S6 hoc qua cac dinh 1y va bai toan

Tran Nam Diing
Truong DH KHTN Tp HCM

Quy ho tinh bat quy ho da
Tha giai sai mot bai todn ding, con hon giai ding mot bai todn sai.

Véi su xuat hién ciua Internet va su bing né cac cudc thi toan trén toan thé g0,
ngay nay hoc sinh khong con thiéu nhiing bai toan dé gidi ma trdi lai, hoc sinh sé cé qud
nhiéu cdc dé todn cdc logi. Nhung ciing chinh vi c6 qud nhiéu nhu vay nén hoc sinh thuong
khong di kién nhan va hing thi dé tu minh gidi cdc bai todn, ma dong tdac thuong gdap
nhat la tham khdo l0i gidi. Dieu nay gitip hoc sinh biét rat nhiéu bai toan. Va diéu nay
khong phai la khong co ich cho hoc sinh, ddc biét la khi “tring tu”.

Tuy nhién, qua kinh nghiém gidng day cdc doi tuyén nhitng nam qua, ching toi nhan
thay rdng cdc hoc thong qua viéc gidi that nhiéu cdc bai todn khong phdi la cach tot nhat.
Béi don gidn la s6 hegng cdc bai todn (mdi va ci) la rat lon, cé thé ndi la vo han, ma thoi
gian va tri nhd ciua ching ta la hdu han.

Vi vay hoc nhiing kién thic co ban, nhiing phuong phdp co ban, nhiing ki thudt tu
duy co bin mdi la dieu quan trong nhat. C6 duge nhimg phan co ban nay, ta cé thé dp
dung va rén kij ndng gidi todn thong qua mot sé bai todn tiéu biéu.

Vi cdach tot nhat dé hoc duge cic phuong phdp co bin, nhimg kij thudt tu duy la
thong qua ching minh cia cac dinh lij co ban. Hoc chitng minh dinh ly, ta vita nam duogc
cic dinh nghia, khdi niém, tinh chdt co ban, vita hoc duge nhing ky thudt ching minh
zuat sac nhat duoc dic két va tinh chinh qua hang thé ky.

VGi cach nhin nhan nhu vay, ching toi da thi nghiem giang day cdc chuyén de So
hoc, To hop, Dai s6 ...qua cdc dinh lj va bai todn va thu duge nhimg két qud khd khd
quan. Hoc sinh ndm ving kién thiic nén ting, cé khd nang tu duy dé i lyj van dé, cé cach
tiép can bai todn mdi mot cach bai ban.

Chuyén dé “S6 hoc qua cdc dinh lij va bai todn” dudc dic két ti nhing bai gidng cia
ching toi cho cac doi tuyén clia cdc truomg va cdc tinh va mot so tai lieu tham khdo nam
d cuoi bai viét.

C6 103 dinh 1y va bai toan duge chon loc cho chuyén dé nay, tap trung trong 11 chii
dé nhé (mdi chit dé 7 bai) va 2 bo bai tap tong hop (mdi bo 13 bai). Cac dinh Iy va bai
toan déu khong c6 16i giai va ching minh chi tiét, vi vay khi sit dung phai c¢6 su chuan
bi truée kha ki ludng. Tuy nhién, cach trinh bay clia tai lieu mang tinh dan dat nén cac
gido vien va hoc sinh c¢6 thé ty khai pha (d6 chinh la diéu ma ching t6i mong dg¢i nhat,
va n6 cling 6 dem lai hi¢u qua cao nhat cho ngudi doc). Mot s6 dinh 1y va bai toan kho
c6 kem theo cac huéng dan.
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Cubi cling, cling can phai néi thém réang ngoai trit mot sé chti dé dau tién, chuyen
dé nay 1a mot chuyén dé tuong ddi kho, tiy theo ddi tuong hoc sinh ma cac thay co gido
c6 thé diéu chinh, gia giam cho thich hop.

1. S6 nguyén t6 va hdp sb

Bai toan 1. Chitng minh ring mot s6 nguyén N > 1 bat k¥ c6 it nhat mot uéc nguyén
t0.

Bai toan 2 (Dinh 1§ co ban ctia s6 hoc). Chiing minh rang moi s6 nguyén N > 1 deu
biéu dién duge dudi dang

Qg

N =pi“.p*...p
trong dé p1, pa, . . ., pr 1a cac s6 nguyén t6 phan biét, aq, as, . .., ay 1a cac s6 nguyén duong.
Hon nita, biéu dién nay la duy nhat néu khong tinh dén viec thay doi thi tu céc thita sb.

Bai toan 3 (Euclid). Chitng minh tap hgp s6 nguyén t6 1a vo han.

Bai toan 4. Chiing minh rang trong cac s6 n +1,n+2,n+3,...,n!"1 c6 it nhat mot
s6 nguyen to.

Bai toan 5. Ching minh rang v6i moi s6 nguyén duong n, ton tai n sé6 nguyén duong
lien tiép deu la hop s6.

Bai toan 6. Chiing minh ring ton tai vo s6 s6 nguyén t6 dang 4k + 3.
Bai toan 7. Chiing minh ring tong

1 1
I+-+-+=
2 n
khong nguyén véi moi n > 1.
Hudéng dan. Xét k sao cho 2k <n < 2k + 1.

2. Phép chia c6 du, thuat toan Euclid

Bai toan 8. Cho a,b la cic s6 nguyén, b > 1. Chitng minh réng ton tai duy nhat cip s
nguyén (q, r) thoa man dong thoi cac diéu kien

i) a=0bq+r;

i) 0<r<b.

Ué6c s6 chung 16n nhat ctia hai s6 nguyén a, b 14 s6 nguyén m sao cho
i) m|a, m|b;

ii) Néu m/|a, m’|b thi m’ < m.

Udc s6 chung 16n nhat ctia hai s6 a va b duge ky hiéu 1a (a, b).

Néu (a, b) = 1 ta n6i a va b nguyén to cing nhau.
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Bai toan 9. Chiing minh rang néu d|a, d|b thi d|(a,b). Tic 1a moi udc sé chung cia a va
b déu 1a uée cia (a, b).

Bai toan 10. Ching minh ring néu a = bq + r thi (a, b) = (b, r). Déc biét, ta ¢6 (a, b)
= (a—b, b).

Bai toan 11 (Dinh 1y Bezout). Chiing minh ring (a, b) = 1 khi va chi khi ton tai céc
s6 nguyeén x, y sao cho ax + by = 1.

Bai toan 12. Cho a, b 13 cdc s6 nguyén duong nguyén to cling nhau, b > 1. Chiing
minh rang v6i moi s nguyén N, ton tai duy nhat cap sd nguyén x, y théa man dicu kien
N=ar+byval<uz<hbh

Bai toan 13 (Dinh Iy Sylvester). Cho a, b 1a cac s6 nguyen duong nguyén t6 cing nhau.
Chting minh ring Ny = ab”a”b 14 s6 nguyén 16n nhat khong biéu dién duge dusi dang ax
+ by véi x, y 1a cdc s6 nguyén khong am. Hon nita, v6i moi p, q nguyén véi p +q = Ny,
c6 diing mot trong hai s6 p, q bieu dién duge dudi dang ax + by véi x, v 1a cac s6 nguyén
khong am (ma ta sé goi tat 1a bicu dién dugc).

Bai toan 14 (IMO 1983). Cho a, b, ¢ la cac s6 nguyén duong doi mot nguyén to cling
nhau. Chiing minh ring 2abc”ab”be” ca 1a s6 nguyen 16n nhat khong biéu dién duge dudi
dang abx + bey + caz véi x,y, z 1a cac s6 nguyen khong am.

3. Dinh ly Wilson, Fermat, Euler

Cho a, b, m 1a cac s6 nguyén, m > 1. Ta viét a = b(mod m) va doc a dong du b
mo-du-16 m khi (va chi khi) a”b chia hét cho m.

Ta néi {ay, az, . .., a;} 1a mot he thang du day di mo-du-16 m néu véi moi s6 nguyéen
x, ton tai duy nhat chi s6 i € {1,2,...,t} sao cho z = a;(mod m).

Chu y 1a néu {ai, as,...,a;} 1a mot he thang du day di mo-du-16 m khi va chi khi
t = m va a; # aj(mod m) v6i moi i # j (# & day hiéu la khong dong du).

Bai toan 15. Cho p la s6 nguyén to, p > 3. Chiing minh rang v6i moi s6 nguyen duong
r,1 <z <p-—1, ton tai duy nhat sé nguyen duong y < p sao cho xy = +1(mod p), hon
nta y # .

Bai toan 16 (Dinh 1y Wilson). Chiing minh ring p 13 s6 nguyen t& khi va chi khi
(p— 1)! + 1 chia hét cho p.

Bai toan 17 (Dinh Iy Fermat). a) (Chting minh quy nap) Chiing minh ring néu p la s6
nguyeén t6 va a l1a s6 nguyén thi ta c6 a”“a chia hét cho p.

b) (Chiing minh dong du) Cho p 1a s6 nguyén t6, (a, p) = 1. Chting minh rang véi
moi x thuoec £ = {1,2,...,p— 1} ton tai duy nhat y thuoc E sao cho az = y(mod p). T
d6 suy ra ap — 1 = 1(mod p).

¢) (Chiing minh t6 hgp). Dudng tron duge chia thanh p cung bing nhau. C6 bao
nhiéu cach to p cung bang a mau. Hai cach to dugc coi 1a gibng nhau néu cé thé thu dugc
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tt nhau qua mot phép quay.

V6i s6 nguyen m > 1, ta goi A(m) 1a s6 cac s6 nguyén duong nhd hon m va nguyén
t6 cling nhau véi m.

Ta néi {ai,as,...,a,} 1a mot he thang du thu gon mo-du-16 m néu véi moi s6
nguyén x nguyén to6 cung nhau véi m, ton tai duy nhat chi s6 ¢ € {1,2,...,s} sao cho
r = ai(mod m).

Chu ¥ 1a néu {ay,as, ..., as} 1a mot he thang du thu gon dit mo-du-16 m khi va chi
khi s = ¢(m), (ai,m) =1v6imoii=1,2,...,s va a; # a;(mod m) véi moi ¢ # j (# dau
tien ¢ day hicu la khong dong du).

Bai toan 18. a) Ching minh néu {as, as, ..., as} 13 mot he thang du thu gon mo-du-16
m va (a, m) = 1 thi {aay, aas, ..., aas} 1a mot hé thing du thu gon mo-du-16 m.
b) (Dinh 1y Euler). Chiing minh rang néu (a, m) = 1 thi a®(m) = 1(mod m).

Bai toan 19. a) Chiing minh réng néu p 1a s6 nguyén t6 dang 4k + 1 thi ton tai s6
nguyén duong N sao cho N? + 1 chia hét cho p.
b) Chitng minh ring s6 N? + 1 khong c6 uéc nguyen t6 dang 4k + 3.

Bai toan 20. Chiing minh cac phuong trinh sau khong c6 nghiém nguyén duong
a) 4ry z 'y = 2* (Euler)
b) x? — y3 = 7 (Lebesgue)

Bai toan 21 (Dinh Iy Fermat-Euler vé tong hai binh phuong). Chiing minh ring néu p
1a s6 nguyen t6 dang 4k+1 thi ton tai cac sd nguyén a, b sao cho p = a? + b?.
Huwdéng dan. St dung s6 N & cau a) bai 5. Xét cac s6 ¢6 dang a + Nb véi

0<ab<[yp)

. Hay chitng minh rang ton tai (a/,b') # (a,b) sao cho @’ + NV = a + Nb(mod p).

4. Pinh 1y Trung hoa ve s6 du

Bai toan 22.

a) Hay tim s6 nguyén duong N nhd nhét sao cho N chia 2 du 1, chia 3 du 2, chia 4 du 3,
chia 5 du 4, chia 6 du 5, chia 7 du 6, chia 8 du 7, chia 9 du 8.

b)* Hay tim s6 nguyén duong N nhé nhat sao cho N chia 3 du 1, chia 5 du 2, chia 7 du
3, chia 9 du 4, chia 11 du 5.

Bai toan 23. Cho my, my, ..., m, la cdc sd nguyén duong doi mot nguyén t6 cling nhau.
Dat M, = ms ... m,. Ching minh riang

I = Mf(ml)
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=1 (mod my)
N =0 d
la nghiém cta hé phuong trinh dong du x (mod my)

z =0 (mod m,)

Bai toan 24 (Dinh 1§ Trung hoa vé s6 du). Cho my,ma, ..., m, la cac s6 nguyén duong
doi mot nguyen t6 cting nhau, aj,as,...,a, 1& cic sd nguyén bat ky. Ching minh ring
hé phuong trinh dong du sau ludn c6 nghiém

x = ay (mod my)

T = ay (mod my)

r = a, (mod my,)
Hon nita, hai nghiém bat ky ctia hé khac nhau mot boi s6 cia M = m1m2. .. mn.

Bai toan 25. Tim s6 du trong phép chia 192012 cho 70.

Bai toan 26. Xét da thic P(x) = (2x + 1)(3x + 1). Chiing minh rdng moi n nguyén
duong, ton tai x nguyén dé P(x) chia hét cho n.

Bai toan 27. Chiing minh ridng véi moi s6 nguyén duong N ton tai N s6 nguyén duong
lien tiép ma modi s6 déu chia hét cho binh phuong clia mot s6 nguyeén to.

Bai toan 28. Cho p 1a s6 nguyén t6. Chiing minh réng ton tai mot boi s6 ciia p sao cho
10 chit s6 tan cuing ctia n6 doi mot khac nhau.

5. Cac ham so6 hoc

Mot ham xac dinh trén tap hgp cac s6 nguyén duong duge goi 1a mot ham s6 hoc.

Ham s6 hoc f dugde goi 1a nhan tinh néu véi moi cip sd nguyén m, n nguyén to cling
nhau thi f(mn) = f(m)f(n).

Ngudi ta quan tam dén tinh nhan tinh, vi néu f nhan tinh thi dé tinh f(n) véi moi
n, ta chi can biét cach tinh f(p*) vé6i p 1a s6 nguyen t6.

Néu n 1a s6 nguyen duong bat ky, ta goi 7(n) 1a s6 cac wéc nguyen duong cia n,
o(n) la tong cac uéc nguyén duong ctia n va @(n) 1a sd cac s6 nguyen duong < n va
nguyén té ciing nhau véi n.

Bai toan 29. Néu f 1a mot ham nhan tinh thi ham xac dinh bdi cong thiic

F(n)=) f(d)

dln
ciing la ham nhan tinh.
Bai toan 30. a) Chiing minh ring cac ham 7(n) va o(n) 1a cAc ham nhan tinh.

b)* Chitng minh rang ham ¢(n) 13 ham nhan tinh.
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c¢) Chiing minh réng
paJrl -1

ST ) =r" —p

T(pa):a+17 0_<pa):1_'_p++pa:

S6 nguyen duong n dude goi la s6 hoan hao néu tong cac ude duong ctia n gap hai
lan s6 d6: o(n) = 2n.

Bai toan 31 (Dinh ly Euclid - Euler). Chitng minh réng s6 chin n 14 sé hoan héo khi va
chi khi n = 2m — 1(2m — 1), trong d6 m la s6 nguyén duong sao cho 2m~1 la s6 nguyén
t6.

Bai toan 32. Chiing minh rang véi moi s6 nguyén duong n ta c6

a)

n

>tk =2k 7]

k=1

Ham Mobius u(n) 1a ham s6 duge xac dinh nhu sau: Néu n chia hét cho binh phuong
mot s6 nguyén t6 thi u(n) = 0. Néu n = p1.ps...pp thi pu(n) = (—1)k. Ta ciing quy uéc
mot cach tur nhién rang u(1) = 1.

Bai toan 33. a) Chiing minh ring ham g(n) la ham nhan tinh.
b) Chitng minh ring véi moi n > 1 ta c6

> u(d) =0.

dn

Bai toan 34 (Cong thiic nghich ddo Mobius). Xét ham s6 hoc f va xét

F(n) =) f(d)

din

fn) = > udF ().

din

. Ta ¢6 cong thiic

Bai toan 35. a) Chiing minh ring véi moi s6 nguyén duong n ta c6 bat dang thiic

7(n) < 2v/n

b) Tim tat ca cac s6 nguyén duong k sao cho ton tai s6 nguyén duong n théa man
diéu kien




6. Bac theo mo6-du-16

Cho m 14 86 nguyen duong > 1, a 14 s6 nguyén sao cho (a, m) = 1. Theo dinh 1§ Euler
thi a¥(m) = 1(mod m). Nhu vay tap hop cac s6 nguyén duong k sao cho a* = 1(mod m)
14 khac rong. Goi h 1a s6 nguyén duong nhé nhat thoa man diéu kien o = 1(mod m). Ta
goi h la bac ctia a mo-du-16 m va ky hiéu 1la h = ord,,(a).

Bai toan 36. Cho (a,n) =1 va h la s6 nguyén duong nhé nhét sao cho ah = 1(mod n).
Khi d6 véi moi s6 nguyen duong m sao cho a™ = 1(mod n) ta c6 m chia hét cho h.

Bai toan 37. Chitng minh ring moi uéc sd nguyén to clia s6
F,=2"+1
c6 s6 du bang 1 khi chia cho 2n + 1.

Bai toan 38. Chiing minh rang khong ton tai so6 1é n > 1 sao cho 3n + 1 chia hét cho n.
Huwéng dén. Chimg minh bing phan chiing. Xét p 1a u6c sé6 nguyén t6 nhé nhat ciia n.

Bai toan 39. Cho p la s6 nguyén t6 1& va q va r, 13 cic s6 nguyén t6 sao cho p chia hét
qr + 1. Chiing minh rang hodc 2r | p — 1 hodc p|¢?~1.

Bai toan 40. [AIME 2001] C6 bao nhiéu boi s6 nguyen duong ctia sé 1001 c6 thé viét
dudi dang 10j — 10i, trong do6 i va j 1a cac s6 nguyén va 0 < i < j < 99,

Bai toan 41 (VMO 2001). Cho s6 nguyén duong n va cho hai s6 nguyén nguyén t6 cling
nhau a, b 16n hon 1. Gia sit p, q la hai wéc 1é 16n hon 1 cta

. Hay tim s6 du trong phép chia
P+
cho 6.(12)".

Bai toan 42. Cho n > 1,a > 0 la cac s6 nguyén va p la s6 nguyén to sao cho a? =
1(mod p"). Chiing minh réng a = 1(mod p"~1).

7. Cong thitc Legendre vé liy thira ciia p trong n!

V6i moi s6 thuc z, ta goi [z] 1a s6 nguyen 16n nhat khong vuot qua x (doc 1a phan
nguyén x). Ham phan nguyén cé nhitng ting dung quan trong trong so6 hoc. Mot trong
nhiing tinh chat co ban thuong dung, d6 la: Cho k 1a mot sé nguyen bat ky, khi dé trong
n s6 nguyén duong dau tien, c6 ding [n/k| s6 chia hét cho k.

Bai toan 43 (Cong thiic Legendre). Cho n la s6 nguyén duong > 1 va p 1a s6 nguyén
t6. Khi d6 s6 mil ctia p trong phan tich tiéu chuan ctia n! ra thita s6 nguyen t6 dude tinh

theo cong thic
n_|n n n
ap(n.) = ]—? + I? + Z? + ...
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Bai toan 44. Chiing minh cic tinh chat sau ctia ham phan nguyén
a) [v+y] > [z] + [y] v6i moi x, y thude R.

b) [a] + [z +1/2] = [22],
) [z % ][x+1/3] [ +2/3] = [34],

) { } [-£-] v6i moi x thyc va m, n nguyén duong.

mn
Bai toan 45. Chiing minh rang tich clia n s6 nguyén lién tiép luon chia hét cho n!

C

S\H

[

Bai toan 46 (APMO 2001). Tim s6 nguyén N 16n nhat sao cho s6 céc s6 thude tap hop
1, 2,..., N va chia hét cho 3 bang s6 cac s6 thuoc tap d6 va chia hét cho 5 hoac 7.

Bai toan 47. Tim tat cd cic s6 nguyén duong n sao cho (n-1)! khong chia hét cho n?.

Bai toan 48. Chiing minh riang v6i moi s6 nguyén duong n > 3, tich (2n — 1)(2n —
2)(2n"4)...(2n — 2n — 1) chia hét cho n!.

Bai toan 49. Chitng minh ring C* 14 s6 1& v6i moi k = 0,1,2,...,n khi va chi khi n ¢6
dang 2m — 1.

8. Dinh ly Lagrange, dinh ly Wolstenhome, dinh ly
Lucas

Bai toan 50. Cho p la s6 nguyen t6 1é diat f(z) =(x+1)...(x +p—1).

a) Ching minh rang pf(z) = (x + 1) f(z + 1) "z f(x).
b) Gid st f(x) = 2P~' +ay2P 2+ -+ - + a,_9x + a,_1. T dang thiic trén, hay suy ra

rang
i
_ Jj+1
B Z Cp—j a;
=0

(6 day ap = 1)

¢) (Dinh ly Lagrange) Chitng minh rang ai chia hét cho p véi moii =1,2,...,p—2.

Bai toan 51 (Dinh Iy Wolstenhome). a) Néu p > 3 14 s6 nguyén t6, thi mau s6 ctia phan
S0

chia hét cho p?.
b) Chitng minh ring néu p > 3 1a s6 nguyeén to, thi

Chl =1 (mod p?)

Bai toan 52 (Dinh 1y Lucas). Cho p la s6 nguyén t6
a) Chitng minh rang néu m 1a s6 nguyén khong am thi ta c6

(14+2)"" =1+2"" (mod p)
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b) Cho 0 < m < n la céac s6 nguyen duong. Gia st m, n c6 bicu dién trong hé dém co
s6 plam =mpmg_1...mimg = mgp® +my_1pF "+ muptme n = ngng_y .. nyng =
np® + g1 p Tt 4+ mp + no.

Chiing minh rang

Cyp=CpEcop=t. O (mod n)

Nk—1

Huwéng dan. St dung dang thiic

n k
(1+2)" = Z Cla™ = H (1+ a:pl)ni (mod p)
m=0 =0

Va chii ¥ vé tinh duy nhat ctia khai trién p-phan.
Bai toan 53. Chiing minh sy tuong duong ctia cidc ménh dé sau

1)
O;’;_ll =1 (mod p?)

2)

Bai toan 54. a) Chiing minh rang véi moi so6 nguyén t6 p va s6 nguyén duong n, k ta c6
: 2
Cr = Cyip
b) Chiing minh réang véi moi s6 nguyén t6 p > 5 va s6 nguyen duong n, k ta c6
3
Che —Ci'p
Bai toan 55. Chiing minh rang véin > 1
n n—1
O§n+1 - 2n
chia hét cho 2272,

Bai toan 56 (Vietnam TST 2010). Goi S, I tong binh phuong cic hé s6 sau khai trién
ctia (14+x)n. Chiing minh réng 1 + Sy, khong chia hét cho 3.
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9. Phuong trinh Pell

Bai toan 57. a) Chitng minh hang dang thic (a? + db?) (22 + dy?) = (ax + dby)? + d(ay —
bx)? = (ax — dby)* + d(ay + bx)?.

b) Chiing minh hing néu phuong trinh 22”dy? = 1 ¢6 it nhat mot nghiém nguyén
duong thi né c6 vo s6 nghiém nguyén duong.

Bai toan 58 (Dinh Iy vé cau tric nghiém ctia phuong trinh Pell loai 1). Cho d 1a s6
nguyén duong khong chinh phuong. Xét phuong trinh 22~ dy? = 1 (1). Gid st (a, b)
1a nghiém nguyén duong nho nhat cta (1) ((z,y) < (2/,y) & o <2’ hodc z = 2",y < ¥/,
ta goi nghiém nay la nghiém co sd).

Xét hai day s6 {z,}, {y.} xac dinh b6i 21 = a,y; = b, Tpi1 = axy + d0Yp, Y1 =
bx, + ay,.

a) Chiing minh rang véi moi n nguyén duong thi (z,,y,) 14 nghiem cta (1).

b) Chitng minh rédng néu (x, y) la nghiem nguyén duong ctia (1) vd x > a thi
x’ = azx”dby,y = bx”ay cing la nghiém nguyén duong cua (1).

c¢) Chiing minh rang néu (x, y) la nghiém ctia (1) thi ton tai n sao cho z = x,,,y = y,.

Cho d 1a s6 nguyen duong khong chinh phuong. Xét phuong trinh dang Pell 22 dy *
2 = k v6i k 1a s6 nguyeén khac 0.

Dat S = {(z,y) € N*|2?"dy* = k} (2) va goi (a, b) 1a nghiém co s6 clia phuong
trinh Pell tuong tng 22~ dy? = 1.

Nghiem (g, yo) thuoc S dude goi 1a nghiém co s6 clia (2) néu khong ton tai (2/,y') €
S sao cho 4 aa:/’ + Dby’

y = ay’ + bx’
Goi Sy 1a tap hop tat ca cac nghiém co sé.

Bai toan 59 (Dinh 1§ vé ciu tric nghiém ctia phuong trinh dang Pell). a) Tap hop céc
nghiém co s6 13 hitu han va c¢6 thé tim duge bang phuong phap vét can.

b) Néu S # 0 va (x, y) la mot nghiém ctia (2) thi ton tai (zg,yo) thuoe Sy va n
thudc N sao cho

x4+ Vdy = (a+ \/Eb)n(xo + Vdy,)

Bai toan 60 (Viet Nam 1999). Cho hai day sb (), (y,) x4c dinh nhu sau

r1 =120 =4,210 = 3Tp11 — x, V61 MOi N > 1,

Y1 =192 =2, Yny2 = 3Yn41 — Yn véi moi n > L.

Chiing minh réng cic s6 nguyén duong a, b thdéa man phuong trinh a® — 56> = —4
khi va chi khi ton tai s6 nguyén duong k sao cho a = xj, b = yp.

Bai toan 61 (Viet Nam TST 2002). Tim tat ca cac da thiic p(z) véi hé sé nguyén sao
cho da thiic
q(z) = (2% + 62 + 10)(p(z))*"1

14 binh phuong ctia mot da thiic véi hé sé nguyen.

Bai toan 62 (PTNK 2003). Tim tat ca cac s6 nguyen duong k sao cho phuong trinh
2? — (k* — 4)y? = —24 ¢6 nghiém nguyén duong.
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Bai toan 63. a) (Dinh 1§ vé cau tric nghiém ctia phuong trinh dang Az?”By* = 1). Cho
phuong trinh Axz?"By? = 1 (%) v6i A vi AB khong chinh phuong. Goi (a, b) 1a nghiem
nho6 nhét ciia phuong trinh Pell két hop 22” ABy? = 1. Gia st phuong trinh (*) ¢6 nghi¢m
va (70; Yo) 1a nghiém nhd nhat ctia né thi (zg; yo) 1a nghiem duy nhat ctia hé phuong trinh
a = Az* + By? b = 2zy.

b) (Ap dung, Vietnam TST 2009). Cho a, b la cac sd nguyen duong khong chinh
phuong sao cho a.b ciing khong chinh phuong. Chiing minh rang it nhat mot trong hai
phuong trinh az?"by? = 1 va ax? by? = ~1 khong c6 nghiém nguyén duong.

10. Phuong trinh Markov va phuong phap buéc nhay
Vi-ét.
Bai toan 64. Cho k 1a s6 nguyén duong. Xét phuong trinh nghiém nguyén duong

2? + 9 + 2% = kayz. (1)

a) Chiing minh rang néu (x, y, z) 1a nghiem nguyén duong ctia (1), thi (x, y, kxy
—z) cang la nghiém nguyén duong cua (1).

b) Chiing minh rang néu (g, yo, 20) 1a nghiem cia (1) sao cho zg < 3y < 29 va
To + Yo + 20 nhd nhat thi ta ¢6 zo/zoye < k/2.

¢) Chiing minh rang phuong trinh (1) ¢6 nghiém nguyeén duong khi va chi khi k =
1 hoac k = 3.

Bai toan 65. Xét phuong trinh
vt a5+ 22 = kriay ... oy, (2)

Ta sé& noi nghiém (zy,xs,...,2,) cla (2) la nghiem co sé néu z; < 29 < --- < 7, VA
it al > e 2, <kvy.o..x, .

a) Chiing minh réng néu (2) ¢6 nghiém thi (2) ¢6 nghiém co s6.

b) Chiing minh rang néu n > 2, va (zy,,...,7,) la nghiém co sé cia (2) thi
... Tpo <2(n—1)/k.

¢) Chitng minh riang néu x; < xy < --- < x,, la cdc s6 nguyén duong bat ky thoa
man dicu kien 1 < 22 <22 +---+22 |, thity s6 R= (23 + -+ + 22)/z175 ... 7, khong
vugt qua (n + 3)/2.

d) (Dinh ly vé phuong trinh Markov). Néu phuong trinh (2) c¢6 nghiem va n # k,
thin>2k"3khin>5van>4k"6khin=3,n=4.

Bai toan 66 (Viet Nam 2002). Tim tat ca cac s6 nguyén duong n sao cho phuong trinh
TH+y+z+1t=nxyzt
¢6 nghiém nguyén duong.

Bai toan 67. a) Tim tat ca cac s6 nguyén duong k sao cho phuong trinh 22 +y?+1 = kay
¢6 nghiém nguyén duong.
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b) Tim tat ca cac nghiém nguyén duong ctia phuong trinh z2 + y* + 1 = 3ay.
Huéng dan. Xét day s6 (z,) dude xac dinh nhu sau: 2, = 29 = 1, 241 = 32, Tp_1
v6i moi n > 2. Hay chiing minh rang néu x, y 1a cac s6 nguyén duong véi x < y sao cho
22 + 9% + 1 = 3zy thi ton tai s6 tit nhién n sao cho & = 2,y = Tpi1.

Bai toan 68 (CRUX, Problem 1420). Néu a, b, ¢ la cac s6 nguyén duong sao cho
0 < a® + b*“abc < c. Chitng minh rang a? + b*~abe 1a s6 chinh phuong.

Bai toan 69 (IMO 88). Néu a,b,q = (a* +b*)/(ab+ 1) 1a céc s6 nguyén duong thi q la
s6 chinh phuong.

Bai toan 70 (Viet Nam 2012). Xét cac s6 tu nhién 1é a, b ma a la ude s6 ctia b* + 2 va
b 1a udc s6 ctia a® + 2. Chiing minh ridng a va b 1a cac s6 hang ctia ddy s6 tu nhien (v,,)
xac dinh béi vy = v9 =1 va v,, = 4v,_1V,,—2 V61 MOi n > 2.

11. S6 chinh phuong mod p

Gia sit p 1a mot s6 nguyen t6 16. Khi d6 s6 nguyén a duge goi 1a s6 chinh phuong
modulo p néu (a, m) = 1 vd dong du 22 = a(mod p) c6 nghiem.

Bai toan 71. Chitng minh cac ménh dé sau

a) Gia st p 1a mot s6 nguyen t6 1&, a 1a s6 nguyen khong chia hét cho p. Khi d6
dong du 22 = a(mod p) hodc khong c6 nghiem, hodc c6 ding hai nghieém khong dong du
modulo p.

b) Néu p 1a mot s6 nguyen t6 1é thi trong cée s6 1,2,...,p—1 ¢6 ding £* s6 chinh
phuong modulo p.

Gia st p 13 mot s6 nguyen t6 18, a 1a s6 nguyén khong chia hét cho p. Ki hieu

Legendre (%) duge dinh nghia nhu sau: > = 1 néu a la s6 chinh phuong modulo p va

/N
Qe

(%) = —1 trong truong hgp ngudgc lai.

Bai toan 72. Gia sit p 1a mot sd nguyen t6 1, a, b 1a cac s6 nguyén khong chia hét cho
p. Chitng minh céc tinh chat sau
a) (Tieu chuan Euler).

b) Néu a # b thi



Bai toan 73 (Bo dé Gauss). Gia st p 1a mot s6 nguyeén t6 18, a 1a s6 nguyen khong chia
hét cho p. Néu trong cac thang du duong bé nhat ctia cac s6 nguyeén a, 2a, . .., (p —1)a/2
c6 s thang du 16n hon p/2 thi
a
G N
)

Huéng dan. Trong cac thing du duong bé nhat néi trén, gia st uy,us,. .., us 1& cac
thang du 16n hon p/2, vy, vy, ..., v 14 cdc thing du bé hon p/2. Hay chiing t6 rang
{p—ui,p—ug,....,p—us,v1,ve,...,0.p ={1,2,...,(p—1)/2}.

Bai toan 74. Gia sit p 1a s6 nguyen t6 1é, a la s6 18 khong chia hét cho p. Chiing minh

rang
ay _ T(a,p)
-] =(-1
(5) -
, trong dé
p—1
= .
ja
Tan =3 |2
=1 LP

Bai toan 75 (Luat thuan nghich binh phuong). Gia sit p va q 1a nhitng s6 nguyen t6 1&
khac nhau. Khi do6 ta co
p\ (4 S
& N (_1) 2 2
() ()

Bai toan 76. Chiing minh riang 2 chinh phuong modulo p khi va chi khi p = +1(mod 8).

Bai toan 77 (Euler). Chiing minh rang phuong trinh 4xyz "~z "y t* = 0 khong c6 nghiem
nguyén duong.

12. Bai tap tong hop 1

Bai toan 78 (Dai hoc Vinh 2009). Gia sit m; n 1a hai s6 nguyén duong thod man n/d la
6 1¢ voi d = (m; n): Xac dinh (@™ + 1,a™ — 1) véi a 1a s6 nguyén duong 16n hon 1.

Bai toan 79 (Dai hoc su pham HN 2009). Cho cac s6 nguyen duong a; b; ¢; d thda man
ac + bd chia hét cho a* + b?. Chitng minh rang (¢ + d?, a* + v?) > 1.

Bai toan 80. Coi S(n) la tong cac chit s6 clia s6 nguyen duong n. Chitng minh ring ta

c6 cong thic
n n n
5 =n=9([5] + 53] + [zo0a) +-+-)
(n) =n 10) * 1100/ * L1000) *

Bai toan 81 (PTNK 2008). V6i mdi s6 nguyen duong n, goi S(n) 1a tdng cac chit s6 clia
n.

a) Chitng minh ring cac s6 n = 999 va n = 2999 khong thé biéu dién duge dudi
dang a + b v6i S(a) = S(b).

b) Chiing minh ring moi s6 n, 999 < n < 2999 déu biéu dién duge dusi dang a +
b vé6i S(a) = S(b).
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Bai toan 82 (PTNK 2009). a) Chiing minh ton tai s6 n chén, n > 2008 sao cho 2009.n
— 49 1a s6 chinh phuong.
b) Chitng minh khong ton tai s6 nguyén m sao cho 2009.m — 147 1a s6 chinh phuong.

Bai toan 83. Tim tat ca cac da thitc f(x) v6i hé s6 nguyén sao cho v6i moi n nguyén
duong ta c6 f(n) la wée cta 2n — 1.

Huéng dan. Néu f khong phai 1a da thic hing thi ton tai s6 nguyén duong n sao cho
[f(n)| > 1. Néu p la uéc nguyén t6 ctia f(n) thi p | f(n+p).

Bai toan 84. Cho a, b 1a cac sd nguyén duong sao cho

a+1 b+1
+
b a

la s6 nguyén. Chiing minh rang

(a,b) < Va+b.

Bai toan 85. Chitng minh ring néu a, b, ¢ 1a cac sd nguyén va

a b ¢
S
b ¢ a
thi abc 1a lap phuong clia mot s6 nguyen.
Huwéng dan. Hay ching minh v6i moi p nguyén t6 thi vp(abe) chia hét cho 3.

Bai toan 86. Céc s6 nguyén duong a, b, ¢, d thod man dicu kién
a?+ 0 +a=c+d?+cd
Chitng minh rang s6 a + b+ ¢ + d 1a hgp s6.

Bai toan 87 (Hung Yen 2012). Cho p la s6 nguyen t6, a 1a s6 tu nhien; p® 14 wée ding
clia 86 nguyén duong a néu p® chia hét a va p® + 1 khong chia hét a, khi d6 ta viét p®||a.

Goi a, n la cac s6 nguyen duong, p 1a s6 nguyen t6 1&. Gia st p®||la — 1 va p*||n,
trong d6 a > 1; 3 > 0. Chiing minh riang p®~?||a" — 1.

Chit y: Két qua bai todn nay tuong duong véi dang 1 ctia Bd dé nang (Lifting The
Exponent Lemma - LTE) sau day:

Goi v,(n) 1a s6 mii cia p trong khai trién ra thita s6 nguyén t6 ctia n. Cho p la 6
nguyen to 18, x, v 1a cac sd nguyén sao cho x, y khong chia hét cho p nhung x — y chia
hét cho p, n 1a s6 nguyen duong. Khi d6 v,(z""y") = v?(z"y) + v,(n).

Phuong phap chitng minh la st dung quy nap toan hoc theo vp(n).

Ta c6 dang 2 ctia LTE la: Cho p 1a s6 nguyén t6 1é, x, y 1a cac sd nguyén sao cho
x, y khong chia hét cho p nhung x + y chia hét cho p, n 14 s6 nguyén duong 1&. Khi do6
vp(x" +y") = vP(z +y) + vy(n).

Bai toan 88. Cho p > 3 la s6 nguyen t6. Gia st a, b 1a cac s6 nguyén sao cho p | a + b
va p?la® + b®. Hay chitng minh rang hodc p?|a + b, hodc p?la® + b3.

Bai toan 89 (Ninh Binh 2009). Cho hai s6 nguyén duong p; q 16n hon 1; nguyéen t6 cling
nhau. Chiing minh ring ton tai sé6 nguyén k sao cho (pg”1)n* + 1 1a hop s6 véi moi s6
nguyén duong n.

Huwéng déan. St dung dinh ly Trung hoa vé s6 du.
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Bai toan 90 (Dai hoc KHTN 2009). Tim tat ca cdc bo bon s6 tu nhien a, b,c, d doi mot
phan biét thoa man

a? b = b2t = 2V di
Huéng dén. Dung phuong phap xudéng thang dé chiing minh khong ton tai mot bé sb
nhu vay. Tham khdo 161 giai chi tiét & [3].

13. Bai tap tong hop 2

Bai toan 91 (Viet Nam 2003, bang B). Hoi ¢6 ton tai hay khong cac s6 nguyeén x, y, u,
v, t théa man dicu kién sau
P?4+yP=(r+1)24+u?=(x+2)? +0? = (v +3)* + 2

Bai toan 92 (Dinh 1y Beatty). Chiing minh rang néu a, 8 1a cac s6 vo ty duong sao cho

thi cac day s
([na]) = (la], [204, 3], . ..)
([nB]) = (181,128, 138], .. )

lap thanh mot phan hoach ctia tap hop céc sd tu nhién. N6i cach khac méi mot s6 nguyen
duong xuat hién trong hgp clia hai diy s6 trén ding mot lan va hai day sé khong c6 s
hang chung.

Bai toan 93. Cho n > 2 la s6 nguyén duong. Chitng minh rang
" [n? " n2

x[7-2 7

trong d6 [ x ] ky hiéu s6 nguyén 16n nhat khong vuot qua x.

Bai toan 94 (Rio Plate 2002). Tim tat ca cic cap s6 nguyen duong (a, b) sao cho
o
ab®>+9

1a mot s6 nguyen.

Bai toan 95 (IMO 2003). Tim tat ci cic cap s6 nguyen duong (a, b) sao cho s6

a2

2ab®> — b3 + 1
14 s6 nguyen.

Bai toan 96 (IMO 2007). Cho a, b la cac s6 nguyen duong sao cho 4ab — 1 chia hét
(4a? — 1)?. Chitng minh réng a = b.
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Bai toan 97. Tim tat cd cac s6 nguyén duong n sao cho ton tai s6 nguyén m sao cho 2n
— 1 1a u6c cia m? + 9.

Bai toan 98. Tim tat cd cac s6 nguyén duong n sao cho ton tai cac s6 nguyeén 1é
T1,To,. .., T, théa man diéu kien 2? + 23 + - -- + 22 = n'.

Huwéng dan. Truée hét hay tim diéu kién can bang cach xét theo mo-dun 8. Sau d6 tim
diéu kién du bang cach xay dung nghiém.

Bai toan 99. Biét ring tong cac chit s6 clia s6 nguyen duong N bang 100, con tong céc
chit s6 ctia 5N bang 50. Chitng minh rang N chén.
Huwéng dan. Diat M = 5N thi S(M) = 50 va S(2M) = S(10N) = S(N) = 100. Suy ra
phép cong M + M = 2M la phép cong khong nhdé.

Bai toan 100 (VMO 2004). V6i mdi sé nguyen duong n, ky hiéu S(n) 1a tdng tat ca cac
chit s6 trong biéu dién thap phan cia n.

Xét cac s6 nguyen duong m 1a boi ctia 2003. Hay tim gia tri nho nhét ctia S(m).
Huwéng déan. Hay chiing minh ring khong ton tai n sao cho 10n + 1 chia hét cho 2003
va ton tai n sao cho 10n + 2 chia hét cho 2003. C6 thé sit dung bac ctia 10 theo modulo
2003.

Bai toan 101. Cho p 1a s6 nguyén to va a, b, ¢ 1a cac s6 nguyen bat ky. Chitng minh
rang ton tai cac sd nguyén x, y, z khong dong thoi chia hét cho p sao cho ax? + by? + cz?
chia hét cho p.

Huéng dan. Hay ching minh cho trudng hgp a = b = ¢ = 1. Mot hudng tiép can khéc
14 chitng minh phan chiing va st dung tinh chat néu axz? + by? + c2z? khong chia hét cho
p thi (ax?® + by? + cz?)P~! = 1(mod p).

Bai toan 102. Goi p, 1a s6 nguyén t6 thit n. Dat
~ 1
53t
1 Pk
. Chiing minh rang lim S,, = co.

Huéng dén. Hay chia ¥ ring
1

1 1 1 1 11 1 1
I+-+=-4+..)Q+s+=+...)...0+—+5+..)>1+-+=-+-+—.
(+2+4+ )(+3+9+ ) ( +%3—2+ ) tstgt +m

n

Bai toan 103. Véi s6 nguyén duong n > 1, gon A(n) 1a ménh dé: “Tw 2n — 1 s6 nguyén
bat k¥, luon chon dude n s6 c¢6 tdng chia hét cho n”.

a) Chitng minh A(3) dung;

b) Chiing minh A(5) ding;

¢) Ching minh rang néu A(m) dung va A(n) dang thi A(mn) cing ding,.

d)* Chiting minh réng néu p la s6 nguyén t6 thi A(p) ding.

Huéng dan. Chiing minh phan chiing va dé ¥ ring néu (a; + as + - - - + a,) khong chia
hét cho p thi (a; +as + -+ + a,)P~! = 1(mod p)
e) (Dinh ly Erdos-Ginzburg-Ziv). Ching minh A(n) ding véi moi n > 1.
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