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PHUONG PHAP LUONG GIAC HOA

Trong qué trinh hc tdp, t6i aim thiy liong giac 1a nét phiong phép 6t hay trong véc gidi quyét nhiéu bai toan 8

hoc, sagdéy la nvt trong nhrng vi di nhee vay.

[-M §t so cach chuyén bai toan qua ong giac:

1/ Néu bién x tham gia trong bai toan au kien |x|< k (k>0), tadit x=kaosa , a O] 071] hoic
T T

x=ksinag ,ad| —— ,—}.
2 2

272
3/ Néu hai bén tham gia bai toan c6 rangdm a’x*+b’y’=¢ (a b c0).

2/ Néu xOR, dat x =tana aD(—I—T 'ﬂj.

tadat : ngsina , y:%cosa , a0[ 0,21]

4/ Néu ba bén x, y, z tham gia bai toan c6 rangobux + y+ z= Xy:z haic Xy+ yz+ zx=1 thi co ti¢ dit
x=tanag , y=tang8 ,z= tary véi a,,B,yD(—E;I—Tj.

5/ Mot s biéu thac thuong dgip khac:

Biéu thirc Cachait x Mi én gia tri ctia bién
X2 + a2 X = atana all —I—T;E
2 2
a0[o,7]
— X = asa - _
a-X X = asing an| -2
L 2 2]
NP xzi OD[O,]—T]D[IT,B—”]
cosa 2 2
+ -~ X = tana
XY haic 22 a"BDK_I_T’I_Tj
1-xy 1+ xy y =tang 2 2

- Ung dung ciia phwong phap:

1. Ching minh cac I thirc dai s6:

©Bai toan 1: (Pgi hoc Dugc Ha Ngi 1995)

Cho x, y, z > 0 va thoman xy+ yz+ zx=1, tinh gia ti cia béut thac:

" =X\/(1+y2)(1+ Z) +y\/(1+ Z)(1+ %) +Z\/(1+ 2)( )

1+x2 1+ y? 1+ 2

Giai: bat x=tanag ,y=tang ,z= tay ,a g yD( d—f{j'Theo gh thiét ta c6

tang .tanf+ tan .tap+ tap .tan= :.la+,6’+y=g.

Taco y (rey)(1+2) :tana'\/(1+ rt ) ¥ tafy) _ tane | cosa  __ sing
1+x2 1+ tarf a co$Bcoy c B .cot
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= COS('B+'V) = cosBcoy -~ sinf 'Si'yzl—tanﬂ.tary: tyz
cosB coy cog c o3
Tuong tr cho hai béu thirc con hi, ta duoc:
M=(1-y2)+ (1- 29+ (- xy)=3 (xyr yz 2 Z
©Bai toan 2: Choa, b, ¢ > Othca manab+bc+ca=1. Ching minh &ng :
1 1 1 2

+ + :
bc(1+ az) ca(1+ 6) ab$1+ 6) abo/1+ # A1+ B/1+ ¢
Giai: b at a=tanag,b=tang ,c= tay a f }(D( (gj Tu gla thiét ta c6 :

tang .tanB+ taip .tap+ tap .tan= :.1a+ﬁ+y:g

Taco:.__ 1 _ 1
bc(1+ az) tan[ﬁ’.tary( * taﬁa)
Tuong tr cho cac liu thirc con hi, tadugc Vé trai

=cota.cotﬁ.coty( tamc g+ tafic. g8+ tarc .Zp}=% oot Bot ysin 2y + sin B+ sing)

= cot3.coty ¢ 0da

:%cota.cotﬂ.coty 4os c cp (Vi2a+2B+2y=m)

2

(@pcm)
abcy1+ @ N1+ B/ 1+ @

=2cotacoff .coy .co8 .c@d .cps

M ot sb bai tap tw luyén: ‘
¥*Bai 1: Cho xy + yz + zx = 1. Ging minh &ng :

1 1 1 1 1 1
R e R e E R E
b) x+y+z-3xyz= £ 9+ %)+ 6/22+ 2>)+ (zzx 2)/
#Bai 2: Chox,y,z>0, X+ Y+ Z+ 2 xyz 1. Ching minh éng:

1exyz= x[(1- ¥)(1- )+ (- #)(x P+ f(x H(x Y
#Bai 3: Cho X+ y+ z+ xy+ yz zx1+ xyz xyz0.Ching minh éng:
1-%  1-y* 17 _(1-x)(1-y)(1- Z)
X y z 4 xyz
*Bai4: Choltx 1y rz Lxbyl z .9 Chingminh:

1-x 1-y 1-z 1-X+yt+ z
1/ 2(x+y)(1-xy) _1-7 M
(1+x2)(1+ yz) 1+7°
2/ (L) ~(x+y)° _ 2z
(1+¢)(1+y?)  1+7
#Bai 5: Cho X, y, z > 0 va thoman x+ y+ z+ xy+ yz zx1+ Xxy. Ching minh éng
Z\/(1+y2)(1+ 22) -1+ Y1+ 2 .
. v )
2. Bat dang thirc, gia tri lén nhat va nhé nhat.
©Bai toan 1: (Pgi hec kién tric TP.HCM 1993).Ching minh réu [X| <1 va n la nt s ty nhién bn hon 1 thi ta c6:
(1+x)"+(1-x)"<2 (.

Giai: Vi | <1 nén tadat x = cost , t0( 0y7), khidé (1) = (1+cos)” +(tcosf' < 2

2
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Taco: (1+cosi)" +(1-cos)' = 2[0 o"’§£2+ sﬁ‘llzj
i s L 7T -t t_ . ha t t ot it
Vitaco0<—<Z=0<sin-cos-< :NeNenl ool - siplc sigt
2 2 2 2 2 2 2 2
:>2”£c052"£+ sirf"lj< 2[0 0dl+ siﬁ£j< » = dpcm
2 2 2 2
©Bai toan 2: Cho X* + y* —2X— 4 y+ 4= 0. Ching minh &ng :
x2—y2+2\/§xy—2(1+ 2\/_5) x+(4— 2/_:} v 3 4_}33
Giai: Taco: x*+y*—2x—4y+ 4= 0:>( X— jDz+( y- 1)2: :
bit x-1=sina , y- 2=cowr aUO( 0;Z)= x= % sid y= 2c @8
A=x-y+23xy-2 1 2/ x (4 A Jy 3 43 2561 52—’—9
Suy ra|Al<2 (dpcm)
©Baitoan 3:Cho0s<a <1,i=1,2,...n (nON'). Ching minh &ng:
(1+a?)(1+ @) e H &)+ (EE)( &) ...... (Ad)s
Gidi: Dt o :tan% (OSQ SLZT] Vi cosar, > o(i :ﬁ) nén hén nhién ta co:

(1+cosa,)(1+cow,) ... *cos,)= 4cCc @s C. OS ...C..OS

a.
1_ tanz—' n 1_ a.2 n 1_ a'
Thay cosa, :—0'2 thay vao (1) ta cél_l (1+ L j >1+

1+ taan‘ i= 1+a

Hay - 1+a7 )+ - 1-3*)< 2 (dpcm)
]

bangthicxayra = a =a,=....= g = 1
Bai tap tw luyén:
¥Bai 1: Chang minh i [IX, y, zZ[OR, ta c6:
kv . i |z
1Ty w72 w2 ¥ y

#Bai 2: Choa,b, cOR va tha man °<&PC<1  1im Min cia béu thic: g=_ @ , b , ¢
ab+ bc+ ca=1 1-a®> 1-b* 1-¢

»Bai 3:
a) Choxy,ztha x*+y*+ 7 =1. Tim Max @ia A= Xy+ yz+2 z.
b) Cho a, b, c thomana® +9b’ + 9¢*+ 6= k® (k la hing $ dwong). Tim gia tr ¢n nhit caa béu thrc
B =1+ 9ab+ 9ac+ 6bc.
YBai 4: (Vietnam MO 1998)Xét cac 8 thuc drong a,b,c thd mandiéu kién abc+ a+ c= L Tim gia ti I6n nhit

ciabduthicp=_2 2 , 3
a’+1 b*+1 A+1

#Bai 5: Cho 13 8 thuc &, &, ........ 8,5 khac nhautoi mot. Ching minh éng 6n ti hai $ a,, g, (1< j,k<13
sao cho p< 2~ & . /2_*@'.

1+aa \2+/3
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#Bai 6: Cho bn & thyc drong. CMR: [udn én tai hai $ x, y sao chop<— X=Y . o_ /3.
1+x+ y+2xy

3. Phwong trinh, h¢ phwong trinh , bat phwong trinh'
©Bai toan 1: Giai phuong trinh sau32x(x2 1)(2)(2 ]) 1_ & trong khang (0;1).
Giai: Véi xJ(0;1), dat x = cost, tD(O;%Tj. Khi d6 ta c6 plrong trinh:

320051( coé t-)]( 2 ds- )21: —1i = 32co<t.siftcos 2= 4c o

cost
- 8si" 2cod 2= tc ost 2smt& -Ac ost 1-cos8t=1-c
1=k 22
= COS8t= cost= 8t+t+k . < 7 (kOz)-
t= 2_7T
9

. , T
Két hop v6i 0<t<—, taduoc (= 27. (=27 - 47,
2 7 9 9

Viy cac nghém aia phrong trinh 18 iy = s . x= cos2 , x= cod”.
7 9

©Bai toan 2: (V6 dinh quéc gia 1984) Giai phuong trinh /14 1- ¢ (\/(1+ x)* _\/( 1- X)3) =2JER (T
Giai: BK: {1+x20

= -l<x<1°
1-x=20

biat x=cost, 0t <77, khidd (1) = /1+ sint

\/(1+cos)3—\/( tc oéf’): 2 sit
(cos£+ sinlj (coé—— sﬁ—] 4z 2 sin

2 2 2

t ot t .t t
= (cos—+ sm—j(cos—— sm—]( 3 c os smj \/52 +2 sin

2 2 2 2 2
= (co§£2—sirf£2]( :I:FE2 sirtj 2= 2 sin- v @oft 2+sjt +2 ¢

J2

= \/Ecost: 1= cost=—2 = x:7

Vay phuong trinhda cho c6 ngléim duy nlit x = % .

©Bai toan 3: Giai phuong trinh(3+ 2[2)X :(\/_2_ ])x+ 2 (%)

Giai: Nhan xét ing (v2+1)(v2-1)= 1 s+ 2/2) =(Va+ " s (V- §'= (V2 )
bit (\/§+1)x = 2 (t> 0)- Khi d6 ta co plrong trinh: 42 =%+3 - 4%-13 :%(1).
Dé dang clrng minh pt trén chnghigm tD[—l;:I], nén tadat t = cosa ,(aD[ o,n])

:>4t3—3t=% = 4cosa - &oaz—; = C o&Sz—;a a=7—;+ k%T (kOZ)

Vi a’l][O IT]:HD{%T 5—;-[ 7—;[} = pt (1) c6 3 nghim tD{cosg;cos%T ;cos%’}-
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i do i : %) |3 T ST 77T
Khi ¢6 nghém aia pt (*) Iaxu{mg@l(zcosgj ?|09/—2+1( 2:os§j ;Io\g}{ 2 0.59_)}

M ot sb bai tap tw luyén:
#Bai 1: (Pé thi Olympic 30-4-1994)Giai phuong trinh : [l+ a’ jx _(l— az]x 1

2a 2a
YBai 2: (Pé thi Olympic 30-4-2000)Dinh mdé phrong trinh sau c6 ngéin:
(4m=-3)Vx+3+(3m YV E x+ m E (
#Bai 3: (Thi HSG trwong PTNK-PHQGTPHCM 2000) Giii phuong trinh:
22 +4/1-x+ 2x/1- ® = 1
#Bai 4: IMO 1976). Cho f(x) =X -2.Pit f,(x)=f(f(x)); f(x=f(f.().
Ching minh &ing pt : f, (X) =0 coding 2" nghiém phan bit.

XX =3x= y(3x2—])
y’-3y= 2(3)?—]).
22-3z= >(32—:I)
YBai 6: (Pé di tuyén IMO 1995, Hoa Ki) Cho céc & thuc drong a, b, ¢, hdy tim caé s, y, z sao cho :

X+y+z=at bt c

{4xyz—( dxt By é >= ab

YBai 5: (Pé nghi Olympic 30-4-2000, tinh Bn Giang). Giai phuong trinh:

.. . . 1) _ 1)_ 1
¥Bai 7: Giai hé¢ phxong trinh: 3(X+;J = 4( y+§j = 5(2+—Zj ,
Xy+ yz+ zx=1
4. Tinh giéi han cia day 9 ] ,
@Bai toan 1: (Pé nghi Olympic 30-4-2000ihh Pang Thap) Cho day & dugc xacdinh nhr sau:

X =2, %, =2+ x OnON.Tim lim X, .

N - +oo

Giai: TacOy =2 = 2c0s" :x =/ 2 x = {}COS’ZJ: 2 oZ | bing quy np ta ching minhduoc ran
X, =~/2 2% J2rx > 5 bang quy ap g g

X, = 2coszn—71- Khid6 fim x, = lim (ZCOSZTILJ = 2c0sC= -

©Bai todn 2:Cho day & {ug}: y =2, %FM n=12,.. Tinh Uy,.
(1-v2)u, +1

Gidii: PAt =2 = tang ,¢D( O;LT], va chd ying V2 - 1= tang. Khi d6
2
tang + tan’z

u, :78:tan(¢+§j’ u, =

1-tang .tang

tan(¢+g)+ tang
= tan(¢+ ZI—TJ

1—tar(¢+”} .tan’z 8
8 8

Bang quy rp ta chiing minhduoc |, = tan[¢+(n— ])’_STJ Ons 1

7T
A tang + tan— _
Vay nén u2010=tan[¢+ 200&]: ta,ﬁ¢+E]: g o V2+2-1 . o
8 1—tan¢.tan§ 1‘\/5(\/_2‘])
Bai tap tw luyén: )
¥*Bai 1. Cho hai day&{u,} va {v} xac dinh nhr sau:
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V2 J2
Up = e = 1-y1- 4
, OnON.
J1+v2 -1

V,

\

#Bai 2: (Vietnam MO 1989)Cho day {x}, NnON,|}{<1vay =%(—xn+ /—3_3&).

CMR: 2"2u, << 2™?y,.

Vo =1LV, =

n+l

a) Can cd thémdiéu kién gidéi véi x, dé day {x,} gom toan é duong.
b) Day $ nay c6 téan hoan hay khéng? Vi sao?
=1

u, =
,n=12,...
Unsy :g-«fl—«/l— T

Ching minh Eng Hn tai duy nHit 5 A sao cho days{v,} @ v, :% , nON,

¥Bai 3: Cho day 6 xacdinh boi:

5. Ung dung trong cac bai toan tich phan:

Dang tich phan Poi bién sb Piéu kién bién sb
J.f(x,\/az—xz)dx X = asint tO —7—2-[;7—2T
jf(x,\/xz—az)dx x:i tD[O;’—TJEI[n:S—”J
cost 2 2
J’f(x,\/x2+a2)dx X = atant tD[O;’—ZT)
[f [X,,/w]dx X = as2t t= (O;’—T}
a-x 2
_[f(x, (x=a)(x- @)d) x=a+(b- asin’ t tD{O;g}
1
£ 1+x
©Bai thi du: Tinh | :j = 2dx.
5 V1= X
Giai: bat x= oost= dX:'SintdW, dél can X:O:>t:7_T , :_]2':> t:%.
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