n va chia hét cho k 1a [2].

Khai trién Legendre: s6 mii ctia s6 nguyén to p trong khai trién ctia s6 nguyén duong n!

thanh thira s6 nguyén t6 la
+o00

n n n n
RIS
. p p p p

Cac bai tap ap dung

Bai tap 5.13. Hdi c¢6 bao nhiéu s6 nguyén khong vugt qua 2013 va chia hét cho 2 hoiic 3 hodc
57

Bai tap 5.14. Chiing minh ring s6 cac s6 nguyén khong vuot qua n va khong chia hét cho 2

hodc 3 1a n+ 2] - (5] +3])

Bai tap 5.15. Chiing minh ring véi moi s6 nguyén duong z,y thi &)

zly!

14 s6 nguyen.

Bai tap 5.16. . Phan 1é {z} chinh Ia dai lugng tinh bang = —[z]. Chiing minh rang 0 < {z} < 1
va v6i moi s6 thue z,y thi {z +y} < {a} + {y}.

Bai tap 5.17. Cho x,y, z 1 cic s6 thuc thda man {x} + {y} + {2} = 2. Tinh gi4 tri cia biéu
thic
P=lz+y+z]— ([ + v+ [2])

Bai tap 5.18. Rit gon bicu thitc sau:

o] ) B 5
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Ham téng cac chir sb
Cac kién thic can nhé
Ki hi¢u S(n) 1a tdng céc chit s6 ctia n. Ta c6 cac tinh chat:
e n — S(n) chia hét cho 9.
e S(m+n) < S(m)+ S(n) véi m,n la cac s6 nguyén duong.

e S(mn) < S(m)S(n) véi m,n la céc s6 nguyén duong.
+00 n
k=1

Bai tap ap dung
Bai tap 5.19. Tim s6 nguyén duong n nhé nhat sao cho S(n), S(n + 1) déu chia hét cho 7.

Bai tap 5.20. Khi viét 4444*44* trong hée thap phan thi téng cac chit s6 ctia n6 1a A. Goi B la

tong céc chit s6 ctia A. Tinh tdng cac chit s6 clia B.

Bai tap 5.21. Chitng minh ring véi moi s6 nguyén duong n thi ta c6 cac bat dang thic:
a) S(2n) < S(n) < 55(2n).
b) S(5n) < S(n) < 25(5n).

Bai tap 5.22. Ngudi ta goi cic s6 c6 thé biéu dién thanh tong a + b véi S(a) = S(b) 1a cac sb
dep.

a. Chitng minh rang cac s6 999, 2999 khong phai 1a s6 dep va ton tai vo sd s6 khong 1a s6 dep.
b. Chitng minh rang tat ca cac s6 théa man 999 < k < 2999 deu 1a s6 dep.

Ham Euler
Kién thitc cAn nhé

V6i mdi s6 nguyén duong n, ki hieu ¢(n) 1a s cic s6 nguyen duong khong vugt qua n va nguyen
t6 cling nhau véi n. Day dugce goi 1a ham Euler.

Ta c6 cac két qua quen thuoc:
e ¢(p) =p— 1 vdi p la s6 nguyen to.
o o(p*) =pFL(p—1) v6i p 1a s6 nguyeén to.
o o(mn) = ¢p(m)op(n) véi (m,n) = 1.

Trong truong hop tong quéat, ta cé

1 1 1 1
¢ (p1'p3ps®..pek) =n (1 — —) (1 — —) <1 — —) <1 _ —)
( 1 2 3 k ) pl p2 p3 pk
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Bai tap tong hop

Bai tap 5.23.

1. Cho n 1a s6 nguyén duong 16n hon 2. Chiing minh réang ¢(n) chén.

2. V6i gia tri nao ctia n thi ¢(n) = 27 ¢(n) [n? ¢(3n) = 3¢(n)? ¢(n) chia hét cho 47
3. Chiing minh ring néu n c¢6 k wéc nguyen to 18 phan biét thi ¢(n) chia hét cho 2*.
4. Chttng minh rang néu m,n € Z* va m|n thi ¢(m)|o(n).

5. Chitng minh rang ham f(n) = @ 1a ham nhan tinh day du.

Bai tap 5.24.
1. Gia st m,n € Z* va (m,n) = p véi p nguyéen t6 . Chiing minh ¢(mn) = p

2. Chitng minh rang
o(m*) = m"g(m)

v6i moi m, k € Z+.
3. Cho a,b € Z*, chiing minh rang

tit d6 suy ra ¢(ab) = ¢(a)p(b) véi (a,b) > 1.

Bai tap 5.25.

1. Chitng minh rang néu phuong trinh ¢(n) = k véi k € Z* ¢6 nghiem duy nhéat n thi n chia
hét cho 36.

2. Chitng minh riang phuong trinh ¢(n) = k véi k € ZT ¢6 hitu han nghiem n.

3. Chitng minh réng néu p 1a s6 nguyéen to, 2% + 1 1a hop s6 véi a = 1,2,3,...,r va p khong

phéai 1a s6 nguyén t6 Fermat thi
¢(n) =2"p

vo nghiém.

4. Chting minh rang ton tai vo han s6 nguyén duong k sao cho phuong trinh
¢(n) =k

c6 ding 2 nghiém nguyén duong n.
Gdi y: xét cac sd nguyén duong c6 dang k =235+ j =123 ...

Bai tap 5.26.

1. Chiing minh rang néu n # 2,n # 6 thi ¢(n) > /n.
2. Chiing minh réng n 1a hgp s6 khi va chi khi ¢(n) < n — /n.

3. Tim s6 nguyén duong n nhé nhat théa man ¢(n) > 10°.

Bai tap 5.27. Chiing minh ring néu n 13 hgp s6 va ¢(n) |(n — 1) thi n 1a s6 square-free va né

1 tich ctia it nhat 3 wéc nguyen t6 phan biét.
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Bai tap 5.28. Cho s6 nguyén duong a. Xét day s6 (u,) xac dinh bdi

uy = a,
Up+1 = ¢(un)7n = 17 27 3, ...
Chitng minh rang v6i n da 16n thi uy = 1,VN > n.

Bai tap 5.29.
1. Chitng minh ring Z #(d) = n v6i moi s6 nguyen duong n.
dln

2. Chitng minh rang Z a= ngb(n)

1<a<n,(a,n)=1 2
3. Gid st p > 4 13 mot s6 nguyén duong va p — 1,p + 1 14 hai s6 nguyén t6 sinh doi . Chitng

minh ring 3¢(p) < p.
4. Chitng minh réng diéu kien can va di dé n 1a s6 nguyén t6 1a o(n) + ¢(n) = nr(n).
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CHUYEN BE 6:
THANG DU BINH PHUONG

Nguyén Huy Hoang, Tran Hy Déng *

Thing du binh phuong 14 mot trong nhitng cong cu manh dé gidi quyét cac bai toan

s6 hoc. Thing du binh phuong rat don gian, dé hiéu nhung lai cuc ki hitu dung.

Tuy vay, doc gid can ¢6 mot nén tang kién thiic tot (nhu vé cap clia 1 s6, dinh 1y

Fermat,...) dé c6 thé sit dung thanh thuc.

Tinh chit co ban cta thing du binh phudng va ki hiéu Leg-

endre

Dinh nghia 6.0.1.

(a,p) = 1 vd phuong trinh dong du 22 = a(modp) c6 nghiém.

Gia st p 1a s6 nguyen t6 1& . Khi d6 s6 nguyén a dugc goi 1a s6 chinh phuong mod p néu

Vi du: -1 14 s6 chinh phuong mod 5 ( vi 72 = —1(mod5) )

Dinh 1y 6.0.1.

Néu p 1a mot s6 nguyén t6 16 thi trong cac s6 1,2,3,...,p—1 c6 dung ’%1 s6 chinh phuong

mod p.

Phan chitng minh hai dinh 1y trén xin danh cho ban doc.

Dinh nghia 6.0.2.

Cho a € Z , p 1a s6 nguyeén t6 1& . Ky hiéu Legendre <§> duge dinh nghia nhu sau:

Néu (a,p) = 1 va a 1a s6 binh phuong mod p thi

Néu (a,p) =1 va a khong la s6 binh phuong mod p thi

(a,p) # 1

'L6p chuyen Toan truong Phé Thong Nang Khiéu va trusng THPT Chuyén Lé Hong Phong

73
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O -0)-)-
(29 (8- (2)- (2)- ()

Dinh 1§ 6.0.2.
Gia stt p 1a mot s6 nguyen t6 1& , (a,p) =1 . Khi d6 :

(£) = ot

p

Ching minh:
% Truong hgp 1: (2) =1.
p
Khi d6 phuong trinh dong du 2? = a(modp) c¢6 nghiém zy . Theo dinh 1y Fermat nho, ta c6 :

p—1 p—1

az =) 7 = xg_l = a (modp) (dpem)

% Truong hop 2: (E> =—1.
p
Khi d6 phuong trinh dong du 22 = a(mod p) vo nghiem . V6i mdi 7 tit 1 dén p— 1, ton tai duy
nhéat j,1 < 7 < p—1sao cho i.j = a(modp) .
Ro rang la i # j nén c6 thé nhém cac s6 tit 1 dén p — 1thanh 21 cap , sao cho tich trong méi

cap déu dong du a mod p . Nhan tat ca cacs6 1,2,3,...,p — 1, ta dudc :

(p—1l= a%(modp)
Theo dinh 1y Wilson , (p — 1)! = —1(modp), dinh 1y dugc ching minh .
Dinh 1y 6.0.3.

Gia stt p 12 1 s6 nguyeén t6 18 , a va b 1a nhitng s6 nguyén khong chia hét cho p. Khi doé:

1/ a = b(modp) = (% e

2O 0)-)

(7).

a

Ban doc dé chitng minh dinh 1y 4 bang dinh 1y 3.

()=

Tit day suy ra phuong trinh dong du 22 = —1(modp) c¢6 nghiém khi va chi khi p = 2 hoac
p = 1(mod4)

Dinh 1§ 6.0.4.
Vé6i moi s6 nguyén p > 2, ta co

Vi du: Ta dé thay (*71):1@;9—154.
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Dinh 1y 6.0.5.

14 wéc ctia abe thi D = b? — 4ac 1a thang du bac 2 mod p.

Dic biét néu p 1a udc clia 22 — Dy?va (z,y) = 1thi D la thang du bac 2 mod p.

Gia st (z;y) = 1, a, b, ¢ 1a cdc 6 nguyen p 1a 1 udc nguyén t6 ciia ax?® + bry + cy?, p khong

Ching minh:
Dé bién doi

P ‘(2@3: + by)2 — Dy?

Giad st ply , khi d6 p|2ax + by = p|2ax
Ma (a,p) =1 nén plz. Vay (z,y) >1 (Vo ly)
Do d6 (p,y) = 1 nén ton tai y'sao cho yy’ = 1(modp).
Suy ra
(2azy’ + byy')’ = Dyy = D(modp)
Vay D la thang du chinh phuong mod p.

Dinh 1y 6.0.6. (Bo dé Gauss)

Gia st p 1a 1 s6 nguyen t6 1& , a 1a s6 nguyéen khéng chia hét cho p . Néu trong s6 cac thing

du bé nhét clia cac s6 nguyen a, 2a, 3a, ..., Zta ¢6 s thang du 16n hon 2 thi:

IR

1

s
|

1

2]

=
Il

1

Chting minh:

Cho a la 1 s6 nguyen , p la 1 s6 nguyeén t0 sao cho (a,p) = 1. V6i mdi k € {1;2;3;...;

ton tai r € {jzl +2;43; ... £ 1} sao cho
ka = rip(modp)
Dé thay khong ton tai hai rj, ¢6 cling tri tuyéet doéi , do d6

[71] 5 |2l s sl s e Tp_1

la 1 hoan vi ctia {1,2,3 5 1}
Cho k chay tur 1 — 2= roi nhan tat ci cac vé lai v6i nhau ta dugc :

E r17rar3...T'p 21 T17’27“3...7’pT—1

a? = = (modp)
C123005) [ [ o e

Diit by, = %
k

;b = £1.Ta ¢6

P by...bp(modp)

br = —1 khi va chi khi phan du khi 1y ka chia cho p 16n hon p’ tic 1a ka = pg + r.

r > =1 khi va chi khi

2ka

—:2p+?@[2$}_2p+1_2[2}+1@bk (—1)l%]

7%1} deéu
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p—1

Ngt

[2ka

Vay a7 = (2) =(=1)r=1"" ] (dpcm).
p
Tt dinh 1y trén ta co thé thu duge cac hé qua sau.

Dinh 1y 6.0.7.

2 ptl
a/( 2) = (=&
/(2) =0
b/-2 la thang du bac 2 mod p khi va chi khi p = 1;3(mod8)

¢/ -3 1a thiang du bac 2 mod p khi va chi khi p = 1(mod6)
d/ 3 1a thang du bac 2 mod p khi va chi khi p = +1(mod12)
e/ 5 la thang du bac 2 mod p khi va chi khi p = +£1(mod10)

Dinh ly 6.0.8. Luat tuong ho
Néu p,q la cac s6 nguyén t6 1é va p khac q thi

(£)()-coesnes

Bai tap vi du

T

Bai tap 6.1. Chiing minh ring véi moi s6 nguyén t6 p = 4k + 3, néu 22 + 2 | p thi
y-p
Loi giai
2
. x -
Giastz,y /p= (—) , (y) # 0, ta co (_y =1
p p p
—? —1 e —1
Nhung theo dinh Iy 4b, 4c va 5, taco | — | = — | [ = | =(— | = —1(vo 1i!)
p p p
Do d6 ta co
y:p
. . ) : m:p
Bai tap 6.2. Chiing minh rang véi moi sé nguyén té p = 3k+2 thi m?+mn+n?: p &
n:p

Lai giai

Gia st m,n /p = (T) : (E) £ 0.
p p
Ta co

: : : —3n? -3
m2+mn+n2:p:>4(m2+mn—|—n2) p= (2m—|—n)2+3n2 p = ( n ) =1= (—) =1
p
. N ' m:p
Theo dinh 1y 8c, ta suy ra day la diéu vo li, do d6 m? +mn +n? i p &
n:ip
Nhan xét :Cac tinh chat nay dé dang ching minh duge bang dinh 1y Fermat, nhung day chi 1
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mot ing dung kha co ban cua thing du binh phuong.

Céc dinh nghia ctia thing du binh phuong déi khi duge st dung dé chiing minh mot s6 bai
toan kha thi vi. Ching ta chi can ap dung nhiing tinh chat co ban dé lap luan nhung né van
thé hien dugc stc manh ctia thing du binh phuong.

Bai tap 6.3. Chitng minh rang v6i moi s6 nguyén t6 1é p:
(9) S

dacZ": p
a<l+./p

Loi gii

Goi a 13 s6 ty nhién nhé nhat khong 13 thing du bac hai mod p.
bat b = <£> +1=0<ab—p<adodohiéu ab — p la thing du bac 2 mod p. Vay

a
=(59)-5)-6)6)--0)
p p P p p
Suy ra b khong la thang du bac 2 mod p.
Do d6

a<b<]—9+1:>a<\/1_9+1
a

Bai tap 6.4. (Korea Final 2000) Cho s6 nguyén t6 p = 4k + 1, hay tinh

(51 5)

Lai giai

—

p—

T

Dau tién, ta c6 nhan xét:
2z] —2[z] < 1Vz € R
) 1
Dang thitc xay ra khi va chi khi {z} > 5

Thé nén, nhiém vu clia chiing ta bay gio 1a tim s6 dong du ctia mot s6 chinh phuong khi chia
p JR—

cho s6 nguyén t6 p = 4k + 1 sao cho n6 16n hon

Theo tinh chat s6 1 ctia thang du binh phuong, ta c6 ding b s6 chinh phuong mod p.

2
-1 —a? — —
Béivip:4k+1:>(—>:1:>(_a>:1:><9>:(_a):(p a)'
p p p p p

p_l N . p_l %
va dung SO

Nhu vay ,ta sé c6 ding 22 s6 chinh phuong mod p khong 16n hon hon
chinh phuong mod plén hon p%l.

Do d6 - ) p -
(I

x
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VijeN
vinéu ¢ 1<i,5 <p—1 thii*=;*(modp).
i+)=p

Bai tap 6.5. (Iran TST 2004) Cho trudc s6 nguyén t6 p va sé nguyén duong k, chiing minh

rang ton tai s6 nguyén duong n sao cho

()= ()

Lai giai

n(n -+ k)) .
. .
Ta gid st dieu ngudce lai, tic 13 gid sit ton tai 1 < k < p — 1 sao cho (

Bai toan tuong duong véi viéc chiing minh ton tai n sao cho (

n(n+k)

) = -1Vl <
p

n<p-—1.

2=l 6 khong chinh phuong mod p. Do d6 néu

Vi v6i méi s6 nguyén t6 p bat ki, c6 ding £
f (n,k,p) =n(n+ k) mod p nhan nhiéu hon p%l gia tri phan biét thi ton tai it nhat 1 s6 chinh
phuong mod p.

Vay tap gia tri cua f (n, k,p) nhan khong qua ’%lphén tit, do d6 theo nguyén 1y Dirichlet, ta

c6 it nhat ba sb6 x,y, z nguyén phan biét sao cho

{1<x,y,z<p—1
[ k,p) = f(y,k,p) = f(2,kp)

Thc 1a
ple+y+k
r(x+k)=y(y+k)=z2(2+k)(modp) & { ply+2+k & 2=y =z (modp)
plz+z+k
Diéu nay vo li vi ,y, 2 phan biet va 1 < z,9,2 < p — 1. Do d6 ta c6 diéu phai chiing minh.
Nhan xét: R6 rang 1a trong hai bai toan nay, ta chit yéu dung dinh 1y s6 1 va dinh 1y s6 2 lam
cd s6 lap luan.

Thang du binh phuong ciing rat hitu dung trong giai phuong trinh nghiém nguyén, ta ciing xét

dén vi du sau:
Bai tap 6.6. (Serbia-2008) Tim tat cd nghiém nguyén khong am ctia phuong trinh :
127 4 4% = 20087
Loi giai

Néu z > 0 thiy > 0.
Néu x chén thi VT c¢6 dang a® + b* , néu x 1é thi VT c6 dang a? + 3b° .
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Dé thay 2008 c6 uée nguyen t6 1a 251 | a,b déu khong chia hét cho 251 . Tt day ta c6 -1 hoac
-3 86 12 cac s6 chinh phuong mod 251 .Tic la

() =1 v () =1

() = () = 1™ () = (3) = 1

Suyrar=y=2=0.

Ki hiéu Jakobil

Khong ding lai ¢ tap s6 nguyen to, cac tinh chat clia thing du binh phuong con c¢6 thé mé rong
ra cho ca hop s6. Do khong s¢ nham 1an nén tuong ti nhu ki hiéu Legendre, ki hieu Jakobil
dudce viét dusi dang (%)

Mot s6 tinh chat ctia ki hieu Jakobil:

V6i n 14 s6 ty nhién 1é va @ nguyeén, (a,n) = 1 ta c6 cac dinh 1y sau:

Dinh 1y 6.0.9.

V6i moi a,b: a = b(modn) = (£) = (2)

Dinh ly 6.0.10.
bat n = Hpi‘“, v6i p; 14 u6c nguyeén t6 cia n, ta co:

()-T1G=) -G

()= (2 (&) v e

Nhung Iuu ¥: a 1a s6 chinh phuong mod n khi va chi khi @ phai 14 s6 chinh phuong mod p; v6i

Hay n6i mot cach khac

moi p; 1a u6c nguyen t6 ciia n. Ta sé tién hanh ching minh hai bude:

L () = ()

<%> (3) khi ged (p,q) = 1

b
VRS
Ele
N——
I

Dinh ly 6.0.11. Ta c¢6 ki hiéu Jakobil la mot ham nhan tinh hoan toan, béi vi:

0))- (2 wses
He qué: (311) =1

Dinh 1y 6.0.12.
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Dinh 1y 6.0.13.

Dinh 1y 6.0.14.

Bai tap vi du
Bai tap 6.7. Cho m,n € Z" sao cho n+ 1 | 4m, hdy ching minh (=2) = —1.
Loi giai

Ta gia st diéu ngugc lai la (=2) = 1.

Vi tinh chén 18 ctia m khong quan trong cho nén ta c6 thé coi nhu m 1a s6 18.
Dau tién, ta c6 nhan xét: (%) =1 k—14

Vin+1:4m= (71) —1 theo nhan xét trén.

Do do () = () (%) =

Vin+ 1:4m = ged (m,n) = 1 nén ta c6 thé ap dung luat nghich dao binh phuong, ta co:

—1
(B (Z) = (pe e o (L) = ELT g, (—_1> _
n m m —1 n
Neum=4t+1= (L) =1= (&) =-1= (=) = -1
Nhung vin+1=12+n:4m = (=) = 1, mau thuan.

Véi truong hop con lai, ta cling dé dang suy ra duge diéu vo li, do dé (ﬂ) =1 la khong thé,

n

suy ra dpcm.

Bai tap 6.8. (Korea 1999) Tim moi s6 nguyén duong n sao cho 2" — 1 i 3 va ton tai s6
nguyén m sao cho
2" — 1 | 4m* +1

Lai giai

Ta conhan xét néu 22+ lipep=4k+1vi2" - 13 =n: 2.
e Diéu kién can:
Ta sé chitng minh s6 nguyén duong can tim la mot luy thita cia 2.
Giésﬁ’nfq(q>1,q /:2),tacé: 2" —1:271—1.
-1 /3 )

Nhung , do d6 29 — 1 ¢6 u6c nguyén to dang 4k + 3 khac 3, vo ly.

2941 :4
Vay ta c6 néu ton tai s6 nguyén m sao cho 2" — 1[4m? + 1 thi n 1a mot luy thita clia 2.
e Diéu kien du:

Theo ching minh trén, ta c6 22" — 1 khong c6 udc nguyen t6 dang dang 4k + 3 khéc 3, hon nia
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92" _ 1 79, ta phan tich thanh cac thita sb nguyen t6 2ol = T py
Ap dung ki hiéu Jakobil, ta co:

() () -G )

Do d6, ton tai s nguyén ¢ sao cho

ey 2!
3
|

a2 1492 ;

C22¢
(:)22kt2—|—1: 3

o922
sS4l +1¢ 5

Két thtc chiing minh.
Binh luan: Trong cudn sach s6 hoc ctia Titu Andreescu thi c6 18i gidi lien quan dén s6 nguyén
t6 Fermat va dinh 1y thing du Trung Hoa, nhung & day khi sit dung ki hiéu Jakobil, bai toan

nay tré nén don gian.

Khai thac mét bo dé

Bay gio xin gi6i thieu doc gid mot bo dé rat tha vi sau:

Chitng minh riang véi moi so6 nguyén duong a khong phai 1a s6 chinh phuong, ton tai vo s6

()

Chiing minh bo dé

s6 nguyén td p sao cho

Phan tich a thanh céc thita s6 nguyen t6, ta c6 a = 2¢ [ p*, dé cho don gian, ta gid stt s6 d6 1 s6
i=1

square-free (ttic 1a s6 khong c6 uée la binh phuong ctia mot sé nguyeén t6) = a; = 1,¢ € {0;1}.

Chon s 1a s6 khong chinh phuong modulo p,.

St dung dinh 1y thang du Trung Hoa, ta dé dang tim dugc mot s6 nguyén v sao cho

v = 1 (mod8)
1 (modp;)) (1 <i<n—1)

v
v = s (modp,,)

m

bat v = [] g¢;, vdi ¢; 1a uéc nguyeén t6 ta co:

J=1
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Va theo dinh 1y nghich dao binh phuong, ta co:

m . m (ri=1)(9;-1) .

H (&) :H(—l)fy (&> — (3) Vi<i<n

i1\ i Di Di
Do do

- T ARE)-6)-()-()
=1 (%‘ Lzl qj 1o N\ 1 \Pi Dn Dn
Suy ra rang phéi ¢6 ¢; sao cho (qi) = —1, ma vi ¢6 vo s6 s6 nhu vay nén ta c6 dpem. Véi
J

truong hop a = 2 thi bai toan hién nhién ding.
Bé6 dé nay lac dau nhin vao thi ta tuéng nhu khong c¢6 ting dung nhiéu, nhung trén thuc té noé

c6 thé c¢6 nhitng ing dung rat bat ngs, dién hinh la bai toan sau:

Bai tap 6.9. (CWMO 2011) Tim moi cip s6 nguyén (a, b) sao cho v6i moi s6 nguyén duong
n, ta co

n|a®+ "
Loi gii
Chon n = p véi p la s6 nguyen t6 1é du 16n, ta co
a? + ¥ = a4+ b* = 0 (modp) = <—?a> =1Vp=po

V6i pg 1a s6 nguyen t6 1¢& di 16n thod man ged (a, py) = 1.
Ma theo b6 dé quen thudc 1a néu x khong la s6 chinh phuong thi ton tai vo s6 s6 nguyén t6 1é
p sao cho (%) = —1, do d6 ta phai c6 —a la mot s6 chinh phuong.

Tuong ti, chon n = 2p vé6i p la s6 nguyeén t6 1é du 16n thi ta c6

_b2p+1 -b
( )Zle>po:>(—)=1Vp>po
P P

Tt day suy ra —bla mot sé chinh phuong. Tiép tuc chon n = p véi p 1a sd nguyen to 18, dit

—a=k* -b=1>taco
(—k2)" + (_12)p+15p & 1" — k* =0 (modp) (theo dinh Iy Fermat nhd)

Do d6 ta lai ¢6 I2 £ k = 0 (modp) véi vo s6 s6 nguyen 6 p, vi vay ta lai suy ra tiép (+k) la

mot luy thua bac 4.

Tuong tu, chon n = 2p véi p 1a s6 nguyen t6 16 thi ta lai c6 tiép (£1)° 1a mot luy thita bac 4.
. —a=-b=1

Lap lai qua trinh nay vo han 1an, ta c6 —a, —b 1& luy thita bac 2! tuy ¥, do do ; )

Vay ta ¢6 (a,b) € {(0,0),(—1,—1)}.
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Bai tap 6.10. (Mathlink contest 2004) Cho 2004 s6 nguyen khong am ay, ..., asgos sao cho
2004

Z a? 1a s6 chinh phuong v6i moi n. Tim s6 s6 hang nhé nhat bang khong.
i=1

Lai giai

Chon s6 nguyeén t6 18 p sao cho p khong 1a u6c ciia bat ki s6 nao trong cac sd da cho, ap dung

dinh 1y Fermat nho, ta co:

2004 I
Zaf_l = k (modp) = <—) =1
i=1 p

2004
Do Y a? 1a s6 chinh phuong véi moi n.
i=1

Vi chi ¢6 hitu han p sao cho (%) = —1 nén theo b dé tren, ta c6 k 1a s6 chinh phuong, ma

k<2004 < 2025 = 452 = k < 442

Do d6, s6 s6 hang bang khong nhé nhat 1a 2004 — 1936 = 68.

Ta chi ra réng a; = a9 = ... = A1936 — t2, 1937 = ... = A2004 — 0 thoa man dé bai.

Bai tap dé nghi

1. (Bulgaria NMO 1998)Cho m,n 1a 2 s6 ty nhien sao cho A = % 14 s6 nguyen.

Chitng minh rang A 18.

2. (Poland 2013) Cho cac s6 nguyén a,b sao cho 3 + a + b? chia hét cho 6a. Chitng minh

rang a am.

3. Chiting minh rang 3" + 1khong c6 udc nguyén t6 c6 dang 3k + 2 néu n 1a s6 nguyén duong

1é.

4. Chiing minh rang 2" — 1luon c6 uéc nguyeén t6 c6 dang 8k + 7 néu n 1a s6 nguyén duong

1é.

5. (Vietnam TST 2003 P6) Cho s6 nguyén duong n. Chitng minh rang 2" + 1 khong ¢6
uéc nguyen to dang 8k — 1.

6. Ching minh rang véi moi sd nguyén té p, ton tai cac s6 nguyen x,y sao cho x%+y? + 1ip.

7. (Korea Final 2000 P1) Chiing minh rang véi moi s6 nguyéen to , ton tai cdc sd nguyéen

x,1y,z vasao cho 2% + y? + 22 = wpva 0 < w < p.

8. (IMO Shortlist 1998 N5)Tim moi s6 nguyén duong n sao cho ton tai sé nguyen m dé
2" — 1 1a u6c ctia m? + 9.
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10.

11.

12.

13.

14.

15.

(Czech-Polish-Slovak MO 2008) Chitng minh riang ton tai s6 nguyén duong n sao cho
v6i moi s6 nguyén duong k thi k% + k + n khong c6 wéc nguyén td nhé hon 2008.

(AMM) Tim moi s6 nguyén duong n sao cho 2" — 13" — 1.
Néu p = 2" + 1 (n > 2) l1a s6 nguyén t6 thi chiing minh rang
p—1 .
32 +1:p
(Sierpinski) Chiing minh ring ta khong thé tim duge s6 nguyén duong n > 1 sao cho
2n=l 4 1in.

(AoPS) Cho 3 s6 nguyén a, b, ¢, chiing minh réng a, b, ¢, abc khong 1& s6 chinh phuong

khi va chi khi ton tai vo sd s6 nguyén t6 p sao cho
()= G)-G)
p p p
(Iran TST 2013) C6 ton tai cic s6 nguyén a,b,c sao cho
a® +b* + ¢ 1 2013(ab + be + ca)

(IMO Shortlist 2009 N7) Cho a,b la hai s nguyén phan biét, chiing minh réng ton
tai s6 nguyén duong n sao cho (a™ — 1) (b" — 1) khong 1a s6 chinh phuong.



CAP VA CAN NGUYEN THUY

Pham Tién Kha !

Cap va can nguyéen thiy 1 cac cong cu hét stic hitu dung trong viéc gidi cac bai
toan s hoc so cap. Khong nhitng thé, ching con 1a cau ndi dé ta budc len cac khai
niém, dinh 1§ cao cap trong toan hoc. Bai viét nay xin trinh bay mot s6 ting dung

clia cap va cin nguyén thiy trong cac bai toan Olympiad.

CAp ctia mdt sé6 nguyén duaong
DINH NGHIA: Cho (a,n) = 1. S6 h > 1 dudgc goi la cap ctia a modulo n , ki hicu h = o0,(a),
néu h la s6 nguyén duong nhé nhat thod man
a"=1 modn
Tit dinh nghia vé cap, ta rat ra duge tinh chat quan trong sau:
Néu n|a® — 1 thi o,(a)|k
Chitng minh tinh chat tren don gian. Dat o,(a) = h, va gia st k = [h +r. Cha ¥ réng:

d"=d"a"=a"=1 modn
Do r < h nén theo dinh nghia vé cap, suy ra r = 0, hay hlk.

Ta bat dau v6i mot bai toan quen thuoc veé cap:

Bai 1. Ching minh ring moi wdc nguyén to € p cia s6 a®" + 1, trong dé a > 1 la so tu
nhién bat ki, déu thod man
p=1 mod 2"

Gidi. Tit gia thiét suy ra pla®”" — 1. Dat h = o,(a) thi 2|2, va theo dinh 1y Fermat nho thi
hlp — 1.
Gia stt h < 2" titc 1a h|2". Suy ra p|a®” — 1. Mat khac, theo gia thiét thi p|a®” + 1. Suy ra
p|2 (!). Do d6 h = 2", hay

p=1 mod?2"".0

Bai toan nay quen thudc dén ndi né tré thanh mot bo dé cho rat nhicu bai toan khac vé cap.

Ta lan lugt xét cac bai toan nhu vay.

Lép 12CT THPT chuyén Lé Hong Phong
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Bai 2. Chiing minh rdng ton tai vo han s6 nguyén to cé dang 2"k + 1 vdi n co dinh.

Gidi. RO rang bai todn nay c6 lien quan mat thiét, hay noéi cach khac 1a mot hé qua truc
tiép ctia Bai 1. Viec con lai clia ta la can tim a dé day =, = a®" + 1 ¢6 céc s6 hang doi mot
nguyeén t6 ciing nhau.

Xét day Fermat F,, = 22" + 1. Ta chiing minh (F,, F},,) = 1 v6i moi m # n.

That vay, chd ¥ déng thic sau:

F,—2=F, Fy---Fy
Tu day dé dang suy ra v6i moi m # n thi (F,, F),) = 1, va bai toan ciing dugc giai quyét.[]
Nhan xét: Day Fermat F, = 22" 4+ 1 va dai lugng 22" rat pho bién trong céc bai toan ve
cap, va ta sé tiép tuc gap day nay trong 10i gidi cidc bai toan sau.
Bai 3. Chon > 1, a la s6 nguyén duong thod man n|a™ + 1. Ching minh ring

(a+1,n)>1

Gidi. Goi p la u6c nguyén t6 bé nhat ctia n, va dit o,(a) = h. Tu gia thiét suy ra h|2n
va h|p — 1. Do tinh bé nhat ctia p nén (n,p — 1) = 1. Do d6

hl(2n,p—1)=(2,p—1)=1,2
e Néu h =1 thi pla — 1, ma pla" + 1 nén p = 2. Khi d6 2|(a + 1, n).
e Néu h = 2 thi p|a® — 1, lai theo dinh nghia ctia h nén suy ra p|a + 1. Khi d6 p|(a + 1,n).0-

Nhan xét: Néu p la s6 nguyén t6 va n|(p — 1)" + 1 thi p|n.

Bai 4. Tim tat cd cip s6 nguyén duong (m,n) thod mdn

n|2m 4 1
m[2nt 4+ 1

Giai. V6i m =1 thi n = 1,2 va ngugc lai. Ta xét truong hgp m,n > 1.
Diat m — 1 = 2%.2,n — 1 = 2%y, trong d6 a,b, x,y nguyén duong va xy 18. Goi p 1a mot wée
nguyeén t6 ctia n thi

pl2m Tt +1=(29)" +1

Theo Bai 1 thi p =1 mod 2", Suy ra n ciing c6 dang 2°71.k + 1, hay n — 1 = 2%k, Suy ra
b>a+1.
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Tuong ty, ta ciing suy ra dugc a > b+ 1, va diéu nay mau thuan véi b > a + 1.
Tém lai, (m,n) = (1,1),(1,2),(2,1).0

Bai 5. Cho (a,b) = 1 la hai so nguyén duong khong dong thoi bang 1, va p la so nguyén
t6 1é thod man pla®” + b*" thy
p=1 mod 2"

Gidi. Lai mot bai toan véi hinh thiic gin nhu tuong tu véi Bai 1. O day ta chi can mot budc
chuyén nho: chi y ring (b, p) = 1 (néu khong thi pla va p|(a,b), trai gid thiét) nén ton tai o’
thod man

b =1 mod p

Do dé6 tir gid thiét suy ra
pl(ab)* +1

Va ta bat gip lai Bai 1. Bai toan dugce giai quyét.[]

Mot khéi dau nhe nhang cho bai viét, va da dén lic day do kho ciia cac bai toan léen mot

bac. Nhitng bai toan tiép sau sé can nhiing suy luan dai hoi va tinh té hon.

Bai 6. (Han Qubc 1999) Tim tit cd s6 n nguyén duong sao cho ton tai m thod man

2n—1

Am? +1
g 14m

Gidi. R rang v6i n 1é thi 2" — 1 = —2 mod 3 nén 2" — 1 khong chia hét cho 3. Do d6 n chén.

Ta c6 b6 dé quen thuoc sau:
Cac s6 c¢6 dang z? + 1 thi khong c¢6 uée nguyen t6 dang 4k + 3

Do n chin nén 2" —1 = 3 mod 4. Néu n c6 udc nguyen to 1é thi 2" — 1 c6 udec nguyen to p # 3
dang 4k + 3. Khi d6 p|(2m)? + 1, mau thuan bo de.
Do d6 n = 2*. Ta chiing minh véi moi n nhu vay luon ton tai m thod man dé bai.
Chi y ki hieu vé s6 Fermat F,, = 22" 4+ 1. Nhu vay
2" —1
3

=Fp1Fpo-- Fy

Lai do tinh doi mot nguyén t6 cing nhau ciia cac s6 Fermat nén theo dinh 1y Thing du Trung
Hoa, ton tai ¢ chan thoa

A2=22" mod2¥,i=1k—1

Chon m = 7, ta c6 dpcm.[]

Ban dang thic méac vé bai toan trén, vi n6é khong lien quan dén cap? Hiy tiép tuc theo doi bai

toan sau.
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Bai 7. Cho n la s6 thod man ton tai m sao cho 252+ |4m? + 1.

Chiing minh rang vdi moi udc nguyén duong d ciia %, luon ton tai ¢ nguyén duong sao

cho
d=1 mod 29

Gidi. RO rang v6i bo dé 1a Bai 6, bai toan nay da tré nén don gian hon rat nhiéu. Theo két qua

Bai thi:
2" —1

3

Theo Bai 1 thi v6i moi ¢, moi wéc nguyén td p; ciia s6 F; déu thod méan p; = 1 mod 27+, Do

=Lp1bpo--Fy

al
i1

d6 véi mot uée nguyen duong bat ki d = p{'pg? - - -p;, chon ¢ = min {7y, iy, - - , 4}, ta dugc:

d=1 mod 2¢7.00

Ta tiép tuc véi mot két qua clia nha toan hoc ngudi Phap Francois Edouard Anatole Lucas:

Bai 8. Cho n > 1. Néu p la s6 nguyén to thod p|F, = 22" +1 th

p=1 mod 2""?

Gidi. Day 1a mot mé rong ctia Bai 1. Dé giai bai toan nay, trude hét ta can mot kién thiic vé
thang du chinh phuong:

Néu p la s6 nguyen t6 thod p =1 mod 8 thi ton tai z dé 22 =2 mod p

Day 13 mot két qua co ban, va trong khuon kho bai viét nay xin khong néu ching minh & day.
Trd lai bai toan clia ching ta. Don > 1vap=1 mod 2" nén p=1 mod 8 . Do d6 ton tai
r dé

z2=2 mod p
Luy thia 2" hai vé, ta dugc

2n+1

=2"=—-1 modp

Suy ra

2n+1

plz +1

Stt dung két qua Bai mot lan nita, ta duge dpem.O

2

Nhan xét: Md rong hon nita thi v6i moi a thod méan ton tai x ma ¢ = z? mod p (hay a

thuoc hé thing du chinh phuong ctia p), trong d6 p la uée ciia a®” + 1 thi

p=1 mod 2"
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Ta tiép tuc dén v6i mot két qua hét stc tha vi trong ki thi chon doi tuyén Trung Qubc:

Bai 9. (Trung Quéc TST 2005) Ching minh ring véi moi n > 2, udc nguyén to lon nhdit
ctia 56 22" + 1 khong bé hon (n + 1)2"2 + 1.

Gidi. Dt 2% +1 = py'py* -+~ pfr vOi p1 <p2 <+ pr.

Chi ¥ rang p; = 1 mod 27! nén ton tai ¢; sao cho
pi = 142",

Viét lai hé thic 22" 4+ 1 = pf1ph? ... pfr theo modulo 222, ta cé:

1=1+2" Z kigi mod 2272

i=1

Suy ra
i=1 i=1
Mat khac
22n +1> (1 + 2n+1)k1+k2+-..+kr > 2(n+1)(k1+k2+~-~kzr)
Suy ra
T 2n
> ki<
, n—+1
=1
Do do
2n+1
Ir 2 — = 2(71 + 1)
> ki
i=1
Vay

pr>=(n+ 12"+ 1.0

Nhan xét: Vi két qua clia Bai 8, ta duge mot phat bieu manh hon:
V6i moi n > 3 thi u6c nguyen t6 16n nhat ctia 22" + 1 khong bé hon (n + 2)2"+* + 1.

Mot cau héi thu vi duge dat ra: gid tri bé nhat clia uéc nguyén té6 bé nhat ciia cic sd dang
22" + 1 1a bao nhiéu?

Tiép theo, ta sé di dén mot dinh 1y hét siic dep dé vé sd nguyén t6 - Dinh 1y Dirichlet:

Néu a,b la hai so nguyén duong nguyén to cung nhau thi day a + b,2a + b,3a + b, ... chia

v0 han so nguyén to.
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Chitng minh dinh 1y nay hoan toan khong dé, va phai st dung dén céc kién thic cia toan
cao cap. Trong khuon kho bai viét nay, ta chi xét dén mot trudng hop rat nhé cta dinh 1y
Dirichlet, khi b = 1 va a 1a s6 nguyén to.
Bai 10. (Han Quéc TST 2003) Cho mot s6 nguyén té p bat ki, dat

fol)=aP 2P+ +1

a) Chitng minh rang néu plm thi moi wdc nguyén to cia f,(m) sé nguyén to cung nhau vdi
m(m —1).
b) Chitng minh ring ton tai vo han n nguyén duong dé pn + 1 la s6 nguyén to.

Gidi. a) Goi ¢ la mot wéc nguyén t6 ctia f,(m). Ro rang (¢,m) = 1. Néu (¢,m — 1) # 1
thi ¢lm — 1. Khi d6 0 = f,(m) =m mod ¢, suy ra glm (vo 1i!).

b) Ta sé chiing minh ton tai vo han s6 nguyén t6 ¢ ma p|q — 1.

Goi ¢ la mot ude nguyen t6 bat ki cia f,(m). Suy ra ¢/m? — 1. Do p la s6 nguyén t6 nén
oq4(m) =1V p.

Néu o,(m) =1 thi gJm — 1, mau thuin véi két qua cau a. Do d6 o,(m) = p, suy ra plqg — 1.
Viéc con lai la xay dung mot day {my},-, dé f,(my) chia hét cho vo han s6 nguyén to.

Xét day my = p, my = pfp(ma) fy(ma) - -+ fp(mg—1). Khi do

Jo(ma) fo(ma) -+« fp(ma—1)| fp(mi) — f,(0) = fp(my) — 1

Suy ra f,(my) nguyén to cung nhau véi f,(mq), fp(ma), -, fp(myg_1).0

Ta cong nhan mot mé rong cuia bai toan trén:
Véi moi a nguyén duong thi day @ + 1,2a + 1,... chita vo han sd nguyén to.

Sau day ta sé xét dén mot vai tng dung ctia dinh 1y Dirichlet trong cac bai toan S6 hoc.

Bai 11. Cho r la s6 nguyeén to. Ddt
frl@)=a""+a" 2+ o +1
Chitng minh rang f,(z) chia hét cho vo han s6 nguyen t6 véi x 1a s6 nguyen to.
Gidi. Gia st f,(p) chi chia hét cho hitu han s6 nguyén t6 1 < go- -+ < q
Theo dinh 1y Dirichlet, ton tai [ sao cho p = l.q1¢» - - - g + 11& s6 nguyén to. Suy ra

fr(p)=r=0 mod ¢

véi 4 bat ki thuoc {1,2,---k}.

Suy ra r = ¢;. Hon ntta, f,(p) chi chita wéc nguyen t6 duy nhéat ¢;, vi néu ton tai ¢; # ¢; ma
¢;| fr(p) thi r = ¢; = ¢;, mau thuan véi su phan biét cta ¢; va ¢;. Dat f.(p) = ¢/ =r°. Cha y
rlp — 1. Xét

Ur(fr(p)) = Ur(pr - 1) - Ur(p - 1) = Ur(p - 1) + ’UT(T) - Ur(p - 1) =1
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Suy ra f,.(p) = r. Tuy nhién, chon p du 16n thi f.(p) > r, mau thuan. Ta ¢6 dpem.O

Nhan xét: Két qua bai toan trén tong quat hon so véi phan chitng minh trong Bai 11. Va ta

cling c6 thé két luan ham s f,.(z) chia hét cho vo han s6 nguyén t6 v6i moi = € Z.

Bai 12. (A.Makowski) Cho k > 2 la so nguyén duong. Chiing minh ring ton tai vo han

hgp s6 n thod man n|a™ % — 1 vdi moi a nguyén to cing nhau vdi n

Gidi. Chon n = kp v6i p 1a s6 nguyén t6. Ta can pla™* — 1 va kla"* — 1. Chon n sao
cho p — 1|n — k, diéu kién dau tién dugc thod man. Lai chon n sao cho p(k)|n — k, diéu kien
thit hai duge thod man. Tém lai, ta can chon p sao cho p(k)|p — 1, va chiing minh riang ton tai
vo han p nhu vay. Tuy nhién day lai 1a két qua truyc tiép tit dinh 1y Dirichlet, va bai toan dugc

chiing minh hoan toan.[]

Bai 13. Cho k > 1 la s6 nguyén. Chiing minh rang ton tai s6 nguyén to p va mot day ting

nghiém ngdt a1, as, ... thod man p + kay,p + kas, ... la s6 nguyén to.

Gidi. Theo dinh 1y Dirichlet thi ton tai vo han s6 nguyén t6 p thod p = 1 mod k. Trude
hét chon mot s6 nguyén to p bat ki nhu vay, va dat p =1k + 1

Khi d6 p + ka; = k(I + a;) + 1. Viéc ton tai mot day tang nghieém ngat ay, as, ... 1a hién nhien
theo dinh 1y Dirichlet.[]

Bai 14. (Dinh ly Hardy-Wright) Cho p la s6 nguyén to 1é. Chiing minh ring luon ton
tai x,y nguyén duong sao cho
pla® +y° +1

Gidi.  Néu p = 4k +1 thi —1 1a s6 chinh phuong mod p, tiic ton tai x sao cho p|z?+ 1. Chon
y = p, ta c6 plz® + y* + 1.

e Néu p = 4k + 3:

Chu § rang (4p,2p — 1) = 1. Xét day

1l4dp+2p—1,24p+2p—-1,34p+2p—1,...
Theo dinh 1y Dirichlet, ton tai [ sao cho [.4p + 2p — 1 1a s6 nguyen t6. Khi do
ldp+2p—1=(4l+2)p—1=1 mod 4

Theo mot két qua quen thudce: moi sé nguyen t6 dang 4k + 1 bicu dién duge dudi dang tong

ctia hai s6 chinh phuong, suy ra ton tai x,y dé
ldp+2p — 1 =2*+ 42

Khi d6 p|z? + y? + 1. Bai toan dugc chitng minh hoan toan.[]
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Bai 15. Chiing minh rang vdi moi s6 nguyén to p va a nguyén duong, so a? — 1 luon co it

nhat mot wdc nguyén to q thod man

g=1 modp

ay a2

Gidi. Ta xét truong hop a > p. Dat a? —1 = ¢ ¢5? . . . qrag. Ta c6 o4, (a) = pV 1 va o, (a)|q; — 1.
Gia sit khong ton tai i sao cho o,,(a) = p. Khi d6 v6i moi j = 1,k thi ¢;la — 1 . Mit khac:

'+ aP 2+ +a+1=p modg,i=1k

Suy ra (a? ' +aP 2 +---+a+1,¢)=1,Yq # p. Do d6 v, (a? — 1) = v, (a — 1) = a;, Vg # p.
Gia st p = ¢;. Suy ra a” — 1{(a — 1)q}x", hay a? ! +aP 2+ .- +a+1< q;-x" =p% < pP ! (vo
1i!). Truong hgp con lai khi a < p thi (p,¢;) = 1,7 = 1, k. T d6 tiép tuc gidi nhu trén, ta cling
¢6 dpem.

Do d6, ludn ton tai wéc nguyén té ¢ ctia a? — 1 thod ¢ =1 mod p.0

Nhan xét: Véi cach 1i luan nhu trén, ta ciing c6 thé thay p bdi mot luy thita cta p. Co
thé thay bai toan nay gan gidng véi Bai 1, tuy nhién thay vi "véi moi wée nguyen t6" nhu Bai
1 thi ¢ day ta chi khdng dinh "ton tai mot uéc nguyen t6". Dang tong quét nay c6 vé yéu hon,
nhung day lai 14 bat ngudn dé ta di dén mot dinh 1§ manh hon rat nhiéu-Dinh 1y Zsigmondy:

Dang 1:

V6i moi a > b > 1 va (a,b) =1 thi a" — b" luén ¢6 mot uéc nguyen t6 p thod man
pla™ — ™, nhung p fa* — bk véi moi 1 < k < n.
(trit cac truong hop 26 — 19 va a? — b2 véi a + b 1a mot luy thita cla 2)

Dang 2:

V6i moi @ > b > 1 thi @™ + b" ludn ¢6 mot uéc nguyen t6 p thod man pla™ + b"
nhung p fa* + b véi moi 1 <k < n
(trtr truong hop 22 + 13)

Ta sé khong dé cap dén chiing minh kha dai ctia dinh 1y nay & day, ma chi xét mot s6 ing dung

cua no.

Bai 16. (Romanian TST) Ching minh ring day a, = 3" — 2" khong cé ba s6 hang nao

lap thanh mot cap so nhan.
Gidi. Gia st ton tai < y < 2z sao cho
(3" —2¥)% = (3" —27)(3* - 2°)

Tit déng thiic trén suy ra moi uéc nguyen t6 p ctia 3% — 2% déu chia hét 3¥ — 2¥. Tuy nhién, do

x > y nén diéu nay mau thuan dinh 1y Zsigmondy. Ta c¢6 dpcm.[]
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Bai 17. (IMO SL 2000) Tim tat cd a,m,n nguyén duong thod man

a4+ 1l(a+1)"

Gidi. Néu a # 3 thi theo dinh 1y Zsigmondy, @™ + 1 ton tai mot wéc nguyen t6 p ma p fa + 1,
mau thudn véi yéu cau dé bai.

Néum = 3,a =2 . Khi d6 moi n > 2 déu thoa méan

23 1124 1)"

Néu a = 1 thi chon m,n nguyén duong bat ki.
Vay (a,m,n) = (2,3,2 + 2) v6i « € N hay (1,m,n). O

Bai 18. (Nhat Ban 2011) Tim a,n,p,q,r nguyén duong thod man

a"—1=(a? —1)(a?—1)(a" — 1)

Gidi. Gid st p > g > r, Néu a,n khong roi vao cac truong hop ngoai lé ctia dinh ly Zsigmondy,
ta dé dang suy ra diéu vo li.

Néua=2,n=6,suyrap=6,g=r=1.

Néu n = 2 thi khong ton tai a,p, q,r.

Néu a = 1 thi chon n, p, ¢, r nguyén duong bat ki.

Tém lai, (a,n,p,q,7) = (1,n,p,q,7),(2,6,6,1,1),(2,6,1,6,1),(2,6,1,1,6).0

Bai 19. (Iran) Cho A 1a mot tap hitu han cac s6 nguyén t6 va a > 1 1a s6 nguyén duong.

Chitng minh ring ton tai hitu han n sao cho tat ca cac udc nguyeén t6 ciia a™ — 1 déu thuoc A.
Gidi. Gid st A = {p1,p2, -+ ,px}- Taxét N =[p; —1,ps — 1,--- ,pr — 1]. RO rang
pi’aN —1,Vi= L_k

Khi d6, theo dinh 1y Zsigmondy, véi moi ng > N, s6 a™ — 1 luon c6 mot uéc nguyén t6 ¢ khong
phéi 1a uéc ctia a’¥ — 1, hay ¢ € A.
Suy ra néu n la s6 thod diéu kién deé bai thi n < N, titc 1a chi ¢6 hitu han n nhu vay.[

Bai 20. (Ba Lan) Cho 2 < q < p la hai s6 nguyén to 1é. Chiing minh rang 2P — 1 c6 it
nhat ba udc nguyén to phan biét.

Gidi. Theo dinh 1y Zsigmondy, 2P — 1 ¢6 u6c nguyén t6 r ma r J2P — 1 var J29 — 1.
Lai theo dinh 1y Zsigmondy, 2” — 1 ¢6 u6c nguyen t6 s ma s 29 — 1.

Hon nita, néu tat cd cic udc nguyen to ctia 29 — 1 déu chia hét 2P — 1 thi ¢|p, vo 1i vi p nguyen
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t6. Do do6, 27 — 1 cling ¢6 mot uéc nguyeén t6 ¢ khong chia hét 27 — 1.
Ba udc nguyen to r, s,t chinh 1a ba wéc can tim.[]

Bai 21. Cho a € N*. Goi A la tap hop cdc so tu nhién n sao cho nla™ + 1, va B la tdp

tat ca cdc udc nguyén to cia cdac phan tii trong A. Chitng minh ring B hitu han.

Giiai. e Truong hop n 1é:

Goi By 1a tap hop cac uéc nguyeén té ciia cac phan tit 18 trong A.

Tt gid thiét suy ra nja®® — 1. Goi p 1a u6c nguyén t6 bé nhéat ctia n va dat h = o,(a). Khi d6
h|2n va hlp — 1. Suy ra h|(2n,p — 1) = (2,p — 1) = 1V 2. Suy ra p|a® — 1, hay B; hitu han.

e Truong hgp n chan:

Goi By 1a tap hop cac udc nguyen to clia cdc phan tit chin trong A.

Dat n = 2n; thi ny 18 (néu khong thi 4|n| (a%)2 + 1, vo li). Tit d6 Ii luan tuong ty trusng hop
n 1é, ta cling suy ra By hitu han.

Do By, By hitu han nén B = B; U By ciing hitu han.[J

Nhan xét: V6i cach i luan tuong tu, ta c6 bai toan quen thudc (va co ban) sau day:
Néun|2" —1thin=1

Tuy vay, that bat ngo ring bai toin don gidn nay ciing c6 mot ting dung hét stc tha vi:
Bai 22. (Ba Lan) Tum tat cd da thiic vdi f(n) c6 hé so hiwu ti thod man

fm))2" = 1,vn e N

Giai. Chu y rang f(n)|f(n+ f(n)) véi moi n. Suy ra

F)|f(n+ f(n)[2"+ ™ —1

Suy ra
f(n)|2”+f(") _9on _9n (Qf(n) _ 1)

Do (2", f(n)) = 1 v6i moi n nén
P20 — 1

Suy ra f(n) =1,Yn € N.OO
Nhan xét: Mot bai toan "c6 vé tuong tu" danh cho ban doc:
Tim tat cd da thitc he s6 nguyen f(n) thod man f(n)[2" + 1,Vn € N

Bai 23. Tim so nguyén to p nhé nhat sao cho ton tai a thod man ]D|a221 —a vap /fa2k —a,
V1< k<21,
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Gidi. R6 rang (a,p) = 1 nén pla®' ' — 1. Dat h = o,(a). Khi d6 h thoa he diéu kien sau:

h|22t — 1
hoj2F —1V1< k <21
hlp—1

V6i moi 1 < k < 21, ta c6 mot bé dé quen thude
(2% — 1,28 —1) =20 1 <927 —1 =127

Do d6 véi moi p > 127 thi diéu kién h XQ’“ —1,V1 < k < 21 dugc thoa man. Chon h = 49, khi
do6 gia tri nho nhat ctia p 1a 197.
Toém lai, gia tri nhé nhat cta p 1a 197.00

Nhan xét: Ban doc hay giai bai toan tuong ty sau:

Tim p nguyén t6 nhé nhat sao cho ton tai a thoa

p]a215+1 -1

p faH —1 V1< k<15

Bai 26. (Fermat) Cho p > 3 la s6 nguyén to. Ching minh rang moi udc duong cia ZE déu
co dang 2kp + 1.
Gidi. Tru6c hét nhan thiy ring

v3(2P + 1) =v3(2+ 1) +v3(p) =1

nén moi uc nguyen to ctia s6 2 déu 16n hon 3. Goi ¢ la uée nguyen t6 bat ki ctia 5. Khi
do6 q|2P + 1, suy ra ¢|2% — 1. Gc_)l h = 04(2). Ta c6 h|2p, suyra h =1V 2V pV 2p. Neu h=1
thi ¢|1. Néu h = 2 thi ¢|2? — 1 = 3. Néu h = p thi ¢|2P — 1, suy ra ¢|h. Tat ca cac truong hop
nay déu vo li. Do d6 h = 2p. Suy ra h = 2p|g — 1 hay ¢ =1 mod 2p. Tt day dé dang két luan
rang moi udc duong ctia 52 déu 6 dang 2k + 1.0

Nhan xét: Bai toan c6 thé duge tong quat nhu sau:

e Cho p,q > 2 la cac s6 nguyén to6 phan biet. Khi d6 tat cd uwdc duong ciia s6
% déu c6 dang 2kp + 1.

e Cho p,q > 2 1a cac s6 nguyén t6 phan biet. Khi d6 tat cd uéc duong ctia s6
(q% déu c6 dang 2kp + 1.

Mot s6 bai toan thi vi phat trién tir bai toan nay:

% Cho p > 2 1a s6 nguyén t6. S6 nguyén duong a thod it nhat mot trong hai diéu kién
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sau:
i) a 1a boi s6 cla 4;

ii) a 1é va (a,p) = 1.

_9)P19oP —1)P
(a=2)P+20 s (a=1)P+1
a a

Ching minh rang moi wéc duong clia déu c6 dang 2kp + 1.
% Cho s6 nguyén t6 p > 3. Chiing minh réing moi udc duong ctia ZH déu c6 dang 2kp + 1, va
k =p mod 4 néu uée d6 1a uée nguyen to.

Bai 27. (VN TST 1997) Ching minh rang ton tai mot ham sé6 f nhdn gid tri nguyén thod
man
2"|19/™ — 97

vdt Mot n nguyén duong.
Gidi. Dé thay rang

0y(1977 = 1) =10y (19 — 1) + 15(2" %) =n
nén o09n(19) = 2" 2.ngSuy ra 19 chita 2”2 thang du phan biét trong he thang du cta 2",
Mat khac, dé y rang 19¢ chi chita cac thang du 1é, cu thé 19 = 1,3 mod 8, ma 2" 2 14 mot
ntta s6 thang du 1& ctia 27, suy ra 19¢ chita tat ca thang du dong du vé6i 1,3 mod 8 ctia 2™,
Do 97 =1 mod 8, suy ra ton tai f dé 19/ =97 mod 2.0

Bai 28. (Italian TST 2006) Cho s6 nguyén duong n. Goi A, la tdp tit cé a € Z,1 <a<n
thod man n|a™ + 1

a) Tim tat ci n dé A, # 3.

b) Tim tat cin dé |A,| chin va khdc khong.

¢) Lieu cé ton tain dé |A,| = 130 khong?

Giai. a) V6i n 1é, ta chon a =n — 1.

Xét n chén, dat n = 2n;. Khi d6 2n|(a™)? + 1. Suy ra n; 18 va n; chi c6 uéc nguyen té6 dang
4k + 1. Tom lai, A, # @ khi n 1& hodic n = 2n,, trong dé n; 1& va chi gom cac uéc nguyén to
dang 4k + 1.

b) Xét n > 2 chdn. Khi d6 néu nla" + 1 thi n|(n — a)” + 1 (cha ¥y ring a # ny). Do d6
néu n chén thi |A,| chén.

Xét n 1é. Chu y rang p(n) chin véi moi n > 2, suy ra p(n) — 2 cling chin.

R0 rang (a,n) = 1. Xét a # 1,n— 1 thod nja™ 4+ 1. Do (a,n) = 1 nén ton tai 2 < b < n— 2 thoa
ab =1 mod n. Lai c6 n|a" + 1, suy ra n|[b" + 1. Diéu nay c6 nghia la |A,, \ {n — 1} | ch&n, hay
|A,,| 1.

Tém lai, |A,| chdn khi n chn va n > 2.

¢) Gia stt ton tai n thoa |A,| = 130. Theo cau b thi n chin. Dat n = 2p{'p5? - - - pi*, trong do
p; =1 mod 4 v6i moi i = 1, k. Ta chting minh bd dé sau:

Cho s6 nguyén t6 p. Phuong trinh 22 = —1 mod p hoi#ic khong c6 nghiém, hodc c6
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ding 2 nghiém modulo p.

Xét x thod 2> = —1 mod p. Gia st ton tai y # z thod man y? = 1 mod p. Khi d6 2% = 42

mod p, suy ra x = —y mod p, hay y = p — x.0J

Trd lai bai toan. Do p; déu c6 dang 41 + 1 nén —1 1a s6 chinh phuong mod pf*. Theo bo dé
trén thi s6 nghiém theo modulo n ctia phuong trinh 22 = —1 mod n 1a 2*. Suy ra khong ton
tai n dé |A,| = 130.0

Bai 29. (IMO 2003) Chiing minh ring vdi moi s6 nguyén to p, luon ton tai so nguyén to

q khong phai la wdc cia nP — p vdi moin > 1.
Giai. V6i p =2 thi ¢ = 5. Xét p 1é. Ta ¢6

P—1l=@p@-DA+p+p°+ - +p")

Cha ¥ rang 1 +p + p? + -+ + pP~! khong dong du 1 mod p?, nén sé c6 mot uée nguyen tod
q khong c6 dang kp® + 1. Ta chiing minh ¢ thod diéu kién dé bai., suy ra ¢|p — 1. Suy ra
O=1+p+p*+---+pP 1 =p mod ¢, hay p = ¢, vo 1i.0J

Bai 30. Tim cic s6 nguyén k,m,n >0 sao cho k™m™ — 1 va k™|n™ — 1.

Gidi. Goi p > 3 1a uéc nguyen t6 cia k. Gid stt m > n. Dat d = o,(m). Suy ra

vy(m™ — 1) = v,(m* — 1) + v, (%) = 0,(m? —1)
Suy ra p™|m? — 1. Suy ra p™ < mé — 1 <mP~t — 1 <mP. (1)
Mat khac, K" <m" —1<m™ —1<m™. Suyrap <k <m.

Néu p > 3 thi m > 3. Khi d6 ham s6 f(z) = 7 dong bién trén [3, +o0), suy ra 7 > 2o,

hay p™ > m?, mau thuan (1).
Suy ra p = 2. Suy ra m,n lé.
Néu n = 1 dé dang suy ra m = 1. Khi d6 k bat ki.

Xét m >n > 1. Ta c6 4]k™|m™ — 1, ma n 1é nén m =1 mod 4. Suy ra
vy(m™ — 1) = vy(m? — 1)

Suy ra 2™m? — 1, suyra 2™ <m?—1=m —1, vo Ii.

Tém lai, (m,n, k) = (1,1,k), (m,n,1).00

Can nguyén thay

DINH NGHIA: S6 nguyén duong a duge goi la can nguyen thity ciia n néu o, (a) = ¢(n).

Luu ¥ rang khong phai s6 nguyén duong n nao ciing c6 can nguyén thiy. Ta chiing minh
duge rang n c6 can nguyen thiy khi va chi khi n = 2,4, p¥, 2p* v6i p 1a s6 nguyen t6 1é. Sau
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day ta xét mot s6 bai tap vé cian nguyeén thiy.
Bai 1. Chiing minh rang 2 la can nguyén thiy ciua 3™ vdi moin > 1.

Gidi. Ta chiing minh bang quy nap. Dé thay khi n = 1, két luan ctia bai toan la dung. Gia st
két luan trén ding véi n = k, tic 1a 296" = 223" =1 mod 3*. Goi d 1a bac ciia 2 mod 31,
Do 22 =1 mod 3* nén 29 = 1 mod 3%, suy ra 2.3*71|d. Mat khac, d|p3*"! = 2.3%. Suy ra
d = 2.3*"! hay d = 2.3*. Ta chiing minh bé dé sau bang quy nap:

223"7" =1 43" mod 3!

B6 dé ding véi n = 1. Gia st bo dé ding véi n = k, suy ra

3k—1

2237 — 14 3F 4 3

Lap phuong hai vé
23" =1 4 351 4 352

Suy ra
223" =1 4 3" mod 34+

Theo nguyén 1y quy nap, bd dé duge chitng minh. Suy ra d = 2.3%. O

Nhan xét: Ta cting ching minh dugc bai toan sau: 2 la can nguyén thuy cia 5™ vdi moi
n>1

Bai 2. Chitng minh rdng néun = 381 thi 2" = —1 mod 3*.

Gidi. Theo Bai 1 thi 2 1a can nguyén thiy clia 3F, suy ra bac ctia 2 mod 3* 1a 2n. Suy ra
922" —1=(2"—1)(2" + 1) = 1 mod 3*. Mt khac, 2" —1 = (—1)*" —1=1 mod 3, suy ra
2" +1=1 mod 3k.0

Bai 3. Chon > 2 va p = 2" + 1. Chitng minh ring néu 3"= +1 = 0 mod p thi p la s6
nguyén to.

Gidi. Do 271 = 2"~ nén 3% = —1 mod p, suy ra 3°" =1 mod p, suy ra bac cia 3 mod p

14 2™ hay p—1. Suy ra p—1|p(p), hay p—1 < p(p). Suy ra ¢(p) = p—1, hay p 1a s6 nguyen t6. O

Bai 4. (AMM) Xét f(n) la wdc chung lon nhat cia 2™ — 2,3" — 3,4™ — 4,... Xdc dinh f(n)
va chiing minh rang f(2n) = 2.

Giai. Gol p 1a mot wde nguyen t6 bat ki ctia f(n). D& thay v,(f(n)) = 1, do p||p™ — p. Goi a la
can nguyén thiy ctia p (do p nguyén t6 nén ton tai a nhu vay). Do (a,p) = 1 va pla" — a, suy
rap—1ln — 1. V6i p — 1|n — 1 thi p|m™ — k v6i moi s6 nguyen duong m. Do d6 ham f dugc

xac dinh nhu sau
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f(n) =pipa- - pi Véipi—1|n_1,i:17_k
Xét f(2n). Theo cach xdc dinh trén thi néu f(2n) c6 uéc nguyen 6 ¢ > 2 thi ¢ — 1 la mot wéc

chén ctia 2n — 1, vo li. Do d6 f(2n) = 2.0

Bai 5. Cho p > 2 la s6 nguyén to. Tim tat ca so nguyén duong k sao cho

plF 2+ (p—1)F

Gidi. Dat Sy, = 1F +2F + ... 4+ (p— 1)*. V6i k 1a boi clia p — 1, ta co
Sp=p—1#0 modp

Ta chting minh réng v6i moi k& khong phai 1a boi ctia p — 1 thi p|S.

That vay, goi a 1a can nguyén thiy ciia p. D& dang chiing minh rang {0,a',d?, ..., a?~'} 1a he
thang du day di mod p. Suy ra (a',d?,...,a?"!) 1a mot hoan vi cia (1,2,...,p —1).

Suy ra

(@) 4 (@) 5o (@)

a® (1 +ak .. .&(P—2)k)

(r—Dk _1q
P

a—1
=0 mod p.

Vay v6i moi k khong phéai 1a boi ctia p — 1 thi p|Sk. O

Nhan xét: Bai toan trén c6 mot ing dung dic sic nhu sau:
Cho a, b, ¢ 1a cac s6 nguyén va p 1a s6 nguyeén t6. Chiing minh ring ton tai cac s6 nguyén z,y, 2

khong dong thoi chia hét cho p sao cho plax? + by? + cz>.

TAI LIEU THAM KHAO

1. Titu Andreescu, Gabriel Dospinescu, Prolems from the book.
2. Naoki Sato, Number theory.

3. Ha Duy Hung, Mot s6 phuong phdp gidi todn s6 hoc so cap.
4. Cac dién dan AoPS, MathScope.
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CHUYEN PE 8: HAM PHAN NGUYEN VA PHAN LE

Luu Giang Nam !

Phan nguyén 1a mot linh viyc hay va doc dao clia todn so cap, cao cap va tng
dung.C6 nhiéu bai toan hay vé phan nguyén da duge stt dung lam dé thi hoc sinh
gidi cac cap, trong d6 c6 rat nhiéu cac dé thi hoc sinh giéi quoc gia va Olympic qube
té. Mat khac, ham phan nguyén c6 nhitng ting dung quan trong khong chi trong
toan hoc pho thong, ma con trong nhiéu van dé clia toan ting dung va cong nghé
thong tin (lam tron s6, tinh gan dtng,...). Phan nguyén ciing thé hién sy két ndi
gitta tinh lién tuc va tinh roi rac, gitta toan giai tich va toan rsi rac nén kha tha vi.
Tuy nhién vi sy giéi han clia kién thiic nén trong bai viét nay tac gia xin trinh bay

cac tinh chat, tng dung ctia phan nguyén trong pham vi THPT.

Dinh nghia, tinh chit va bai tip co ban

Dinh nghia

Phan nguyén cta sb thyc x, ki higu [z], 1a 6 nguyen 16n nhat khong vugt qua x.

Phan 1é ctia s6 thyc x, ki hiéu {x}, 12 phan con lai clia x b6 phan nguyen: {z} = z — [z].

Gia tri nhé nhat gitta hai s6 # — z va o + 1 — 2 duge goi 1a khoadng cach tit x dén s6 nguyén gan
n6 nhat va duge ki hiéu la Jx|.

S6 nguyen gan mot s6 thye x nhat duge ki higu 1a (z) va duge goi 1a s6 lam tron clia x

Céac tinh chat quen thudc

1. x=[z]nbuzeZ

2. r={rtnbu0<a<1

3. 0—1<[z]<a

4. Neuke Zthi [z +kl=x]+k{z+k}={a}+k

5. [ +yl —[z] — [yl € {0;1} suy ra [z +y] > [z] + [y], {z + v} <{z} +{y}
6. {%} - E],nez\/

!Chuyen Phan Ngoc Hién Ca Mau
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

S6 cac s6 nguyen duong chia hét cho n khong vuot qua  1a [E]
n

T+a
b

r
}:E,néun—>+oo
v 2y [r] >y
Néu [z] = [y] thi |z —y| < 1

Trong hai s6 x vA y c6 mot sd6 nguyén va mot s6 khong phai 1a s6 nguyen thi 0 <
{zi+H{y} <1

V6i moi x va y 1a céc s6 thuc ta c6 [2z] + [2y] = [z] + [y] + [z + y] = 2([z] + [v])

Néu max{{z}, {y}} < % thi

2{z}] + [2{y}] = 0 = [{a} + {y}] va [22] + [2¢] + [z] + [y] + [z + y] = 2[z] + 2[y]
Néu min{{z}, {y}} < 5 < max{{z}, {y}} < 2[z] + 2[y] thi
2{z}] + 2y} = 1= [{a} +{yi] + 1 va [20] + [2y] = [2] + [y] + [z + 4] = 2[x] + 2[y] + 1
Néu & < min{{z}, {y}} thi
2z} +[2{y}] = 2 = {o} +{y}] + 1 va [22] + [29] = [2]+ [y] + [z +y]+1 = 2[z] +2[y] +2

Véi x € R ta ¢co

[{x} + %] _ {2} v {:p + %] _ 2a]-[a]

. 1
Hé qua : V6i moi s0 nguyén duong ta luon co [g] + {n;t } =n

V6i moi s6 tu nhién n va véi moi s6 thuc = € R ta ¢6 n[z] < [nz] < n[z]+n—1

V6i moi s6 thie x khong phéi 1a s6 nguyén va véi moi s6 nguyéen n ta luon c6 [z]+[n—z] =

n—1
Cho ky ko, ky,, 14 bo n s6 nguyen duong. Khi ay

by ko + kg4 k> LRt
n

Cho a va b > 2 1a cac s6 tu nhién bat ki . Khi y [logya] + 1 chinh 1a s6 cac chit s cta

mot s6 a viét trong hé dém co s6 b.

Gia st r 1a phan du khi chia mot s6 nguyén m cho mot s6 nguyén duong n , m = pn +r
véi r € {0,1,....,n — 1} . Khi &y
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22.

23.

24.

25.

26.

Bai

Néu p va q 1a nhitng s6 nguyén duong sao cho b khong phai 1a s6 nguyén thi
q

Cho q 1a s6 tir nhién, x 1a s6 thyc duong bat ki. C6 ding [ﬂ s6 tu nhién khong vugt qua
x va chia hét cho q .

Cac qui tic doi chd (hoan vi), két hop ciia phép toan cong va phép todn nhan; qui tic

két hop gitta phép toan nhan va phép toan cong van diung cho phan nguyén va phan du

Dinh Ii Legendre: S6 mii ctia s6 nguyén t6 p trong phan tich tiéu chuan ciia n! duge tinh

theo cong thiic:

w2 [3]

i=1

Dinh Ii Hermite : V6i n € N*, x 1a s6 thuc bat ki ta co :

tap co ban

. Phuong trinh 2! — 323 — 6 = 0 c¢6 diing 2 nghiém thuc p va q . Tinh [p] + [q].

Gii phuong trinh [22] = [2]°
x x x
s g oo 2]+ ]+ 2] -
1a1 phuong trin 2+3+ 5 x
Giai bat phuong trinh [z] + {z} <z — 1
Cho x 1a s6 thyc duong thoa [v/z + vz + 1] = [v/4z + 2]. Chiing minh réng

1
3n€N*:—2+n2<4n+2<(n+1)2
n

(THTT s6 408 ) Giai phuong trinh 22 — (1 — [z])z 4+ 2011 =0
(THTT s6 424) Giai phuong trinh [z]° + 222 = 23 + 2[z]”

( THTT s6 411) Tim tat cd cdc ham s6 lien tuc f : R — R théa man {f(x +y)} =
{f(x) + f(y)} véi moi z,y € R

( APMO 1993) Tim tat ca cac gia tri khac nhau ctia ham s6

f(z) = [z] + [22] + {%E} + [3z] + [4x]
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10

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

) ) 1 & ,
. (THTT s6 416) Cho n > 1 s0 hitu t1 r1, 79, .7, théa man 0 < r; < 3 Zri =1 va ham so
i=1

Hay tim gia tri 16n nhat ctia biéu thitc P(k) = 2k — Y f(kr;) khi k chay trén tap cac s6
i=1
nguyen.
( Romania MO 2003 ) Cho A = v/4n2 + n, n € N. Chting minh réng
1
AV < -
(<

(Austrian MO 1974, Hong Kong TST 1988) Chiing minh ring
Vi VT = [Vin+2]

( Canada MO 1987) Cho n la s6 tu nhién. Chting minh réng:
[va+va+d] = [VinT1| = [Vin+ 2] + [Vin+3|

(Dé nghi Olympic 30/4, THPT Lé Quy Don Quang Tri) Tim tat cd cac nghiém khong
nguyén cua phuong trinh
96 96
r+— =[z]+ —
x []

(Dé nghi Olympic 30/4, THPT Lé Quy Don Quang Tri) Giai phuong trinh

8r+1 N dr —1] 16z —7
6 3 9

(Sweden MO 1982) V6i mdi n € N |, hay xdc dinh xem phuong trinh 22 — [2?] = {2%} ¢6

bao nhiéu nghiém trén doan [1;n]

(VMO 1979) Tim tat cd nhing s6 a sao cho phuong trinh 22 — 2z[z] + £ — a = 0 ¢6 hai

nghiém s6 phan biét khong am.
(Olympic Czech and Slovak, 1998) Tim tat ca cac s6 thuc x sao cho
x[z[x[z]]] = 88

(Belarusian Olympiad 1999) Ching t6 ring phuong trinh {23} + {y*} = {2*} c6 vo s6

nghiém nguyén.

(Australian MO 1999) Giai hé phuong trinh
z+ [y] + {z} = 200
{z} +y+[2] =190,1
[z] +{y} + 2 =178,8
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Ung dung dinh ly Hermite va dinh ly Legendre

Ung dung dinh ly Hermite qua mot bai toan

Dinh 1i Hermite : Véi s6 tu nhién n va sd thuc x ta luon c6 :

[z] + [az—l—ﬂ + {x+%] o F [as+n;1} = [na]

hay

Hé qua :

] + [az—i—%] PR {x“} — n ]

o<igisn J
Dang thitc (*) 1a 1 dang thiic dep trong s6 hoc va to hgp, né duge ting dung nhiéu trong cac
bai toan tinh tong lien quan dén phan nguyén. Trude hét ta xét bai toan mé dau:
Vidu 1: Chon € R,m € N,m > 2, tinh tong

—

5=3 3 o]
Giai : Ta cb - N
5= 38 [ 2] - S ([ - [)) -

Vay S = [n]. Bai toan dugc chiing minh kha don gidn nhung c¢6 ting dung kha hay trong nhiéu
bai toan tinh tong, dac biet 1a cac bai toan c6 nhidu dau > . Ta sé xét 1 s6 bai toan ting dung
cho bd dé trén :

Bai toan 1: Chitng minh ring

n—1 oo m-—1 2k+jm’ o '
Z Z 9i+1 o
k=0 i=0 j=1
n—1 on 1
HD : Ung dung bd dé trén ta c6 VT = Z ok = 51 = 2" —1 (bPCM)
k=0
Bai toan 2: Chitng minh ring
p—1 oo m—1 ZE—FE—l—ij
Z Z it = lpa]
k=0 i=0 ;=0
HD: Ung dung bé dé tren ta c¢6 VT = Z {az + —} = [pz] ( Ap dung dinh 1i Hermite 2 1an )
p
k=0

Bai toan 3: Tim m dé y | 2 véi

p—1 oo m—1 2 k i 2k .
o E : mit+1 E : mitl
k=0 i=0 j=0 k=0 j=0 ;=0
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2
5 1 s —1 .. :
HD: Déthayy:%—?’_l.Déy:Zthipz(p—l):4.

Diéu nay dan ta t6i p = 0( mod 2) hodc p = 1( mod 4).
Bai toan 4: ( IMO 1968) Tinh tdng

w2k

> |

k=0

, . s . - 2k
HD: Ap dung bo dé v6i j = 1, m = 2 ta dé dang thu dugc Z [%} = [z].
k=0

Bai toan 5: Tinh tong

HD : Ta c¢6

m—1

S:

ai+b T {ai +b
: am
=0 =0

dén day ap dung bo dé trén ta dugc két qua.

Ung dung cha dinh ly Legendre vé sé mii nguyén tb

Dinh i Legendre: S6 mii ciia s6 nguyén t6 p trong phan tich tiéu chuan ctia n! duge tinh theo

cong thic

Ching minh :
Ta c6 nhan xét n < p* thi {ﬂ} = 0,m > i. Trong phan tich chuan n c6 ding {ﬁ} boi s6 clia
" p

p.
Do dé

Tuong tu

)= LH] [ /
—'=p = [!A, , trong d6 (As,p) =1
p

BY) sy tvlal [ 2],

p

p
n
Li luan tuong tu trén véi [ ] I va tiép tuc cho tdi khi {—k] <p.
p? p

Cudi cting ta thu duge s6 mii v,(n) clia p trong phan tich chuan n! la :

ot = 5] + [+ + [
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trong d6 s6 k théa man p* < n < p**! ( DPCM).
Vay dinh 1i dugce chiing minh.
Day 1a mot dinh 1 ¢6 tng dung kha rong trong cac bai toan chitng minh chia hét va tinh s6
mil nguyen t6 trong phan tich chuan ctia n!. Ta sé md dau bing bai toan trong dé IMO 1972 :
Vi du 1: Cho cac s6 ty nhién m,n, chiing minh rang

(2m)!(2n)!

———— e N*
m!n!(m + n)!

HD: Ta sé tim s6 mii ctia p bat ki trong phan tich chuan ctia (2m)!(2n)! va n!m!(m +n)! , sau
d6 ching minh v,((2m)!.(2n)!) = v,(n!m!(m + n)!).
Giai :

Ta co

Ta can chitng minh

2m 2m m n m-+n
I T TS
Theo tinh chat 12 ta thdy BDT trén ding => DPCM.

Vay % € N*. (dpcm)

Cac bai tap tuong tu :
Bai toan 1 : CMR vé6i m,n € N ta ludn c¢6
(m+n)!

*
min! €N

HD: Ap dung BDT [z + y] > [z] + [y]
Bai toan 2 :( USMO 1975) CMR véi n € N ta ¢6

(5m)!(5n)!
min!(3m + n)!(3n + m)!

14 s6 tu nhién
HD: Chiing minh va dp dung BDT [5z] + [5y] = [3z + y] + [z + 3y]
Bai toan 3 : CMR véi n € N ta co
12(5n)!
nl(n+ 1)I(n+ 2)!/(n+ 3)!(n 4+ 4)!

1& s6 tu nhién.
Tiép theo ta sé di qua mot dang mdi la chitng minh chia hét, két hop véi he dém co s6.

Vi du 2 : Cho s6 nguyén t6 p. Tim n € N sao cho n! i p
Giai :
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%p = 2 ta can ching minh n! : 271,
V6inléticn=2k+1taco:

= 2k = 2k ok
ve((2k + 1)) = vy ((2k)!) = [—] < —=——=2k=n-1
| 2 C i 2]

Suy ra s6 mii ctia 2 trong phan tich n! 14 nhé hon n-1, do dé n! khong chia hét cho 2.
Véin = 2(2m + 1) ta 6 :

L [28(2m + 1)
va(n!) = va((2F(2m + 1 Z { m + }
=1
k—1
A 2m +1
=S "2(2m+ 1)+Z
t=0 t=0
<@m+1)2" -1 +2m=2*Cm+1)-1=n-1

Suy ra n! khong chia hét cho 271
V6i n = 2% ta co6

va(n!) = vy((2F)! :i[ﬂ ki? =" 1=n-1

i=1 i=1

Suy ra n! chia hét cho 2771,

Vay n = 2F13 gia tri can tim.

xp = 3 lam tuong tu ta thu duge khong c¢é gia tri n nao thoa man.

x%p > 3 ta cling c6 két qua 1a khong c6 gia tri n ndo thoéa man.

Vay chi c6 gia tri n = 2F, k € N (1ing v6i p=2) théa dé.

Nhan xét : Tt day ta c6 nhan xét 1a néu n = 2%, k € N thi tat ca cac wéc nguyén t6 ctia n! déu
16n hon n-1.

Sau day 1& 1 s6 bai toan sit dung hé dém co s6 trong cac bai toan phan nguyén.

Vi du 3: Gia stt m! = 2/(2k + 1), m, k,p € N, chting minh ring ton tai vo han m sao cho:

om —1=1"+2% + ... +2014%™

Giai:
Gia st trong hé dém co s6 2 , m duge biéu dién dudi dang:

m = GpGn_1...Go g ap2"

Khi do
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n
Mic khac ta co {ai > 2’“1} = 0 chinh vi thé ta c6 :
i=k+1

n

=) [ak Xk; 2’f—1

k=0

Il
3
S
ES
[N}
>
|'M?r
2| —
| I |

>
Il
o
-
|
o

I
(7=
S
-
[\
Bl
—_
N
)—‘i)—‘
|
| |

o
[e=]
T
[N}

I
3 |l
Q 1
=
)

b
7 N
)
|
'3 =
~_
| I
I
f
|
(]

1S
ol

o
Il

=]
r

Suy ra
2m —1 = Z ay
k=0

Cong viéc cudi cuing 1a phai ching minh ton tai vo han bo s6 (ag)P_, sao cho

Zak = 1" 422+ ... + 20141
k=0

Ma diéu nay 1 hién nhién. Vay bai toan dude chitng minh.
Ta cung xét cac vi du tuong tur sau:

Bai toan 1: Gia st m! = 3!(3k + 1), m, k, p € N, chting minh ring ton tai vo han m sao cho:

m—20 =114+ 2!+ ... + 30!

n

HD : Lam tuong tu bai trén, gia st m = a,a0,_1...G9 = Z ai3* | sau bién ddi ta duse m — 21 =

k=0
n
E Qg
k=0

Ham c6 chira phan nguyén

Trong t6 hop, cac dang bai toan tinh tong rat da dang va nhiéu cach gidi . Mot trong nhing
van dé hay gip trong cac bai toan tinh tong la tong caAc ham cé chita phan nguyeén.. Sau day

toi xin duge gidi thieu 1 dang toan kha dep vé phan nay vdéi 2 bai toan md dau.

Vi du 1: Cho p 1a 1 s6 nguyén t6 1, q 1a 1 s6 nguyén khong chia hét cho p, f : N — R, thoa
1) f(x) khong chia hét cho p , v6i moi v € N
2) f(x) + f(p — x) chia hét cho p v6i moi x € N

Chitng minh rang :
p—1 p—1

> w3
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Giai :
k —k k —k . -
Tacéqﬂ)—i-q‘f(p )EZ,mém¢ZnénMgéZvéim@ik:l,p—l.
p p p p
Do vay tit tinh chat phan 1& ta c6

Og{M}+{M}<2

p p

()2

Lay tong céc gia tri tit 1 dén p-1 ta c6 :

Suy ra

Suy ra

Twu do ta co

Suy ra dpcm.
« q] g% p—1
Vay ) [f(k)—} =D fk) ==
k=1 p Pz
Viéc ap dung bai toan trén kha dé vi chi can thay f(z) bang 1 ham hay 1 gia tri nao do.
Bai toan ap dung:
Bai toan 1: Cho p,q la 2 s6 nguyén duong va nguyén t6 ciing nhau, chiing minh réng :
1

L [%} (-1

2
k

HD giai : Chon f(k) =k , theo bai todn md dau ta c6

1

S [20) -5 [2400) <55 g 25

-1 .
Ma Z f(k) = L nén dé dang co

Z [%} _ <p—1>2<q—1>

k=1

Bai toan 2 : Cho p la s6 nguyén t6 1¢, tinh

1

=[]
k=1 q
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HD: Chon f(k) = k3, khi d6

Ap dung giai phuong trinh S = 0.
HD : Chon f(k) = (—1)""'k?, khi d6

- (n+1)*(2n — 1)
;f(k) = ;

khi n chan va

khi n 1é.
Ta nhan thay trong cac bai trén, tat ca deg f(k) déu 1é ( vi khi d6 méi dap ting duge dieu kien
2 ctia de. Con néu deg f(k) chén thi sao? Trudng hgp nay ta sé xét cac vi du sau:
Bai toan 5 : Vdi p 1a s6 nguyeén t6 ¢6 dang 4k + 1, tinh

.

i—1 LP

Nhan xét : Ta thit 1am giéng cac bai trén. Chon f(k) = k?. Khi d6 dé thay f(k) khong chia hét
chopva f(k)+ f(p—k) = K+ (p — k)* = 2k* — 2pk + p? ciing khong chia hét cho p. Diéu nay
mau thuan véi 2 diéu kien dé cho. Vay ta khong thé lam nhu céc bai trén duge.
Giai :
Trude hét chiing minh bd deé.

p—1
se

B6 dé : Véi p 1a s6 nguyen t6 thoa p = 1(mod4) thi mdi s6 ty nhién a véi 1 < a <
1
<b<p—1vaa®+b*=0( mod p).
Ching minh : Theo dinh 1f Wilson ta ¢6 : (p —1)! = —1( mod p).
. -1
Véi moéi k = 1,]97 thi p— k= —k( mod p) = k(p — k) = —k*( mod p).

P . -1
Két hgp véi gid thiét p = 1( mod 4) = pT = 0( mod 2), ta dugc:

A=p-D=(-1)"7 ((1%1)!)2 - ((7%1) !)2(modp)

bat ¢ = <pT)' = ¢* = —1(modp)

-1 1
P ta chonp+

luon ton tai duy nhat s6 tu nhién b théa man P

V6i moi 1 < a < < b < p—1 théa man b? = a®p?(modp), dé thay b ton
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tai va duy nhat.

Khi d6
a® 4+ b* = a*(p* + 1) = 0(modp)
Suy ra bPCM.
Vay bd dé duge chitng minh.
p —1 1 .
Apdungv@il<i<p2 vap;L < j <p-—1tathay:
pl . % -9 -9 -9 p—1.2
i PJ e p-1_(@-1p-2)
R )£
e A e
Vay
—1)(p—2
g_ -1 -2)

3

Tiép tuc 1a bai 5 trong dé thi Chon doi tuyén IMO Viét Nam nam 2005 (Vietnam TST 2005).
Bai toan 6 (Vietnam TST 2005) : Cho p la s6 nguyen t6 (p > 3). Tinh:

| <[2k2} {’%D néu p = 1(modd).

:Z[ ] néu p = 1(mods).

HHM

Giai:
Truée hét ta chiing minh 2 bd dé :

2 ~ Zz 2z 4 £ . . - 1 ~
Bo6 dé 1 : V6i p 1a s6 nguyén t6 théa p = 1(mod4) thi mdi s6 ty nhién a véi 1 < a < b 5 ¢

luon ton tai duy nhat sé tu nhién b thdéa man P

<b<p—1vaa®+b*=0(modp).

s s . . N 1 N .
Bo de 2 : Véi x 1a so6 thuc bat ki thi [2z] — 2 [z] bang 1 néu 3 < {z} < 1 va bang 0 néu
1
0<z <.
3
Ching minh :
B6 dé 1 : Xem bo dé clia bai 5.

B6 dé 2 : Tacd z = [x] + {x}. Suy ra

2] = 2[a] = [2[2] + 2{a}] = 2[[x] + {a}] = [2{=}] - 2[{z}] = [2{a}]

Khi do: 1

+) néu - {x} <1thi2{z}=1=>[22] —2[z] =1
+) néuO\x< 5 thi 2{z}] =0= [22] —2[z] =0
Vay bd dé duge chitng minh.

Quay trd lai bai toan :

a) Ta thay S c6 tat ca P~ s hang.

Theo b6 dé 2 thi tat ca sé hang tren déu cé gia tri 1a 0 hoac 1.
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p_

Theo b6 dé 1 thi véi mdi sd tu nhién a véi 1 < a < sé luon ton tai duy nhat sé tir nhién

b thdéa man

1
]% <b<p—1vaa®+¥? = 0(modp)
Suy ra a? + (p — b)> = 0( mod p)
-1
Do d6 ton tai duy nhat o’ € [1 pT] thoa a® + a’> = 0(modp).
Goi x,y lan lugt 1a s6 cac s6 du khi chia k2 cho p (1 <k< ’%1) c6 gia tri 16n hon va nhé hon
—1 —1

7%1. Theo nhan xét trén thi x = y, hon ntta x +y = pT S>r=9y= pT
Tt do S = 2.1 +y.0 =21

) p—1
Vay S = ——.

b) Do p = 1( mod 8) nén ton tai a sao cho a*> = 2( mod p) va p = 1( mod 4).
Ta c6 :

p—1 p—1 p—1 p—1

S-S 0B S ED - ED-

k=

(51-D)
> (151-51)

p—1 p—1

() =55
i \ P p 1 p p

22

Theo nhan xét trén thi tap hop cac s6 dut khi chia k2, 1 < k < 2=

Ta can tinh
p—1

e
Il v
—

Ta ¢cb :

1
cho p trung véi tap hop

. —1
céc s6 du khi chia 2k%,1 <k < P cho p titc 1
p—1
2 2k k2
k=1 p p
Suy ra
—1 p —1 \P 24
2
_ p*—1 p—l (- -5)
P = — .
Vay 2 2 2

T 2 nhan xét trén ta thay bo dé 1 kha quan trong, va dude st dung thuong xuyeén trong céc
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bai toan tinh tong dang nay. Sau day la cac bai toan tuong tu :
Bai toan 7: Cho p = 1( mod 3), m khong chia hét cho p, tinh

= ([51-[5)
(m-1)(p-1)

2
Bai toan 8: ( THTT s6 430) Cho p la s6 nguyén t6 c6 dang 4k + 1 , tinh tong

()

HD: Giéi tuong tit nhu cau a bai toan 6 va cho két qua la

HD : Lam tuong tu ta duge két qua

p—1

Bai toan 9: Cho p la s6 nguyén t6 c6 dang 4k + 1 , tinh tong

(-]

HD : Bai nay ta st dung két qua ciia bai toan mé dau 1 , va ciing cho két qua 1a b

=

i

-1

Nhan xét : Bai todn 8 va 9 da cho ta nhan xét vé bai toan téng quéat la tinh tong S =

— [ [2k" kr —1

> ({—] —2 {—D véin=2van=3th S = pT, v6i n=1 thi ciing 1am nhu truong
p p

k=1

hgp n=3 ta ciing c¢6 két qua tuong tu. Vay Vn € Nthi két qua trén c6 dung khong? Dap an 1a

dtng, va phan chitng minh xin danh cho ban doc.

Vi du 2: Chiing minh ring véi p 1a s6 nguyen t6 thoa p = 1(mod4), v6i hai ham s6 f(x) va

g(x) théa man

Khi dé ching minh rang

pi ([M] — g(x) {f@)ﬂ]) _ (g(@) —;><p— 1)

i=1 p p

Chitng minh: Bai ndy dé dang ching minh bing bai toAn mé dau 1 va theo cach clia Bai toan
6 cau a.

Ap dung bai toan trén kha hay khi chi can chon 2 ham thda man 1a c6 thé sit dung. Vi du nhu
bai 8 : Chon f(z) =1,¢g(x) =2, khi d6

(2o [ -ep2r3

=1

Bai tap tuong tu:
Bai toan 10: Cho p 13 s6 nguyén t6 c6 dang 4k + 1, chiing minh ring

(52 en[£])
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Bai toan 11: Cho p 1 s6 nguyén t6 c6 dang 4k + 1, chiing minh ring

([

i=1 p

khong 1a s6 nguyén t6 v6i moi p.

Bai toan 12: Cho p la s6 nguyeén t6 c¢6 dang 4k + 1. Tim p dé

-8 ([252]-en[f) -

)

H

14 s6 chinh phuong.

Ham phan nguyén trong viéc tinh tong cac chir sb

Dinh nghia

Gia stt n 14 1 s6 tur nhién. Ta dinh nghia S(n) la tong clia cic chit s6 clia n khi biéu dién trong

hé thap phan.

Tinh chit

1. Véi n la s6 nguyén duong ta c6

o0

n):n—Q;[%k]

CM: Trong hé thap phan ta biéu dién

n = Guam_1.-ao = 10™a,, + 10" Ya,_1 + ... + a1.10 + ag

Khi do

[e.e]

n—92[10k} = 100110 = 9 (@t 1oa]10 + i 1-02[10 + ..y

k=1

m m

Suyran—93 [{%] = > a;(10" = 9(10" ' + 10" + .. +1) = > a4

k=1 i=0 i=1
T doé c6 dpem.

2. S(n) = n(mod9)

CM: Ta nhan thay Z [ ] 12 s6 nguyén nén 9 Z [101‘3} :9

k=1
Suy ra dpcm.
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3.0<S(n)<n
CM : Dé thay S(n) > 0, va tu

o0

S(n) :n—9k§:: R

Suy ra S(n) < n (dau “=" xay rakhi 0 < n < 9)

4. S(m+n) < S(m)+ S(n)

CM:Tacé:S(m)+S(n):m+n—9<Z [1—7&} +Z[1iok]>

k=1 1
Ap dung BDT [a] + [0] < [a + b] ta dugc

S(m)—irS(n))m—l—n—Q(i{

k=1

= D — S(m -+ n) (dpem)

DAu bang xay ra khi va chi khi phép cong m + n khong c6 nhé.

5. S(m.n) < S(m).S(n)
Ban doc c6 thé chiing minh thong qua biéu dién ctia m, n vd mn trong hé thap phan.

Tt d6 ta c6 tong quat :

=1

7. S(JJa) < H S(a;)

=1

Bai tap vi du

Vi du 1: Tim n sao cho

S(n) =n*—2014n +5
Giai :
Taco0< S(n)<n<0<n?—2014n+5 < n.
Giai he bat phuong trinh, két hop n € N ta duge n = 2014.
Vay n = 2014.

Vi du 2: Tim n sao cho: n+ S(n) + S(S(n)) = 2001.
Giai :
Ta c6 n < 2000 = S(n) < S(1999) =28 = S(S(n)) < 10 = n > 1972.
Ma
3n=n+S(n)+S(S(n)) =2001 = 3(mod9) = n = 1(mod9)
= n € {1963, 1966, 1969, 1972, 1975, 1978, 1981}
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Béng cach thit tryc tiép ta thay cdc gid tri n can tim 1a n € {1969, 1972,1975}.

Vi du 3: Tim n théa n + S(S(n)) = 2014.

Bai toan nay xin danh cho ban doc.

Vi du 4 : (PTNK 2008) Véi méi s6 nguyen duong n, goi S(n) 1a tong cac chit s6 ctia n.

a) Chitng minh ring cac s6 n = 999 va n = 2999 khong thé bicu dién dugce dudi dang a + b véi
S(a) = S(b).

b) Chitng minh ring moi s6 1,999 < n < 2999 déu biéu dién dugc dusi dang a + b véi
S(a) = S(b).

Giai :

a) Gia st c6 thé bicu dién duge.

%n =999 : Ta ¢6 : a+b =999, ma phép cong trén khong c6 nhé nén S(a) + S(b) = S(a+b) =
S(999) = 27

Ma S(a) = S(b) nén 25(a) = 27 (vo 1y)

xn = 2999 :

Tuong tu vi phép cong a+b=2999 khong ¢6 nhé nén ta c6 DPCM.

b) Trudc hét ta chiing minh rang néu 999 < n < 2999 thi ton tai s6 tu nhien & sao cho

S(k) + S(n"k) 1a mot s6 chan. That vay, néu S(n) 1a s6 chn thi ta chon k& = 0. Néu S(n) 1¢,
gid st n = bagaag, trong d6 b € {1;2}. Do 999 < n < 2999 va n # 1999 (do S(n) 1é) nén ton
tai 7 sao choa; < 9. Chon i 16n nhat thod man diéu kién nay. Khi d6 chon k = 10i.(a; + 1) thi
S(k)=a;+1con S(n—k)=2S(n)"ai"1+9 (phép trit c6 nhé tao ra s6 9 & vi tri ai va giam di
1 don vi 6 vi tri truée d6). T dé suy ra S(k) +S(n—k)=ai+1+S(n)"ai’14+9=S5(n)+9
chin do S(n) 18. Bay gio gia st ta da tim dugc k sao cho S(k) + S(n — k) 1a s6 chén. Khi do
néu dat

k = azazaiag va n — k = bzbybiby

Do S(k) +S(n— k) chn nén s6 cac chi s6 @ sao cho a; +b; 1é 1a chdn. V6i 1 cap chi s6 (4, 5) sao
cho al—i—bz = 2j¢+1,aj +bj = 2]€1+ 1 lé, ta dél a; — CL{L- = kz—i— 1,(); = k’i,CL;- = k’j,b;- = ]{7]' + 1.
V6i cac chi s6 i sao cho a; + by = 2k;, ta ddi a; — a) = b; = k;. Khi d6 dé dang nhan thiy ring

asahalal + bibLY bl = azazarag + bsbabiby = n

S (ajabaiag) = S (b5050,0p)

Tt d6 ta c6 diéu phai ching minh.

Vi du 5: (IMO 1975) Dit A = S(4444%4) vay B = S(A). Tim S(B).
Giai :
Dat N = 4444*% Do N < 10000*4* nen N khong qué 4444.4 < 20000 s6 .
T do
A < 9.20000 = 180000 = B < 5(9999) = 45 = S(B) <39 =12 (1)



118

Mat khac
4444 = (—2)(mod9) = N = 214 = 81131 9 = (_2)(mod9)

Do d6 S(B)=7( mod 9) (2) Tu (1) va (2) tacoé S(B) =T.
Bai tap tuong tu:

Vi du 6: Dat A = 5(30.4*"1?), va B = S(A). Tinh S(B).

Vi du 7: (VMO 20004) Tim gia tri nhé nhat ctia S(n) khi n chay trén tap cac boi ctia 2003.
HD : Stt dung 3 b dé :

e 1001 1a s6 nguyén duong nhé nhat trong s6 cac s6 nguyen duong mma 10™ = 1(mod
2003).

e Khong ton tai boi duong ctia 2003 ¢6 dang 10* + 1 véi k € N.
e Ton tai boi duong ctia 2003 c6 dang 10* + 10" + 1, véi k, h € N.

Va st dung thém céc tinh chat ciia S(n) ta duge dap an min S(n) =3 .
Bai tap tu luyén :

Bai toan 1 : Cho s6 tu nhien N thoa S(N) = 100, S(5N) = 50. Chting minh réang N chén.
Huéng dan: Dat M = 5N thi S(M) = 50 va S(2M) = S(10N) = S(N) = 100. Suy ra phép
cong M + M = 2M la phép cong khong nhd.

Bai toan 2: Tim n nhé nhat sao cho trong n s6 tir nhién lién tiép tiy ¥ luon chon duge mot
s6 N ma S(N) vdots 13.
Dap an : 79.

Bai toan 3: Dat a = S((2°)"");b = S(a);c = S(b). Tim c.
Dap an : c=8.

Bai toan 4: CMR véi n 1a s6 tu nhién bat ki ta luon co

Bai toan 5: Cho a la s6 chan nhung khong chia hét cho 5. Chiing minh ring

lim S(a") =400

n——+o00

Bai tap téng hop
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Bai toan 1 : Cho n 1a s6 nguyén duong théa man n! c6 ding 2002 chit s6 0 tan cung. Chiing
minh rang n < 8024 .

Bai toan 2 : Véi n 1a s6 nguyén , chiing minh ring

) B

Bai toan 3 : ( Dai Loan 1998) Chiing minh rang v6i moi s6 nguyén duong m va n, ta luon co:

m—1
k
(m,n) =2 E {—n} +m+n—mn
m
k=0

Bai toan 4 : Tim min{xz,|1 <n < M} véi M = 20142014 va
T = M
Tp) o[ M
(#n) an:[M} Vn >1

2

Bai toan 5 : Tim s6 nguyén duong n 16n nhat sao cho 2014! chia hét cho 7.
Bai toan 6: (Canada 1998) Tim s6 cac s6 a thoa man

51+ 5]+ (5]

— — —| = aq

2 3 )
Bai toan 7: ( Han Quéc 1997)Tinh tong > [\/ﬂ theo n va a = y/n.

k=1

Bai toan 8 : Cho (m,n) = 1 v6i m chin. Tinh tong

B )
_2
k::l

Bai toan 9 : (Balkan 1998 ) Tinh cac s6 hang khac nhau trong day

]{72
k=1,2,..1
{Liogs) =12 1997

Bai toan 10 : Ching minh rang tich ctia n s6 nguyén lién tiép luon chia hét cho n!.

Bai toan 11 : (APMO 2001) Tim s6 nguyén N 16n nhat sao cho s6 céc s6 thuoc tap hop
{1,2,..., N} va chia hét cho 3 bang s6 cac s6 thuoc tap d6 va chia hét cho 5 hogc 7.
Bai toan 12 : Ching minh ring v6i moi s6 nguyén duong n > 3 thi

(2n—1)(2n —2)(2n"4)...(2n —2n — 1) : n!
Bai toan 13 : Chiing minh rang

C*=1( mod2) VE=0,n<n=1( mod?2)
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Bai toan 14 : Cho n > 2 1a s6 nguyeén duong. Chitng minh rang:

S-S

k=2 k=n+1

(53 ([]-200)

Bai toan 16 : (Dinh 1y LTE) Goi v,(n) 1a s6 mil clia p trong khai trién ra thita s6 nguyen t6

Bai toan 15 : Tinh

ctia n. Cho p 1a s6 nguyeén t6 18, x, y 1a céc sd nguyén sao cho x, y khong chia hét cho p nhung

x — y chia hét cho p, n 1a 6 nguyén duong. Chitng minh

vp(2" —y") = vp(x — y) + vp(n)
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2. Vé dep phan nguyeén tit tinh chat co ban : Nhém hoc sinh chuyén toan truong KHTN Ha
Noi.

3. Ham phan nguyén va tng dung: Luan vin thac si toan hoc ctia Ta Duy Phuong.
4. S6 hoc qua céc dinh 1y va bai toan : Tran Nam Diing.
5. Cac ham s6 hoc va ting dung : Luan vin thac si Toan hoc, D6 Cao Son.
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