Tran Van Quan Giai PT-HPT béng phuong phap lugng giac hoa

Gidi phuong trinh, hé phuong trinh bang phuong phdp
lwong giac hoa

Loi mé dau:

Ding trude nhitng bai phuong trinh, hé phuong trinh ta c¢6 rat nhiéu huéng xi i nhu nang liy
thita,dat an phu, dung hing dang thie,bit ddang thic,... Tuy vay khong phai ldc nao ta ciing ap dat
mot trong nhitng phuong phap néu trén dé giai nhitng bai phuong trinh,hé phuong trinh d6.C6 nhiing
hé phuong trinh 3 an ma hai phuong trinh,hoiic nhitng hé phuong trinh c¢é s6 mii rat 16n thi viec
stt dung cac phuong phap thong thuong sé dua ta dén ngd cut.Nhung that may man thay mot s6
bai phuong trinh,hé phuong trinh lai c6 nhitng diéu kién b6 hep ctia bién gitp ta lién tudng dén
mot s6 cong thic lugng gidc,ttt d6 ma ta tim duge phép dit lugng gidc phit hop.Chinh vi vay toi
viét len chuyén dé Gidi phwong trinh, hé phwong trinh bang phwong phdp luong gidc hoa
dé gitp cac ban yeu toan lai ¢6 thém trong tay minh mot phuong phap kha hay dé gidi quyét mot
sO bai toan vé phuong trinh, hé phuong trinh. Kha nang han hep nén chuyén dé ciia toi con nhiéu
thiéu so6t , rat mong ban doc déng gép va cho toi ¥ kién.Moi thic mac xin lien hé qua hom thu

tranquan208@gmail.com.Rat cdm on cac ban da quan tam dén chuyén dé nay !!!

I.Mot s6 phép dat luong giac ca ban
1.Néuz € [—a;al,a > 0 thi dat

WZ]

r=acosqa, a € [0;7]| hodc |x = asinf, 5 € [_77 >

tant.t e [ —: =
r = tan — =
’ 279

r =+/asint,y = v/acost,t € [0; 2]

2.Néu x € R thi dat

3.Néu 2% + y* = a(a > 0) thi dat

*Chi y: Mot s6 déng thic lugng giac :

sin?x +cos’z =1,Vr € R

sin 2z = 2s8Inx cos

cos2x = cos’x —sin?x = 2cos’z — 1 =1 —2sin’x

V(’ii a; By # g + km, k € Z, ta co:
tana + tan 5 4 tany = tan . tan . tany < a+ f + v = mn(m € Z)

Véi a;ﬁ;v#g—l—lm,ez, ta co:

tan «v. tan 5 4 tan . tany + tany. tana = 1 <:>oe+ﬁ+7=g+mr(n €7)
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I1.Vi du

Vi du 1|: Giai phuong trinh:42® — V1 — 22 — 32 =0

Giai:
Diéu kien: 1 -2 > 0& -1 <z <1
V6i dieu kien do6 ta dat x = cost,t € [o; 7](*) ,Phuong trinh da cho trd thanh:

4cos®t — /1 —cos2t —3cost =0

& cos3t —sint =0 < cos3t = COS(g —1)(**)
. 5
Giéi phuong trinh(**) két hop (*) =t = %;t = g
5
Vay phuong trinh c6 2 nghiém la z = COS% va r = COS g 0

Vi du 2[:Giai phuong trinh : z = \/Q—i- 2—V2+4x

Gidi: Dieukien 0 <z <2

V6i diéu kien d6 ta dat x = 2cost,t € (g, g)(*)
Ta dugce phuong trinh
2cost = \/2+\/2—\/2+C08t
t

& 2cost = \/2+ \/2—20055

.t
& 2cost = \/2+281n1

t t
& 2cost = \/i(sing + cos 3

t
N sin(g — ) =sin(5 + %) (*%) 2 :
Giai (**) két hop véi dieu kien (*) ta duge nghiem phuong trinh 1a @ = cos Eﬂ VA X=C0S % O

Nhan xét: Qua 2 vi du trén ta dé dang tim dugc diéu kién ctia bién tit d6 suy ra cich dit luong giac
phit hgp.Luong giac ¢c6 mot wu diém la khit can bang cong thiic ha bac, diéu nay la lgi thé 16n khi
giai phuong trinh vo ty.

Bai tap tuong tu:

Giai phuong trinh: 42° +2v1 —22 =3z —1=0

Vi du sau ta xét dén 1gi thé ciia né vé wu diém khit can trong Dé thi Vo dich Quéc gia 198/
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Vi du 3| Giai phuong trinh( Vo dich Quoc gia 1984)

\/1+\/1—x2<\/(1+:p3)— (1—x)3):2+m

Giai: Dieu kien z € [—1;1] .Véi diéu kien d6 ta dat 2 = cosa, « € [0; 7]
Ta dugce phuong trinh:

\/1+\/1—cos2a<\/(1+cosa)3— (1—cosa)3> =2+ V1 —cos?a

1 ’ 1-— ’
o v (s () - s (7)) <2 v

1
<:>2\/§(sin%+cosg> (cosg—sing) (1+—sina) =24 sin«w

2 2 2 2
1
o 2V2 (C082 % — sin? %) (2 + §sina) =2+ sina
& V2cosa(2+sina) =2+ sina
1 1
S s =—=>1=——
V2 V2 ,
Vay phuong trinh c¢6 nghiém duy nhat 1a z = E Il

Vi du 4| Giai hé phuong trinh:

{x\/l—yz—i-yvl—ﬁ—l

1-2)(1+y)=2

Giai: Dieu kien z,y € [—1;1]

V6i diéu kien d6 diat x = cosa;y = cos B, B € [0; 7]

Ta ¢6 hé tuong duong:

{Cosasinﬁ—i—cosﬁsina:l@{a—i—ﬁzg (1)
(I —cosa)(l+cos ) =2 cos f — cosa — cosacos f — 1 = 0(2)

Giai (2): Dt cos 8 — cosa = t(t < V2)

= t? = cos? f + cos’ v — 2 cos a cos 3

e = Cos2(g — ) + cosa — 2cos 3 cos «

& t?=1—2cosfcosa
2

thay vao (2)
t?—1

— —cosffcosa =

—1=0et?+2t-3=0=t=1(vit<V?2)

Vé6i t=1tacod:cosff —cosa=1

Dugc phuong trinh: t2 +

o ( 7T) .
sin(av — —) = sin —
4 4

=0 L
—>a:g—>B:0:> v 1langhiémduynhatcflahé O
y:
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Vi du 5| Giai hé phuong trinh:

2 + iy =y
2y + y?z =2
2+ =1

Giai:
Nhan thay he khong c6 cac nghiem (+1,y, 2); (z, £1, 2); (z,y, £1)
V6i x,y, z # £1, viét lai he dudi dang:
2z

y:

1 — a2
2y
z =
1—9?
2z
xr =
1—22
V6i diéu kien d6 dit z = tana (1), € (TW, g) , VO1 tan o, tan 2a, tan 4o # £1
2t
Véix:tanaﬁy:LthEmQQ
1—21);6an2a
an 2«
V6i y =tan2a = 2z = ——— = tan4
iy=tan2a = z 15ttani 5y, — tanda
an 4o
V6i z = tanda = . = ————— = tan 8« (2
iz=tanda =1 =1——5 an 8« (2)

T (1) va (2) = tana = tan8a < o = k;,k’ €7
-7 -7 T T

Viae(55) = 5 <kz <3

ma k € Z — k = {0;£1; +2; £3}

~ T 27 4dm P

Nén: x = tan k?; y = tan kT; z = tan k’T voi k= {0; +1;+2; +3} O

Nhan xét: Viec bién déi hop 1i sé dua ta lien tudng nhitng cong thitc luge giac thusng gap. Vi du trén

da st dung cong thitc nhan 2 ctia ham tan o dé dua cac bién v, z, z 1én cac ham tan 2a, tan 4o, tan Sa

Ghi nhé:

2tant

tan2t = ———
1 —tan?t

Vi du tiép theo ta lai sit dung cong thiic nhan 8 clia ham tan

Vi du 6| Giai hé phuong trinh:

2 — 3z = y(3z® — 1)
y’ =3y =2(3y* - 1)
22 —32=1x(322-1)
1 1 1

—y=t—; 2=+
BYTEA V3

Giai:Nhan thay hé khong c6 cac nghiem z = +
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( _:E3—3a:

Y732 1

1 y* — 3y

Vé6i z,y, 2 # £—= ta c6 hé tuong duong: ¢ 2 = =———
Y,z # 7 g g 37 1
23— 3z

r=——

\ 322 -1

— 1
Dat o = tant,t € (TW 7T) (1) v6i tant, tan 3t, tan 9t # +——

) E \/3
Khi do:
tan®t — 3tant N
= = tan
4 3tan?t — 1
tan® 3t — 3tan 3t
= 5 = tan 9¢
3tan“ 3t — 1
tan® 9t — 3tan 9t
3tan?9t — 1 an (2)

Tu (1) va (2) ta duge: tant = tan 27t < t = k;—6, kelZ

22 2 2
3 9
Vay hé c6 25 nghiém (x;y;2) = (tan k%;tam k:2—g;tan k‘%) v6i k théa man (*) O

. 2 2
DotE( T W) I e ke Zmen k= 04142 412 ()

Nhan xét:
e VGi bai tap nay phai sit dung cong thic nhan 3 cta ham tan Ghi nhé:

tan® o — 3tan a
3tan?a — 1

tan3a =

e Khi khai trién hé trén ta dugc hé khé "nhan" dang hon:

22 —32%y—3x+y=0
v =32 —3y+2=0
2 —3220—-3242=0

f(@) = g(y)

— Ching ta dua vé dang : { f(y) = g(z) roi thit xem cac ham f,g c6 lien quan dén cong thic
f(z) =g(x)

luong giac nao khong roi tim phép dit luong giac phit hop. Thuong thi ta thuong dat x = tano, o €

-7 T
23
dé st dung phuong phéap,ta sé xét ching & cac vi du sau
Bai tap tuong tu:Giai hé phuong trinh:
2P 42y —2=0
22 —32%y —3x+y=0
2 =322 -3242=0

vi khong c6 diéu kieén rang budc ctia bién. Mot s6 trudng hop phai tim diéu kién ctia bién
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y—1:22

1
z—— =2
\ z

Cong thiic nhan 3 da c6 bay gio ta sé xét mot vi du vé cong thiic nhan 5

Vi du 7| Giai hé phuong trinh:

?+4y* =1
162° — 202° + 5z + 512y° — 160y> + 10y + v2 = 0

Giai:
R6 rang tit phuong trinh t@ nhat ciia hé ta thdy xuit hien A% + B2 = 1 nén ta nghi ngay dén vien
dat A =sint, B = cost khi d6 chic chén sé ton tai t € (0;2m)
Véi A = x, B =2y nén ta dat x = sint,y = cost,t € (0;27), ta dugc hé phuong trinh:
sin?t 4+ cos’t = 1

165sin®t — 20sin® ¢ + 5sint 4 16 cos® t — 20 cos® t + 5 cost = —v/2(x)
Ta di giai phuong trinh (*): Nhan thay he s6 va bac ctia ham sin, cos bang nhau.Diéu d6 gitp ta lien
tudng dén cong thiic lugng giac
(%) < sin bt + cos 5t = —\/§<:>sin5t+%: —-let= _T?m—i—k%r,k €Z
Vit e (0;2r) ma k € Znén k = 1;2;3;4;5 = ¢ nhan cac gia tri

. . 13w 21w 297 27w
47207207 207 20

Két luan:Nghiém hé phuong trinh

V2 V2 137 1 137 2l 1 21w 297 1 297 _3mm 1 37«
A T D Asin 22 L o 2T (i 22T L eos 2 (i 2T L s 2T
91 [ \PM g ) (P g 2 P g ) (P g 2 g ) (P g 2
Nhan xét:
e Thoat tién, khi gidi quyét hé nay ta thay bac ¢ phuong trinh thi 2 rat 16n, lén tan bac 5 — nghi

dén viec stt dung phuong phap hdng dding thite, phuong phdp ddnh gid , phuong phdp ham

e 7,y diing doc lap v cac hé s6 cac hang tit cing bac bang nhau nén ta nghi dén viéc st dung
phuong phéap ham dé gidi nhung sy xuat hien ctia v/2 lam cong viec trd nen kho khan

e Dé ¥ ki mot chut sy xuét hien ctia phuong trinh tht nhat A% + B? = 1 va v/2 da lam cho ta lien
tuéng dén phép dat lugng gidc quen thude dude néu & trén.

Da lien tuéng dén phép dit luong giac nhung cong viéc con lai 1a kha rac roi. Phuong trinh thit
2 xuat hien 3 loai bac 1a 5,3,1 ma cong thitc nhan 5 an chia ching
Ghi nhé:

cos ha = 16 cos® o — 20 cos® a + 5 cos a

sin b = 16sin’® @ — 20sin® o + 5sin o
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Bai tap tuong tu:

(27 + 3y)? = 1 + 122y

Giai hé phuong trinh: 5 3 5 5
5122° — 160x° 4 12z + 3888y° — 540y” + 18y =0

Vi du 8| Giai hé phuong trinh:

3(x+§):4(y+§):5(z+é>(b

Ty +yz+zxr=1 (2)

Giai:
Diéu kién zyz # 0 tit vy + yz + 2z = 1 suy ra z,y, z phai cing dau
Nhan thiy néu (z;y; 2) 1a mot nghiem ctia he thi (—x; —y; —2) cling 1a nghiem ctia hé . Do vay ta
chi can tim nghiém duong ctia hé — nghiém con lai
Xét truong hop x,y,2z > 0
Vi ¢6 sy xuat hien 2y + yz + 22 = 1 nén ta dit o = tana;y = tan B; 2 = tan-y <O <a,fB,7< g)
T phuong trinh (2): tan «. tan § 4 tan 5. tany + tany. tana = 1
< tan f(tana + tany) = 1 — tany tan «

1-—1t t
< tanff = aa an&:cot(a+7)<:)a+5+7:_

N |3

tan o + tan-y

tan? tan? f+1 _tan®y +1

Tu phuong trinh (1): 3 e e b+ = 50 s
tan « tan tan ~y

3 4 5

sin2a  sin2B  sin2y

3 4 5
sin2a  sin2B  sin2y

Ta c6 hé tuong duong:

T T
0<a,ﬁ,7<§;a+ﬂ+’y:§

Tu he trén suy ra 2a;23;2v la cac goc cua tam giac c6 canh tuong tng la 3;4;5 ma 3;4;5 1a bo 3
PY-TA-GO
Theo dinh Iy sin trong tam giac — 2y = 90° = v =45° = z = tan45° =1

o9 2tan « 3:>t 1
a p— — — a = - =
e a4 R R

2tan 4 1
t 2060= ———— = — =14 = - =
an 25 1 —tan?8 3 an § 2 Y

11 -1 -1
Va hé ¢6 2 hié 13 21— ——1 O]
ay hé c6 2 nghiém a<3,2, ),(37 5 )
Vi du 9| Giai hé phuong trinh:
r4+y+z=1 (1)
x Y z 9

7 @

+ + =
r+yz y+zx z+zy 4
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Giai:
Nhan thay x,y, z = 0 khong phai 1a nghiem he

Viét lai phuong trinh (1) duéi dang ,/ﬁ =y \/%\/% + ﬁ,/ﬁ =1
z\y z\V 2z VyVa
Dat,/—_tan— _tan—,/ ° — tan ABCe( )
z \/

tadu’dctangtang+tan§tan5+tan§tan§:1
Tuong tu nhu vi du trén dé dang suyra A+ B+ C =7
Phuong trinh (2):——— + —2— 4 = N S )
ng trin : = _ 2
& r+yz y+zr z+azy  1+tan?4d  1+tan?L  1+tan?$ 4
, A , B ,C 9
< CoS §—|—COS—+CO E:é_l
3—|—cosA+cosB+cosC’ 9
2 3_4
<=>COSA+COSB+COSC:§
A B+C B-C 3
<:>1—2sin2§+2005 ;_ cos 5 :§
A A B-C 3
<:)4sin2§—l—BZSiI;§cos 5 25(*) e
A" = 4(cos? — —1) > 0 .Mat khac cos? ——~ _1<0
. B-C
2sin — = cos 1
Neén (3) & B_C 2 sA=B=0c=" Todosuyrar=y=2z=- 0
sin =0 3 3
5 =

Vi du 10 :Tim tat ca cac s6 thuc x,y, 2 théa man:

2% + 9% + 2% —6(z* + vt + 2*) + 10(2? + y? + 22) — 2(23y + y32 + 2P7) + 6(zy + yz + 22) = 0

Giai: Phuong trinh tuong duong véi
y=a— 3z
(2 =32 —y)P?+ (1 -3y —2) 2+ (P -3z—2)P =0 z=2"—32 ()
2=y’ =3y
)Néux>2th‘1y:x3—3x:x(x2—3) >2= 2 =vy(y* —3) > 2.Ta cong 3 vé he (I) ta dugc:
=2+t 2P —dr Ay —dr =22 —4) +y(yP —4) + 222 —4) >0 (Vo ly)
+) Tuong tu véi trusng hop x < 2 thi hé (I) khong c6 nghiem.Vay |z| < 2
y = 2(4cos®t — 3cost) = 2cos 3t
Véi diéu kién d6 ta dat @ = 2cost, t € [0; 7] ta duoe he: ¢ x = 2(4 cos® 3t — 3 cos 3t) = 2cos 9t
z = 2(4cos® 9t — 3cos 9t) = 2 cos 27t
Tt hé trén suy ra cost = cos27t <t = k%,k € Z hoac t = l%,l ez
ma t € [0;7] nén k= 0;1;2;...;13 hodac [ = 0;1;2;..;14
Vay bo 3 s6 (z,y,2) can tim 1a (2cost; 2 cos3t;2cos9t) véi t = k%,k = 0;1;2;...;13 hoac t =

l%,l =0;1;2;..;14.C6 27 bo 3 s6 théa man [J
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Nhan xét:

Khong giong nhu cac vi du truée,diéu kién ctia bién thuong duge thay ro ti dieu kién xac dinh cla
phuong trinh.O vi du nay,ching ta phai tim diéu kien chat ciia bién dé tit d6 tim ra phép dat luong
giac. Bai tap tuong tu:

Tim tat cd cac gia tri clia tong S = = + y + 2;biét ring x,y, z 14 nghiem hé phuong trinh:

z=yd-y)
y=2z2(4—2)
z=x(4—x)

I11.Bai tap tu luyén

Gidi cac phuong trinh va hé phuong trinh sau :
m:2x2—1+2xm
2ZL‘+(4IE —DV1—a2 =42+ V1 - 22

2 - —— =252

. \/ I‘

(4] 82.(22% — 1)(82* —8x2—|—1):1,x€(0;1)
Pyt =1

5] 1+v3

20y + yz + zx = 5

r+y+z=2xyz
v(y? —1)(22 = 1) +y@* —1)(2 = 1)+ 22> = D(* - 1) =0
(1+ 2%+ 2%y +y)* = 8(a?
1+ v*+ %2+ 2)> =8(y* + y°2)
(1+ 22+ 2%z + )% = 8(2* + %)

4
i
s
-

r? + 2%y)

\/z—ir:cy x—l—yz\/y—l—zx:_

O<z,y,2<1
:z:y+yz+z:c_1

z 3v3
1—:152 — 2 +1—22: 2
22 —|—21:yz:1

32%y? 4 3zy? = 1+ 23y*
\z+zy4—|—4y3:4y+6y22
2z(x +y) +1=2%—y?
yr 4+ 22 =14 20y + 220 — 22
| y(32% — 1) = —2z(a” + 1)
12| Tim nghiém duong ctua hé:

{ r+y+z=a+b+c

) ) ) trong d6 a, b, ¢ 1a cac sd6 duong cho truée
dryz —a”r — b*y — c“z = abc

Trang 9



